Indifference price with general semimartingales

Sara Biagini* Marco Frittelli 8 Matheus Grasselli ¥

First version: April 2008 - This version: December 2008

Abstract

For utility functions w finite valued on R, we prove a duality formula for utility maxi-
mization with random endowment in general semimartingale incomplete markets. The main
novelty of the paper is that possibly non locally bounded semimartingale price processes are
allowed. Following Biagini and Frittelli [BF08], the analysis is based on the duality between
the Orlicz spaces (L¥, (L™)*) naturally associated to the utility function. This formulation
enables several key properties of the indifference price w(B) of a claim B satisfying conditions
weaker than those assumed in literature. In particular, the indifference price functional 7

turns out to be, apart from a sign, a convex risk measure on the Orlicz space L".
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1 Introduction

The main purpose of this paper is to study the indifference pricing framework in markets where
the underlying traded assets are described by general semimartingales which are not assumed to be
locally bounded. Following Hodges and Neuberger [HN89], we define the (seller) indifference price

m(B) of a claim B as the implicit solution of the equation

T T
U (x —|—/ thS’t)} = sup F |u (x + 7(B) —|—/ H dS; — B)
0 HeHW 0

where z € R is the constant initial endowment, T' < oo is a fixed time horizon while S is an

sup 7 (1)

HeHW

R?—valued cadlag semimartingale defined on a filtered stochastic basis (2, F, (F¢)iejo,r), P) that
satisfies the usual assumptions. The R?—valued portfolio process H belongs to an appropriate class
H"W of admissible integrands defined in Section 2.1 through a random variable W that controls the
losses incurred in trading. B is an Fpr—measurable random variable corresponding to a financial

liability at time T and satisfies the integrability conditions discussed in Section 3.1.
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Throughout the paper, the utility function u is assumed to be an increasing and concave function
u : R — R satisfying lim,_, o, u(z) = —oo. Neither strict monotonicity nor strict concavity are
required, but we exclude that u is constant on R.

In principle, a general way to compute the indifference price in (1) is to solve the two utility
maximization problems, in the sense of finding the optimizers in the class of admissible integrands.
Such optimizers then correspond to the optimal trading strategies that an investor should follow
with or without the claim B, therefore providing a corresponding notion of indifference hedging
for the claim. However, it is generally possible to employ duality arguments to obtain the optimal
values for utility maximization problems under broader assumptions than those necessary to find
their optimizer. Since these values are all that is necessary for calculating the indifference price
itself, the main goal here is the pursuit of such duality results rather than a full analysis of the
indifference hedging problem which is deferred to future work (even though some partial results in
this direction are provided in Proposition 3.19).

The key to establish such duality above is to choose convenient dual spaces as the ambient for
the domains of optimization. Our approach is to use the Orlicz space L¥ - and its dual space L®
- that arises naturally from the choice of the utility function v and was previously used in Biagini
and Frittelli [BF08] for the special case of B = 0, as explained in Section 2.

We then use this general framework for the case of a random endowment B in Section 3 and

prove in Theorem 3.15 a duality result of the type

T
sup F u<x+/ thSt—B> (2)
HeHW 0
= i xe - 2QB) + E o (A1) ] 4o 3
= o (e e e e (V2 el ®)

where W is a loss control and in the dual problem (3), ® : R} — R is the convex conjugate of the

utility function u, defined by

O(y) = Sup {u(z) —zy}, (4)

while MW is the appropriate set of linear pricing functionals @), which admit the decomposition
@ = Q" + Q° into regular and singular parts. The penalty term in the right-hand side of (3) is
split into the expectation F [CIJ (A%)} , associated only with the regular part of @), and the norm
|Q%|l, associated only with its singular part.

From the previous results [BF08] in the case B = 0, we expected the presence of the singular
part ||Q?]|, due to the fact that we allow possibly unbounded semimartingales. As shown in the
Example in Section 3.7.1 and discussed in Section 3.6, when also the claim B is present and is not
sufficiently integrable, an additional singular term appears from Q(B) = Eqg-[B] + Q*(B) in the
formula above.

The duality result (2)-(3) holds under the assumptions that B belongs to the set A, of ad-
missible claims (see definition 3.2). Even though we admit price processes represented by general
semimartingale, the above assumptions on B are weaker than those assumed in the literature for
the locally bounded case - see the discussion in Sections 3.1 and 5. This is a nice consequence of

the selection of the Orlicz space duality.



Regarding the primal utility maximization problem with random endowment, in Theorem 3.15
we also prove the existence of the optimal solution fg in a slightly enlarged set than { fOT H,dS; |
H € HW}. As it happens in the literature for B = 0 this optimal solution exists under additional
assumptions on the utility function u (or similar growth conditions on its conjugate), which are
introduced in Section 3.4.

Since the most well-studied utility function in the class considered in this paper is the expo-
nential utility, we specialize the duality result for this case in Section 3.7, thereby obtaining a
generalization of the results in Bellini and Frittelli [BeF02], the "Six Authors paper" [6Au02] and
Becherer [Be03]. An interesting example of exponential utility optimization with random endow-
ment, where the singular part shows up, is presented in Section 3.7.1. This example is simple and
one period market model, but surprising since it displays a quite different behavior from the locally
bounded case, which is thoroughly interpreted.

While the notion of the indifference price was introduced in 1989 by Hodges and Neuberger
[HN8&9], the analysis of its dual representation in terms of (local) martingale measures was per-
formed in the late '90. It started with Frittelli [F00] and was considerably expanded by [6Au02]
and, in a dynamic context, by El Karoui and Rouge [EkR00]. An extensive survey of the recent
literature on this topic can be found in [CO8].

Armed with the duality result of Theorem 3.15, the indifference price of a claim B is addressed
in Section 4. The classical approach of Convex Analysis - basically the Fenchel-Moreau Theorem
- was first applied in Frittelli and Rosazza [FR02] to deduce the dual representation of convex risk
measures on L? spaces. Based on the duality results proven in [F00], in [FR02] it is also shown
that, for the exponential utility function, the indifference price of a bounded claim defines - except
for the sign - a convex risk measure. In recent years this connection has been deeply investigated
by many authors (see Barrieu and N. El Karoui [BK05] and the references therein).

In Section 4 of this paper these results are further extended thanks to the Orlicz space duality
framework. This enables us to establish the properties of the indifference price m summarized in
Proposition 4.2, including the expected convexity, monotonicity, translation invariance and volume
asymptotics. More interestingly, in (60) we provide a new and fairly explicit representation for the
indifference price, which is obtained applying recent results from the theory of convex risk measures
developed in Biagini and Frittelli [BF07]. In fact, in Proposition 4.2 it is also shown that the map
7, as a convex monotone functional on the Orlicz space L%, is continuous and subdifferentiable on
the interior of its proper domain B, which is considerably large as it coincides with —int(Dom(Z,)),
i.e. the opposite of the interior of the proper domain of the integral functional I,,(f) = Flu(f)] in
L¥. The minus sign is only due to the fact that 7(B) is the seller indifference price. In Corollary
4.4 we show that when B and the loss control W are “very nice” (i.e., they are in the special
subspace M¥ of Lﬁ), the indifference price 7 has also the Fatou property. The regularity of the
map 7 itself allows then for a very nice, short proof of some bounds on the indifference price 7(B)
of a fixed claim B as a consequence of the Max Formula in Convex Analysis.

Section 5 concludes the paper with a comparison with the existing literature on utility max-
imization in incomplete semimartingale markets with random endowment (see [BF08] and the
literature therein for the case of no random endowment) and utility functions defined on R (see

Hugonnier and Kramkov [HK04] and the literature therein for utility functions defined on R ).



2 The set up for utility maximization

In this section we recall the set up of [BF08] for the utility maximization problem in an Orlicz
space framework with zero random endowment, corresponding to the left—hand side of (1). Similar
arguments can then be used in the next section for the optimization problem in the presence of
a random endowment as in (2). In particular, the class of admissible integrands as well as the

relevant Orlicz spaces and dual variables are the same for both problems.

2.1 Admissible integrands, suitability and compatibility

Given a non—negative random variable W € Fr, the domain of optimization for the primal problem

(2) is the following set of W—admissible strategies:
¢
HY = {H € L(S) | 3¢ > 0 such that / HydSs > —cW,Vt € [O,T]}, (5)
0

where L(S) denotes the class of predictable, S-integrable processes. In other words, the random
variable W controls the losses in trading. This extension of the classic notion of admissibility,
which requires W = 1, was already used in Schachermayer ([S94] Section 4.1) in the context of the
fundamental theorem of asset pricing.

