Collective completeness and pricing hedging duality

Alessandro Doldi'f, Marco Frittelli'™, Marco Maggis'f

!Department of Mathematics, Universita degli Studi di Milano, Via
Saldini 50, Milano, 20133, MI, Italy.

*Corresponding author(s). E-mail(s): marco.frittelli@unimi.it;
Contributing authors: alessandro.doldi@unimi.it;
marco.maggis@Qunimi.it;

TThe authors contributed equally to this work.

Abstract

This paper builds on Collective Arbitrage and the Value of Cooperation by
Biagini et al. (2025, forthcoming in Finance and Stochastics), which introduced
in discrete time the notions of collective arbitrage and super-replication in a
multi-agent market framework, where agents may operate in several submarkets
and collaborate through risk exchange mechanisms. Expanding on these founda-
tions, we establish a First Fundamental Theorem of Asset Pricing and a collective
pricing-hedging duality under different assumptions and with new techniques
compared to Biagini et al. (2025). We further introduce the notion of collective
replication in order to study collective market completeness and provide a Second
Fundamental Theorem of Asset Pricing in this cooperative multi-agent setting.
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1 Introduction

The study of arbitrage and pricing-hedging duality has been a central theme in
financial mathematics, evolving from classical one-agent framework to more sophis-
ticated multi-agent settings that incorporate cooperation and collective risk-sharing.



This paper extends recent developments in the theory of collective arbitrage and
super-replication by analyzing markets where multiple agents trade within segmented
markets and engage in cooperative risk exchanges. Within financial institutions, mar-
ket segmentation refers to the partitioning of the overall market into specialized
submarkets or trading desks. Each desk concentrates on a particular financial product
or asset class. This division can be motivated by several factors: (i) specialization in
specific financial instruments (e.g., equities, fixed income, derivatives, commodities);
(ii) a focus on assets from particular geographic regions or countries; and (iii) vary-
ing risk tolerances, leading to specialization in assets with different risk profiles. For a
broader discussion of the rationale behind market segmentation, see Carassus (2023)
[3].

A fundamental contribution in this area was made by Biagini et al. (2025) [1],
who introduced the notions of Collective Arbitrage and Collective Super-replication in
a discrete-time financial market. They established a collective version of the Funda-
mental Theorem of Asset Pricing (FTAP) and demonstrated that cooperation among
agents reduces the super-replication cost of contingent claims. By allowing risk-sharing
mechanisms, their work showed that agents could leverage financial interdependencies
to eliminate inefficiencies and improve their overall market positions. Their results
highlighted that even in the absence of individual arbitrage, cooperation could cre-
ate profitable trading opportunities for the collective, making No Collective Arbitrage
(NCA) a necessary extension of the classical No Arbitrage (NA) condition.

Frittelli (2025) [9] extended this framework by generalizing the concept of Col-
lective Arbitrage to a semimartingale market setting, introducing a No Collective
Free Lunch condition. Unlike the discrete-time framework of [1], this extension con-
sidered continuous-time markets with general stochastic price processes. The study
established a semimartingale version of the collective FTAP, proving that if a market
satisfies the No Collective Free Lunch condition, then there exists a suitable vector
of equivalent martingale measures, or more generally of separating measures, prevent-
ing arbitrage across agents. Furthermore, the work provided a pricing-hedging duality
under cooperation, showing that the value of cooperation persists in more general
financial settings.

A complementary perspective on these ideas was presented by Doldi et al. (2024)
[7], who explored Collective Dynamic Risk Measures. Their work analyzed how coop-
eration among agents influences risk measurement over time, focusing on aggregation
properties and time consistency. Unlike the classical risk measure theory, which is often
defined for a single agent, their study extended the framework to multiple interacting
agents in a segmented market. A key contribution was the introduction of a collec-
tive aggregation operator, which accounts for risk transfers among agents, allowing
for more efficient capital allocation.

