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Introduction

Michel André and Daniel Quillen developed independently the ("correct” ') cohomology the-
ory for commutative rings. Our main goal is to understand this cohomology. We will see
different ways to define it; as a cotriple cohomology, using the cotangent complex or via more
general simplicial resolutions. We will also compute explicit descriptions of this cohomology
in degrees 0 and 1 as well as some more general properties.

In the first chapter we define model categories, and we discuss one main example of a
model category, the category of chain complexes on an abelian category (with "enough pro-
jectives"). In particular, we provide a full proof showing that the category of R-modules for a
commutative ring R is a model category. We also see how to provide a model category struc-
ture on the category of simplicial sets, and on the category of simplicial objects in an abelian
category (with "enough projectives").

We develop a homotopy theory on simplicial sets in such a way that it is equivalent in
a strong sense to the ordinary homotopy theory of topological spaces. The construction of
this homotopy theory looks natural once we realize there is a pair of adjoint functors between
these two categories. On the other hand, we also construct a (co-) homotopy theory on simpli-
cial objects of an abelian category using the (co-) homology theory of chain complexes over
that abelian category. In this case, we do not only have a pair of adjoints relating these two
categories, but they are also inverse equivalences. This is the content of the Dold-Kan corre-
spondence. For the model category and homotopy theory part, the main references are Goerss
and Jardine [ ], Hovey [0] and Quillen [ ! ”]. In the last section, where we prove the Dold-Kan
correspondence, we follow Weibel [ 7].

In the second chapter, we mainly work in the category of commutative rings. As in any
abelian category, the derived functors are defined using resolutions of rings and applying ho-
mology and cohomology to the image of resolutions under those functors. The Dold-Kan
correspondence allows us to look at these resolutions as augmented simplicial rings. Thus, we
can define homology and cohomology on rings using the homotopy and cohomotopy theory
of simplicial rings that we built in the previous chapter. We define cotriples ("comonads"
in Mac Lane [“]) on a category, and we use them to define certain augmented simplicial
objects. In the category of rings, we construct an explicit cotriple that provides (cofibrant)
augmented simplicial rings over any given ring. This important feature exhibits the relation
between cotriple cohomology and the (André-Quillen) cohomology for commutative rings. In
the last section of this chapter, we describe how the cohomology of rings looks like in low
degrees. More specifically, for a k-algebra R, we see that the cohomology of R with values in
an R-module M in degree 0 is just the module of k-derivations Der; (R, M), and in degree one

'In words of Daniel Quillen.
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viil Chapter 0. Introduction

is precisely Exalcommy (R, M), the equivalence classes of extensions of R by M (as defined in
Grothendieck [5]).

In the last chapter, we see how the cotangent complex can help us understand homology
and cohomology of rings in higher degrees. In particular, we realize that the cotangent com-
plex is a free simplicial R-module in the sense of Quillen [!] and therefore we can express
homology and cohomology using the derived functors Tor and Ext respectively. Moreover, for
any A — B — C morphisms of rings, we show that the respective cotangent complexes form
a distinguished triangle in the derived category of R-modules. The long exact sequence for
cohomology follows from this fact. We also prove how the cotangent complex behaves under
flat base changes and its consequences for homology and cohomology. The main references
here are Iyengar [ /] and Quillen [ !].

Finally, we generalize the construction of homology and cohomology of commutative rings
for some other categories. The motivation behind this is realizing that in the category of k-
algebras over R, the abelianization functor is left adjoint to the natural faithful functor. In
particular, this is also true for the category of universal algebras defined by a set of operations
and relations. We use this link to extend the definitions of homology and cohomology for
universal algebras. At the end, we include some remarks on how this cohomology can also be
seen as a cotriple cohomology and as a special case of a more general sheaf cohomology using
Grothendieck topologies. In this last part, we follow Quillen [ ”] and [! *].



Contents

Introduction

1 The Dold-Kan Correspondence
1.1 Model categories . . . . . . . . . . . i e
1.2 Fibrant simplicial sets . . . . . . . . . . . .. ...

1.3 Simplicial homotopy groups
1.4 The Dold-Kan correspondence

2 (Co-) Homology of Commutative Rings

2.1 Cotriple homology and cohomology
2.2 André-Quillen homology and cohomology
2.3 Computations in low degrees

3 (Co-) Homology for Universal Algebras

3.1 The cotangent complex

3.2 Homology and cohomology for universal algebras . . . . . ... ... ... ..

References

X

vii

15
21

31
31
36
44

51
51
56

61






Chapter 1

The Dold-Kan Correspondence

In order to provide a consistent homotopy theory on abelian categories we define model cate-
gories, which axiomatize homotopy properties of well-known homotopy theories for topologi-
cal spaces or even homology over chain complexes.

1.1 Model categories

Definition. Let C be a category. A map f in C is a retract of a map g € C if there is a commu-
tative diagram of the form

/id

A >C\>A
lf lg f
B s D > B

Definition. A model category is a category C which is equipped with three classes of maps
called weak equivalences, fibrations and cofibrations, subject to the following axioms:

M1: The category C is closed under finite limits and colimits.

M2: For every commutative diagram

in C, where any two of f, g, h are weak equivalences, then so is the third one.
M3: The three distinguished classes of maps are closed under retracts.
M4: For any commutative diagram of solid arrows in C

A—— X

R
b

s

B——Y

where j is a cofibration, p is a fibration, and one of them is also a weak equivalence, then
the dotted arrow exists making the diagram commutative.

1



2 Chapter 1. The Dold-Kan Correspondence

MS5: Any map f: X — Y in C can be factored in two ways:

i) X 2 %y, where i is a cofibration, and q is a weak equivalence and a fibration,

(i) X L3725y, where J 1s a weak equivalence and a cofibration, and p is a fibration.

Definition. A map in a model category C which is both a weak equivalence and a cofibration
is called an acyclic cofibration. Analogously, a map in C which is both a weak equivalence and
a fibration is called an acyclic fibration.

By M1, any model category C has an initial object ¢ (colimit of the empty diagram) and a
terminal object x (limit of the empty diagram).

Definition. An object X in a model category C is called cofibrant if the canonical map ¢ — X
is a cofibration. It is called fibrant if X — x is a fibration.

Definition. Fori: A — B, p: X — Y, maps in a category C, we say that i has the left lifting
property (LLP) with respect to p, or that p has the right lifting property (RLP) with respect to
i if for any commutative square of solid arrows

B!

>
-
l e p
-
-
-

Y

—— >

T

there exists the dotted arrow making the whole diagram commutative.

Remark. Using these definitions we can characterize fibrations and cofibrations of a model
category C. A cofibration in C has the LLP with respect to all acyclic fibrations (by M4). On
the other hand, if f is a map in C having the LLP w.r.t. all acyclic fibrations, then we can factor
f = qi where i is a cofibration and ¢ an acyclic fibration. Then, f has the LLP w.r.t. g, so there
is some u solving the lifting problem

X 7z
P
| o
ldY
and we get a commutative diagram

x iy id Ly
| | |7
y 45z -2y

which means that f is a retract of the cofibration i. Thereofore it is also a cofibration. This
shows that a map in C is a cofibration if and only if it has the LLP with respect to all acyclic
fibrations in C. Analogously we see that a map in C is a fibration if and only if it has the LLP
with respect to all acyclic cofibrations.
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Corollary 1.1.1. If the following commutative diagram in a model category C

A——C

fl ¢

B—— D

is a pushout square, and f is a cofibration, then g is also a cofibration. If, on the other hand,
it is a pullback square and g is a fibration, then f is a fibration too.

Proof. Direct consequence of the previuos remark. [

Let R be a commutative ring (with 1) and let Modg be the category of R-modules. Then
Ch>((R) is the category of non-negative chain complexes in Modg. This provides the first
example of a model category.

Theorem 1.1.2. The category Ch=o(R) has the structure of a model category where a mor-
phism f : Mq — N, is

e a weak equivalence if H, f is an isomorphism;
e « fibration if f,, : M,, — N,, is surjective for n > 1, and;
e a cofibration if f, is injective with projective cokernel for n > 0.

In order to prove this theorem we use the following result that characterizes acyclic fibra-
tions in Ch>((R). For a chain complex M, we denote by Z,M C M, the cycles in M,, setting
Z_1M = 0. The differential map is always denoted by ™.

Lemma 1.1.3. Let f : My —> N, be a morphism in Chso(R). The following are equivalent:
(a) H.f is an isomorphism and f, : M,, — N, is surjective for n > 1.

(b) The induced map
f, : Mn — anlM ><Z,,,lN]vn

is surjective for n = Q.
Proof. (a) = (b): Forn =0, f’1is just fy: My — Ny. Let n € Ny. By surjectivity of Hyf there
are some m € Mo, n’ € Ny such that n = fo(m) + 9 (n'). By surjectivity of fi there is some

m' € My with fi(m'") =n’, and therefore fo(m+ oM (m’)) = fo(m) + I} (fi(m’)) = n. Thus,
fo 1s surjective. Now let n > 1 and form the diagram
M,

X
Zp M xz NN, —2— N,

o 4l lazv

ZoaM — 7 ()

o

For any (m,n) € Z,_1Mxz,_n,. there is some m’ € M, with f,(m’) = n. Then

Mm"y—m ez, \M
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and f,,_1(dM(m") —m) = 0. Since f,, is surjective for all n > 0 we get a short exact sequence
of chain complexes

0 —— ker(f)e > M, / > No > 0

and since H, f is an isomorphism, applying the long exact sequence of homology we get that
the complex ker(f), is acyclic. Hence, there is some m” € ker(f,,) such that

' (m") = 9, (m") —m,

and therefore f'(m’ —m") = (m,n).

(b) = (a): Let n > 1. For any n € Z,(N), let (0,n) € Z,_1M Xz, ,n N, and by surjectivity
of f/ there is some m € M, such that f'(m) = (0,n). Then d¥(m) =0, so m € Z,M and
fu(@M(m)) = n, so f, : Z,M — Z,N is surjective for all n > 1. But then, the map p; is also
surjective, and thus f;, is surjective. This also gives surjectivity of H, f. To see injectivity, let
m € Z, 1M, such that f,,_(m) = 9 (n) for some n € N,,. Then (m,n) € Z, |M Xz, NNp, and
we can take some m’ € M, such that f'(m') = (m,n). But then 9™ (m’) = m so m is in fact a
boundary of Z,, M. OJ

Proof of Theorem 1.1.2. First note that Ch>((R) is closed under finite limits and colimits. Let
us see that the classes of maps defined as in the statement satisfy the rest of the axioms. Axioms
M2 and M3 are clear.

Let us denote by D(n), n > 1 the chain complex given by

D(n) R fork=n—1,n P idg fork=n
n — =
¢ 0 fork#n—1,n ‘ 0 fork#n.

In particular, note that H,,(D(n)) = 0 for all m > 0. There is a natural isomorphism

Homcyr)(D(n),Ne) —> Ny
h — hn(lR).

If f: My — N, is a fibration, then for every n > 1 there is a solution to the lifting problem

0—— M,

/7(
e
P

R— N,

since R is a projective R-module. Hence, f has the RLP w.r.t. the maps 0 — D(n),n > 1. On
the other hand, if f : My — N, is a map having the RLP w.r.t. all the maps 0 — D(n), for
n > 1, then for any n > 1 and x € N,,, x determines a map & : D(n) — N, such that /,(1g) = x.
The solution to the lifting problem

| 2 lf
D(n) ——

provides a map u such that f,(u,(1g)) = h,(1g) = x. Hence, the map f, is surjective for all
n > 1. Thus, a map is a fibration if and only if it has the RLP w.r.t. all maps 0 — D(n), n > 1.
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For a chain complex M,, we define the chain complex

PN = @ D)l

n>0 xeN,

where D(n)[x] denotes a copy of D(n). We define an evaluation morphism € : P(No) —> N,
where any r € D(n)[x], is sent to x € N,,. Hence, € is surjective in every degree, so it is a
fibration. Moreover, H,,(P(N,)) = 0 for all m > 0, so it is an acyclic complex. For any map
Xo — Y, which is degree-wise surjective, the lifting problem on the left

has a solution u whose degree n is given by the solution of the lifting problem on the right,
which exists since P(N, ), is a free R-module with basis {x | x € N, UN,;41}.

We prove first axiom MS5. Let f : My — N, be a morphism of chain complexes. By the
universal property of the coproduct we can factorize f as

M. — M,aP(N) —2 N,

where ¢ is surjective in every degree since it is the composite

P(N,) — My®P(N,) —— N,

\8

and € is surjective in every degree. So p is a fibration. On the other hand, j is injective in every
degree, and coker(j,) = P(N.), which is a projective module. Since P(N,) is acyclic,

Hy (Mo @® P(N,)) = Hy (M)
and H,j is indeed an isomorphism. Thus j is an acyclic cofibration. This proves the factor-
ization in M5 (ii). For the other one, we proceed by the following induction on n > 0: for all

0 < k < n—1 we assume there are R-modules Q; and maps i : My, — Oy, qi : Oxr —> Ny and
8kQ : Ok — Ok_1 such that fi = gy iy, (o'?kQ)2 =0, iy is a cofibration and the induced map

Or — Zy—19Q Xz, NN

is surjective for all 0 < k < n— 1. For the case n = 0 we just choose a surjection Py — Ny with
Py projective module and factorize fj as

My L) My Py i) Ny

io is injective with projective cokernel Py and g is surjective since the map Py — Ny is surjec-
tive. We set Qg = My @ Py. Finally

Qo —— Z 10 %Xz NNo =Ny
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is isomorphic to the surjective map g.
For the inductive step, we consider the commutative diagram

M .
Z,1171
Mn — Zn_lM u) Zn—lQ

fnl lZn—l dn—1
o

N, > Zu_ 1IN

which gives a map

f/: M, —— Zn—lQ ><Zn,lN]Vn

factoring f,. Letus call N,' =Z,_10 Xz N Ny, and choose a surjection P,” — N,,’ with P/, a
projective module such that f’ is factorize as

M, —" My®&P — N,/

where i, is injective with projective cokernel P/, and ¢/, is surjective since P), — N, is sur-
jective. Setting Q, = M, ® Py, and g, = pry,_q,, : Q» — Ny,. This completes the induction,
where the differential map oL is given by the diagram

P! —— Z,_10 %z, NNy

Induction gives a chain of R-modules Qo and chain maps i : My — Q., ¢ : Q¢ — N, such
that f = ¢gi. The map i is degree-wise injective with projective cokernel, so it is a cofibration.
The map ¢ induces a surjection M, — Z,_1Q Xz, NN, for n > 0, so by Lemma 1.1.3 is an
acyclic fibration.

For axiom M4 assume we are given a commutative diagram

e a

where g is an acyclic fibration, and f is a cofibration. We construct the map u by induction on
its degree. Lemma 1.1.3 for n = 0O says that the map go : My — Ny is surjective. Since fj is
injective, By = Ao @ coker(fp), where coker(fp) is a projective module. Hence, the following
lifting problem

-

j e lgo

Ao @ coker(fo) —— N
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has a solution which is precisely ug. Assume now that u; : By — M;, is given for k < n. To build
u, we need to solve the lifting problem

Ay ——— s M,

-1
fnl ,Mil/// l

Bn /—> anlM ><Zn_lN]Vn

where the map on the right is surjective by Lemma 1.1.3. Moreover, f, is injective, so we
have B, = A, @ coker( f,), where coker(f,) is a projective module. Hence the problem has a
solution which is the map u,,.