In order to build a reasonable utility maximization, W should satisfy two conditions that are
mathematically useful and economically meaningful. The first condition depends only on the vector
process of traded assets S and guarantees that the set of W—-admissible strategies is rich enough

for trading purposes:

Definition 2.1. We say that a random variable W > 1 is suitable for the process S if for each
i=1,...,d, there exists a process H' € L(S?) such that

P({w| 3t > 0 such that H}(w) =0}) =0 (6)

t
/ H'dS!
0

The class of suitable random variables is denoted by S.

and
<W, Vtelo,T]. (7)

The second condition depends only on the utility function and measures to what extent the

investor accepts the risk of a large loss:

Definition 2.2. We say that a positive random variable W is strongly compatible with the utility
function w if
Elu(—aW)] > —oo for all @ > 0 (8)

and that it is compatible with u if

Eu(—aW)] > —oo for some a > 0. (9)

Given a suitable and compatible random variable W, the first step to apply duality arguments

to problem (2) is to rewrite it in terms of an optimization over random variables, as opposed to an



optimization over stochastic processes. To this end, we define the set of terminal values obtained

from W-admissible trading strategies as

T
KW:{/ thSt|HeHW}, (10)
0
and consider the modified primal problem
sup Flu(z + k)] (11)
keKW

The next step is to identify a good dual system and invoke some duality principle. Classically,
the system (L, ba) has been successfully used when dealing with locally bounded traded assets.
In order to accommodate more general markets and inspired by the compatibility conditions above,
in the next section we argue instead for the use of an appropriate Orlicz spaces duality, naturally

induced by the utility function.

Remark 2.3. It is not difficult (see for instance Biagini [B04]) to build a different set up, where
the definitions of admissibility, suitability and compatibility are formulated in terms of stochastic

processes, instead of random variables, leading to an adapted control of the losses from trading.

2.2 The Orlicz space framework

This new framework for utility maximization was first introduced by Biagini [B08] and then con-
siderably expanded in [BF08], upon which this section is mostly based. The key observation is
that the function @ : R — [0, +00) defined as

u(z) = —u(=|z]) + u(0),
is a Young function (a reference book is [RR91]). Thus, its corresponding Orlicz space
LYQ, F,P):={f € L°(, F, P) | E[i(af)] < 400 for some a > 0},

is a Banach space when equipped with the Luxemburg norm

Na(f)_inf{c>0|E{ﬂ(£>} gl}. (12)

and it is also a Banach lattice with the natural, pointwise order. Since the probability space
(Q, F, P) is fixed throughout the paper, set L? := LP(Q, F, P), p € [0, +00], and L¥ := L%(Q, F, P).
Under our assumptions on the utility u, it is not difficult to see that L>° C L% C L'. Next consider

the Morse subspace of L¥
MU :={f € L* | E[a(af)] < +oo for all a > 0}.

Due to the fact that @ is continuous and finite on R, M¥ contains L> and moreover it coincides
with the closure of L with respect to the Luxemburg norm. However, the inclusion M* c L%
is in general strict, since bounded random variables are not necessarily dense in L¥ (see [RR91,

Prop. I11.4.3 and Cor. II1.4.4]). This will play a central role in our work.



The Young function @ is even. However, as observed in [B08] and [BF08], @ carries information
about the utility function u only on the negative half line (i.e. on the potential losses), in the sense
that for a > 0 we have

Elu(af)] < +oo = Elu(—alf|)] > —o0, (13)

a characterization that will be repeatedly used in what follows. For instance, using (13) it is easy
to see that a positive random variable W is strongly compatible (resp. compatible) with the utility
function w if and only if W € M¥ (resp. W € L¥). When W € L¥, the negative part of each
element in K" belongs to L¥, but in general we do not have the inclusion KW C L%,

The convex conjugate of u, called the complementary Young function in the theory of Orlicz

spaces, is denoted here by </I;, since it admits the representation

B(y) = ((|y]) — B(8)) Lyjy>p} (14)

where 8 > 0 is the right derivative of @ at 0, namely 8 = D14 (0) = D~ u(0), and ®(8) = u(0). If
u is differentiable, note that 8 = «/(0) and it is the unique solution of the equation ®'(y) = 0.

From (14) it then follows that ® is also a Young function, which induces the Orlicz space e
endowed with the Orlicz (dual) norm |[|g||5 = sup{E[|fg|] | E[u(g)] < 1}. As before, L> C L? C
L'. Moreover, L% is a the topological dual space of M¥, that is (Ma)* =%

The characterization of the topological dual for the larger space L is a little more demanding.
For the complementary pair of Young functions (%, &)), it follows from [RR91, Cor. IV.2.9] that
each element Q € (L¥)* can be uniquely expressed as Q = Q" + Q°, where the regular part Q" is
given by Q" (f) = fQ fgdP, f € L¥, and can thus be represented by a unique g = % € LqA’, while
the singular part QQ° satisfies

Q(f)=0,  VfeM" (15)
In other words,
where (M%) = {z € (L¥)* | z(f) = 0,V.f € M"} denotes the annihilator of M?¥,

Consider now the concave integral functional I, : L% — [—00,00), I,(f) := E[u(f)]. As usual,
its effective domain is denoted by Dom(I,,) := {f € L¥ | E[u(f)] > —oco} . Thanks to the selection
of the appropriate Young function @ associated with the utility function w, it was shown in [BF08,
Lemma 17] that the norm of a nonnegative singular element z € (M®)+ satisfies

lolzoy = sup 2(f)= sup  2(=f) (16)
Na(f)<1 feDom(I.)
and that this norm is additive on (M%)+.

From now on, the loss controls W are assumed suitable and compatible, that is W € SN L%,

and will simply be referred to as loss variables. Given such W, the cone
W = (K" -LY)nL"

corresponds to random variables that can be super-replicated by trading strategies in H" and

that satisfy the same type of integrability condition of W. The polar cone of C", which will play



a role in the dual problem, is
(€)= {Qe @) Q) <0, vfed™], (17)

and it satisfies (C")° C (L%)%, since (—L%) C C". Therefore, all the functionals of interest are
positive and the decomposition @ = Q" + Q° enables the identification of Q" with a measure with

density % € Lﬂ% C L1+. The subset of normalized functionals in (C")? is defined by
MV ={Q € (C™)° | Q(1e) = 1}. (18)

Using the notation above, this normalization condition reduces to Q" (1q) = 1, since Q* € (M®)*+
and thus vanishes on any bounded random variable. In other words, the regular part of any
element in MW is a true probability measure with density in Lﬁ%. Moreover, it was shown in
[BF08, Proposition 19], that

MY NL' =M, N L%, (19)

where M, := {Q < P | S is a ¢ — martingale w.r.t. @} consists of all the P—absolutely continuous
o-martingale measures for S, i.e. of those probability measures Q < P for which there exists a
process 71 € L(S) such that 7 > 0 and the stochastic integral [7ndS is a Q-martingale (for the
relevance of o-martingales in Mathematical Finance as pricing measures, the reader is referred to
[DS98)).

From (19) it follows that the regular elements of the normalized set M" coincide with the
o-martingale measures for S that belong to L? In particular this shows that the (possibly empty)

set MW N L' does not depend on the particular loss variable W .

3 Utility optimization with random endowment

The main result in this section is Theorem 3.15, establishing a duality result for utility optimization
with a random endowment. In the next subsections we introduce several concepts necessary for
the precise statement of the duality formula, as well as prove several technical results used in its

proof.

3.1 Conditions on the claim

When B = 0 the duality (2)-(3) was proved in [BF08]. We now turn to the right-hand side of (1)

and consider the optimization problem
T
uflxr+ / thSt - B
0

where B is an Fpr-measurable liability, faced at T.

sup E , (20)

HeHW

Without loss of generality, let « = 0. The case with non null initial endowment can clearly be
recovered by replacing B with (B — ). In view of the substitution of terminal wealths fOT H.dS, €
KW by random variables f € CW C L%, we require that B satisfies

Elu(f — B)] < +o0,  VfeL" (21)



so that the concave functional 12 : L¥ — [~00,00), IB(f) := E[u(f — B)] is well defined for such

claims.

Remark 3.1. The set of claims satisfying this condition is quite large. In fact, by monotonicity

and concavity of u,
Elu(f = B)] = E[u(f — (B" = B7))] < Elu(f + B7)] < u(E[f] + E[B7)),

where the last step follows from Jensen’s inequality. Therefore, since f € L® C L', one obtains
that a simple sufficient condition for (21) is that B~ € L*. Obviously, when the utility function is

bounded above (as for example in the exponential case), condition (21) is satisfied by any claim.