The concept of arbitrage in financial markets originated with de Finetti (1931) [5]
(we refer to Maggis (2023) [13] for further discussion on the origins of such a notion
in the work of de Finetti) and gained prominence in the mid-1970s through several
works (see e.g. Ross (1976) [14], Harrison and Kreps (1979) [10], Harrison and Pliska
(1981) [11], Kreps (1981) [12]) spanning over 30 years of intensive research, first in
discrete, then in continuous time. Encompassing overview are provided by Delbaen



and Schachermayer (2006) [6] and and Follmer and Schied (2016)[8].

As already stressed in [1], the traditional literature as typified by [12] defines arbitrage
as a single nonzero element in the vector space of marketed bundles M, a subset of a
locally convex topological vector lattice X, with non-positive price and membership
in the positive cone XT. While this definition is general, it has traditionally been
interpreted as single-element arbitrage opportunity within M. As previously men-
tioned, the collective approach introduces a multi-dimensional concept comprising
a collection of such arbitrage opportunities, which are entangled by the exchanges
among the agents.

Main contributions of the paper

The primary objective of this paper is to investigate collective arbitrage, as developed
in [1], within a discrete-time setting, with a specific emphasis on collective repli-
cation and completeness when exchanges are characterized by a finite-dimensional
vector space. Furthermore, Section 1.4 introduces the concept of self-financing trading
strategies within a collective framework, allowing for the dynamic implementation of
inter-agent exchanges. Specifically, we establish the following key results:

1. The First Fundamental Theorem of Asset Pricing in a collective setting (CFTAP
I), presented in Theorem 6 and Theorem 8.

2. A collective pricing-hedging duality, detailed in Theorem 11.

3. The Second Collective Fundamental Theorem of Asset Pricing (CFTAP II),
formulated in Theorem 13.

While Theorems 6 and 8 extend results from [1] and serve as fundamental tools
for our analysis, the core contributions of this paper lie in points 2. and 3.

Specifically, we develop an appropriate version of the second Collective Funda-
mental Theorem of Asset Pricing by introducing the concept of collectively replicable
claims. We also define No Collective Arbitrage prices for vectors of contingent claims,
and in Section 3, we characterize such prices through expectations under equivalent col-
lective martingale measures (see Theorem 17) and identify the contingent claims that
are collectively replicable (see Proposition 18). Notably, our discussion on collectively
self-financing strategies, collective replication and completeness, and their equivalent
characterizations is entirely novel. Furthermore, we provide theoretical examples and
counterexamples in Section 4. Theorem 11 extends a result from [1] under alternative
assumptions and introduces a significantly simpler proof technique. Since the results
that closely resemble those in [1] are primarily instrumental rather than central to
our main contributions, we postpone a detailed discussion of their similarities and dif-
ferences until we have introduced the necessary notation and stated such results in a
rigorous form: see Remark 1 and the discussion just after Theorem 12.



1.1 Setting

Let T = {0,...,T} be the finite set of discrete times and consider a given filtered
probability space (Q, F,F, P), with F = {F; }+c7, and F = Fr. Except when explic-
itly stated otherwise, we also assume that Fy is trivial, namely that P(A4) = 0 or
P(A) =1 for all A € Fy. We say that a probability measure @ on (€, F) belongs to
P if Q ~ P, or to P, if Q < P, respectively. Unless differently stated, all inequali-
ties between random variables are meant to hold P-a.s..

The (global) securities market comprises a zero-interest rate riskless asset X° and
J risky assets with discounted price processes X7 = (Xg)te[oyT], j=1...,J,J>1
We set X =1 for all t.

Consider N agents operating within the market, and assume that each agent i,
i = 1,...,N, can invest in the riskless asset and in the risky assets X7, j € (i),
where (i) denotes a specified subset of {1,..., J}. We denote the cardinality of (i) by
d;, representing the number of risky assets in which agent i may invest, and assume
1 < d; < J. We assume (without loss of generality) that UY (i) = {1,...,J}, as we
may ignore the assets that can not be used by any agent. We are not excluding that
different agents may invest in the same risky assets. Let X () := (X7, j € (i)) be the
risky assets available for trading to agent i. We denote by

F' = (Fi)er CF

the filtration representing the information available to agent i. Thus for all i, 7§ = Fo,
the trivial sigma-algebra.