Assume now that in (1.1) g is a fibration and f is an acyclic cofibration. We can apply the
acyclic cofibrant-fibrant factorization to the map f and we have

Ao —L s AcaP(BY)

T
fl U lp
B, — 14 B,
where j is an acyclic cofibration and p is a fibration. Since both j, f are weak equivalences, by

M2 p is a weak equivalence too, so it an acyclic fibration, and therefore the map u exists. We
get a commutative diagram

A id . A id . A . M
fl i fl lg
B, —— A,®P(B,) —— B, > N,

id

and by the lifting property of P(B,) we get a map A, & P(Bs) — M, making the diagram
commutative, whose composition with u gives the desired map B, — M, solution of (1.1). [l

There is another important example of model category, which is the category of topological
spaces, Top. More precisely, we focus our attention on the category of complactly generated
Hausdorff spaces, CGH, for reasons that will be clear later on. Weak equivalences in CGH are
the weak homotopy equivalences (whence the name), and fibrations are the Serre fibrations.
Cofibrations are uniquely determined by the maps having the LLP with respect to all acyclic
fibrations.

1.2 Fibrant simplicial sets

We define the category A whose objects are totally ordered sets n = {0 < 1 < ... < n} with
n—+ 1 elements, and whose morphisms f : m — n are order-preserving set functions.

Definition. For any category A, a simplicial object A, in A is a functor A, : A® — A.
Equivalently, a cosimplicial object C* in A is a functor C* : A — A. For simplicity, we
will denote A, = A.(n), whose elements are called n-simplicies (we also say vertices for the
0-simplicies), C"* = C*(n) and A,(f) = f* for f a map in A. A simplicial map is just a natural
transformation. We will denote by S.A the category of simplicial objects in .4 together with
these simplicial maps as morphisms.
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Example 1.2.1. For any object A in a category A we can construct a "constant" simplicial
object cA = (cA). € SA given by (cA), = A for all n > 0, and taking f* = id4 for every map
finA.

The following result shows a way to characterize simplicial objects that will be useful.

Proposition 1.2.2. Let A be a category. A simplicial object Ay in A is just a sequence of
objects Ay, n > 0 together with maps

di 1A, — A1, 0<i<n (face maps)
sjtAy—Aup, 0<j<n (degeneracy maps)

which satisfy the following simplicial identities
didj = djfldi l'fl' <jJ

sisj = Sjy18i i<

si—1di i<
disj = identity ifi=j,j+1
dei—l ifi>j+1

Proof. In the category A we define the coface maps d’ : n —1 — n and codegeneracy maps

s' :n+1 — n as follows:
v g itj<io o [ i<
d'(j)=19 " s s()=9 " I
jH+1 if j>i j—1 if j>i

i.e., d' is the unique (order-preserving) injective map whose image does not contain i € n, and
s' is the unique surjective map that sends two different elements in n+ 1 to i € n. These maps
satisfy the following cosimplicial identities:

did = didi' ifi<j

sist = s/t ifig

disi=1 ifi<

sldl = identity ifi=j,j+1
d=lsl  ifi>j+1
Moreover, for any map f € Homu(n,m) which is not the identity map, we can write iy, ..., i
for the elements in m which are not in the image of f (in that order respectively), and j,..., j

the elements in n such that f(j) = f(j+1). Then,
f=dtdbsh i 0<ig<---<ip<m, 0<ji<--<ji<n, n—t+s=m.

This factorization is unique. If A, is a simplicial object according to our initial definition, i.e.,
afunctor A, : A’ — A, then we just set A, = A,(n), and d; = A, (d"), s; = A.(s'). On the other
hand, for a sequence of objects A, in A and maps d;, s; satisfying the simplicial identities we
define a functor A, : A°? — A by setting A,(n) = A,,. For any map f € Homu(n,m), if f is the
identity map, then we send f to the identity map in A,,, and if it is not the identity map, then we
use the previous factorization f = d't ---d’ss/t - - s/t and define A, (f) = Sjpresjdig-e-diy. U
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A simplicial set is a simplicial object in the category of sets. Analogously, we can talk of
simplicial groups, simplicial modules and so on depending on the choice of the category A.

Example 1.2.3. For any k > 0, we let AK: AP s Set be the contravariant functor which is
represented by k € A. In other words, for any n € A,

A¥(n) = Homy (n, k),
and for any map f:n — min A,
A*(f): Homp(m,k) — Homa(n,k).
8 — 8f

Thus, we get a simplicial set AF for all k > 0 which is called standard k-simplex. Moreover,
any map f :n — m in A induces a map of standard simplicies f : A" — A™ by composition
with f.

Definition. Let K, be a simplicial set and let x € K,,, then

(i) xis called degenerate if it the image of some degeneracy map, i.e., x = s;(y) for some s;
andyc K,_1,

(ii) xis called non-degenerate if it is not of the form s;(y) forany y € K,,_; and s; : K, — K,
fori=0,....n—1,

(iii) xis aface (of K,) if it is in the image of some face map d; : K1 — K.
Remark. Yoneda Lemma ! tells us that for a simplicial set K, there is a natural bijection
Homgset(A”,K*) = Kn.

In particular, any vertex k € Ky can be seen as a simplicial map k : A° —; K,. More generally,
in order to define a map of simplicial sets f : K, — L,, it is enough to define the image for
the simplicies of K, which are not faces and non-degenerate. Indeed, all degenerate and face
simplicies are uniquely determined by the naturality of the map f.

We define two subcomplexes of A, the boundary of A" is a simplicial set dA" which is the
smallest subcomplex of A" containing the faces d;(idn), 0 < j < n, so

A"); if0<j<n—-1
(aAn)j — ( )J 1 J n
degenerate elements of (A"); if j > n.

We set dA” = 0 to be the simplicial set with the empty set in every degree. On the other hand,
the k-th horn of A" is the simplicial set A} for 0 < k < n, which the the subcomplex of A" gen-
erated by all faces d;(idn) except the k-th face dy(idp). Intuitively, one may think of A° as the
one point space, and A! as the interval. The maps d°, d' : 0 — 1 induce maps d°, d' : A° — Al
which can be though as the inclusions of "end points".

"Mac Lane [¢] II1.2.
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Let us see how can we obtain a topological space |K,| out of a simplicial set K. For any
n > 0, we denote by |A"| the geometric n-simplex, i.e.,

n
1= {(IO""”") eER™ 420, ) 1= 1}.
i=0

Notice that any map f : n — m in A induces a map f; : |A"| — |A™| given by

flo, )= Y 6., Y 4

icf~1(0) icf~1(m)

Definition. Let K, be a simplicial set. We define the simplex category A | K, (the category of
objects over K, ) whose objects are maps ¢ : A" — K, (or simplicies), and whose morphisms
are commutative diagrams of simplicial maps

AT Am

N /-

where 0 is a map in A.
Lemma 1.2.4. For a simplicial set K, there is a natural bijection
K, = 113 A",
A" — K,
inA| K,

Proof. Note that A is a small category, and SSet is cocomplete. Hence, there is a pair of
adjoints 2

SSet — SSet SSet — SSet
K* — (Il —> Homgset(An, K*)), K* — hgj An . K* An.
inA| K,

But by Yoneda Lemma, the first map is the identity, so by uniqueness of the adjoint, the other
map should also be isomorphic to the identity map, which gives the result. [

This lemma motivates the following definition for the geometric realization of a simplicial
set.

Definition. Let K, be a simplicial set. The geometric realization of K, is the colimit
K= lim A7)
A" — K,
inA| K,

in the category of topological spaces.

Mac Lane and Moerdijk [“] I. Theorem 2.
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Remark. Note that any simplicial map f : K, — J, induces a map f, : A | K, — A | J,, where

(F)(A" — K) =A"— K, 25T, €A LU,

This way, the geometric realization becomes in fact a functor
|| : SSet — Top.

Example 1.2.5. As notation suggests, for any n > 0, the geometric realization of the standard
n-simplex A" is precisely the geometric n-simplex |A”], since the simplex category A | A" has
idan : A" — A" as terminal object.

Let us go now the other way around, so building a simplicial set starting from a topological
space. Let X be a topological space, and n > 0. A singular n-simplex is a continuous map
o :|A"| — X. If we denote the set of n-simplices by

SX),={o :|A"| — X, o continuous},

we can obtain a simplicial set S(X), viewed as a functor S(X), : A — Set. For any n € A,
S(X)+(n) = S(X),, and for any map f : m — m in A, recall the induced function f : A" — A™

and define
SX)(f): SX)m — SX)n

(o] — Oof

This is a well-defined functor and S(X), is in fact a simplicial set. Moreover, any continuous
map g : X — Y between topological spaces induces maps

S(fn: SX)y — SY),
c +—> go

Thus, we get a functor
S : Top — SSet.

Proposition 1.2.6. There is a pair of adjoint functors
|-]:SSet —— Top: S,
where, with this notation, we always mean that | - | is the left adjoint and S the right adjoint.

Proof. Let K, be a simplicial set, X a topological space. First of all, notice that for any n > 0
we have a natural isomorphism

HomTop(|An|aX) = Homgset (A", S (X))

since any continuous map o : |A"| — X, defines a simplicial map that sends any 0 € (A"),, to
the composite

|6,

am LA oy € S(X)m.

The inverse is given by 0, (idp ), for o a simplicial map A" — S(X ). Hence, there are a natural
isomorphisms
Homrop (|K,|,.X) =  lim Homrpep(|]A",X) = lim Homsget(A",S(X),)
A" K, A" K,

& HomSSet(K*7 S(X)*) :
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Proposition 1.2.7. For any simplicial set K,

K.| € CGH.
Proof. See Goerss and Jardine [ ] I, Proposition 2.3. [

The category of simplicial sets SSet is closed under finite limits and colimits. The realiza-
tion functor | - | preserves colimits since it is left adjoint by Proposition 1.2.6, and finite limits
(see Hovey [0] Lemma 3.2.4.). We can define a model structure on SSet using the model
category CGH, and the realization functor. Formally, this is done using a Quillen equivalence.

Definition. Let C, D be two model categories. A Quillen functor from C to D is a pair of
adjoint functors

F:C—D:G
such that
e the functor F preserves cofibrations and weak equivalences between cofibrant objects,

o the functor G preserves fibrations and weak equivalences between fibrant objects.

A Quillen functor is a Quillen equivalence if for all cofibrant objects X € C and all fibrant
objects Y € D, a morphism
X —G(Y)

is a weak equivalence if and only if the adjoint map
F(X)—Y
is a weak equivalence in D.

Theorem 1.2.8. The geometric realization functor and the singular set functor give a Quillen
equivalence

|-|:SSet —— CGH:S
for the model category structure on SSet where a morphism f: K — J is
e a weak equivalence if |f| : |K| — |J| is a weak equivalence of topological spaces;
e a cofibration if f,, : K, — J,, is injective for n > 0, and;

e a fibration if f has the RLP with respect to all the inclusions A} C A", for n > 1 and
0<k<n

Proof. See Quillen [ 7] [.4 and II.3. O
Remark. Let X € CGH, and consider the lifting problem in SSet given by

/;(
-
e
e

-

At —— %
for some 0 < k < n, which by adjointness is the same as the lifting problem in CGH

A —— X

7
s,
s,
s
s
s
s

A" —— %
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for which the dotted arrow always exists since |A}| is a strong deformation retract of |A"|.
Hence, the canonical map S(X), — % has the RLP with respect all inclusions A} C A", so it
is a fibration. Thus, S(X), is a fibrant simplicial set for all X € CGH.

Lemma 1.2.9. For every 0 < k < n, Homgset(A}, Ky) is in bijective correspondence with the
set of n-tuples (X0, ..., Xk—1,Xk415---,Xn), Xi € Ky—1 for all i # k, such that dix; = dj_x; for all

i < j(i, j not equal to k).

Proof. For any 0 < i < j < n, with i, j # k, consider the fibre product

Anfl XAz’ Anfl Pi AP~ 1

oL

n—1 d n
%
A Ak

where d', d’ are the induced maps A"~! — A", but since i, j # k they always lie in Ay We get

a coequalizer

|—|An71 XAZ Anfl p1 |—|An 1 N An

i<j i#k

Let us consider now the following commutative diagram

j—1
n—-2-4“ s n-1

1l

d/
n—-1——n

For any maps fi, f> :m — n—1in A such that fid' = fod/ =
hence we can factor /1 as

m—>n

l 411 =did/~!

and we get a commutative diagram

which means that (1.2) is a pullback in A. Thus, we get

(1.2)

h, we have that i, j ¢ im h, and

A}’lfl XAZ Anfl % Anfl XAn Anfl g Anfz.

and the coequalizer can be rewritten as

|_|An2 |_|An1 An

i<j dl i#k
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Corollary 1.2.10 (Kan condition). A simplicial set K, is fibrant if and only if for all 0 < k < n,
and any set of n-tuples

(-x07"'7xk—17-xk+17"'7xn)7xi € anla with dixj =daj—1Xi Vi< ](l7 .] 7£ k)7
there is some y € K, such that d;jy = x; for all i # k.

Proof. Assume first that K, is fibrant, and we are given a set of n-tuples as in the heading. By
the previous lemma we get a map u : A} — K, and since K is fibrant, it can be extended to
amap v:A" — K,. Taking y = v, (idp) we get that for all i # k,

dl'(y) = dl'(vn(idn)) = anl(dl'(idn)) = I/tnfl(d,(idn)) = Xj.

On the other hand, assume we are given a lifting problem

AZLK*

21
s
JRe
\[ 24
s

A
and consider the n-tuple
(Pn-1(d1(idn)), - ., Pu—1(dk—1(idn)), Pn—1(di+1(idn)), - .., Pn—1(dn(idn))) € (Kn-1)"
which satisfies
dipn—1d;(idn) = didp,(idn) = dj_1d;pn(idn) = dj_1pp—1d;(idn), Vi< .

Hence, we get some y € K, such that d;y = x; for all i # j. The map ¢ is then well defined by
sending id, to y € K,,. OJ

Example 1.2.11 (Moore). Let G, be a simplicial group. Then, its underlying simplicial set is
fibrant. To see this let 0 <k <n+1, and let x; € G, for i # k such that d;x; = d;_1x; for all
i < j. We proceed by induction on r, such that there is some g, € G, 11 with d;(g,) = x; for

i<r,i#k Wesetg | =1,andassume g, is given. If r =k, then we just set g, = g,_1. In
other case, we let u = x; 'd,(g,_1). Then, for i < r, i # k we have

di(u) = di(x; ' dr(gr—1)) = di(x; )dr_1di(gr—1) = di(x; " )d—1 (i) = di(x; V) di(x,) = 1,
and so d;(s,u) = 1 too. Therefore, taking g, = g,_15,(u) "' we have

di(gr) = di(grfl) = Xi, fori < r,i 7& k,
dr<gr) = dr(gr—l)u_l = Xr, for r 7£ k7

which completes the induction step.
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1.3 Simplicial homotopy groups
Given two simplicial sets K, , L, , the product K, x L, is the simplicial set given by
(K X Ly)p = Ky X Ly,
and forany map f:n — minA,
=" %xf:KpyXLy— K, xLy.