A second natural condition on B is
E[u(-B")] > —o0, (22)

so that when the agent chooses the trading strategy H = 0 € H" it does not lead to prohibitive
punishments, that is E[u(—B)] > —oo. Condition (22) in turn implies that —B* € Dom(I,) and
consequently Bt € L% in view of (13). Be aware that BT € L% does not necessarily imply (22).
However, in order to apply our variational argument in the main duality result the claim B
must satisfy:
Elu(—(1+€)BT)] > —oc0, for some € > 0. (23)

This condition, stronger than (22), is equivalent to requiring that the random variable (—B™)

belongs to int(Dom(I,,)), the interior in L¥ of the effective domain of I, (see Section 4).

Definition 3.2. The set of admissible claims A, consists of Fpr-measurable random variables B
satisfying (21) and (23).

Remark 3.3. We will state our results under the requirement that B € A,, even though the
results in Lemma 3.5, Lemma 3.8, Proposition 3.10 and Lemma 3.14 hold also under the weaker
assumptions (21) and (22).

The conditions (21), (23) do not really capture the risks corresponding to B~, which are gains
for the seller of the claim. For example, it is quite possible to have B € A, and E[u(—eB~)] = —c0
for all € > 0 (simply take B~ € L'\L%). This would mean that a buyer using the same utility
function u, investment opportunities S and control random variable W, would incur losses leading
to an infinitely negative expected utility simply by holding any fraction of the claim and doing no

other investment. Such undesirable outcome can be avoided by the more stringent condition
Elu(—eB7)] > —o0, for some ¢ > 0, (24)

which is equivalent to B~ € L®. Since the focus is on the problem faced by the seller of the claim

B, we refrain from assuming (24), until Section 4 where B will belong to the set
B:=A,NL*={BeL"|Elu(—(1+€¢)B")] > —oo for some € > 0}. (25)

In any event, the potential buyers of B will likely not have the same investment opportunities,
utility function and loss tolerance as the seller, leading to entirely different versions of (1) as shown

in the next toy example.
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Ezample 3.4. Suppose that the seller has an exponential utility us(x) = —e™® and the buyer
has quadratic utility uy(z) = —2? for z < —1, then prolonged so that it is bounded above and
satisfies all the other requirements. Then take B so that B* has an exponential distribution with
parameter A > 1 and B~ has a density Hﬁm > 0, where c is the normalizing constant. It is
easy to check that B satisfies (21) and (23) for us and that selling B is very attractive, since the
tail of the distribution of B~ (the gain for the seller) is much bigger than that of BT (the loss
for the seller). B~ has no finite exponential moment, therefore it violates (24) and would clearly
be unacceptable if the buyer had exponential preferences. However the quadratic tolerance of the

losses of up accounts for a well posed maximization problem with B even for the buyer.

3.2 The maximization

The first step in our program consists in showing that optimizing over the cone C" leads to the

same expected utility as optimizing over the set of terminal wealths KW .
Lemma 3.5. If B € A, then

sup Flu(k — B)] = sup Elu(f — B)]. (26)
keKW fecw
Proof. Since CW c (KW — LY) and the utility function is monotone increasing,

sup Elu(f~B)]< sup  Elu(g—B)| < sup Efu(k - B)]. (27)
fecw ge(KW —LY) kEKW

Since k =0 € K", sup,c gw E[u(k—B)] > E[u(—B)] > —oo, by (22). Pick any k € K" satisfying
Elu(k — B)] > —oc. Consider k,, = k A n, which is in C" since W € L¥. Then

u(kn — B) = uw(k™ An — B) >0y +u(—k™ — B)I <oy = u(—B) + u(—k~ — B) <0}

and the latter is integrable. An application of the monotone convergence theorem gives E[u(k, —
B)] /" Elu(k—B)], which implies that sup,c xw E[u(k—B)] < sup;cow Elu(f—B)], and completes
the proof. O

The next step in the program is to establish that the functional IZ has a norm continuity point

contained in the cone of interest CW .

Lemma 3.6. Suppose that B € A,. Then the concave functional IZ is norm continuous on the

interior of its effective domain and there exists a norm continuity point of I2 that belongs to C.

Proof. Since IZ < 400, then IZ is proper, monotone and concave. The first statement thus follows
from the Extended Namioka-Klee Theorem (see [RS06] or [BF07]). If g belongs to &1, the open
unit ball in L%, then E[u(g)] is finite and we have that

€ Elu(—(1+ €)B")] + eEu(g)]

Blu(~B* + 1) 2 e > oo,
In other words,
~BT + —8; ¢ Dom(I,), (28)
1+e€
so that 81 C Dom([,). Therefore, any element of TSN (—L¥) is a continuity point for
IB that belongs to C". O



3.3 Conjugate functionals

As already discussed, the condition B € A,, on the claim B does not necessarily imply that B € L¥.

Therefore, an appropriate extension of linear functionals, originally defined on L%, is needed.
Though we sketch the proof for the sake of completeness, this extension is morally straightfor-

ward. In fact, it is defined in the same way as the expectation Flg] is defined when g is bounded

from below, instead of bounded. In this case, g~ € L*° and
Elg] :=sup{E[f]| f € L™, f < g} = lim E[g An]
Accordingly, let us consider the convex cone of random variables with negative part in L%:
Lzeg = {f cLl’|f ¢ La} ={f €L’ Elu(-af)] > —oo, for some o > 0},

and notice that this cone contains K", for any loss variable W. For any Q € (Lﬁ)j_ we define
Q: L%, —RU{+oo} by

neg

Qg) 2 sup {Q(f) | f € L7 and f < g} (20)
Lemma 3.7. If Q € (L%)". then
1. @ is a well-defined extension of Q. It is a positively homogenous, additive (with the convention
+00 4 ¢ = 400 for ¢ € RU{+0o0}), monotone functional on the cone Lgeg. In particular, if
9 € Lieg,h € LT then Qg+ h) = Q(g) + Q(h).
2. Q € (C™)Y if and only if @(k‘) <0 forallk € KW,

8. If g € LY, is such that E[u(g)] > —oo, then

neg

Q%I > —Q%(9) (30)

4. If Qg) is finite, then Q(g) = E[%2 g] + Q(g).

Proof. The first two statements and item 4 follow rather directly from the definitions of @ and
C". We only prove additivity of @ Fix then g1, 92 € Lgeg. The goal is showing that @(91 +92) =
@(gl) + @(gz). When f; € L%, i = 1,2, satisfy f; < g,

Q1) + Q(g2) = sup {Q(A) +Q(F)} < sup Q(f) = Qlor + g2)-

fi<gi f<g1+g2

To show the opposite inequality, assume first that g; > 0. Fix f € LE, f < g1+ g2. Then
fAgi€L® i=1,2, and, moreover, f < f A g1 + f A g2. Therefore

QUf) QU Ag1) +Q(f Agz) <Qg1) +Qlg2) for all f € LT, f < g1 + g2

so that @(91 +92) < @(91) + @(gz). To treat the case g1 and g» not necessarily positive, observe
that when g € L%, ,h € L¥ :

neg?

~

Qg+h = swp{Q(f)|fel® f<g+h}
sup {Q(N) |/ € L%, f < g} +Q(h) = Qlg) + Q(h),

10



~

As a consequence, Q(g;) = Q(g;") — Q(g;) and Q(g1 +g2) = Q(gi +95) — Q(g7 +95 ). Collecting
these relations,
Qo +92) = Qay +93) — Qlar +95) < Q) +QgF) — Qar +95) = Qlar) + Qg2)-
Ttem 3 follows from —g~ € Dom(I,) and equation (16):
Q%11 > Q*(97) > Q*(97) — Q*(g¥) = —Q(9).
O

Finally, when B satisfies (22) the conver conjugate JE : (L")* — R U {+oc} of the concave

functional I2 is defined as

J2(Q) = sup {E[u(f — B)] - Q(f)}, Qe (L") (31)

feLw
The following Lemma gives a representation of J5.

Lemma 3.8. (1) If B€ L and Q € (L)% then

2@ =a¢-5)+£ o (42)] + 107l (32)

(2) I Be A, and Q € (L7),, then: JP(Q) = Q(—B) + E [cb (%)} + Q4.

Proof. (1) This is an elementary consequence of the representation result proved in [K79, Theorem
2.6]. In fact, from B € LY,
T2 (Q) = sup {E[u(f — B)] = Q(f)} = sup {Efu(g)] - Q(9)} — Q(B)
(S geLv

and in the cited Theorem, Kozek proved that

aQr ,
suwp (Blule)]l - Q@) = |0 (42 ) |+ s @0
geLv geDom(I,)

so that the thesis in (32) is enabled by (16).