We assume that all processes X7, with j € (i), are adapted with respect to the filtration
.

Notation 1 If Q = (Q1,..., Q") € (Pac)™ and p € [0, 00] we set
LP(Q,F,Q) = LP(Q, 7, Q) x - x LM, FY,QY), te{0,..., T}

With a slight abuse of notation, when we consider only one probability measure QQ € P, we
still use the same notation

LP(Q,Fe, Q) = LP (7, Q) x - x LP(, FY,Q), te{o,...,T}.

We say that a set K C L(Q, Fr, P) is closed in L°(Q, Fr, P) if it is closed for the
convergence in probability. This is equivalent to the property that K C L°(Q, Fr, P)
is (sequentially) closed under P-a.s. convergence, namely f, — f P-a.s. and (f,) C K,
implies f € K. We adopt the following partial order among random vectors: for every
f,g € LY(Q, Fr, P) we write f < gif and only if P(f! < ¢') = 1 for everyi = 1,..., N.
For any a € R we shall always indicate with a the vector a = (a,a,...,a) € RY.

A stochastic process H = (Hy)ier is called an admissible trading strategy for the
agent % if it is d; - dimensional and predictable with respect to F?. The space of



admissible trading strategies for the agent i is denoted by H!. If H € H?, we set

(H-X®), = Z (H" . X"),,
he(i)

where (H"- X"), := St H!(X" — X! ,) denotes the stochastic integral of H" with
respect to the asset X", h € (i), and we write

Ki:={(H-XY)y | He N} CLYQ, Fi, P). (1)

Let X¢ := (X% X@) be the (d; + 1) - dimensional adapted process representing
the market available to agent i, which also includes the rikless asset X°. For a 1-
dimensional and ]Ei—predictable stochastic process h and for H € H*, we say that the
trading strategy H = (h, H) is self financing for agent i (for brevity we write s.f. for
1) if }AIt)A(t(i) = ﬁt_,_l)?t(i), t=1,...,T—1.1If H is s.f. for i, we let V(}(ﬁ) = ﬁl)?éi)
and VtZ(fI) = I/i\'t)?t(z), t=1,...,T, and we recall that for any v} € R

{VE(H) | H is s.f. for i with V(H) =vi} = {v} + k | k € K,},
namely the final value of s.f. trading strategies for agent i can be obtained by adding
to its initial value v} the stochastic integral of admissible trading strategies H € H*
with respect only to the risky assets X ().
The set of martingale measures for the assets in (i) is defined by

M= {Q € Pac | X7 is a (Q,F*)-martingale for all j € (i)},

while the set of martingale measures with bounded densities for the assets in () is
defined by

M">(P) := {Q € Puc | 2% € L>(Q,F,P)

and X7 is a (Q,F?)-martingale for all j € (z)}

Moreover, we set
M!:=P.,NM" and M>>®(P):=P,NM"*>(P).
The classical No Arbitrage condition for agent 7 holds if:

NA,: K;nLY(Q,F}, P) = {0}.
The NA; condition implies that the set (K; — LY (Q, Fi, P)) is closed in LO(2, F%., P)
(see [6] Theorem 6.9.2), an essential property for the proof of both the FTAP I and
the super-hedging duality.



Theorem 2 (Dalang, Morton and Willinger (1990) [4]) In the discrete time setting described
above and if X@ s integrable under P then

NA, < MI®(P)#£0 < M +0.

It is well-known that the integrability of X(? can be ensured by a change to an
equivalent probability measure.

Definition 1 For a random variable f € LO(Q,}"%,P), we define the classical super-
replication price for agent ¢ as

pi+(f) =inf{meR| 3k € K; st. m+k > f}.