Definition. Let K,, L, be simplicial sets. The function complex Hom(K, L), is the simplicial
set given by
Hom(K,L), = Homgset(Kx x A",L,), n>0,

and for any map 6 : m — nin A,

6*: Hom(K,L), — Hom(K,L),,
Kex A" 5 L) — (Ko xam @9k, xam Lo L),
Remark. Leti: J, — K, be an inclusion of simplicial sets. Precomposition with i gives rise

to a map
i*:Hom(K,L), — Hom(J,L), .

Let f, g : K. — L, be maps of simplicial sets. They induce vertices f, g:A— Hom(K,L),
of Hom(K, L), sending idy to f and g respectively. If their restriction to J is the same, i.e.,

u:f|J*:g|J*:J*—>L*

then i*(f) = i*(g) = i, where i1 : A° —s Hom(J, L), is the vertex of Hom(J,L), that sends
anyn — 0 to
pr/* u

J,. x A" > J, S

where pr; denotes the projection onto J,. Thus, fand g are just vertices on the fibre of u.

If K., L, are simplicial sets, then there is a canonical evaluation map
ev: K.xHom(K,L), — L,
which is given in degree n > 0 by

K, xHom(K,L), — L,
(x,g) — gn(xyidn)~

Theorem 1.3.1 (Exponential law). Let J, , K, , L, be simplicial sets. The function

ev, . Homgset(Jo,Hom(K L)) — Homgget(Ki X Ji, Ly)

(. s Hom(K,L),) +— (K, xJ, ZLK, x Hom(K,L), <% L,).

is a bijection which is natural in J,, Ky, L.
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Proof. Let g : K, x J, — L, be a map of simplicial sets. For any n-simplex x € J,, we can
define a map u : K, x A" — L, given in degree m by

(k,m %5 ) — g (k, 0*(x)) € Ly,
This way we can construct the map
eV;l : Homgget(Ki X Jx,Ly) — Homgset(Js, Hom(K,L),)
g Co (x+—u)

which is the inverse of ev,. For instance, let g = ev(id X f) for some f : J, — Hom(K,L),.
By naturality of f there is a commutative diagram

6*
In

7 Jm
| |~

Hom(K,L), o, Hom(K,L),,

and thus,
fa(x) (idg, x 0) = fin(6"(x))
for any x € J, and 6 € (A"),,. Hence, for any x € J,,, (k,0) € K,, x (A"),, we have

(v ' (@)n(x)m(k,0) = gm(k,0%(x)) = eviu(id,, X f)(k, 0%(x)) = eV (k, fn(6*(x)))
= (fm(0%(x)))m(k,idm) = (fa(x) (idk, X 0))m(k,idm)
= (fn(x))m(k79)7

soin fact ev, !(g) = f. On the other hand, let g € Homgset(Ky x Jx, Ly ), let us call h =ev; ! (g),
and for any (x,k) € K, X J,,

idx h;, €Vn

K, xJ, K, x Hom(K,L), L,
(k,x)  — (k, hn (x)) > (Bn(x))n(k;idn) = gu(k,id}(x)) = gn(k, x).
This composition is precisely ev,(h),(k,x), and therefore ev, (h) = g. O

Proposition 1.3.2. Let i : K, — L, be an inclusion of simplicial sets and let p : X, — Y, be a
fibration. Then the map

Hom(L,X), Fope) Hom(K,X)s XHom(k,y), Hom(L,Y ),

induced by the diagram

Hom(L,X), —~— Hom(L,Y),

! !

Hom (K, X), LN Hom(K,Y), ,

is a fibration. Moreover, it is a weak equivalence if either i or p is a weak equivalence.
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Proof. See Goerss and Jardine [ ] I, Proposition 5.2. [

Remark. For the "model category" reader, this property is just saying that SSet is a closed
simplicial model category.

Corollary 1.3.3. If X, is a fibrant simplicial set, and i : K, — L, is an inclusion of simplicial
sets, then the induced map

i*: Hom(L,X), —— Hom(K,X),
is a fibration.

Proof. We just apply the last proposition to the fibration X, — *. [

Recall that in Top (or CGH) two continuous maps f,g : X — Y are homotopic if there is a
continuous map H : X x |A'| — ¥ such that the following diagram commutes

idx (d°), idx (d!).

X=X x| ——5 |N|

Definition. Let f, g : K, — L, be maps of simplicial sets. A simplicial homotopy from f to
g is a map of simplicial sets & : K, x Al — L, such that the following commutes

x |A% =

idxd! idxdO

K, 2K, xA" 2% s K x Al «+ 22 K, xAV>K,

The maps f, g are said (simplicially) homotopic and we write f ~ g. Moreover, if i : J, — K,
denotes the inclusion of a subcomplex J, of K, and f|;, = g|;,, a simplicial homotopy from f
to g (rel J) is a simplicial homotopy from f to g, & : K, x Al — L, such that the following
diagram

Jox Al 2y g

led\[ lg‘l*_“ﬂ‘/*

K*XA] L) L*

commutes. In this case we will also write f ~ g (rel J,). A homotopy that can be factored as

prg.
K. xAl —f g ko1,

for some map k is called a constant homotopy (at k).

Remark. A homotopy % : K, x Al — L, is just a 1-simplex of Hom(K,L),. Moreover, if
f~q:K.— L, (rel J,) via h, then calling k = f|;, = g|s, : J» — L, there is a commutative
diagram

pr;
Jox Al —= J,

|

K. xAl — [,



18 Chapter 1. The Dold-Kan Correspondence

and (%) (h) is the 1-simplex of Hom(J, L), which is a constant homotopy at k. Moreover, by
the exponential law (Theoreom 1.3.1), there is a bijection

HomSSet(A17H0m(KaL)*> = Homgget (K X AI:L*)-

Recall a previous remark where we obtained vertices f, g of the function complex Hom(K, L),
out of maps f, g : K. — L,. This bijection is telling us that homotopies between maps f, g
are just homotopies between vertices f, g.

Example 1.3.4. For any n > 0, the simplicial set A" is homotopy equivalent to A°, that is, there
are maps f : A" — AY and g : A — A” such that fg ~ idyo, and g f >~ idas. To see this, let

gn(m—0)=m—0 N n, where i sends 0 to n € n, and m — 0 is the only m-simplex in A°.
f is the only map A" — A°. Then, fg = id0. Let & : A" x Al — A" be given for any m > 0 by

B s (A < (AD),, — (A")m
. a(i), if B(i) =0,
(@) = <’H{ m,  ifB() =1 )

Then, A(id x d') = idp» and h(id x d°) = g f.

Lemma 1.3.5. If K, is a fibrant simplicial set, then simplicial homotopy is an equivalence
relation on the vertices A° — K of K.

Proof. For an n-simplex o, we denote its boundary by d6 = (dyo,...,d,0). Letx, y: A — K,
be two vertices. A homotopy from x to y is just a 1-simplex v € K; such that dv = (y,x). If
we take the 1-simplex sox, then d(spx) = (x,x), so x ~ x and the relation is reflexive. If x ~ y,
then there is a 1-simplex v, such that dv, = (y,x). Take v; = sox such that djv; = x =d;v,. By
Lemma 1.2.9 this defines a map u : A% — K, and we have

A%AK*

1
\[ V// J/
7
7
7

s

A2 — %
where the dotted arrow v exists since K, is fibrant. Moreover, we have
dodov = d0d1V =X, d1 d()v = d()dzv =Y,

so the 1-simplex dyv satisfies d(dgv) = (x,y), so y ~ x and the relation is symmetric. Finally,
let z: A — K, be another vertex such that x ~ yviav, € K, and y ~ z via vy € K. Then,
dovy =y = dyvp, so it defines a map u’ : A% — K., and there is a map v’ making the following
diagram commutative

u

A%—/>K*

A
\[ v, // J/

A2 — 5
since K is fibrant. Moreover, v’ satisfies

dodiv' =dodyv' =z, didpv' =didv' =x

so taking the 1-simplex djv’, we have d(dv’) = (z,x), so x ~ z and the relation is also transi-
tive. ]
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Definition. For a fibrant simpliciat set K, we define 7y K, to be the set of homotopy classes
of vertices of K. For any vertex k € Ky, we denote by m (K, ,k) the pointed set my K, with
basepoint the homotopy class [k] of k.

Example 1.3.6 (A" is not fibrant). Let n > 1, and take the vertices 1y, 1; : A% — A", where for
any m > 0,
i y(m—0)= m—-n y(m—0)= m—n.
i—0 i—1

Now, we can consider the map «: 1 — n sending 0 — 0, and 1 — 1, and the induced 1-simplex
u: Al — A" given by composition. Then dyu = 11, and dju = 19, so 19 ~ 1;. But in order to
have 1 ~ 19 we need a 1-simplex v : Al — A", which we can see as a map v: 1 — n such that
d°B =19 and d'B = 1;. But this means that vdy : 0 — n sends 0 — 0 and Vd; : 0 — n sends
0+ 1,i.e.,v(0) =1, and (1) = 0, which cannot happen since v'is a map in A. Hence, 19 % 1.
By Lemma 1.3.5, it follows that A" is not a fibrant simplicial set.

Proposition 1.3.7. The functor S : Top — SSet preserves homotopy.

Proof. Let f, g : X — Y be homotopic continuous maps between topological spaces such that
H:X x [0,1] =Y is a homotopy from f to g. There is a canonical map of simplicial sets
w: Al — S(|A'|), given by (f :m — 1) > (f, : |A"| — |A!|). Let us call by & the composite

id X1y

S(X), x S(|A")), S(X). x S([0,1]), —— S(X x[0,1]),

] Jn

The third map is an isomorphism since any map o : |A"| — X X [0, 1] corresponds to a pair of
continuous maps |A"| — X, and |A"| — [0, 1]. Fori =0, 1, the image of (5,0,) € S(X), x (A°),
under the composition

idxu idx 1,

S(X), x A* 4 six), x Al 2T S(X), x S(|A]), S(X), x S([0,1]),
is (0,01-;) € S(X), x §([0,1]),, where o7_; : A" — [0, 1] has constant value 1 —i. Hence,
h(idxd') = (H|x {0y ) = fx and i (id x d’) = (H|x x{1}) = & So his a simplicial homotopy
from f, to g..

[

This shows that our definition of homotopy for simplicial sets "makes sense", since it
"agrees" with the topological notion of homotopy. At this point, one may be tempted to define
homotopy groups in SSet following its construction in Top (or more precisely in CGH), which
we could attempt grosso modo by setting 7,(K) to be the set of maps ¢ : A” — K modulo the
relation ~ (rel JA™). But in order to do so, we need the simplicial homotopy relation ~ to be
an equivalence relation, and this is not necessarily true, since it fails in general to be symmetric
and transitive. Nevertheless, for fibrant simplicial sets, ~ is an equivalence relation. Recall
that in fact S(X) is fibrant for all X € CGH.

Proposition 1.3.8. Let L, be a fibrant simplicial set and let J, C K, be an inclusion of simplicial
sets, then

(a) the homotopy relation ~ is an equivalence relation in Homgsget(Ky, L), and



20 Chapter 1. The Dold-Kan Correspondence

(b) the homotopy relative relation ~ (rel J,) is an equivalence relation in Homgget(Ky, Ly ).

Proof. Part (a) is a particular case of part (b) taking J, = 0. Therefore, we only need to prove
(b). We have seen that homotopy of maps f, g : K, — L, are just homotopy of vertices f, g of
Hom(K,L),, and in this case they are also on the fibre of the vertex u, with u = f|; = gl|;, in
the map

i :Hom(K,L), — Hom(J,L),.

By Corollary 1.3.3 the map i* is a fibration. Calling X, the fibre of & in i*, we get a pullback
diagram
X* —_— HOm(K,L)*

I

u — Hom(J,L),

Hence by Corollary 1.1.1, i’ is also a fibration, so X, is a fibrant simplicial set. By Lemma
1.3.5 simplicial homotopy is an equivalence relation on the vertices of X,. [

This allows us to define homotopy groups for simplicial sets.

Definition. Let K, be a fibrant simplicial set, and let k € K be a vertex in K,. Forn > 1 we
define
7, Ky = my (Ko k) = [(A", 0A"), (Ky , k)]~

the set of homotopy classes (rel dA") of simplicial maps f : A" — K, such that

IA" ——5 AD

Lk

An%K\k

commute. Moreover, we also denote the composition

A" s A0 kg

by k, and we call it the constant map at k. We write [f] for the equivalence class in 7, K, of f.

Theorem 1.3.9. 7,(K, k) has a group structure for n > 0, which is abelian for n > 2. It
is called the n-th homotopy group of K,. Moreover, the neutral element of the group is the
homotopy class [k].

Proof. See Goerss [ 7] I, Theorem 7.2. O

Remark. As one might guess from the construction, these homotopy groups are isomorphic to
the homotopy groups over topological spaces, in the sense that there are natural isomorphisms

mo(Ki, k) = mo(|Ksl, [K]),
(K k) = m,(|K,|k|), forn>1.

For a complete proof one can see Lemma 3.4.2 and Proposition 3.6.3 in Hovey [0].
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1.4 The Dold-Kan correspondence

The main goal of this section is to show that for every abelian category .4, the category of non-
negative chain complexes in A, Ch>((A), is equivalent to S.A. Moreover, this equivalence
will preserve homotopy. In the next chapter we will see a nice application regarding resolution
of objects. First we need to define homotopy on simplicial objects in an abelian category.

Definition. Let A, be a simplicial object in an abelian category .A. The unnormalized chain
complex associated to A, is a chain complex C, = C(A,) with C, = A, as n-chains and with
boundary map d : C,, — C,_1 given by
n .
0= Z(—l)ldi A, — AL
i=0

This definition makes sense since 9> = 0 (as a direct consequence of the simplicial identi-
ties satisfied by the d;’s) so C is in fact a chain complex. Moreover, this defines a functor from

SAto Ch> (.A)

Definition. Let A, be a simplicial object in an abelian category .A. We define
Ty (Ax) = Hy(C(Ay)) forn > 0.

This being done, we need now to refine the unnormalised chain complex C(A,) into a new
chain complex whose homology will be naturally isomorphic to the homology of C(A,) but
that will behave nicer with chain homotopic maps. Notice that we have only used the face
maps in A, to define the chain complex C(A,). Hence, if we are given a simplicial object A, in
A and we "forget" about the degeneracy maps we are still able to compute the chain complex
C(A,). This motivates the following definition.

Definition. Let A; denote the category whose objects are the objects in A and whose morphisms
are order-preserving injective set functions. A semisimplicial object in a category A is a functor
A, : AP — A. The category of semisimplicial objects in a category .4 will be denoted by
sSA.

Remark. The characterization of a simplicial object given in Proposition 1.2.2 tells us that
a semisimplicial object is just a simplicial object with no degeneracy maps and therefore the
only simplicial identities that face maps d; satisfy now are d;d; = d; _d; for i < j.