(2) The thesis follows from the equality

sup {sup {Elu(f — Q)] _Q(f>}} = sup { sup  {E[u(f - G)] - Q(f)}}

G>B,GeL® | felL® feL® | G>B,GeLt

Indeed, thanks to (32), the left hand side gives

sup { sup {Elu(f - Q)] - Q(f)}} — s JOQ)=0(-B)+E [cb (er)] e,

G>B,GeL® | feL® G>B,GeL® ar
while the right hand side gives
sup { sup  {Efu(f - G)] - Q(f)}} = sup {Elu(f - B)] - Q(f)} = 17 (Q).  (33)
feL | G>B,GeL® fera
The first equality in (33) holds thanks to the following approximation argument. For each f € L*
such that E[u(f — B)] > —oco let G, := BT — (f~+n)AB~ € L¥ and A, := {B~ < f~ +n}.
Our assumptions imply that u(f — B) and u(—B™) are integrable and so from u(f — G,,) = u(f —
B)la,4u(f—=BT+f~+n)lac > u(f—B)la, +u(—B")14e we deduce E[u(f—Gp)] > —oc. Since
—G,, T —B, the monotone convergence theorem guarantees sup,, E[u(f — Gy)] = Eu(f — B)]. O
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3.4 The dual optimization and a new primal domain
Before establishing the main duality result, let us focus on dual optimizations of the form
aqQr
inf E DA
>\>é,nQEN{ [ ( P

where N is a convex subset of (L)% . Problems of this type (but for N’ C L! and B = 0) were
originally solved by Ruschendorf [R84]. A general strategy for tackling such problems is to consider

)] +2acm+ e}, (34)

the minimizations over A and over @) separately. Accordingly, in the next Proposition we fix A > 0
and explore the consequences of optimality in (). The result is the analogue of [BF08, Prop 25|
but in the presence of the claim B and the corresponding extended functionals @

The presence of the scaling factor A in the expectation term in (34) leads us to consider the
convex set:

dQ

L :={Q probab, Q < P | E [@ (AdP>} < 400 for some A > 0}.

Clearly {‘;—g | Q € E@} C L% C L%, but the condition ‘;—g € Lf does not in general imply
E [@(%)] < 400, nor @ € Lg. Indeed, the utility function may be unbounded from above, so
that ®(0) = +oo is possible.

Remark 3.9. The convexity property of the set L4 requires a brief explanation, since ®(0) = +o0 is
possible. Let Q, = yQ1+(1-y)Q2 , y € (0, 1), be the convex combination of any couple of elements
in Lg, take A; > 0 satisfying F [<I> ()\idd%")} < 00, 1 = 1,2, and define z, := y)\% +(1- y)i €

(0,00). As a consequence of the convexity of the function (z, k) — 2®(1k) on Ry x Ry (which has
been pointed out by [SW05, Section 3]),

1 d 1 d 1 d
ol (G )| soe o (0 )| w0 o [a (557 ) <

Assumption (A) The utility function u: R — R is strictly increasing, strictly concave, continu-

ously differentiable and it satisfies the conditions

ﬁim v (r) = +o0, liTm u'(z) =0 (Inada conditions) (35)
and p
Lo ={Q probab, Q < P | E {CI) <)\dgﬂ < +oo for all A > 0}. (36)

The condition expressed in (36) coincides with assumption (3) in [BF08]. A detailed discussion on
assumption (A) and the relationship of (36) with the condition of Reasonable Asymptotic Elasticity
introduced by Schachermayer [S01] can be found in [BF08], [BF05]. We stress that this assumption
is needed only when dealing with the existence of optimal solutions (i.e. only in Propositions 3.10,
3.11, 3.19, and in the second part of Theorem 3.15).

Proposition 3.10. Suppose that the utility u satisfies assumption (A) and that B € A,. Fiz
A > 0 and suppose that N C (La)i is a convex set such that for any Q € N we have Q" € Lg. If
Q» € N is optimal for

Qne%{E [cp (A‘igﬂ +AO(=B) + A||QS|} < 400 (37)

12



then, VQ € N with @(—B) < 400

Foy [¢ (A2 )] + @B+ 1@l < Bor [0 (VB ) |+ @B+l o9

Proof. If Q) is optimal then @\(—B) must be finite. We can assume A = 1, the case with general
A being analogous, since condition (36) holds true. Denoting the optimal functional by @4, fix
any () with @(—B) finite and consider @, = Q1 + (1 — z)Q. Also denote by V(Q) the objective
function to be minimized in (37) when A = 1. Consider the convex function of

P = 8|0 (G5 )| +o@i(-B) + (1 - 0Q-5) + Q2]

then F(1) = V(Q1) and F(z) > V(Q,) since @;(—B) is convex in z. Taking this inequality into
account and given that @ is a minimizer of V(Q), we get: F'(1_) < V'(Q1_) < 0. Now, as in
[BF08, Prop 25], it can be shown that

dOr dor dor _ R
o) =p (S8 o (1)) 4 Giom) - 2B + a1 -

and since this quantity must be non positive we conclude the proof. O

Next we fix ) and explore the consequences of optimality in A. The result is identical to [BF08,
Prop 26], which we reproduce here for readability:

Proposition 3.11. Suppose that the utility u satisfies assumption (A). If Q is a probability measure
in Lo then for all ¢ € R the optimal X(¢; Q) solution of

min {E {@ ()\ Zg)} + )\c} (39)

1s the unique positive solution of the first order condition

E [;lg@ (Ajg)] +e=0. (40)

The r.v. f*:= —d'(A(c; Q ) € {f € LYQ) | Eq[f] = c} satisfies u(f*) € L*(P) and
I§1>1101 {E {(b < flgﬂ + )\c} =sup {E[u(f)] | f € L'(Q) and Eg[f] < ¢} = Elu(f*)] < u(oo()41)

Therefore, whenever Q(—B) is finite, we can set ¢ = Q(—B)+||Q*|| and conclude from (41) that
the minimization of the objective function in (34) with respect to A > 0 for a fixed @ leads to the
same value of a utility maximization over integrable functions satisfying Eq [f] < Q(—B)+ Q3.
Motivated by these results, we define the following set of functionals and corresponding domain

for utility maximization.

Definition 3.12. For any B € A, let

NY ={Qe MY | Q" € Ly, Q(—B) € R} (42)

13



and
Kp ={f e L"| f € L'(Q"), Eq[fl <@ (=B) +[Q°ll, vQ e N}, (43)
with the corresponding optimization problem
Uy = sup E[u(f — B)]. (44)
feKy
Remark 3.13. (i) Note that the sets N and K} depend also on ® (and thus on the utility
u), but the dependence is omitted for convenience of notation. In the particular case B € L
however @(—B) = Q(—B), so that N}’ does not depend on B and it coincides with the set of dual
functionals used in [BF08]:
NY ={Q e MV | Q" € La}. (45)

While we are going to treat the utility maximization with random endowment for general B, we
will focus on B € L in the indifference price section, where the set of dual functionals will be
simply A'W. Note also that each element in N} has non zero regular part.

(ii) If ®(0) < 400, then Q € Lg iff Q is a probability s.t. % € Lf As explained in Section
2.2 the regular part of each element in M"W is already in L%, so that from (42) we get:

NY ={QeMY | Q" #0, Q(—B) €R}.
(iii) When Assumption (A) is satisfied then

aQ"
dpP

NY ={Qe MV | Q" #0, E{@( )] < 400, Q(—B) € R}.

The utility optimization over the modified domain K} can be easily related with the original
utility optimization over terminal wealths K" .

Lemma 3.14. Suppose that B € A, and that N}y # 0. Then K C K¥ and the following chain

of inequalities holds true

sup Elu(k— B)] <Up <  inf {)\@(—B) +E {cp (Aerﬂ - )\|Qs||} <00

kEKW TA>0,QeNY dP

Proof. The first inequality is a consequence of K" C K}'. To show this inclusion, let k € K.
By Lemma 3.7 item 2, @(k) < 0 for all @ € M"W. The assumptions on B imply that BT € L¥ so
that (—B) € L%,,. In addition, K" C L¥_ implies k — B € L% ,. Applying Lemma 3.7, item 1,

we have: Q(k— B) = Q(k) + Q(—B) < Q(—B) < 400, for each Q € N/. Then Q(k — B) is finite

and, by Lemma 3.7 item 4, the above inequality becomes:

Given that —Q*(k — B) < ||Q*|| from (30) we have: Eg+[k — B] < Egr[—B]+Q*(—B) + ||Q*|| and
thus, canceling Eq-[—B], we get k € K} .
To prove the second inequality, apply Fenchel inequality and use the definition of K }éV:

Elu(k — B)] < AEqgrlk — B|+ E {cb <>\Cigﬂ>} <ANQ(-B)+ ||Q°|) + E {cp <)\Cf;ﬂ .