Under NA;, the following classical super hedging duality holds true (see [1] page 12).

pii(f)=  sup  Eglf] forall f € L'(Q,Fp,P). 2)
QEMI™>(P)

1.2 Setting for collective arbitrage

A fundamental principle in the aforementioned reference [1] is that N agents, in addi-
tion to trading within their individual markets, can enhance their portfolios through
collaborative risk exchanges. Let ) denote the set of all zero-sum risk exchanges,
defined as

N
Vo = {Y € L%, Fr, P) | ZYi = o} .
=1

While the sum of the components of any Y € ) is almost surely zero under P, the
individual components Y are, in general, random variables. A positive realization of
Y’ on a particular event signifies a capital inflow for agent i from the collective, while
a negative value indicates a capital outflow. Thus, Y € ) characterizes the potential
capital reallocations among the agents, subject to the constraint of zero net transfer.
An example of permissible exchanges is a subset ) of ).

More generally, throughout this paper, we adopt the following

Assumption 3 The set Y of of allowed exchanges is a subset

Y C L%Q,Fr, P) with 0 € Y.

We will also often assume that the vector space of al possible deterministic

exchanges
N .
RY = {xGRN|szO}
i=1

is contained in V.



When agent i follows an investment strategy in its own market (7), she will obtain a
terminal payoff k¢ € K;. The agents may also enter in the risk exchange corresponding
to a vector Y € ). This procedure leads to the terminal time value k% + Y for agent
i. In [1] a Collective Arbitrage consists of vectors (k',...,kN) € K; x --- x Ky and
Y = (Y ...,YN) €Y satisfying

E+Y* >0 P-as. Viel,...,N and
PE"+Y">0)>0 foratleastonenecl,...,N.

Definition 2 (No Collective Arbitrage, Def 3.1 [1]) No Collective Arbitrage for Y (NCA()))
holds if

(XK +Y) 0 L9, Fr, P) = {0},
where XZN=1K1- denotes the Cartesian product of the sets K; defined in (1).

Proposition 4 (Proposition 3.2, [1]) The following conditions are equivalent:
NCA(Y)
KY nLY(Q,Fr, P) = {0},
¥ n LY (Q,Fr, P) = {0},
where

KY =X (K — LY (0, Fe, P))+Y  and CY := KY nLY(Q,Fr, P). (3)

As proved in Section 3.1 [1], the implications
NA = NCA()Y)=NA,;Viel,...,N, (4)
essentially always hold: the former only requires Y C ), the latter holds under the
even weaker assumption that 0 € ). Moreover, it was shown in the aforementioned

reference that

NA < NCA()) if Y=Yy and F' = =T, (5)
NA,; Vi <= NCA(Y) if ¥ =R}. (6)

However, the notions of NCA()) generate novel concepts for general sets ).
The following set of vectors of equivalent martingale measures with bounded
densities was adopted in Theorem 3.12 [1] to characterize NCA())

N
M2>(P) = {Q — (@, QY) e XY MI(P) |3 Egi[Yi] <0
=1

VY € yle(Q,FT,P)}.



Theorem 5 (Collective FTAP, Th. 3.12 [1]) Let Y be a convex cone satisfying RY C Y C
LO(Q,FT,P) and such that K is closed in LO(Q,FT,P). IfYy C Ll(Q,FT,P) and X =
(x',..., X7 is integrable under P then

NCA(Y) <= M(P) # 0.

1.3 A new version of the collective FTAP 1

Differently from Theorem 5, each equivalent condition in the following Theorem
depends on the selection of the underlying probability measure P, only through its
negligible sets.

Definition 3 The set Mc()) of equivalent collective martingale measures is defined by

Me(Y) = {Q — (@Y. Q) e XM 1Y € LN QL P Q)

N ‘ (7)
and Y Eqi[Y'|<0VY € y}.
i=1

Theorem 6 Let Y be a convexr cone satisfying Rév cyc LO(Q7 Fr,P) and such that KY
is closed in LO(Q, Fr, P). If there exists P' € Pe such that Y C Ll(Q, Fr, P') then

NCA(Y) <= Mc(Y) #0.

Remark 1 .

1. When Y is a finitely generated convex cone, the assumption that there exists P’ € Pe
such that Y C Ll(Q, Fr, P') is clearly redundant.