We define the forgetful functor

F:SA—sSA

that makes any simplicial object into a semisimplicial object by forgetting degeneracies. This
functor has a left adjoint
G: sSA— SA

when the category A has finite coproducts, that is defined as follows. For any B, € s.A, we set

GB,= || B[/,

f:n—k

where the coproduct runs through all possible surjections f : n — K in A, and By [f] denotes a
copy of By. Also, for any morphism g : n — m in A, we define the map G(g) : GB,, — GB,, by
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defining its restrictions to each of the components of GB,,. We do it as follows: let By[f] be
one of them for a surjection f : m — k. The map fg factors as

% v m
s f
d
— k

=2 B

with s surjective and d injective (as seen in the proof of Proposition 1.2.2). Then, the restriction
of G(g) to Bi|[f] is the map B(d) : By — B, = By[s] C GB,. This makes GB into a simplicial
object of A: for id, : n — n identity map, then G(idy) : GB, — GB,, is clearly the identity map
in GB,,. On the other hand, for g; : n —n’, go : n/ — m maps in A, let

p s
n’ »q —— kK

be the epi-monic factorization of fg; and let

be the epi-monic factorization of pgi. We get a commutative diagram

81 / 82

> n > m
P lf
s! s
! > q > K
and
/
p ss’
n »q —— k

is the epi-monic factorization of f g, g;. Commutativity of the diagram means that

G(g2 81) = G(g2) G(g1).

Lemma 1.4.1. G is left adjoint to F,
G:sSA — SA:F.
Proof. LetA, € SA, and B, € sS.A. We have to show
Hom s.4(G(Bx),Ax) = Homs 4 (By, F(AL)).

If k <nand f:n— Kkis asurjection in A, it can be factorized as

i
g
n—sn—-1—3%Kk

for some s’ and g. We get a commutative diagram

n—»n 1

if I

k‘—>k
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and hence the map s; : G(B),—1 — G(B), identifies the factor By[g] of G(B),— with By[f] of
G(B),, and we write By|f] = s; B[g]- Now, if n — 1 =k, then g = idk, and if n — 1 < k we can
repeat this procedure. It follows that any factor Bi[f] of G(B),, for f :n — k with f #id, is
of the form (s;, -+ s, By)[idk] where f = st --- 5. Therefore, in order to define a morphism
hy : G(B), — Ay, we only need to specify the image of B,[idy| for all n > 0. Hence, any
morphism % : B, — F(A,) defines a map ¥ G(B,) — A, where the restriction of /, to By|[idn]
is just i, : B, — A,. Moreover, any morphism e G(By) — A, defines amap h : B, — F(A,)
in a natural way, given by h,, : B, — A, to be just Zn| B,Jidy]- These maps are well-defined and
they are clearly inverse of each other. [

For a simplicial object A, in an abelian category A we denote by D = D(A,) be the
subcomplex of C(A,) such that D(A,), is generated by the images of the degeneracy maps
sitAyp_1 —~A,fori=0,....n—1.

Proposition 1.4.2. D(A,) is a chain subcomplex of the unnormalized chain complex C(A,).

Proof. The only thing we need to check is that for any a € D, d(a) is in fact an element
in D,_1, i.e., it can be written as a sum of elements in the image of the degeneracy maps
sj:Ay—2 — A,_1. But this is clear if we use the simplicial identities, since for s; : A,_| — Ay,
we have

n .
aSj = Z (—l)ldiSj
i=0
Jj—1 . . 1 n .
= .ZO(—l)’ijldi + (—1)]dij + (—1)J+ dj+1Sj + . Z+2(—1)lsjd,;1
= =]

J—1 . n .
= Y (=1)sjdi+ X (—1)'sdi
i—0 i=j 12

The singularity of this chain complex is stated in the following lemma.

Lemma 1.4.3. D(A,) is an acyclic chain complex, that is,
H,(D(A,)) =0 foralln>0.
Proof. Let us consider the following filtration of D = D(A,) 3
FoD, =0, F,D,=s0(An—1)+...+5p(An—1), n<p, F,D,=D,.

Using the computation of the last proposition we see that ds; can be written in terms of s;_;
and s; and therefore F),D, is indeed a subcomplex of D,. This filtration is bounded, so by
the Classical Convergence Theorem “, we get a bounded spectral sequence that converges to
H,(D):

1
E, = H, 4(F,D/F,_1D) = H,. (D).
Hence, we just need to show that the complexes F,D,,/F,_1D, are acyclic. Note that F,, D, =

F,D,, = D,, so if n < p the quotient is zero. For n > p, let us see that (—1)Psp A1 — Ay

3For a proof avoiding the use of spectral sequences see Jardine and Goerss [ ] III. Theorem 2.4.
*Weibel [ | 7] Theorem 5.5.1.
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induces a chain homotopy from the identity map to 0 in F,D,,/ F,_1Dy, i.e., that in F),D, we
have

(dsp+s5,0)s, = (—1)Ps, mod F,_1D,.
Using again the computation from the last result, we see that

n
ds, = Z (=1)'spdi—1 mod F,_1D,,
i=p+2

and therefore modulo F), 1D, we have

n+1 . n .
8s12,—l—sp8sp = Y (=Dspdicisp+ X (—1)’s12,d,~,1
i=p+2 i=p+2

n+1 . n .
= (=1)P2%s,+ ¥ (—1)’s,2,d,-,2+ Y (—1)ls,2,d,~,1:(_1)psp.
i=p+3 i=p+2

Hence the identity map in F,D,/F,_1D, is null homotopic, so H,,(F,D,/F,_1D,) = 0 for all
m = 0. O]

Due to this result, it makes sense to consider the complex C(A,)/D(A,) since it will have
the same homology as the unnormalized chain complex C(A,). We will call this resulting
complex N(A,), and it can be expressed as follows.

Definition. Let A, be a simplicial object in an abelian category A. The normalized chain
complex is a chain complex Ny = N(A,) with

n—1
N, = ﬂ ker(d;: A, — Ap—1)
i=0
as n-chains and with boundary map d given by

9 = (—1)"dy : Ny — Nyp_1.

Note that N(A,) is in fact a subcomplex of C(A,) since the boundary map 0" in N is just
the restriction of the boundary map in C to N, since d(a) = (—1)"d,(a) = 9" (a) for every
a € N,,. This also justifies the abuse of notation we make here by calling both boundary maps
in C and N by the same name. Moreover, this defines a functor

N:SA— Ch}()(.A),

where face maps in the simplicial objects of A are not needed, so it can also be seen as a
functor

N:sSA— Ch}()(.A).
Proposition 1.4.4. Let A, be a simplicial object in an abelian category A. Then

C(A,) = N(A,) ©D(A,).
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Proof. For n > 0, we will show that the natural map induced by the inclusions
Q:N,®&D, — A,

is an isomorphism of chain complexes. For n =0, Dy = 0, and Ny = Ap. Let n > 0, and
y € NyND,, so that y = ):’};é sj(y;j) for some y; € A,_;. Let i be the smallest integer such that
si(vi) # 0, we claim that d;(y) = y;. If n =1, then y = so(yo) + s1(yo) and

{ do(y) = doso(yo) +dos1(y1) =yo if so(yo) # O,
di(y) =disi(y1) =y if so(yo) = 0.

For n > 1, we can rewrite the sum so that d;s j(y j) =0 for i < j. To see this, notice that
d;s; = 1ds, , means that we can write

A, 1 = ker(di) @im(si).
Thus, we write y; = aj+s;(b;) for a; € ker(d;), b; € A,—> and for any j > i we have
sj(vj) =sjlaj) +sjsi(b)) = sj(a;) +si(sj-1(b))),

and so

n—1 n—1 n—1
y=Y si(yj) =si (yi+ Y Sj—l(’?j)) + ) sja))
J=i j=i+1 j=i+1

where in fact d;jsj(a;) = sj_1d;(a;) = 0 for i < j. With this remark the claim follows,
n—1 n—1
di(y) = Y. disj(yj) = disi(yi) + Y, disj(y;) = yi.
J=i j=i+l

Hence, for i < n, d;(y) = y; # 0, so y is not in the kernel of d;, contradicting y € N,,. This shows
that N, N D, = 0, and hence ¢ is injective. Let

j
N;jA, = (ker(d;) C An.
i=0

Clearly N,,_1A, = N,, C im ¢. We now proceed by downward induction on j to show that
NjA, Cime forall j=n—1,...,0.
Assume NjA, Cim@ and lety € Nj_1A,. Theny’ = y — s;d;(y) satisfies
di(y") =dj(y)—d;j(y) =0, &(y') =di(y) —sj-1dj-1di(y) =0 fori < j.

Soy’ € Nj Cim¢. Recall that s;d;(y) € ims; C D, Cim@ too, soy =y’ +s;d;(y) € im¢. So
the induction works, and we get NoA,, = ker(dp) C im ¢. Finally, using again the decomposition
A, =ker(dy) im(dp), we see that A, C im @.

]

Corollary 1.4.5. Let A be a simplicial object in an abelian category A. Then, there is a natural
isomorphism
. (Ax) = Hi(C(AL)) = H (N(A,)).
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Proof. Direct consequence of the last proposition and Lemma 1.4.3. [

In Section 1.3 we defined simplicial homotopies for simplicial sets so that it behaved nicely
with homotopy in CGH. We can now extend this definition for simplicial objects in an abelian
category and check that it also behaves nicely with homology of chain complexes. For K, a
simplicial set and A, a simplicial object in a category .4 having products, we define the product
A, ® K, to be the simplicial object in A where

(A* ® K*)n = An X Kn

is just the product of K, copies of A,. Notice that if each K}, is finite, then .4 need only to have
finite products (as it is the case for abelian categories).

Definition. Let f, g : A, — B, be maps of simplicial objects in an abelian category A. A
simplicial homotopy from f to g is a simplicial map & : A, ® Al — B, such that the following

commutes

idxd! idxdO

A, 2A, QA 22 5 AL A 25 AL A=A,

The maps f, g are said (simplicially) homotopic and we will write f ~ g.

Lemma 1.4.6. Let f, g : A, —> By be homotopic maps of simplicial objects in an abelian
category A. Then,

N(f) ~N(g) : N(A.) — N(B)
are chain homotopic maps.

Proof. For any n > 0, we can characterize the maps in (Al), by the preimage of 0 € 1, i.e.,

(AY,={fi:n—1cHom(n,1) | £ '(0)={0,...,i} }ie1..n

Leth:A, @A — B, be the simplicial homotopy from f to g. Then, A, : A, x (Al), — B, is
just a collection of maps 4!, : A, X {fi} = A, — B, fori=—1,...,n, such that

i—1 . j+1 . -
g made 1<i L P he i< fat=g
1 — 9 1 — 9

W di, i>j hysi, 0> hy=f

We define k,, = Z?:o(—l) ( n15j —Sjfn) i An — Buy1. Fori <n+1 we have

i—2 o L .
diky, = ,ZO(—I)J(h{szdifl —sjdi1fu) + (1) (7 = fu) + (=1 (R — f)
j:
n o
+ Z (—1>J(h{, Iijldi—ijldifn)
j=ir1
i—2 L n .
= _ZO(—I)](hﬁdei—l —Sjfa—1di-1) + X 1(—1)](/151 Usi1di—sio1fuo1dy)
j= j=it

and therefore the restriction of &, to N,,(A) lies in N, (B). Moreover,
—1

dypiky = "§O<—1>f<h{;s,-dn—s,-dnfn)+<—1>"<hz—fn>
n—1
= Z(—I)J(h{lsj —8jfn— 1dn) +(—1)"(gn — fn)

J=0

= kn1dn+(=1)"(gn— fa)-
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Hence,

an-i—lkn +kn—18n = (_1>n+1dn+lkn+ (_1)11 n—ldn = (_1)n+1(dn+lkn _kn—ldn)
(_1>n+1<_1)n<gn —fn) =fa—8n
and {k,} is a chain homotopy from N(f) to N(g). O

For an abelian category A, let C, be a chain complex in Ch>((.A) with boundary map 9.
For any injective map f : n—m in A, we define the map L(f) : C,, — C,, to be

idc,, if n =m,
L(f) =3 (=1)"™1 91, ifm=n+1, and f=ad",
0, else.

Taking C,, as n-simplicies, we get a semisimplicial object Cy in A. This defines a functor
L: Ch>0(¢4) —— sSA.

Construction of maps may seem odd, but one may note similarities with the definition of the
normalized chain complex N(A). They are not casual, in fact, N and G L are inverse equiva-
lences.

Theorem 1.4.7 (Dold-Kan). Let A be an abelian category. There is an equivalence of cate-
gories

N
SA Chso(A)
r\G_L/

under which simplicial homotopy in S A corresponds to homology in Ch=((.A) and simplicially
homotopic morphisms correspond to chain homotopic maps.

Proof. Let K = GL and C € Ch3((.A) with boundary map d. There is a natural inclusion of
the normalized chain complex into the unnormalised chain complex

W, (C) : Na(K(C)) < Cu(K(C)) =K(C)n = €D Glf], n=>0.
fn—k

Here, we adopt the usual convention of denoting by & the coproduct in an abelian category.
Consider the face maps d; : KC,, — KC,_; in the simplicial object K(C) and in particular,
their restriction to the factor C,[idy] = C,, of K(C),. For any d' : n—1 — n the epi-monic

factorization

di
n—-1<——n

lid lid
di
n—-1——n
shows that the image of d; restricted to C, is the zero map foralli =0,...,n—1, and fori =n

(=1)"d, : C, — Cy—1[idy_1]. Hence,

n—1
Cp C [ kerd; = N,y (K(C)) = imW,,(C).
i=0
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Any other factor in K(C), which is not C, is of the form Ci[f] for f : n — k surjective and
k < n. Thus, it can be factorized as

n " sn-1-Yt%k
f
for some s’ and g. Hence, the degeneracy map s; : KC,_; — KC, restricted to Ci[g] has im-
age C¢[f], so Cx[f] € D,(K(C)) and by Proposition 1.4.4 it cannot be in the image of ¥,(C).
Therefore, im ¥,,(C) = C,, i.e, N,(K(C)) = C, is a natural isomorphism. Moreover, the dif-
ferential in NK(C) is given by (—1)"d,, : N,,(K(C)) — N,—1(K(C)) which is precisely the map
(- (-1)"d, = Jy : C, — Cy—1. Thus,

NK(C)=C.
On the other hand, let A, € S.A. There is a natural map

Pu(Ad) 1 Ka(N(AL)) = D Ne(A)If] — An, 120,
fn—=k

whose restriction to Ni(A,)[f] for a surjection f : n — Kk is defined as the composite

NeADf] —— CilA) =Ar —L A,

For g : m — n a map in A, with decomposition

8
m ——

h

l;)

W‘«—\ =

there is a commutative diagram

~

v
B
3

Ka(N(AL)) +— Ne(A)[f] — A —=

lg* g*‘Nk(A*)ljﬂNk(A*) lj* lg*

Kn(N(Ay)) «—— Ni(As)[h] « A" Ay,

N2

So &, (A,) is a simplicial map. We prove by induction on n that it is an isomorphism. For
n = 0, note that Ny(A,) = Ao, and hence

Do (A,) : Ko(N(AL)) = No(A,)[ido] — Ao

is an isomorphism. Now assume ®;(A,) is an isomorphism for j < n—1. Let us show that
®,(A,) is also an isomorphism. @, (A, ) restricted to the factor N, (A, )[idp] is the natural identi-
fication of N, (A4)[idn] with N, (A,). Hence N,(A,) Cim ®,(A,). Since &, (A,) is surjective,
A1 Cimd,_(A,),and for 0 <i < n,

5i Pn_1(Ax) = Pu(As) i,
s0 5i(Ap—1) Cim (P,(A,)s;i). Thus D(A.) C im &, (A,). Finally, by Proposition 1.4.4,

Ap=Ny(Ay) ®@Dy(Ay) Cim @, (A,),
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so it is a surjection. To see injectivity we use elements. For 0 < k < n, and any surjection
f:n — K we can choose a section f’ : k < n such that

f1(i) = max{j| f(j) =i}.
For any two f, g : n — Kk, we define the equivalence relation
f<g<e= f'(i)<g'(i) forall0<i<k.