The expression FE [CD (A%)} may be equal to +oo, but for each Q € N} there is a positive A
for which it is finite. The thesis then follows. O
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3.5 The main duality result

Theorem 3.15. The utility u : R — R is assumed to be an increasing and concave function

satisfying lim,_, s u(x) = —oo. Fiz a loss variable W € SN L™ and a liability B € A,. If

T
sup E |u (/ H,dS; — B) < u(+400) (46)
HeHW 0
then Ny is not empty and
T
sup E|u / H,dS,— B || =UY
HeHW 0

— min {)\@(—B) +E [cp (AdQTﬂ 4 )\|Q5||} (47)
A0, QENY dpP '

The mintmizer Ap is unique, while the minimizer Qp 1is unique only in the reqular part Q.

Suppose in addition that the utility u satisfies assumption (A). Then,

Uy = Elu(fs — B)], (48)
where the unique maximizer is
d T
fe=-90s QB)+B €KY (49)
dP
and satisfies
Eqy[fB] = Qp(=B) + @3l (50)

Proof. First observe that it follows from (26) that

T
0

Moreover, Lemma 3.6 enables the application of Fenchel duality theorem to get

= sup Flu(k— B)] = sup Elu(f — B)].
ke KW fecw

sup F
HeHW

_ — B — ; B — ; r (_ s
s Blulf = B = suwp I7() = miy J@= miy {E@Q)]+Q(-B)+ e}

where the last equality is guaranteed by Lemma 3.8. Now if the optimal ¢ had @™ = 0, then we
would have sup ;ccw Efu(f — B)] = ®(0) +Q%(—B) +|Q*|| > u(+00), since Q3(—B) +||Q*|| > 0,
according to (30), and ®(0) = wu(oo). Because this contradicts condition (46), @" # 0 and a

re-parametrization of the domain of minimization in terms of VY leads to

sup Efu(f— B)] = min {)\@(—B)JrE[@()\erﬂ+>\||Q5||}.

fecw A>0, QeNY dP

Uniqueness of Ap and Q' follow from strict convexity of the dual objective function in A and Q".
However, the dependence of the dual objective function on @° is mixed: it is linear in the norm
|| - |l-part (see (16) and the comment thereafter, and also [BF08, Proposition 11]) and generally
convex in the term C/Q\S(—B ), although this term may also reduce to a linear one in the special case
B € L¥. Therefore, the optimal singular functional might not be unique. Thanks to Lemma 3.14,

the equalities

sup Elu(f—B)=UY = min {)@(—BH—E{@ (AdQTI)] +>\QS||}

kEKW A>0, QeNY dP
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are immediate. Under assumption (A), the expression for fp can be derived by observing that any
minimizer Q7 is obtained as the minimizer of

sy P (5] )

and from a standard combination of the results in Propositions 3.10 and 3.11. O

Corollary 3.16. If, in addition to the hypotheses of Theorem 3.15, we have B € B = A, N L"
then Q(—B) = —Q(B) in (47) and NWW = N'W . Moreover, if both W and B are in M®, then N

can be replaced by the set M, N Lo and no singular term appears in (47).

Proof. The first statement is clear from the definition of @ For the second statement, notice that
when W € M¥ then the regular component Q" of @ € MW is already in MW (see [BF08, Lemma
41]). If B is in M™ as well, then Q4(B) = 0. Since [|Q*|| > 0, the minimum must be achieved on
the set {Q" | Q e N} =M, N Lo. O

Remark 3.17 (On condition (46)). When the utility u satisfies Assumption (A), the requirement
(46) is equivalent to ask N = (). This follows from Proposition 3.11.

3.6 On @ and on the integral representation of the optimal fz

In formula (47), the singular part Q° in the dual objective function shows up twice. It acts on the
claim B, as @(—B) = Egr[-B] + C/Q\S(—B), and there is the norm term ||Q?||. This latter does
not depend on the claim B itself. Its presence is a consequence of the non-local boundedness of
the underlying S, as shown in [BF08]. Loosely speaking, the norm ||@*|| sums up the systematic
risk of the high exposure in the market generated by S, seen from the point of view of an agent
with wtility w in virtue of (16). When the agent sells B, in general there is an extra idiosyncratic
exposure. Given our very general assumptions on B, this extra exposure may also be extremely
risky in étself, and this is conveyed by the term @\S(—B)7 which might in fact be zero, as is the case
when B is in the Morse space M.

The presence of “high exposure” terms in the dual does not imply that the actual minimizer
QB must have a non-zero singular part. The nature of the actual minimizer depends on the specific
features of the market model. However, in the next section we construct some examples displaying
the new situation where Q% is necessarily non-zero. We remark for future use in the examples
that, in view of (50), a sufficient condition for Q% # 0 is Eqr, [fp] > 0. The condition is by no
means necessary, since it could happen that Q% # 0 but ||Q%|| + @(—B) =0 in (50).

It is interesting to investigate and possibly derive more accurate bounds for @(—B). The next

Proposition gives a priori good bounds for this singular contribution.

Proposition 3.18. For any B € A, set L := sup{ > 0 | E[u(BB")] < +oo} and fix any
Q e NY . Then

_— 1, .
Q*(=B) 2 —Z1€°II (51)
If B~ is also in L¥, set | := sup{a > 0| E[u(aB™)] < +o0}. Then

1 S S 1 S
7l = @*(=B) < 7le”ll (52)

and in particular we recover again Q*(B) = 0 when B € M".
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Proof. From (23), E[u(—(1+ €)B*)] > —00, s0 L > 1+¢. For any b < L, (30) gives ||Q%| >
bQ*(B™) and therefore

— 1.

Q*(=B) 2 —Q*(B") = —[|Q°]|
whence the desired @(—B) > —1]|Q*||l. To prove the right inequality in (52), observe that the
additional hypothesis on B~ means | > 0 and —aB~ € Dom(/,,) for any o < [. Hence

Q*(-B) < Q*(B™) = éQs(aB_) < iIIQsH for all o <
O

The result in Theorem 3.15 does not guarantee in full generality that the optimal random
variable fp € K} can be represented as terminal value from an investment strategy in L(S), that

is, fp = fOT H,dS;. The next proposition presents a partial result in this direction.

Proposition 3.19. Suppose that the utility u satisfies assumption (A). Under the same hypotheses
of Theorem 3.15, if Q5 = 0 and Q5 ~ P, then fp can be represented as terminal wealth from a

suitable strategy H.

Proof. 1t follows from Theorem 3.15 that fp must satisfy
Eqrlfs] £ Q*(-B) + Q|| YQ e N’

and equality must hold at any optimal @pg, according to (50). When the optimal @ p has zero
singular part, then it belongs to M, N Lg, according to (19). By definition of N, we have that
{QeM;,NLs | @(—B) € R} C NY and therefore the dual problem (47) can be reformulated as
a minimum over M, N L. In this simplified setup, one can show exactly as in [BF05, Theorem 4,
Theorem 1 (d)] that the optimal fp belongs in fact to N {f|feL'Q,Eqg[f] <0} and can

QEM,NLy
be represented as terminal wealth from a suitable strategy H. O
3.7 Exponential utility
For an exponential utility function u(z) = —e™7*, v > 0, we have ®(y) = %log% — % and

a(z) = el*l — 1. Using (13), we see that in this case M¥ consists of those random variables
that have all the (absolute) exponential moments finite, while the larger space L™ corresponds to
random variables that have some finite exponential moment.

Moreover, since ®(y) = (®(|y]) — @(7))I{)y|>~}y and ®(0) < oo, we have that

E[@(f)] <oo = E&(|f])] < oo (53)

Finally, since ® in this case satisfies the Ao—growth condition (see [RR91, pp 22, 77]), the subspace
M?® coincides with L2, that is, E[®(af)] < oo for some o > 0 if and only if E[®(f)] < oo for all
a > 0.

The duality result for an exponential utility, which clearly satisfies Assumption (A), follows
directly as a corollary of our main Theorem 3.15. Since u(co) = 0, the condition (21) automatically

holds for all Fr measurable random variables B and furthermore,

Lo ={Q probab, Q < P | E {CD <;lgﬂ < +oo} ={Q probab, Q< P | E [:IS <Z?D)] < +oo}.
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Corollary 3.20. Suppose that the random endowment B € L°(Q, Fr, P) satisfies
Ele" 98] < 400 for some € > 0
and suppose that there exists a loss variable W satisfying

HS%)W E [—e‘V(IOT ths‘_B)} < 0. (54)
€

Then NY is not empty and

sup 7 [~ Hudsi=B)] =—exp{— miy (H(Q’"IPHW@(—BHVIIQSI)}, (53)

HeHW QeNY

where H(Q"|P) = E [Ciiipr log (%)} denotes the relative entropy of Q" with respect to P. The

minimizer Qp € N is unique only in the reqular part Q'. In addition,

sup FE {_e—w(foT Hf,dSt—B):| — E[_e_'Y(fB—B)]’
HeHW

the optimal claim is

1 A dQ%
= —Im(22=B) 1B
Ir 7n<’y dP>+ ’

where Ag = vexp(H(QR|P) + ’y@;(—B) +71Q%l) = —%Ug/, and it satisfies
1. fp € LNQ"), Egr[fs] < Q*(—=B) + |Q®| for all Q € N} (i.e. it belongs to K )
2. Eaylfs] = Qy(=B) + Q3|

Whenever B has some exponential (absolute) moments finite, @(fB) = —Q(B). Also, if both
W and B have all the exponential moments finite, then N can be replaced by the “classic” set of
probabilities Q € M, that have finite relative entropy, i.e. E[% ln(%)] < 400, and no singular

term appears in (55).