2. We note that differently from Mg°(P) appearing in Theorem 5, which depends on the
underlying historical measure P, in the new Theorem 6 we exploit the newly defined set
of collective martingale measures Me(Y). The latter only depends on the null sets of
the underlying measure P. This also permits greater flexibility by requiring integrability
of elements in Y only up to a change of measure (i.e., the existence of P’ € Pe such that
yC Ll(Q,FT,P')), rather than imposing ) C LI(Q,FT,P) for the original measure
P, as was the case in Theorem 5.

3. The Theorem establishes the equivalence between the absence of Collective Arbitrage
and the existence of equivalent collective martingale measures, even in the context of
distinct filtrations F*, one for each agent i.

4. The central assumption of the theorem, the closedness of K in LO(S“l,]-"T,I—"’)7 is
addressed in the Section 2.2. It will be demonstrated, Theorem 12, that K Y is indeed

closed in L°(Q, Fr, P) under NCA (), provided that Y is a finite dimensional vector
space.

Proof We first prove Mc(Y) # 0 = NCA(Y). Take (Q*,..., QN) € Mc(Y) and let (k+Y) €
(XN, K; +Y) N LY(Q,Fr, P). Then k' +Y® > 0 and thus k' > —Y* € LY(Q, Fi, Q") for



all i. Hence (k')~ € LY(Q, F&, Q") and thus, by Theorem 5.14 [8], k% € L'(Q, F&, Q%) and
Eqi[k'] =0. Therefore Eg: (k' +Y"] = Eqi[k'] + Eqi[Y"] = Eg Y], SN Bk + Y] =
Eﬁvzl Egi[Y"] <0, as @QY,...,QN) € Mc(Y). From (k' + Y?) > 0 for all i, we also get
that Zf’:l Eqi[k' +Y'] > 0, so that .vazl Egqilk! +Y"] = 0. From 0 € (X, K; + ) then
Eqilk' +Y'] =0 for all i and k' +Y" = 0 for all i. Thus NCA(Y) holds true.

We now prove NCA(Y) = Mc(Y) # 0. We assume that Y C L*(Q, Fp, P') for some

/ . dP . c o -
P’ e Pe. By setting 757 := 71+ZN X7 for some positive normalizing constant ¢, we see that

PePe, 4 € 1°(Q, F,P'), X C LY(Q,Fp,P) and Y C L' (Q, Fr, P). Since K¥ is closed
in L° (Q,Fp, P), cY = KYn Ll(Q,FT,]B) is closed in Ll(Q,FT,]B). As P e Pe, we may
assume that NCA(y) holds under P and thus from Proposition 4 we know that NCA()) is

equivalent to CY N L+ (Q,Fr, ) = {0}. Thus by the multidimensional version of Kreps-Yan

Theorem, Th. 8.3 [1], we deduce the existence of a vector z = (z'....,Z2N) e L®(Q,Fp, P),
2" > 0 for all i, such that

E[Z'f'] <0 for all fec?. (8)

i4=

Since Y C Ll(Q7 Fr, ﬁ), we may rewrite CV as
¥ =K lem,FT,P) (X1 (K = LY(Q, Fp, P) 0 LY, Fr, P) + Y.
Condition (8) now implies Z ['Y] < 0forall Y € ¥ and from R) C Y and from

Remark 3.4 [1] we get E[z'] = E[zj] for all 4,j. Set C;?D = EZ[;] > 0 for all ¢. Thus

Q' € Pe for all i, ‘% € L¥(Q,F,P), Y C LYOLFr,Q) for Q = (Q,...,QN) and
Zévzl Eg: [Yi] < OforallY € Y. Moreover, (8) implies ZileQl [f] < Oforall f €
(XN (K~ L8.(Q, F, P)NLY(Q, Fr, P), so that Eg:i[k'] = 0 for all k' € K;NL'(Q, F, P),
for all 7.

When X C L' (Q,Fyp, P), we recall from [6], Section 6.11, or [8] Theorem 5.14 that M»>(P)
can be written as

M>®(P) = {QePacl AELOO(QfP)andEQ[lc]:OVk:eKiﬂLl(Q,}"%,lg)}.