In particular, notice that if g f’ = idx then we must have f < g. Now, let (x;,) € ker @, (A,). If
a component xy # 0 for some f : n — k, we take the maximal such f* with respect to <. We
have a commutative factorization

k<f—>n

lid 8 g lf

k95 Kk
and if there is some other g : n — k making the diagram commute, then f < g, 50 0 = x, € (x3).
Therefore, the component of (f')*((x;)) € KixN(A,) in the factor Ni(A,)[idk] is just x;. But
(f")*((x1)) € ker ®¢(A,) = 0 by induction, so we must have x; = 0. Hence, we get xy =0
for all f # idy. Finally, the restriction of ®,(A,) to N,(A,)[idn] is just the natural inclusion
Np(A,) — A,, s0 xig, = 0. Hence, (x;) = 0 and &, (A,) is injective.
We are just left to show that simplicially homotopic maps correspond to chain homotopic maps.
We have already proven one direction in Lemma 1.4.6. Let f, g : C — D be chain maps, and
let {k,} be a chain homotopy from f to g. We define maps h; : K(C),, — K(D),+1. As we saw
in the proof of Lemma 1.4.1, we only need to specify the restriction of A; to the factor C,[idy]
of K(C),, which is given by

sif ifi<n—1
hilc,ig] : Culidn] —> K(D)n1 =1 Sn—1f—snkn—1d ifi=n—1.
Sn(f—sp—1d)—k, ifi=n

We set now h! : K(C), — K(D), fori=—1,...,nby
hy' =K(g), h,=K(f)
B =d;1h;, for0<i<n

By the description of simplicial homotopies we did in the poof of Lemma 1.4.6, this gives a
simplicial homotopy 4 : K(C) ® A! — K (D) from K(g) to K(f) and ends the proof. O

Proposition 1.4.8. Let A be an abelian category, then there are pairs of adjoints

(a)
L:Chxo(A) —— sSA:N,

(b)
K=GL:Ch>o(A) —— SA:N.
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Proof. (a) Let C € Chx((A), and A, € sS.A. We have to see
HomsSA(L(C)7A*) = HomCh (CvN(A*))

Let h € Homgs 4 (L(C),A,), since it is a natural transformation, the following diagram is com-

mutative

C, —" A,

o,

hp—1
Cn—l n—> An—]

Fori=0,...,n— 1, the left arrow in the diagram is the zero map (by definition of L(C)), and

hence d; h,, = 0, so
n—1

im(h,) C () ker d; =N,
i=0
Therefore, 4 induces a map h:C—N (Ay) given by En = hy, : C, = N,. Conversely, a map
h € Homcp (C,N(A)) also induces a map 4 : L(C) — A, given by the composition

I
h,:C, —— N, © > A,

(b) Direct consequence of (a) and Lemma 1.4.1. O



Chapter 2

(Co-) Homology of Commutative Rings

In this chapter we will use simplicial objects to define resolutions of an object in an abelian
category. Then, we will apply the homotopy theory we have just constructed to the category of
commutative rings in order to define homology and cohomology here.

Definition. An augmented simplicial object in a category A is a simplicial object A, together
with a morphism € : A — A_; to a fixed object A_; € A such that edy = &d;. It is called
aspherical if my(A,) = A_1 and 7, (A,) =0 for all n > 1. We will denote it by A, — A_j.

If A is an abelian category, then A, is aspherical if the underlying unnormalized (or nor-
malized) chain complex associated to A, is exact. Therefore, C(A,) (or N(A,)) is a resolution
of A_; in A.

2.1 Cotriple homology and cohomology

Let C be a category, T : C — C a functorand d : T — T2 a natural transformation with com-
ponents dc : T(C) — T?(C) for all C € C. We denote by Td, dT the natural transformations
T? — T3 with components (Td)c = T (dc), and (dT)c = dr (c) respectively.

Definition. A cotriple (1,€,8) on a category C is a functor L : C — C together with natural
transformations € : 1 — id¢, 8 : 1. — 1.2 such that the following diagrams commute

1 -9 42

1
sl e TN
12 8Ly 3 18 g2 Ly

Example 2.1.1. In any category C there is always a trivial cotriple taking | =id¢, and € = &
to be the constant natural transformation ids — idc.

Remark. If we apply naturality of € to the map /g4 : 1L/T1A — 1JA for j > 0 we a get
commutative diagram

. J+l1 .
(LA | ia

8LJ'+1Al lgﬂA

Lt =, 1A

31
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which means that € satisfies the identity (€ L/)(L/*'e) = (1L/g)(e L/*!) for all j > 0. Simi-
larly, applying naturality of § to L/=18, : 1/A — 1/+1A we get

(6 LY (LI8) = (L/H18)(8L7), for j>0.
Finally, naturality of € applied to /8y, and naturality of § applied to 1/~ !g4 gives
(eL/F2)(LJF1§) = (LI§)(eL/t!), forj>0,
(6L~ (Lie) = (Lit'e)(8LF), forj>0,
respectively.

Given an object C € C we can use a cotriple (L, &, ) to construct an augmented simplicial
object L,C — C in C by taking

1,c=1"c, gi=1e1"™iCc: 1"c— 1"C, s;=L61"C: 1"c— 1"C,

and setting 1 oC = L.C — C to be &c. The simplicial identities are satisfied:

did; = Li(el/7=N)(Litle)1n =111/~ le) (el 1" =d;_yd;, fori< j,

sis; = LIS/ (Lmig) 1) = LI/ H§)(§ L) 1T =545, fori< j,
disj = Li(eL/7HN)(L/mi§) L) = 1H(L/=18) (e L) L =5, 1d;, fori< j,
d,-si = J_I(EJ_)(S) :ldln+1 di+1si:J_(J_S)(6)J_”_l:1dln+1

disj = LI(LVg)(§ L= Lntl=i= 1 J(§Lim/=2) (L~ tg) Lt

Finally, by the previous remark, ec(_Lec) = ec(€,¢), s0 €cd| = €cdp. Thus 1 ,C — C is indeed
an augmented simplicial object.

If E:C — A is a functor to an abelian category, for every C € C, we get an augmented
simplicial objectin A, E_L,C — E(C).

Definition. The cotriple homology of C with coefficients in E (relative to the cotriple 1) is the
homotopy of the simplicial object E_L,C — E(C), which by the previous chapter is the same
as the homology of the associated chain complex C(E_L,C). It is denoted H,(C; E), such that

H,(C;E) =m,(EL,C), n=0.

Remark. Although we have been working on simplicial objects, we can dualize everything
for cosimplicial objects. In particular, for every abelian category .A, there is an equivalence N *
between the cosimplicial objects of A and Ch=%(.A) (the category of cochain complexes C* in
A with C" = 0 for n < 0), where N*(A*) is a summand of the unnormalized cochain complex
C(A*) of A*. We define the cohomotopy of a cosimplicial object A* to be the cohomology of
N*(A%),i.e
m'(A*) = H' (N*(A¥)).

In particular, we also have (A*) = H'(C(A*)). Finally, if A has enough injectives, then the

cohomotopy groups 7 *(A*) are the right derived functors of the functor n0.
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If E : C°P — A is a functor to an abelian category, for every C € C we get an augmented
cosimplicial object in A, E(C) — E(L,C).

Definition. The cotriple cohomology of C with coefficients in E (relative to the cotriple 1) is
the cohomotopy of the cosimplicial object E(C) — E(L,C). It is denoted H*(C; E) such that

H'(C:E) = n"(EL,C), n>0.

There is an easy way to obtain cotriples using pairs of adjoint functors (besides, every
cotriple arises from a pair of adjoint functors in this manner !). Let

F:C — B:U

be a pair of adjoint functors having unit and counit 1) : id¢ — UF and € : FU — idg respectively.
Recall that they satisfies the identities

(eF)(Fn) =idr, (Ue)(nU)=idy, (UFM)n=OUF)7.
Let L =FU,and 6 = FnU, suchthate: | —idg,and 8 : | — 12, 1t follows
(UFn)n=MUF)n = (FUFMU)FNU = (FNUFU)FMU = (L§)6 =(01)4,
(Ue)(nU) =idy = F((Ue)(nU)) =idpy = (Le)d=id,,
(eF)(Fn)=1idr = ((eF)(Fn))U =idpy = (eLl)d0 =id,,
so this choice gives in fact a cotriple.

Example 2.1.2. We denote by Alg, the category of commutative k-algebras for k a commuta-
tive ring (with 1). The forgetful functor U : Alg, — Set has a left adjoint F' : Set —> Alg,
where F(X) = k[X] is the polynomial k-algebra on the set X. We see it as a free k-algebra with
basis {ey | x € X }. The unit 17 and counit € are given by

nx: X — UF(X) er: k[R] — R

X +— ey e +—— r

for any R € Alg; and X € Set, where k[R] denotes the polynomial algebra on the underlying
set of R. We get a cotriple
1 Algk — Algk

sending a k-algebra R to k[R]. The underlying augmented simplicial set U(L,R) — UR is
aspherical, i.e.,

mU(L.R) 2 UR, mU(L,R)=0, foralln>1.
To see this set
fa=nU:U—UL, and f,=nUL""':UL,— UL, , forn>0.

Then
(Ue)f-1=Ueg)(nU) =idy
dofp = (Ue L™ N (qU L") =id | 1.

ISee Mac Lane [2] IV. 2.
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Applying naturality of nU to the maps &g : LR — Rand L'~le 1"~ FIR: 1""R — 1"R, we
get

(nU)(Ue) = (ULe)(nUL) = [f-1(Ug)=dify
(T]UJ_n)(UJ_i_ISJ_n_H_]) — (UJ_iSJ_n+l_i)(nUJ_n+l) — fn—ldi—l — dzfn
respectively. Moreover,
(MUL)(MU) = (mUF)(n)U = (UFn)(M)U =(Ué)(nU) = fo(nU) =so(nU),

(MUL)(US)(nU) = (MUFUFU)(nUFU)(nU)

= fi(so(nU)) = s§(nV),
— (USL)(US)(nU)

and so on, so that

fa(Sn—18p—2...50(MU)) = fu(so(nU)) = ng(nU) = S$pSp—1-..50(nU), foralln > 0.

In order to define the homotopy groups we choose as basepoint the vertex k = nyg(0) € U LoR.
The homotopy groups are

7on (U(L4R), k) = [(A",dA"), (U(L,R),k)]~, forn>1.

Let us consider an n-simplex x € U L, R such that

OA" —— s AD

| J

A" —=— U(L,R)

is commutative. Hence [x] is a homotopy class element in 7, (U (L,R),k). We want to show
that [x] = [k]. Take y = f,,(x) € U, ,R. Then,

di(y) = di(fo(x)) = fu_1(dim1 (x)) = fau1 (k) =k, forO<i<n+]1
do(y) =do(fu(x)) =x.

Hence, we get

Vet = Kl g ¢ AP —— U(LR)
and we can define the map

g: ApthxAl Lzt coar A X OA! —— U(LR)

by setting g to be k on Al™! x Al and on A"™! x {1}, and to be x on A" x {0}. Let us see
that the map

AGTE XA Upringar AT QAT —— AT Al (2.1)
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induced by the inclusions i : dJA! — Al and A'O‘+1 < A1 is a cofibration. Let p : A, — B,
be an acyclic fibration of simplicial sets, and consider the lifting problem

NG XA Uppitgar A 0N —— A,

L)

AL Al > B,

Using the exponential law from Theorem 1.3.1 we see that this problem is equivalent to lifting
problem

ApH! > Hom(dA!,A)

[ e [

Al Hom(dA!,A) X Hom(9A! B) Hom(A!,B).

But in this last square the lift exists since the map on the right is an acyclic fibration by Propo-
sition 1.3.2. Hence, (2.1) is indeed a cofibration of simplicial sets. From Example 1.2.11 we
get that the simplicial set U (_L,R) is fibrant, thus

AP Al HIVENPN A QAT L U(L.R)

An—|—l % Al

there is a map f : A"*! x A' — U(L,R) making the diagram commutative. We define & to be
the composition

0 .
h: A x Al Antt Al T gLR).

Then, notice that the map d° : A" — A"*! sends idy to do(idpy 1), which is the only face of
the (n+ 1)-simplex idp 1 missing in Ag“. Therefore, the following diagram commutes

W A0 ddxd7, idxd® s« Al idxd! A ¢ AO

d0><1d
AnJrlAl

meaning that % is a homotopy from x to k. Hence, [x] = [k], and therefore
T, U(LR) =[k] =0, forn>0.

In addition, recall that two vertices x,z in my U (L,R) are in the same homotopy class if there
is a 1-simplex y € LR such that dy = (dy y,d z) = (x,z). Let us show the following equality,

ker[(Ug)f_1] =ker(d) fo) = {x € LR | 3y € LR with dy(y) = x, d;(y) = 0}.
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The containment C is clear taking y = fy(x). The other one is also clear since dj fy(x) =
dy fo(do(y)) = dy(y) = 0 for every x in the second set. Thus, the induced map

f-1(U¢) : myU(LR) — U(LR)

is well defined and injective, and it follows that Ue : myU(L,R) — U(R) is also injective.
Hence, it is a bijection and
U (L4R) =2 U(R).

2.2 André-Quillen homology and cohomology

We introduce a brief discussion to show how to define the model category structure on SAlg;.
We proved that for a commutative ring (with 1) R, the category Ch((R) has a model structure.
The proof heavily relies on the fact that the category Modg has enough projectives. Actually,
using a similiar proof as in Theorem 1.1.2 we can extend the result for abelian categories with
"enough projectives".

Recall that an object P in an abelian category .A is projective if it satisfies the following
universal property: for any surjection g : B — C in A and any diagram of solid arrows
B
A
g

s
s
s
s
s
s

P——C

there is at least one map P — B solving the lifting problem (so that the diagram is commuta-
tive).

Definition. An abelian category A has natural projective resolutions if for every object A € A
there is a projective object P4 € A and a surjection Py — A which is natural in A.

Theorem 2.2.1. Let A be an abelian category with natural projective resolutions. Then
Ch(.A) has the structure of a model category where a morphism f : Xo —> Y, is

e a weak equivalence if H, f is an isomorphism;
e a fibration if f,, : X, — Y, is surjective for all n > 0, and;
® a cofibration if f, is injective with projective cokernel for n > 0.