Proof. The conditions on B are exactly those in Theorem 3.15, adapted to the exponential case.
So, directly from Theorem 3.15

sup E|—e 7o thst*B)} =  min {/\@(—B) +E [
HerW A>0, QeNY

AdQ" AdQ" AdQ"

= 1 — - = AQ°
= Og(v dP) e VY
and an explicit minimization over A > 0 leads to the duality formula (55). The remaining assertions

follow as in the proof of Theorem 3.15. 0

3.7.1 Example with nonzero singular parts

We now explore the case of an exponential utility to construct an example where the existence of

a nonzero singular part in the dual optimizer can be asserted explicitly.

Ezample 3.21. Consider a one period model with Sy = 0 and S; = Y Z where Y is an exponential
random variable with density f(y) = e™ ¥, y > 0 and Z is a discrete random variable taking the
values {1, —%, e 7% —1,...}. Assume that Y and Z are independent and let p; := P(Z =1) >0

and p, := P (Z = % — 1) > 0, n > 2, be the probability distribution of Z. For an investor with
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exponential utility u(z) = —e™7, it is clear that the random variable W = 1+ Y is suitable and
compatible. Suppose now that B = «(Y, Z), where « is a bounded Borel function, so that the
seller of the claim B faces the problem

sup F [—e*hSﬁB] =supF
heR heR

[_ethY+o¢(Y,Z) .
A necessary condition for the expectations to be finite is that —1 < h < 1. In fact, using the
probability distribution of Z we find that

E[,e*hZYJra(Y,Z)] _ plE[iethjLa(Y,l)} + Zn>2 an[iefhz"YJroz(Y,z")] _

1

=p fo-i-oo e~hvtel)e—vdy 4 ZnZQ Dn 0+<><> e_(ﬁ—l)hy-i-a(y,%—l)e—ydy -

Therefore, a necessary condition for finite expectation is the finiteness of the one-dimensional
integrals on the right hand side. Since « is bounded, these integrals converge iff —1 < h < 1.

The function to be optimized, gg(h) := F [—e’hSﬁB] , has a formal derivative given by
gp(h) =E [S1e_hsl+B] =mE {Ye_hy'm(y’l)} + anan {Ye_}LZ”Y+‘X(Y’Z")} .
n>2
Since —1 < z, < 0 for n > 2, we have that
gp(h) > pE {Ye’”a(y’l)} > puE {Ye’z"”“(“z")} :
n>2

When p,, — 0 sufficiently fast, this expression is not only well defined but strictly positive. To fix
the ideas, we show how to compute such p,,. Integration by parts of the terms E[Ye™ Y], E[Y e *»Y]

gives i and ﬁ = n? respectively, so that
(=]

I —

Bl 2 _ € 1Pl +2]| Bl oo 2
ane nt=—g p1—2pn4e *n
n>2 n>2

e~

gp(h) > p

where || B||o denotes the sup-norm of the bounded B = «(Y, Z). Fix k > 2 and for n > 2 define

Pn = omaTeT—agi=er - Accordingly, py := (1 =32, 5,pn) > 1 — 3¢ so that

1 1

pr= pudeBln = py — o> 1 o >0,
n>2

Under such choice for the distribution of Z, it is guaranteed that ¢ is indeed the true derivative of

gp and that 0 < gi3(h) < oo for all =1 < h < 1. Therefore, the function gp(h) is strictly increasing

and attains its maximum at h = 1. But this implies that sup,cp E [—e "178] = E [—e=51+5]

so that the optimizer for the primal problem is fp = S;. From the identity v'(fp — B) = )\B%,
the optimizer for the dual problem has a regular part given by
dor —S1+B
Op _ ¢ (56)

dP E[eiSl +B] ’
Using (56) to calculate the expectation of fp with respect to Q7;, we conclude from (50) and from

Q%(—B) =0 as B is bounded, that

E[Sie” 7] 9p(1)

1@zl = Eqy (5] = Ele—511B] = Ele—51+B] >0,
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which implies that Q% # 0.
Observe that these probabilities p,, also guarantee that the utility maximization problem with-
out the claim B leads to a function go(h) with the same domain as gg. Also, 0 < g < co. In

particular, the maximum of E[—e~"%1]

is still attained at h = 1, which implies that the optimizers
fo and fp for the primal problem with and without the claim coincide. This means that the
investor does not use the underlying market to hedge the claim, despite the fact that B = a(Y, Z)
is explicitly correlated with S; = Y Z. Such behavior stems from the fact that the risk associated
with the unboundedness of the underlying outweighs the risk associated with the bounded claim.
This should be contrasted with the case of locally bounded markets, where a correlated claim

generally leads to a different optimizer for the primal problem.

4 The indifference price =

Consider an agent with utility u (not necessarily satisfying Assumption (A)), initial endowment x
and investment possibilities given by H" who seeks to sell a claim B. As pointed out in Section
1, the indifference price w(B) for this claim is defined as the implicit solution to (1). In view of
the duality result of Theorem 3.15, we now rephrase this definition in terms of the function

UY () := sup Elu(z+k— B))]. (57)

keKW

Comparing this with (47), we see that the optimal value U} (0) is exactly what has been there
denoted by UY". Notice that we could alternatively denote (57) by U}, which would be consistent
with the notation in (47) for a claim of the form (B — ). In this Section we prefer UY (z), since it

better illustrates the different financial roles played by the initial endowment x and the claim B.

Definition 4.1. Provided that the related maximization problems are well-posed, the seller’s

indifference price m(B) of the claim B is the implicit solution of the equation
Uy (x) = Uy (¢ +7(B)) (58)

that is, m(B) is the additional initial money that makes the optimal utility with the liability B
equal to the optimal utility without B.

In Lemma 4.5 we will show that the class
B=A,NL"={BeL"|E[u((1+¢)B")] < +oo for some ¢ > 0} (59)

of claims B, for which we will compute indifference prices, is considerably large and has desirable
properties. Note that the equivalence (13) says that E[a((1+€)B™")] < +oc if and only if B satisfies
(23), so that (25) and (59) agree. In other words, B consists of the set of claims which, in addition
to satisfying the hypotheses of Theorem 3.15, are also in L*. Upon fixing the loss variable W, the
strengthening assumption B € L% allows us to use Corollary 3.16 and guarantees that the set of
dual functionals N} does not depend on B and reduces to the set N defined in (45).

The next Proposition lists the various properties of the indifference price functional w, defined

on the set B C L¥. Some results are new, in particular the regularity of the map and the description
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of the conjugate 7* and of the subdifferential 7. They are nice consequences of the choice of the
natural Orlicz framework and the proofs are quite short and easy. The other items are extensions
of well-established results to the present general setup (see e.g. [Be03] or the recent [0Z07, Prop.
7.5] and the references therein). A recent reference book for the necessary notions from Convex
Analysis is [BZ05].

In Proposition 4.2, the assumption that U}V (z) < u(4+0oc) can be replaced by N # (), whenever
the utility function satisfies assumption (A). Indeed, in this case Proposition 3.11 and NV # ()
guarantee that U}V (z) < u(+o0) for all z € R.

Proposition 4.2. The utility u : R — R is assumed to be an increasing and concave function
satisfying lim,_, o u(z) = —oo. Fiz a loss variable W € SN L¥ and an initial wealth x € R such

that U}V (z) < u(+oc). The seller’s indifference price
m:B—-R
verifies the following properties:

(1) 7 is a well-defined, convex, monotone non-decreasing functional and satisfies the cash

additivity property: w(B + ¢) = w(B) + ¢, for any B € B,c € R.
(2) Regularity: 7 is norm continuous and subdifferentiable.

(3) Dual representation: w admits the representation

m(B) = max (Q(B) - «(Q)) (60)

QENW

where the (minimal) penalty term a(Q) is given by

B0\ )] — U (2) }
. .

(@) =z + Q] +;ng{
As a consequence, the subdifferential On(B) of m at B is given by
or(B) = QY (z + m(B)) (61)

where QW (x 4+ w(B)) is the set of minimizers of the dual problem associated with the right—
hand side of (58).