>t11> I

Since X C L'(€, Fp, P) we conclude that Q° € Mé’oo(ﬁ) This shows that
M= {Q= (@ @) e XM= (P) |y € L' Pr. Q)
and ZEQZ <OVYey}7éQ)

Since P € P, we get Mé7°°(]3) C ME, M C Mc(Y), thus M (Y) # 0. O

Remark 2 An inspection of the first part of the proof reveals that the implication M ()) #
() = NCA(Y) holds under the only Assumption 3 on the set Y C LY(Q, Fp, P).

1.4 On collectively self financing trading strategies

The aforementioned reference highlights the agents’ capacity not only to participate
in their respective markets but also to improve their outcomes through collaborative



risk exchanges. We now detail how these exchanges can be dynamically implemented
and subsequently show that, for collectively self-financing trading strategies, this
dynamic aspect does not significantly alter the theory, except when dealing with time
consistency (see the example in Section 4.1).

For each t, let Y(t) C L°(Q,Fy, P). A random vector Y; = (Y,},...,V}V) € V(t)
describes the permissible exchanges among the agents at time ¢. Recognizing that
agents may cooperate at different times, we must adapt the notion of a trading
strategy’s value process and reformulate the concept of self-financing.

Let vg = (vd,...,v)) € RN denote the initial wealth of each agent, and let
Y = (Yq,...,Yr) € XI_,V(t) represent a collection of potential exchanges, with
Y; = (Y}, ..., YY) executed at each time .

We define a collective trading strategy as a family of processes H= (f-\l L AN ),
where H? = (hi, H'), for each agent i. The process h' (a one-dimensional, F'-
predictable process) represents investment in the riskless asset X©, distinct from
H' € H' which represents investment in the d; risky assets X(). We denote with
X?:= (X9 X)) the (d; + 1) - dimensional process and recall that we are working
under the simplifying condition X = 1 for every t. The time ¢t = 0 value for each
agent is given by

Vi(H,Y)=HIX,=v), i=1,...,N. (9)

At time t = 1, the value becomes H {)A({, and the value after the exchange is

VI(H',Y) = HiX{+Y{.
The portfolio ﬁﬁ selected by agent 7 at time ¢ = 1 may reflect the exchange at time
1. Thus, we require that H} satisfies the condition

A= %] v

instead of the classical E@f( i= H {)A( 1. While ﬁé is chosen by agent 7 using information
available at ¢ = 1, this condition depends on the collectively chosen exchange Y; =
(Yi, ..., YY) (e.g., through the constraint Zf\; Yy =0, if Y1 € V). Furthermore,
the amount Y} contributes to the financing of the new portfolio H3. This leads to the
concept of a collectively self-financing trading strategy.

Definition 4 Let vg = (v3,...,v') € RN, Y = (Y1,...,Yy) € X/, )(t) and let H =
(Hl, cee HN) be a collective trading strategy. For each i = 1,..., N we define Vj(H",Y) :=
H{X{ and o e _
VIHLY) = HiIXi+ Y, t=1,...,T.
Moreover, H is called collectively self financing (c.s.f.) if (9) holds and
Hi Xi=HiX{+Y! t=1,...,T—1,i=1,...,N.
The vector having i component V' (H?,Y) is denoted by V;(H, Y).

10



Mirroring the single-agent case, the following proposition shows that the time-T
value Vr(H,Y) of a collectively self-financing trading strategy H admits, for each
agent i, the decomposition (10), where H® € H' is an admissible trading strategy
investing solely in the risky assets X (*) (without the self-financing condition), and

Yip= Zstl Y represents the cumulative exchanges up to time 7.