Proof. Similar as the proof for Theorem 1.1.2. For details see for instance Gillem [] Theorem
5.5.2. [

Now, for any abelian category .A with natural projective resolutions, the Dold-Kan corre-
spondence
N
SA Chso(A)
" GL -

gives a model structure on the category S.A.
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Proposition 2.2.2. Let A be an abelian category with enough natural projective resolutions.
Then SA has a model category structure where a simplicial map f : X, — Y, is a weak
equivalence, fibration or cofibration if the map N(f) : N(X) — N(Y) is a weak equivalence,
fibration or cofibration in the model structure of Chx(.A) respectively.

Proof. Direct consequence of Theorem 2.2.1 and the equivalence of the categories given by
Dold-Kan. u

There is another way to induce a model category structure on some categories of the form
S A using the model category structure of SSet. Let C be a category closed under finite limits
and colimits and assume there is a pair of adjoint functors

F:S8Set —/— SC:G.
Moreover, assume that for any {X;};c; diagram in C with I a filtered category the natural map

lim G(X;) — G (1113)(,)
1

1

is an isomorphism.
Theorem 2.2.3. SC has the structure of a model category where a morphism f in SC is
e a weak equivalence if G(f) is a weak equivalence in SSet;
e a fibration if G(f) is a fibration in SSet, and;
e a cofibration if it has the LLP with respect to all acyclic fibrations in S A
if every cofibration with the LLP with respect to all fibrations is an acyclic cofibration.
Proof. See Goerss and Jardine [ ] II. Theorem 5.2. O

Remark. We have seen two different ways to provide a model structure on categories of the
form S A for an abelian category .A. In general, these two different structures have nothing in
common. However, for the case A = Modg, a map f is a fibration (resp. weak equivalence)
in the sense of Theorem 2.2.2 (which is precisely the model structure we showed in Theorem
1.1.2) if and only if the underlying map of simplicial sets U(f) is a fibration (resp. weak
equivalence) in the sense of Theorem 2.2.3. 2

Example 2.2.4. Let us consider the abelian category Alg, which is closed under finite limits
and colimits, and the pair of adjoints from Example 2.1.2

F:Set —— Alg,:U,
where U was the forgetful functor. We can extend this to a pair of adjoint functors
F:SSet —— SAlg,: U,

taking U(X,) = U(X), and so on. We get in fact a model category structure on SAlg;, with
Theorem 2.2.3 (see Goerss and Jardine [3] II, or Quillen [12] I1.4).

2See Quillen [ 7] II. 3.
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Corollary 2.2.5. The category SAlg, has the structure of a model category where a morphism

e a weak equivalence if fy : T, X\ — WY, is an isomorphism;
e a fibration if as a map of simplicial sets, U (f), it is a fibration, and;
e a cofibration if it has the LLP with respect to all acyclic fibrations in SAlg;.

Remark. Cofibrations are uniquely characterized by the lifting property they satisfy with re-
spect to fibrations. Moreover, by the previous remark, a map of simplicial rings is an acyclic
fibration if as a map of groups it is an acyclic fibration, i.e., if it induces isomorphisms on
homology and it is surjective in each dimension. Also, for any simplicial k-algebra A, there is
a canonical map ck — A, given in degree n > 0 by the structure map k — A,,. Thus ck is the
initial object in SAlg;.

Proposition 2.2.6. Let i : R, — S, be a cofibration and p : X, — Y, an acyclic fibration in
SSet. Let h: R, x Al — X, and k : S, x Al — Y, be homotopies such that the following
commutes

R xAl — " x,
A
iXidAll //’/ lp (22)
S, xAl —* .y,

and let 0y, 0, : S, — X, be maps such that the following diagrams commute

idxd*®
R* L R*XAI

| |n

6 _
S, —€>7 X, fore=0,1.
idxd"l //’/ lp
T

S*XAI —> Y*

Then, there is a homotopy { : S, x A' — X, making all the previous diagrams commutative.

Proof. Applying exponential law from Theorem 1.3.1 to (2.2) we get a commutative diagram

R, —— Hom(A!, X),

| I+

S, —— Hom(A,Y),

We can see (01, 6;) € Homgget(Sx, X, ) x Homgget (Sx, X, ). Note that dA! =2 A x A? and using
the exponential law we get a map @ € Homgget(Sx, Hom(dA!,X),) since

Homgsget (Sx, Hom(dA! X),) = Homgge(dA! x Sy, X,)
HomSSet(S*aX*) X HomSSet(S*,X*)-

I
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Then, calling j : JA! — Al the inclusion in SSet we get a commutative diagram

R, 5 Hom(Al,X)*

| R [T

S, < Hom(JA!,X), Xggom(a' y), Hom(A!,Y),

where the map on the right is an acyclic fibration of simplicial sets by Proposition 1.3.2. Hence,
there is a map S, — Hom(A', X), making the diagram commutative. This map corresponds
toamap £ : S, x Al — X, via the exponential law, which is the solution to our original lifting
problem. [

Remark. Note that we are just rewriting Proposition 1.3.2 using the exponential law. There-
fore, we can extend this result for any other category for which an analogous version of Propo-
sition 1.3.2 holds (i.e., for any closed simplicial model category). In particular, this can be
done for simplicial rings using the model structure coming from simplicial sets.® Thus, we get
the following result:

Proposition 2.2.7. Leti: R, — S, be a cofibration and p : X, — Y, an acyclic fibration in
SAlg,. Let h: R, QA — X, and k : S, ® A — Y, be homotopies such that the following
commutes

R, @A — X,

7
iXidAll /,// lp
AN —_—
and let 0y, 01 : S, — X, be maps such that the following diagrams commute

R* % R*®A1

| J

() —
S*—er* fore=0,1.
idxdel el lp

S,oAl —k Ly,

Then, there is a homotopy { : S, ® A' — X, making all the previous diagrams commutative.

For any k-algebra R, Alg; /R is the category of k-algebras over R, i.e., the category whose
objects are k-algebras P equipped with an algebra map P — R, and whose morphisms are maps

P — Q such that the diagram
P—— 0

NV
R

is commutative. Analogously for any A,, B, € SAlg,, we let Alg, /B be the category of sim-
plicial k-algebras under A, over By, i.e., the category whose objects are simplicial k-algebras
T, equipped with structure maps A, — T, T, — By, and whose morphisms are maps T, — T
compatible with the structure maps. As a direct consequence of the last proposition we have
the following two corollaries.

3Quillen [ 7] I1.4. Theorem 4.
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Corollary 2.2.8. Let i : A, — By be a cofibration and p : X, — Y, an acyclic fibration in SAlg;.
Then given a commutative square

Ay —— X,
[ ]
B, /—V> Y,
any two choices for the dotted arrow are homotopic in Alg, /Y.

Proof. Let us call 6y, 0; : B, — X, any two such lifts. Then last proposition for 4 and k the
constant maps at u, v respectively gives a map £ : B, @ A — ¥, such that

idxd! idxd®

L B, oAl &2

\l/

commutes, so it is in fact a homotopy from 6; to 6. 0

Corollary 2.2.9. The cofibrant-acyclic fibrant factorization M5 (i) of a map u : A, — By in
SAlg, is unique up to simplicial homotopy in the category Alg, /B.

Proof. If there are two such factorizations

. p -/ pl
A, —— T, » B,, A, —— T > B,

for a given map u : A, — B, in SAlg,, the following commutative diagrams

., ;
Ay —— T/ A, —— T,
bt A
il lp’ i/l lp
// p // p/
T. ——— B, T —— B,

provide maps ¢ : T, — T/, y : T/ — T.. Then, both maps y¢ and idy, solve the lifting problem
in the following left diagram, and both @y and idy; are lifts in the following right diagram

. l'/
A* —l> T* A* — T‘l
/7( /;‘
ll /// lp lll /// lp/
.7 S
T* —> B* T‘): L> B*

Thus, by Corollary 2.2.8, oy and y¢ are homotopic to idzs and idy, respectively in Alg, /B.
[

Definition. Let R € Alg,. A simplicial resolution of R is an acyclic fibration E, — ¢R in the
model category SAlg;,.

Remark. Let R € Alg,. A simplicial object P, in the category Alg; /R is just a factorization

ck > P, > CR (2.3)

of the map ck — cR. Hence, a simplicial cofibrant k-algebra resolution of R is just a simplicial
object in Alg, /R, P,, such that the factorization (2.3) is a cofibrant-acyclic fibrant factorization
in SAlgk
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For the rest of this section, we fix L to be the cotriple on Alg, constructed in Exam-
ple 2.1.2, so that LR is the polynomial algebra con the underlying set of the k-algebra R. Let
J :k = k[R] = LR be the structure map, and

i:ck— 1,R, p:Ll,R— cR
be the maps given in degree n > 0 by the composition
In=Sy_18p—2...50] = SS] k— 1,R, Pn = edod...d,_1 = 8d6' :1,R—R.

Definition. A map of simplicial rings A, — B, is free if for all g > 0 there are subsets C, C B,
such that

(i) n*C, € C,, for every surjective map 1 : p — q in A,
(i1) B, is afree A, - algebra with generators C,.

Example 2.2.10. The map i : ck — L, R is a free map, where
Cyo={er|re Ly 1R} Ck[L,—1R]=14R, forg=>0,
with | _|R = R. From the explicit description of the unit 17 in Example 2.1.2, we see that
8: 1 — 1?is given by
Oa: k[A] — k[k[A]]

eq +—— €.
for any k-algebra A. Given any surjective map 1 : p — q in A, we can write it as a compostion
n = s/t --- s/t of codegeneracy maps. But for 0 < j < A, the map

SLh=i. 1h-itlR — h-Jt2R

for any r € 1R,

r

sends § L"/C;_; C Cj_j41. Recall that for ¢ : R — S a map in Alg;, L(¢@) is given by

L(@): kRl — K[S],
er 7 Eo(r)

for any r € R.

Hence, the map . .
sj= 181" 1,R— L, R

sends basis elements in _L ;R to basis elements in L ;. Therefore
N"Cqy=(sj - 51)Cq (s, -+ 52)Cyt1 S ... € Cp,
Proposition 2.2.11. Any free map of simplicial rings is a cofibration.
Proof. See Goerss and Jardine [ ] VII. Example 1.14. [
Proposition 2.2.12. The composition
ck —— 1,R —— R

is a cofibrant-acyclic fibrant factorization of the canonical map ck — cR. Therefore, 1R is
a cofibrant simplicial k-algebra resolution of R.
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Proof. The previous example and the last proposition show that i is a cofibration. On the
other hand, the map p is an acyclic fibration if the induced map U(p) : U(L,R) — U(cR) is
an acyclic fibration. Take the map g : U(cR) — U(L«R) given by g, : R — U(L,R) with
gn(r) = sj(e,) for r € R and n > 0. Then, g is a section for U(p), i.e., U(p)g = id, and thus
p is an acyclic fibration. The only thing we are left to show is that the composition pi is the
structure map ck — cR, but this is clear since the composition € j is precisely the structure
map k — R. [

Corollary 2.2.13. For any k-algebra R there is always a unique cofibrant simplicial k-algebra
resolution of R up to simplicial homotopy.

Proof. Direct consequence of Proposition 2.2.12 and Corollary 2.2.9. [l

We denote by Qg the R-module of Kihler differentials of R over k, and by Dery(R, M)
the R-module of k-derivations R — M for an R-module M, so that

Dery(R,M) = Homg(Qg /, M).

Let R € Alg, and M € Modg. If we apply the functor Dery (-, M) : Alg, — Modg to a simplicial
k-algebra P,, with € : P, — cR, we obtain a cosimplicial R-module Der (P, M), given by

n — Dery(P,,M).

Note that M is a P, - module via the map &,. Moreover, if P, and Q, are two simplicial cofibrant
k-algebra resolutions of R, then the simiplicial homotopy equivalence P, ~ Q, from Corollary
2.2.9 induces a simplicial homotopy equivalence

Derk(P*7M) = Derk(Q*7M)'

Definition (André-Quillen). The cohomology of the k-algebra R with values in the R-module
M is the sequence of R-modules

D"(R/k,M) = " Dery(P,,M), forn>0
where P, is a simplicial cofibrant k-algebra resolution of R.

Although this definition seems more general, using Proposition 2.2.12 we realize that it is
just a cotriple cohomology.

Theorem 2.2.14. The cohomology of R with coefficients in an R-module M is the cotriple
cohomology of R with values in Der(-,M), i.e.,

D"(R/k,M)=H"(R,Der(-,M)) = n"Deri(L,R,M), n=>0.

In order to better understand this cohomology, and to see how homology can be defined,
we introduce the cotangent complex. We consider the functor

L: Algk/R — MOdR
P — R®PQP/k '

As before, if P, and Q. are two simplicial cofibrant k-algebra resolutions of R, then we also
have a homotopy equivalence L(Py) ~ L(Qy).
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Definition. The cotangent complex Ly ;. of the k-algebra R is the simplicial R-module L(P)
given by
n»—>R®anpn/k R

where P, is a simplicial cofibrant k-algebra resolution of R.

Proposition 2.2.15. For alln > 0,
D" (R/k,M) = " Homg(Lg/x,M).

Proof. Using the cotriple resolution L ,R — R, we just need to show that
Dery (LR, M) = Homg (Lg /i, M).

Let n > 0. On the one hand, since 1,R = k[L"R], then Q| r Jk 1s just (J_nR)LnR, the free
(L,R)-module with basis {dx : x € L"R}. On the other hand,

Homy g, (k[R], M) = Homg(R,M) = Hom  (L,R,M) = Homg(R,M),
and therefore

Dery(L,R,M) = Hom, g((L,R)*"R M)=Homg(R,M)*"F
Homg(R®, g L,R,M)*"R = Homg(R®, g (L,R):"K,M).

112

This result motivates the following definition for homology.

Definition (André Quillen). The homology of R with values in an R-module M is the sequence
of R-modules

Dn(R/k,M):ﬁn(LR/k®RM), n=>=0.
When M = R we write D, (R/k) for D+(R/k,R).

The same way we did for cohomology, we can also see this homology as a cotriple ho-
mology for some specific setting. We can extend the cotriple L in Alg; to a cotriple in the
category Alg; /R, with L (P) = L(P,u: P — R) = (k[P],ii : k|P] — R) where ii sends any p € P
to u(p) € R. By abuse of notation we also call L the induced cotriple in Alg;/R. Hence, we
have:

Theorem 2.2.16. The homology of R with values in an R-module M is the cotriple homology
of R with coefficients in L(-) Qg M, i.e.,

Dy(R/k,M) = Hy(R,L(-) ©r M) = 7, (Lg ®r M), 1> 0.

Example 2.2.17. If R is a polynomial k-algebra, then the trivial resolution P, — R, with
P, =R, 9, = idg for all n > 0 is a simplicial polynomial resolution of R. Hence, for any
R-module M and i # 0,

D'(R/k,M) = D;(R/k,M) = 0.
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2.3 Computations in low degrees
For R € Alg,, an extension of R by an R-module M is an exact sequence

0 s M — v E —“ R s 0

where u is a map in Alg, such that ker(u)? = 0, i induces an isomorphism of R-modules
M = ker(u), and the R-module structure of ker(u) is induced by u. Two extensions (E,i,u),
(E',i',u") of R by M are equivalent if there is an isomorphism of k-algebras f : E — E’ such
that the following diagram

is commutative. An extension (E,i,u) is trivial if there is a k-algebra homomorphism s : R — E
such that us = idg. In this case we say that the short exact sequence splits. We obtain a trivial
extension of R by M by giving the module M & R a k-algebra structure via

(my,r1)(ma,ry) = (rima+ramy,rira), my,my €M, ry,ry €R.