(4) Bounds: 7 satisfies the bounds: maxqeow (») Q(B) < m(B) < supgepnw Q(B).
IfW € M® and B € M*, the bounds above simplify to

Eq@-[B] <m(B) < sup Eq[B]
QeEM,NLy

where the probability Q* € M, N L is the unique dual minimizer in QY ().

(5) Volume asymptotics: For any B € B we have

. 7w(bB)
lim—— = ma B). 62
lim = QenégVX(m)Q( ) (62)
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If B is in M",
m(bB)

m = =Q21}§WQ(B)~ (63)

IfW e M™ and B € M*, the two volume asymptotics above become

B B
i ™8 o i "B g BB
b0 b b—+oo b QEM,NLy

where the probability Q* € M, N L is the unique dual minimizer in QY (z).

(6) Price of replicable claims: If B € B is replicable in the sense that B = ¢ + fOT H.dS;
with H € HW, but also —H € HY, then 7(B) = c.

The proof of Proposition 4.2 is postponed to the end of this section. For now, let us comment
on the financial significance of the volume asymptotics in item (5), which generalize known results
in the topic. The limit in (62) leads to a “generalized pricing by marginal utility”. Classic pricing
by marginal utility can be recovered in the simpler case when W and B are in the Morse space
MP¥. In this case, there is only one Q* € oW (x), it is a probability measure and it is proportional
to v/(fp — B), the marginal utility from the optimal primal solution (as given by relation (49)).

Regarding the second volume asymptotics (63) obtained when B is in the Morse space, suppose
for this analysis that W is also in the Morse space. Then, this asymptotic behavior gives the
“weak-super replication” price for B as defined and studied in [BF04] for W = 1. This price is
in general smaller than the super-replication price, as preferences are taken into account in the
restriction of the class of pricing measures, from M, to N'W.

To better compare our results with the current literature, in the next Corollary we specify the

formula for 7 in the exponential utility case.

Corollary 4.3. Let u(z) = —e™ %, fiz a loss variable W € SN L¥ and assume that NV # 0. If
B € B then:

1
M(B)=Qrg§;gv Q(B)—§H(Q,P) ; (64)

where the penalty term is given by:
H(Q, P) = ~(Q°| + H(Q"|P) = Ug" =~[lQ°| + H(Q"|P) — oo, Qs+ H@Q|P)}. (65)

Observe that, apart from the presence of the singular term ||Q%||, this result coincides with equation
(5.6) of [6Au02].

In the next corollary we consider the risk measure induced by :

Corollary 4.4. Under the same hypotheses of Proposition 4.2 , the seller’s indifference price ™

defines a convex risk measure on B, with the following representation:

p(B) = 7(=B) = max {Q(-B) - (Q)}. (66)

QENW

If both the loss control W and the claim B are in M™, then this risk measure has the Fatou property.
In terms of w, this means
B, 1 B = 7n(B,) 1 n(B). (67)
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Proof. The first part is a consequence of the above Proposition and the second part follows from the
fact, as already often stressed, that when W, B are in M* there is a version of the dual problem
only with regular elements @ € N N L' = M, N Lg. Consequently there is a representation
p(B) = maxgenwnri {Q(—B) — a(Q)} on the order continuous dual. But this implies the Fatou
property (see e.g. [BFO7, Prop. 23]). O

4.1 Proof of Proposition 4.2

Let us begin with a lemma establishing the properties of the set B defined in (25).

Lemma 4.5. B satisfies
B={BecL"|(-B) ¢ int(Dom(l,))} (68)

and therefore has the properties:

1. B is convex and open in L*;
2. If By € B and By < By, then By € B.
3. B contains M™ (and thus L™ );

4. for any given B € B and C € M¥, we have that B+ C € B. In particular, B + ¢ € B for all

constants ¢ € R.

Proof. The claim B satisfies (23) iff —B™ € int(Dom([,,)). This is a consequence of Lemma 30 in
[BF08], which in turn is based on the definition of the Luxemburg norm on L” and on a simple
convexity argument as in Lemma 3.6. Under the extra condition B € L% B satisfies (23) iff
—B € int(Dom(I,)), which shows (68).

Then, B is obviously open and convex (item 1) and item 2 is a consequence of the monotonicity
of I,. Tt is evident that M¥ is contained in B, since C € M™ iff E[u(kC)] < +oo for all k > 0 (item
3). In order to prove item 4, fix B € B and a convenient e. For any C in M¥, set r = %
Then

Blu(-0+ HB+0))] 2 2B -0+ 9B + 1Lk [u (—m)} > 0.

O

Proof of Proposition 4.2. First observe that the assumption UV (z) < wu(+o00) always implies
NW #£ & thanks to the dual formula in Theorem 3.15 with B = 0 (which then reduces to
Theorem 29 in [BF08]).

(1) We first need to show that the solution to the equation (58) exists and it is unique. Let
F(p) := UY (z + p). By standard arguments it can be shown that F' : R — (—o0,u(+0o0)] is
concave and monotone non—decreasing, though not necessarily strictly increasing. By monotone

convergence we also have
lim F(p) = u(+o0). (69)

p——+o0
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We also have that lim,_,_ ., F(p) = —o0, so that F'(p) is not constantly equal to u(+o0). Indeed,
fix @ € NV and take A > 0 for which E[®(\%L)] is finite. From the inclusion K C K}, proved

in Lemma 3.14, and Fenchel inequality it follows, as in the second part of Lemma 3.14, that

F@) = U (a40) < Mo+ p- Q)+ Q) + B[ (5]

and then one obtains lim, , o F(p) = —oo. The well-posedness of the definition of 7 is now
straightforward. In fact, let py, be the infimum of the set {p € R | F(p) = F(+0) = u(+o0)}. From
concavity, on (—oo, pr) F is continuous and strictly monotone and thus a bijection onto the image
(—o00,u(+00)). Since UY (z) < u(+00), there always exists a unique p such that F(p) = U} (z),
namely the indifference price 7(B).

Convexity and monotonicity are consequences of the definition (58), of the concavity and
monotonicity of u and of the convexity of H". The cash-additivity property m(B +c) = m(B) + ¢
for any ¢ € R, B € B, follows directly from the definition (58) and from the well-posedness of .
(2) For this item, observe that 7 is a real valued, convex, monotone functional on the convex open
subset B of the Banach lattice L¥. Tt then follows from item 2 of Lemma 4.5 that the extension
7 of m on L¥ with the value +00 on L¥\B is still monotone, convex and cash additive. Trivially,
the interior of the proper domain of 7 coincides with B. Therefore, norm continuity and sub-
differentiability of 7 (and thus of 7) on B follow from an extension of the classic Namioka-Klee
theorem for convex monotone functionals (see [RS06], but also [BF07] and [CL07] in the context
of Risk Measures). As a consequence, 7w admits a dual representation on B as

B)=FB)= e {QB) - (@) (70)

where 7* is the convex conjugate of 7, that is 7* : (L¥)* — (—o0, +00],
m(2) = sup {z(B') - 7(B')} = sup{z(B) — m(B)}.
B'eL® BeB
The normalization condition Q(1g) = 1 in (70) derives from the cash additivity property. It
is a general result from Convex Analysis (and can be proved in a couple of lines) that there
exists a dual representation of a (lower semicontinuous) convex functional ¢ with the "max", i.e.
(B) = maxo{Q(B) —¢"(Q)} if and only if ¢ is subdifferentiable at B and the subdifferential set
is given by those @ which attain the max, ¢ (B) = argmax{Q(B) — 9" (Q)}. The subdifferential

of m at B is therefore given by
om(B) = argmax(Q(B) — 7" (Q)}. (71)

Note that, since w(0) = 0, 7* is nonnegative and thus it can be interpreted as a penalty function.
The next item presents a characterization of 7* and therefore of 97 (B).

(3) A dual representation for 7 has just been obtained in (70). The current item is proved in two
steps: first, we establish representation (60) with the penalty «; second, we prove that a = 7*,
that is « is the minimal penalty function, which together with (71) gives (61) and completes the
proof.

Step 1. From the definition of 7(B) and from the dual formula (47)

U (a) = UY (a + w(B) = | mmin {)\Q(—B +o+7(B) + NIQ| + E F (Ai%)] } .
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Necessarily then

7(B) > Q(B) — |z + |Q°|| + for all A > 0,Q € NV

Eld(\Z)] - U¥ @)1
A

and equality holds for the optimal \* and any Q* € QW (z + n(B)). Fixing @ € NV and taking

first the supremum over A > 0, we get

E[®
m(B) 2 Q(B) — inf |z + [[Q°] +

inf
A>0

Taking then the supremum over Q we finally obtain

z+ Q% +
e, IQ°I

m(B) = max {Q(B) - )1\2%

B[\ - UY <x>] }
A

where equality holds for \*,Q* € QW (z + w(B)). Observe that the following extension, still
denoted by «,

4QT W
W [33 + Q0| + ZEAF =T )} when Q € AW

400 otherwise

is [0, +oc]-valued, satisfies infye(pay« (@) = 0 and therefore it is a grounded penalty function.