Proposition 7 Let vg € RY and Y = (v1,...,Yp) € X ). If H s collectively self
financing (c.s.f.) then

VI Y) = o+ (H - XD)e4 Yig, t=1,...T, (10)
where H' = (hi,Hi), with H* € H*, and Yf:t = 22:1 Y. Moreover,

{(Vr(H,Y) | H is c.s.f. and Vo(H,Y) = vo} = {vo + k + Yi.r | k € X[L1 K, Y € Ximy V(1))
(11)

Proof Using the definition of Vti(ﬁi, Y) compute
VE(H',Y) = Vi (H',Y) = HiX{ +Y{ = (H 1 Xi 1 + Y )

= H{X{ + H{X{_y — HiX{_1 +Y{ — H{_1X{_1 -V},

= B{(Xf - Xi) + v = HU(X = x{0) + Y,
where the second-to-last equality follows from the c.s.f. condition: ﬁf)?;_l = ﬁf_l)?ti_l +
Yti_l, and we applied X,? =1, for all ¢, in the latter equality. Equation (10) then follows from

t
VI Y) = VE(H',Y) =Y (VI(H',Y) = Vi (H',Y). (12)
s=1

As a consequence of (12), to prove (11) we only need to show the inclusion (D) in (11). Let
vo € RN, ke X, Ky, Y € X, V() be given with k' = (H*- X)) € K;, H € H' for all i.
We need to construct a c.s.f. H in the form, H* = (h*, H"), with h* a 1-dimensional and F*-
predictable process, and Vj(H*,Y) := H{ X} = vj, for all i. By (10) this would then imply
VAH,Y) = o)+ (H -X(i))TJrYf:T = v} + k" + Y7, that is the thesis. To construct such H,
from the condition vf) = f[i )?8 = hi X+ H! Xéz), one can obtain %, which is Fi-measurable.
Let ¢ > 1 and suppose now that ( ﬁ, e, hi) is F'-predictable and H = (hi, Hi) is c.s.f. up to
time (¢t — 1). The condition HiXi+Y) = ﬁz+1)?t’ = hf;JrlXtO + HtiJrlXt(z) allows to compute

the Fi-measurable random variable h§+1, showing that (hi, ..., hiyq1) is Fi-predictable and
H = (hi, Hi) is c.s.f. up to time t. This shows how to construct such H up to the final time.
|

For each t, recall that Y(t) C L°(Q,Fy, P). For Y = (Y1,...,Yr) € X, V(t) we
set Vi, =S Vi i=1,...,N and Yip := {(Yip, ..., YY) | Y € XL, (1)}
Thus, in vector notation, the final wealth VT(fI,Y) of all agents using collectively
self-financing strategies with zero initial cost can be expressed as

Ve(H,Y)=k+Y € X¥ K, + Vip. (13)

Several specific cases warrant consideration.

11



1. Restrictions on the timing of exchanges can be modeled by imposing measura-
bility constraints on the random vector Y € V1.7 in Equation (13). Specifically,
if F* = F/ = F and the set of admissible exchanges at the final time T is chosen
such that Y(T') = Yy, then V1.7 = Vo, and we recover the case where NCA (Vs.7)
if and only if NA (see (5)). Alternatively, if exchanges are prohibited after time
te{l,...,T —1}, then Y.p C L°(Q, F;, P), which corresponds to the setting
discussed in Section 6.3 of [1].

2. Similarly, additional constraints on the measurability of each Y; =
(Y} ...,Y}V) € L°%Q,Fy, P) can be imposed. For example, one might require
(Y ..., Y}N) € LO(Q,F,_1, P) for each t. In the extreme case where exchanges
are permitted only at time ¢t = 1, this corresponds to allowing only deterministic
exchanges, that is V.7 = R(])V, and thus NCA ()1.r) if and only if NA; for all ¢
(see (6)).

3. To establish relevant examples of admissible exchanges for which the convex cone
K7V is closed in probability, we will require specific geometric properties of the
set Y(t). For instance, we might require that Y(t) be a finite dimensional vector
space. Assuming that NN, 7} # () and that {Ay,..., A}, with A,, € NN, F} for
each n, is a finite partition of §2, a relevant example is

M N
V() = {Y eL(QUF, P) Yy =Y yila, Y yh=0,un € RN} :
n=1

i=1

Based on the preceding discussion and the representation of the final wealth
Vr(H,Y) of agents using collectively self-financing strategies with zero initial cost
as in (13), we will henceforth assume that the final wealth of each agent ¢ can be
expressed in the form

ki 4 Yi,
for some k' € K; and some vector Y = (Y1, ....YN) € Y C L°(Q,Fr, P).