We get

0 s M —— MR —“ 5 R » 0

where the maps are given by i(m) = (m,0) and u(m,r) = r for m € M, r € R. The structure
map on M @R is given by r — (0,r). We denote by Exalcommy (R, M) the set of isomorphism
classes of extensions of R by M, and M x R the equivalence class of the trivial extension we
just defined. Notice that any trivial extension will be in the equivalence class M x R.

Lemma 2.3.1. Let R € Alg,, M € Modg and E € Alg, /R with w: E — R. We see M as an
E-module via the map w. There is a bijection

v_): Der(E,M) — Homypg, /r(E,M XR)
D —> (e (D(e),w(e)).

which is natural in E.

Proof. The map is well defined. For any D € Deri(E,M), vp is a k-homomorphism since
the Leibniz rule satisfied by D is compatible with the product defined in M x R. Moreover,
u(D(e),w(e)) = w(e), so there is a commutative diagram

E—" sMxR

VNRA

and vp is in fact a map in Alg,/R. Let D, D’ € Dery(E,M) such that vp = vp and call
pry : M x R — M the projection to the M factor. Then D = pr,vp = pry,vpy = D'.

On the other hand, if v: E — M X R is a map in Alg; /R, then w = uv. Take D = pry,v. D is a
k-homomorphism, and for e, f € E,

vef) = v(e)v(f) = (D(e),w(e))(D(f),w(f)) = (w(f)D(e) +w(e)D(f), wle)w(f)),
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so D(ef) = w(e)D(f)+w(f)D(e), which means that D is in fact a k-derivation from E to M.
Naturality is clear recalling that for any map ¢ : E — S in Alg,; /R the diagram

E (p>S
R

commutes and hence w @ = w’. [

Corollary 2.3.2. There is a pair of adjoint functors
L:Alg,/R ——— Modg: T

where T(M) = M X R, for any M € Modg.

Proof. Direct consequence of the Lemma. For any M € Modg and E € Alg, /R,

Homyyg, /r(E, M % R)) = Dery(E,M) = Homg (Qg jx, M) = Homwoed, (R /x ®E R,M).

Proposition 2.3.3. Let R € Alg,, M € Modg, then
(a) D°(R/k,M) = Dery(R,M), and Do(R/k,M) = Qg @rM,
(b) D'(R/k,M) = Exalcommy(R,M).

Proof. (a) Recall that ker &€ = im (dy — d; ). Hence elements in D°(R/k, M) are just derivations
D € Der(LR,M) such that D (dy —d;) = 0, and therefore there is a factorization

IR—P . m

| &

J_R/im(d()—d]) % R

where D’ € Dery(R,M). For homology, by the last corollary, the functor L is left exact, so if
we apply it to the exact sequence

do—d,

12R sy IR —5 s R s 0

we get Qg /i = Do(R/k,R). Now, since - @g M is right exact, it follows
QR/k QrM = Do(R/k,M).
(b) The forgetful functor
(L2R) -mod — Set

has left adjoint
Set — (L2R) -mod,

where every set X is sent to (L2R)¥, the free (L?R)-module on X. Since 1 2R = k[_LR], then
Q |2 s just the free module on the underlying set of LR, (L2R)R. This way

Homget(LR, M) = Hom  2((L*R)™®, M) = Hom | 25(Q | 2 4, M) = Dery (L°R, M),
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where the composite isomorphism sends a map of sets ¢ : LR — M to a map L>R — M, that
sends the elements e, — @(b) for all b € LR and is extended k-linearly. For every k-extension
E of R by M we have

0 s M —! >E)< “ +R 5 0
NS gT (2.4)
1R

where i is an isomorphism to ker u, and 6 makes the diagram commute and is obtained since
1R is a polynomial k-algebra, and therefore projective. Recall that edy — €d; =0, so

u(9d1 — Gd()) =ubd; — u@do =&d; — 8d() =0
and we can consider the k-module homomorphism
0(d; —dp) : L>R — ker(u).

The (_L2R)-module structure of ker(u) is given by a - ¢ = b¢ where b € E is such that u(b) =
edy(a), for any a € 1?R and ¢ € ker(u). For very a,b € 1R,

(di —do)(ab) = di(a)d,(b) —do(a)do(b) +di(a)dy(b) —di(a)do(D)
= di(a)(di —do)(b) +do(D)(d1 — do)(a).

and hence
0(dy —dp)(ab) =b-0(dy —dp)(a)+a-6(dy —dy)(D)
since u(0d; (c)) = u(8dy(c)) for all c € L2R. Therefore 8(d; —dy) is a k-derivation, and using
the induced isomorphism i : M — ker(u) we obtain a k-derivation
D=i'0(d;—dy): LR — M.
We also have

82(D) =Do) = i*1[9d1d0 — 0ddy + 0ddy — 0dpdy + 0dyd; — Gd()dz] = iil(O) =0,

so D € ker(d?). For any other lifting 8’ : 1R — E with u8 = &, im(6 — 8') € keru = M, and
for all a,b € 1R, we have

(6—6")(ab) = 6(a)0(b)—0'(a)6'(b)+6(a)6’'(b)—6(a)6’(b)
= a-(6-0")(b)+b-(6—06)(a)
again since u0(c) = u6’(c) for all c € LR. Thus, 6’ is of the form 6’ = 6 + D’ for some

D' € Dery(LR,M). Hence, the class of D in D?>(R/k,M) does not depend on the choice of the
lift 8. We get a well-defined map

¢ : Exalcommy(R,M) — D' (R/k,M)
(E,u) — D]
where [D] denotes the class of D in D' (R/k,M). Conversely, let D € Der (>R, M), we define

f=(dy—dy,D): 1L’R — LR@® M, and E = coker(f) such that there is a k-extension of R by
M given by
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where i(m) = [(0,m)], and u([(y,m)]) = &(y). The map u is well-defined since for any 4 € 1 >R
u([do —dy(h),D(h)]) = &(do—di(h)) = 0.

Moreover, since ker € = im (dy—d ), ker u = {[0,m] € E}. Clearly (ker u)> =0. If D € ker(9?),
then i induces an isomorphism between M and ker u

ker(i) = {m¢& M |D(b) =m, for some b € LR such that dy —d;(b) = 0}
= {meM|D(d*(c)) =m, forsomecc L3R} =0.

This defines a map

¥: D'(R/k,M) — Exalcommy (R, M)
[D] — (LR®M/im(dy—d;,D),i,u)

which is inverse to ¢. To see this, note that the map 6 : LR — coker(f) given by 6(b) = [b,0]
for b € LR is well defined and makes the diagram

0 y M —! » coker(f) —— R >0
r\\\ ET
6 \\\\
IR

commute. Then, ¢(coker(f),i,u) is given by the class of the derivation
i'0(d) —dy): LR — M,
with
i~'6(d1 —do)(b) =i~ "[(d1 — do)(b),0] =i~ [0,D(b)] = D(b),
so [i7'0(d; —dp)] = [D], i.e., ®¥ = id. On the other hand, given an extension like (2.4), take
D =i~ '(0d; — 0dy) and consider the map
(0+i): LR&M —> E
(b,m) +—— O0(b)+i(m).
If (b,m) € ker(6 + i), then we get 6(b) = i(—m), so O(b) € im(i) = ker(u) which means
that b € ker(¢) = im(dy—d;). Then b = (dy —d;)(c) for some ¢ € 1’R, and therefore
i(—m) = 0(dy—d;)(c),som=i"'(0d; — 0dy)(c) = D(c). Thus, ker(6 +i) C im(dy — dy,D).
Moreover, for any ¢ € 12R and f=(dy—dy,D): 12R— LROM,
(8 +0)(f(c)) = 0((do —d1)(c)) +i(D(c)) = 8((do —di1)(c)) + 8((d1 —do)(c)) =0,
0 (6 +1i) f = 0 and by the universal property of the cokernel we get an injective map
h: LR®M/im(dy—di,D) —> E
[b,m] —  0(b)+i(m).

Finally,

~

> R/ker(p) —— R/im(i)

E P 5
\ST
)
1R
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means that there is a surjective map
im(6) — R/im(i)

so R 2~ im(0) +im(i) and our map A is also surjective. So it is an isomorphism and makes the
following diagram commutative

y J_R@M/im(d()—dl,D) \u’
0 —M h /R—> 0
\ E u

where i’ (m) = [(0,m)], and u'[y,m] = €(y) form € M,y € LR. Therefore, the class of ¥(D(E))
is the same as the class of E in Exalcommy(R, M), and ¥® = id. O

Let E,R € Alg,, and let w : E — R be a k-algebra map. Let M € Modg. For any k-
extension of R by M

0 s M ——3 A —“ LR » 0

we get a commutative diagram

u

0 > M L LA > R > 0
= PIT WT
0 > M’ s AxpE — 25 E » 0

where M’ is just the kernel of A xg E — E which is isomorphic to ker u = im i = M. Hence,
the k-algebra A x g E becomes an extension of E by M. Moreover, if B is another extension of
R by M, which is equivalent to A, then B X g E is also equivalent to A X g E. This defines a map

w!: Exalcommy(R,M) — Exalcommy(E,M)

A — AXRE.

On the other hand, if j: k — E, w: E — R are maps of rings, then for every E-extension A
of R by an R-module M, we can see A and E as k-algebras via j and hence we get a k-extension
of R by M. This defines a map

j': Exalcommg(R,M) — Exalcommy(R,M).

Proposition 2.3.4. Let k, E, R be commutative rings, k 2 E E- R wo ring homomor-
phisms and let M be an R-module, which is also an E-module via w. There is an exact sequence

0
J w

0

Derg(R,M)

Dery(R,M)
d

Deri(E,M)

Exalcommg (R,M) —— Exalcommy(R,M) —— Exalcommy(E,M)
Jj w

where for any D € Dery(E,M), d(D) is the class of the E-extension of R by M defined by the
structure map vp : E — M X R.



Cohomology of Commutative Rings and the Cotangent Complex - P. Mateo Segura 49

Proof. Exactness at Derg(R,M) and at Dery(R,M) follow from the first fundamental exact
sequence for differentials . The kernel of d is given by derivations D € Dery(E, M) such that
the E-extension d(D) is E-trivial, i.e., the extensions

0 y M —— 9(D) —“— R > 0

such that there is an E-homomorphism s : R — d(D), ¢ — (3(c),c). Furthermore, this is a k-
homomorphism, and us = idg, so using Lemma 2.3.1. for £ = R and w = idg, we see that such
s is of the form ¢ — (c¢,D'(c¢)) where D’ € Der;(R,M). By the commutativity of the diagram

E

we see that for every e € E,

(D(e),w(e)) =vp(e) = s(w(e)) = (D' (w(e)), w(e)),

and hence D(e) = D'(w(e)), so D = D'w = w°(D’). This shows exactness at Dery(E,M).
For any D € Der(E, M), there is a k-homomorphism R — d(D) given by ¢ — (c,0), which
makes the sequence

0 > M > d(D) > R > 0

a split short exact sequence and therefore d(D) is a trivial k-extension of R by M. Thus,
j'@ = 0. The kernel of j! is given by the E-extensions of R by M that are k-trivial when seen
as k-algebras via j, so we can assume they are E-algebras over the k-algebra M x R. Note that
w is trivially a map of Z-algebras, so by Lemma 2.3.1. any structure of E-algebra on M X R is
given by a map

E — M xR

e — (D(e),w(e))

where D € Dery(E,M). The structure of k-algebra can hence be seen as ¢ — (0, w(j(¢))) where
the diagram
J
E— MR
must be commutative. Hence, (0,w(j(¢))) = (D(j(t)),w(j(t)), so D(j(t)) = D(0) for all t € k.
This means that D is a k-derivation, and the extension defined on M x R is precisely d(D). This

shows exactness at Exalcommg (R, M).
The kernel of w! is given by the k-extensions A of R by M

0 sy M —- 5 A "5 R » 0
such that the k-extension of E by M

0 s M >A><REKP25E > 0

4Matsumara [ | 0] Theorem 25.1.
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is trivial. This means that there is some k-homomorphism s : E — A Xg E with pys = idg.
But such an s induces a k-homomorphism s’ = p;s: E — A and a commutative diagram

j E
AN
¢ l R
Nt
A
Thus, A can be seen as an E-algebra via s’, and the image of this E-algebra under ;! is precisely
our original k-algebra A. Therefore ker w! Cim j ! On the other hand, for every E-extension

A of R by M, the structure map E — A gives a k-homomorphism s : E — A Xg E with
s p2 = idg, so that the k-extension

p2

]

0 > M >A><REK > E

N

is trivial. This means that w! j' = 0, and hence the sequence is also exact at Exalcommy (R, M).
]



Chapter 3

(Co-) Homology for Universal Algebras

We begin this chapter by pointing out some important properties of the cotangent complex and
its direct implications to the cohomology of commutative rings. Then, we will extend these
definitions to more general categories, and we will see how this cohomology is related to other
cohomology theories.

3.1 The cotangent complex

Let k£, R be commutative rings (with 1). In the previous chapter we saw that any map of
simplicial rings of the form ck — cR had a cofibrant factorization (unique up to simplicial
homotopy). Moreover, this factorization came through a simplicial ring | ,R which is a free
k-algebra in each degree. From now on, we will omit the star (,) notation for simplicial objects
in order to simplify notation.

Remark. Any map of simplicial rings A — B admits also a cofibrant-acyclic fibrant factor-
ization where the first map is free !, which by Corollary 2.2.9 is also unique up to simplicial
homotopy. We call this a free A-algebra resolution of B. Note how this just extends what
happens for constant simplicial rings to arbitrary simplicial rings.

Definition. A simplicial module P over a simplicial ring A is free if for all g > O there are
subsets C; C P, such that

(i) n*C,; € C,, for every surjective map 1 : p — q in A,
(i1) P, is a free A;-module with basis C,,.
Proposition 3.1.1. Let R € Alg,. The cotangent complex Ly is a free simplicial R-module.

Proof. Let ck — 1 ,R — cR be the free cotriple k-algebra resolution of R. For each | ,R we
call C, the set of generators {e, | r € L,_ 1R} C 1,R. Then, the sets

C;l — {db@l ’ b € Cn} g QJ_nR/k®LnRR — (LR/k)n

are an R-basis for the free modules (LLg /),. Moreover, for a surjective map 1 : p — q in A, we
saw in Example 2.2.10 that n*C, C C,, and therefore n*C; - C;). So L/ is a free simplicial
R-module. [

ISee the proof of Quillen [ 4] I1.4. Proposition 3.

51
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This proposition shows that Lg ;. is a projective resolution for R, and this provides an
alternative way to look at homology and cohomology:

D”(R/k7N) = TOI',I,f(LR/k,N), Dn(R/k7N) = EXt??(LR/ka)7

for any R-module N. Using the long exact sequences for the derived functors Tor and Ext we
get the following long exact sequences.