Clearly
") = max 1Q(B) - o(Q))
and the set
argmax {Q(B) — a(Q)} coincides with QY (z + 7(B)). (72)
In particular, when B =0
7(0)=0 and argmax{—a(Q)} = argmin{a(Q)} = QY (). (73)

Step 2. As « provides another penalty function, a basic result in convex duality ensures that
7 = a**, i.e. 7 is the convex, o((L¥)*, L¥)-lower semicontinuous hull of a. We want to show
that 7* = . To this end, we prove that « is already convex and lower semicontinuous.

(a) a is convex: Let Q(y) = yQ1 + (1 — y)Q2 be the convex combination of any couple of elements
in N (if the @Q; are not in NV there is nothing to prove). Given any A, Ay > 0 , define
AMy) = m, so that ﬁ =(1- y)%2 —l—y)\%. Then

Eld( ()2 WV _ W (4
a(Q(y)) < |:Z‘+||Q3(y)|+ 2O LU )] <
ol o BlROEH-UY (@ o BB B o (o
y |o+ Qs + ZrCua)] ““}Hl—y) [:c+||c22||+ LY 3) o<>}

where the inequalities follow from the convexity of the norm and of the function (z,k) — 2®(k/z)

on Ry x Ry, as already pointed out. Taking the infimum over A; and Ay we get: a(Q(y)) <

ya(@1) + (1 - 1) a(Qy). :
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(b) « is lower semicontinuous: Since « is a convex map on a Banach space, weak lower semiconti-
nuity is equivalent to norm lower semicontinuity. Suppose then that @ is a sequence converging

to @ with respect to the Orlicz norm. We must prove that
a(Q) < limkinf a(Qr) ==L

We can assume L = liminf; a(Q)) < 400, otherwise there is nothing to prove. Now, it is not

difficult to see that

Ok ll- HQ iff QT I “Qr s” HQS (74)

so that @}, — Q" in L? and henceforth in L'. We can extract a subsequence, still denoted by Qp
to simplify notation, such that a(Qx) — L and Q% — Q" a.s. So these Q, are (definitely) in NV,
which is closed and therefore the limit Q € NW.

From the definition of @ we deduce that for all k € N there exists A\ > 0 such that

Blo(\, 2] — U (x)
>\k

a(@r) <z + (| + < a(Qr) +

The next arguments rely on a couple of applications of Fatou Lemma to (a subsequence of) the

D\ 22—,

sequence ( (w)> . Fatou Lemma is enabled here by the condition U}V (z) < u(+0o0)
k

Ak
and by the convergence of the regular parts (& 49 )i. In fact, one can always find an Z such that
uw(Z) = U (x) and then the Fenchel inequality <I>(y) — u(Z) + yZT > 0 gives the required control

from below

dQy .
) — U (@) | da;

Ak dP
The sequence (A;)x cannot tend to +oo. In fact, if Ay, — +o0, then a.s. we would have (remember
that ® is bounded below)

7 >0. (75)

@(Aﬂjﬁa) Ul (x)

limkinf " = limkinf BV
> li;n (miniif(y))l 997, 4gr oy -Hlm (;Z'%)l 99F  agr oy
dQLy 5
= lip Mﬁ? (4% 50y L2 >0) (76)
Since 1{dka 0} { 2 0y 1{er o) &S and, as already checked, lim,_, 4 % = +o0o the limit

in (76) is in fact +o00 on the set {d—P > 0} which has positive probability as Q@ € N'. But then
=1 1} > i s @O ) U (@)
L =limp{o(Qp) + £} > limy, { & + || Q]| + B | HRear )=t (0
>z + Q%+ E [liminfk ”UW@)} — oo,

where in the inequality we apply (74) and Fatou’s Lemma.
Therefore there exists some compact subset of R, that contains Ay for infinitely many £’s, so

that we can extract a subsequence A, — A*. The inequality (75) ensures that A\* must be strictly
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positive. Otherwise, if \* = 0, the numerator of the fraction there tends to ®(0) — U}V (z) =
u(+00) — UV (z) > 0 and globally the limit random variable would be +oc. Finally,

E[@(\ G5)] - U ()

Q) < z+]Q% + A*
aQ;, w
E[®(\p,, i) — U
) x+nmmf{||%ll+ @\, it )| - Ug (m)}:L.
n kn

Hence, o = 7* and the identity o7 (B) = QW (z + 7(B)) in (61) follows from (71) and (72).
(4) The bounds below are easily proved,
sup  Q(B) <m(B) < sup Q(B) (77)
QeQY () Qe NW
since the first inequality follows from the fact that when Q € Q' (x), the penalty a(Q) = 0 (see
(73)) and the second inequality holds because « is a penalty, i.e. a(Q) > 0. The first supremum
is in fact a maximum, which is a consequence of the “Max Formula” as better explained in item
(5) below.
The case W, B € M™ is immediate from (77) and from the special form of the dual as stated in
Corollary 3.16.
(5) Let «'(C, B) indicate the directional derivative of 7 at C along the direction B, i.e. 7/(C,B) =
limy o %H(C). The so—called Max Formula ([BZ05, Theorem 4.2.7]) states that given a
convex function 7 and a continuity point C', then
/
7'(C,B) = nggfc)Q(B)
So the first volume asymptotic becomes a trivial application of the Max Formula with C' = 0, since

bBeBifb<1+e€and

. 7w(bB)
lim =7'(0,B) = max B),
im — (0, B) . Q(B)

because 7(0) = 0 and QY (z) = 97 (0).
For the second volume asymptotic, when B € MY then bB € B for all b € R. So, n(bB) is
well-defined and for all b > 0 we have that 7(bB) < supgepw Q(bB). Therefore

m(bB)

lim sup < sup Q(B).
b—+o0 QENW

If we fix @ € NW, the penalty a(Q) is finite and ”(ZB) > Q(B) — O‘TQ) for all b > 0 so that
liminfy_ 4o "¢ > Q(B) for all Q € NV and limy_ oo "2 = suppepw Q(B).

Finally, the case W, B € M*" follows from the asymptotics just proved and Corollary 3.16.

(6) If B and — B are replicable with admissible strategies, then Q(B) = c for all Q € NV whence in
particular for the “zero penalty functionals” Q € QY (z). Therefore 7(B) = maxg{Q(B)—a(Q)} =
c. O

5 Comparison with existing literature

The results above extend the literature on utility maximization with random endowment when u

is finite on the entire real line. In fact, we allow the semimartingale S to be non locally bounded
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and as far as we know ours is the first paper in this direction.

Also, the conditions we put on the claim B, that is B € A,, are extremely weak - for the
exponential utility B € A, simply means that B satisfies (23). The following list compares our
conditions on B with those in the cited papers, which are all formulated in the S locally bounded
case.

To better compare these works, we stress that when S is locally bounded, we may select W = 1
and therefore (see Corollary 3.16) the dual problem can be formulated totally free of singular parts,
as soon as B € M™, and we also get the representation of the optimal fz as terminal value of an

S-stochastic integral (Proposition 3.19).

1. The first paper where a duality result of the type (2)-(3) appeared - obviously with no
singular components - is Bellini and Frittelli [BeF02] Corollaries 2.2, 2.3, 2.4. In this paper, u is
finite on the entire real line, B is bounded, W = 1, so that the admissible set of trading strategies
is H! and M is the set of local martingale measures.

2. The six Authors paper [6Au02] (see also the related work by Kabanov and Stricker [KS02])
considers only the exponential u. They extended the results [BeF02] in two respects. First they
consider four different classes of trading strategies (including H') and secondly, they assume con-
dition (23) plus B bounded from below. These conditions clearly imply that B € B = L¥ N A,.

3. Becherer’s paper [Be03] also considers only the exponential case and extends further the

results in 1. and 2. above. His Assumption 2.4
E[e"9B] < 400, E[e™*F] < +o0

is however equivalent to saying that conditions (23) and (24) hold, i.e. that B € B= L% N A,.

4. For general utility « finite on R, the Assumption 1.6 on B in Owen and Zitkovich [OZ07] is
on a different level, since it is a joint condition on B and the admissible strategies. This condition
is not easy to verify in practice, since it requires the prior knowledge of the dual measures. Also,
for economic reasons, we believe that it is better to state the conditions on the claim only in terms

of the compatibility with the utility function.

Acknowledgements. S. Biagini warmly thanks P. Cheridito, A. Hamel and B. Rudloff for some
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