Corollary 3.1.2. If0 — M' — M — M" — 0 is an exact sequence of R-modules, then there are
long exact sequences

0— D°(R/k,M') —— D(R/k,M) —— D°(R/k,M") —— D' (R/k,M") — ...
and
... = D1 (R/k,M") —— Do(R/k,M") —— Do(R/k,M) —— Do(R/k,M") — 0.

Corollary 3.1.3. There is a universal coefficient spectral sequence
qu - Torl’f(Dq(R/k),M) = Dp¢(R/k,M).

Proof. This is just the base-change for Tor > once we realize that
D*<R/k) = D*(R/k,R) = ﬁ*(LR/k)'
]

Definition. Let C be a model category. The homotopy category Ho(C) is the category obtained
from C by formally inverting the weak equivalences.

Remark. In the case C is the category of simplicial R-modules, then Ho(C) is equivalent to the
full subcategory of the derived category of R-modules consisting of the bounded above cochain
complexes. We denote this category by DModg. If S is a simplicial ring, we denote by SModg
the category of simplicial S-modules.

Let S be a simplicial ring and A and B are two simplicial S-modules. We define the hypertor
simplicial S-module Tolrf7 (A,B) by

n— Torf,” (Ay,By), foralln > 0.
In particular, if

S—P—>A S—Q—B

are two cofibrant-acyclic fibrant factorizations, then the homology of P ®g Q is independent of
the choice of the factorization. We denote by A ®§ B the total derived tensor product of A and
B, so that in DAD (the full subcategory of the the derived category of abelian groups consisting
of the bounded above cochain complexes) there is an isomorphism A ®§ B = P®gs Q. Recall
that it defines a functor

®% : Ho(SMods) x Ho(SMods) —s DAb.
ZWeibel [ 7] Theorem 5.5.6.
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Proposition 3.1.4. There is a spectral sequence
E}, = Hy(Tor}(A,B)) = Hp+q(A QS B)
where A, B are two simplicial S-modules. Moreover, the edge morphism
H,(A®%B) — H,(A®sB)
is induced by the canonical map A ®§ B— A®gB.
Proof. See Quillen [| 2] II. Theorem 6. O
Corollary 3.1.5. If Tor3(A,B) = 0 for g > 0, then A®% A = A®g B in DAD.

Proof. Direct consequence of the previous proposition since Torg (A,B) = 0 for ¢ > 0 means
that the spectral sequence collapses to the first row, and hence the canonical map

A®EB — A®gB
is a weak equivalence. 0

Theorem 3.1.6. IfA — B — C are morphisms of rings, then there is a canonical distinguished
triangle in the derived category CModpg

C®plLp/a > Leya

<
DN
N
N
N
N
<

L/

Proof. Let P be a free A-algebra resolution of B and let Q be a free P-algebra resolution of C,
so that there is a commutative diagram

0
J l
i
P oxpB \/
>
u N B \% \

By the first fundamental exact sequence applied to A — P — Q we get a split (since Q,, a free
P,-module for every n) short exact sequence

0O —— Q®PQP/A —_— QQ/A —_— QQ/P — 0
and we obtain the exact sequence

where the first term is precisely C ®p Lg/4 and the second one is L /4. As for the last one we
have

C ®0wpB Qsps/B = CR0ep8 (Qo/p@pB) = CR0spp (Qo/p®0 (Q®pB)) = C®R0oQp/p.
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Recall that - ®5 Q defines a functor in the derived category of P-modules, where p is an
isomorphism. Hence p ®5idp : P®@% Q — B®E Q is also a weak equivalence. Note that
Torf;(P, 0) = Torlq) (B,Q) =0 forall g > 0, so

p@pidg X ir: PopQ — B®pO,

which shows that i; is a weak equivalence. Then, r is a weak equivalence by commutativity
of the diagram since ¢ is a weak equivalence too. The map r is also surjective in every degree
since g is, so it is an acyclic fibration. Recall that cofibrations are the maps that have the RLP
with respect to all acyclic fibrations. For any such acyclic fibration X — Y in SAlg,, and a

commutative digram
P

P > B > X

i| [ ]

0 —24Q0%pB——Y
there is a lifting Q — X making the diagram commute since j is a cofibration. This map
induces a map Q ®p B — X. Hence, i; is also a cofibration. Note that we have showed the

more general fact that cofibrations are closed under cobase change. Therefore, Q ®p B is a
cofibrant simplicial B-algebra resolution of C, so

Le/p = C®0sp8 Qosp8/B-

The cofibration sequence in the derived category of C-modules associated to this exact se-
quence gives the desired triangle. [

As a direct consequence of this theorem we can extend the exact sequence we obtained in
Proposition 2.3.4.

Corollary 3.1.7. Let k, E, R be commutative rings, k — E, E — R two ring homomorphisms
and let M be an R-module. There is a long exact sequence

0 Derg(R,M) Dery(R,M)

Dery(E,M)

Exalcommg(R,M) —— Exalcomm(R,M) —— Exalcomm(E,M)

“ D*(R/E,M) ——— D(R/k,M) DAE/kM) -
- ‘l—)’;(};’/E,M) D'(R/k,M) D'(E/k,M) — ...

Theorem 3.1.8 (Flat base change). If B and C are A-algebras such that Tor{]‘(B,C) =0 for
q > 0. Call D = B®y4 C, then there are isomorphisms in the derived category of D-modules

Lpjc=Lp/a®aC,
Lpa = (Lp/a®aC)d(B@aLca).

Proof. Let P be a cofibrant A-algebra resolution of B, which induces a morphism of simplicial
C-algebras P®4 C — B®4 C. We let gi be the cofibrant factorization of this map such that
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there is a commutative diagram

P—>P®AC—i>Q

o I

B—— B,C — B,C

where Q is a simplicial C-algebra. The map C — P ®4 C is a cofibration since A — P is
a cofibration and we showed in the proof of Theorem 3.1.6 that cofibrations are closed under
cobase change. Since i is also a cofibration, it follows that C — Q is a cofibration. Moreover,
the commutative diagram of solid arrows

C— 0

R
l //// lq

P@AC E— B®AC

shows that there is a map P ®4 C — Q since ¢ is an acyclic fibration and the map on the left
is a cofibration of simplicial C-algebras. We get a map of simplicial D-modules

Qpg,c/c QrajcD —— Qe @D
where the second term is precisely Lp c. As for the first one, we have
Qpg,c/c @po,cD = (Qpja ®4C) @pg,c (BRaC)

(Qp/a @p (P®4C)) @pg,c (BRaC)
= (Qpa®pB)®@aC=Lga@aC.

I

Note that P — B is a weak equivalence, so the derived morphism P ®£ C—B ®£ C is also
a weak equivalence. Torg (PC) = Torjf‘7 (B,C) =0 for all p > 0, so this maps is isomorphic to
PR4C— B®sC. So

C—PRuC—D

is a cofibrant factorization and we have
Lp/c = Qpg,c/c @pocD = pja @4 C.

To see the second isomorphism let R be a cofibrant A-algebra resolution of C. Since Tor;\ (B,C)
vanishes for g > 0, by Corollary 3.1.5, the map P ®4 R — B ®4 C is a weak equivalence.
Since it is also surjective it is an acyclic fibration. On the other hand, A — P is a cofibration,
so by cobase change, R — R ®y4 P is also a cofibration. A — Q is a cofibration too, so the
composition A —> P ®4 R is a cofibration. Hence,

A— PRsR— D
is a cofibrant factorization, and we have

Lp/a = Qpg,r/a @PosRD = (R®4Qpa &P ®aQga) @pe,r D
(Qp/a @pB) @4 C D (Qgja @RC) @A B = (Lgjy @4 C) D (Lejs @4 B).

I
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Corollary 3.1.9. Let E, R be k-algebras and let M be a E ®; R-module. IfTor’;(E,R) =0 for
q > 0, then there are isomorphisms

DY(E @4 R/R,M) = D4(E [k, M),
DY(E @y R/E,M) = D%(E [k,M) & D4(R/k,M).

3.2 Homology and cohomology for universal algebras

We fix a category C, and we denote by U : Ab — Set the forgetful functor. For simplicity, we
will write h4 for the contravariant representable functor Home(-,A), where A € C.

Definition. An abelian functor on C is a functor F : C°P — Ab to the category of abelian
groups. An abelian object is an object A € C such that hy = U F for some abelian functor F on
C. We denote by Cyp, the subcategory of abelian objects in the category C.

For an abelian object A € C,, the abelian functor F' induces natural transformations
m J e
hAXhA—>hA, hA—>hA, 1 — hy

where for any B € C, m(B) is the abelian group operation on F(B), J(B) is the opposite map
on F(B) and e(B) sends the singleton to the neutral element in F'(B). Therefore, the following
diagrams are commutative:

hAXhA

ha X hy X hy _>m><id ha X hy iV X‘
lidxm lm ha L > 1 £ ha
ha x hy —— hy Jm /

hAXhA

\

hAX]l MhAX/’lA

idxm X)
I
ha > hy
P

mxid

]IXhA Lid> hAX/’lA

where 7 : iy — 1 send any B € C to the singleton. Now, if we let C = Alg, /R, withA > R € C.
Then 1 = hg and by Yoneda Lemma we get maps

AxA A RS54 A-SA
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in Alg, /R, called multiplication, unit and inverse map respectively, such that

AxAxA 29 Axa iV X
lidxu lu N
i

A

u
AXA ——— A lm
A X

AxR 8 AxA

i(V X

id A

Mm %
exid

RxA —— AxA

A

Example 3.2.1. Still in Alg; /R, let M € Modg. In Lemma 2.3.1 we saw that
hyxr = Derk(' 7M)7

where Dery(E, M) has an abelian group structure for all E € Alg,/R. So M X R is an abelian
object, taking Dery (-, M) : Alg; /R — Ab as abelian functor. The maps are given by

(MxR)x (MxR) £ MR R -5 MxR MxR - MR
((m,r),(m,r)) — (m—i-m',r)’ r — (0,r) ’ (m,r) — (—m,r).

Moreover, let P > R € (Alg;/R)ap, and set M = ker v. We denote by up, €p, 1p the multiplica-
tion, unit and inverse maps in P. Then M can be seen as an R-module via €p and we can define
a map in the category Alg, /R given by

¢: MXR — P
(m,r) — m+ep(r).

To see that it is well defined, note that for any n,m € M, we have

n=pp(id x epv)(n) = up(n,0), m = up (epv xid)(m) = up(0,m)

so nm = up((n,0)(0,m)) = 0, which means that M has zero multiplication. Thus, the map is
well defined. If (r,m) € ker ¢, then m = €p(—r). Since €p is a map in Alg, /R, idg = vé€p, and
we get

0=v(m)=v(ep(—r)) = —r.

So ¢ is injective. On the other hand, v surjective, so im(€pv) = im €p. Note that M C ker(epv),
so there is a surjective map

P/M —> il’n(Spv) =1im €p

and therefore P = im €p + M, which makes the map ¢ surjective. This shows that actually, any
abelian object in Alg; /R is of the form M x R for some R-module M. Moreover, there is an
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equivalence of categories

-XR: Modr — (Algk/R)ab
M — M xR
kerv <— P(>R).

In particular, (Alg,/R),p is an abelian category. The pair of adjoints from Corollary 2.3.2 can
be now seen as

L
Alg, /R — (Alg;/R)ap,

where T is the natural faithful functor, and L is sometimes called abelianization functor. Recall
that we defined the cotangent complex Ly to be the simplicial R-module L(P,), where P, is a
simplicial cofibrant k-algebra resolution of R.

For now on, we assume that C is closed under finite limits, that SC, SC,;, are both model
categories, and that the abelianization functor Ab : C — Cyp is left adjoint to the natural faith-
ful functor Cy, — C. For any object X € C, we denote by C/X the category over X.

An object P of C we now be called projective if for any effective epimorphism p: X — Y,
the induced map
Homg¢ (P, p) : Home (P, X) — Hom¢(PY)

is surjective. We assume that C has enough projective objects, meaning that for ever X € C
there is an effective epimorphism P — X with P € C projective. In particular, this holds for
the category of universal algebras defined by a set of operations and relations. The initial object
in CS is denoted by ¢. Analogously to what we did for Alg; /R we have:

Definition. Let X € C. A simplicial resolution of X is an acyclic fibration P — cX. A
simplicial object Q € SC is cofibrant if the map ¢ — Q is a cofibration.

Proposition 3.2.2. For any X € C there is always a unique cofibrant simplicial resolution of X
up to homotopy equivalence, which depend functorially on X up to homotopy.

Proof. See Quillen [ ! 7], IV, Proposition 3. ]

Let X € C, and let M be an abelian object in C/X. Then, for any P cofibrant simplicial reso-
lution of X, Hom¢/x (P,M) is a cosimplicial abelian group, whose cohomotopy is independent
of the choice of P by the last proposition.

Definition. The cohomology groups of X with values in M are
D9(X, M) = w9(Home,x (P,M)).

Moreover, we can define LAb(X) = Ab(P) as a simplicial object in (C/X ). Viewing it
as a chain complex (via the Dold-Kan correspondence), we see that it is independent of the
choice of P up to homotopy equivalence, so it is an object in the derived category of (C/X)ap.
Moreover, we can rewrite the cohomology groups of X with values in M as

DY(X,M) = n%(Hom(c x), (CAb(X), M)).

Hence, we can think of LAb(X) as the analogous to the complex chains of a space X. Finally,
we get the following definition for homology.
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Definition. The gth homology object of X is
Dy(X) = T (LAD(X)).

Remark. This is is just a generalization of the homology of a k-algebra R with values in the
R-module R:
Dy(R/k,R) = 7ty(Lg/x ®r R) = Ty (Lgyx), n=0.

The computations we did for homology and cohomology of commutative rings can be also
extended. For example, there is a universal coefficient spectral sequence

E} = Ext’

(C/X)ab(Dq(X)aM) = Dp+q(XaM>7

and for degree 0 we also have
D°(X,M) = Homg x (X, M).

Example 3.2.3. This extended cohomology can again be seen as a cotriple cohomology. For
any category .4, recall that a pair of adjoint functors

F:A——C:U

defines a cotriple 1. = FU : C — C. We also get an augmented simplicial object L, X — X,
which is in fact a simplicial object in C/X. For any M € C,, we consider the representable
functor iy = Homg /x(- ,M) :C/X — Ab and define the cotriple cohomology groups

Hn(X;hM)Iﬂn(hMJ_*X>, n>=0.

Quillen showed 3 that if 1Y — Y is an effective epimorphism for all ¥ € C and F(B) is
projective for all B € A, then

DY(X,M) = HY(X;hy), q>0.

Remark. The cohomology groups X with values in M are a special case of the more general
cohomology constructed using Grothendieck topologies. Broadly speaking, we can define a
Grothendieck topology on C as follows: for any object Y € C, the set the covering of Y to
be the family consisting of a single map U — Y which is an effective epimorphism (the
existence of such a map is provided by the enough projectives condition on C). Effective
epimorphisms are stable under composition and base change, so this defines a pretopology
on C. The associated topology on C induces a Grothendieck topology on C/X. Now, the
representable functor Ay, : C/M — Ab is a sheaf of abelian groups for the induced topology
on C/X and we obtain sheaf cohomology groups

HY(C/X, hy).
Quillen showed 3 that this cohomology also the cohomology of X with values in M, i.e.,

3Quillen [ 7] II. 5. Theorem 5.
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