2 Pricing-hedging duality, closure of K¥ and
completeness for finite dimensional exchanges

In this section we propose a friendly proof of the Collective Fundamental Theorem of
Asset Pricing (CFTAP I) and the pricing-hedging duality, in a setup where exchanges
among agents are allowed only on a finite dimensional vector space. Let (2, Fr, P) be
a (general) probability space and recall the meaning of L°(Q2, Fr, P) as introduced in
Notation 1.

Theorem 8 (CFTAP 1) Let Y C L°(Q,Fp,P) be a finite dimensional vector space
containing Rév. Then
NCA(Y) < M(Y) #0.

where Me(Y) is the set of collective equivalent martingale measures defined in (7).
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The validity of this theorem would be a direct consequence of Theorem 6 and Item
1 in Remark 1, contingent upon establishing the closedness of K¥ in L°(Q, Fr, P).
This closedness will be demonstrated via a recursive procedure on the the number
of vectors generating ) in the subsequent section. As a direct consequence of this
theorem, we present in Corollary 9 a simplified version of the CFTAP 1 applicable to
vector spaces ), which are not necessarily finitely generated.

For each Y in L°(Q, Fr, P), recall that span(Y,RY) C L°(Q, Fr, P) is the (finite
dimensional) linear space generated by the single random vector Y and the vector
space RY. Observe that the set M (span(Y,R}")) is given by

N
{Q =(@",....QY) e XL, M! | Y CLY(Q,Fr,Q) and > Eg[Y'] < o} :
i=1
Having this in mind, we can state the following result.

Corollary 9 Let Y C LO(Q, Frp, P) be a vector space containing R(j)v. Then
NCA(Y) <= Me(span(Y,RY)) #0 VY € Y.

Proof From Theorem 8 we know that
NCA (span(Y,R')) <= Mec(span(Y,R)) # 0.
From the definition of NCA, one can check that
NCA(span(Y,R)’)) VY €Y <= NCA(Y+R)) «— NCA()),

where the last equivalence is trivial as, by assumption, () + R(I)V )=). O

Remark 3 Analogously, Corollary 9 remains valid, with appropriate modifications, when a
finite collection of vectors from ) replaces the single vector Y € Y.

In order to state the collective version of the pricing-hedging duality, we recall from
[1] the concept of collective super/sub replication price.

Definition 5 (Definition 4.1 and 4.16 [1]) For ¥ C LY(Q, Fr, P) and (f1,...,fN) = f e
LO(Q, Fr, P) we define the collective superhedging and subhedging price as

N
pﬁ(f)zinf{zm”meRN andm—l—k—i—YszorkevalKi,Yej/}, (14)

i=1
N
o> (f) _sup{Zmi ImeRY andm+k—Y < fforkeX¥ 1K;, Y ey}.
i=1
We say that p{(f) (similarly for pY (f)) defined in (14) is attained if there exists m € RV, k €
XN K;, Y € Y such that m+k+Y > f and p2 (f) = S, m; -
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We defer the reader to [1] Section 4 for the interpretation of p{ (f) and the differ-
ence with the classical superhedging price, there denoted by pf (f), of the N claims
(fY,..., fN) = f. We also note that when ) is a vector space

py(f) = —pz(—f) for every f € LO(Q,FT,P) (15)

To handle the super-hedging duality of potentially unbounded or non-integrable
contingent claim vectors f € LO(£,F,P) we introduce the following convex set of
vectors of martingale measures. For any arbitrary ¢ € L0(Q, F, P) let

MEY):={Q e Mc(V) | Eq,ll¢'] <coVi=1,...,N} S M(Y).  (16)

Remark 4 We observe that for Y = span(Yi,...,Yg) and ¢’ = max{|Y{|,...,|YA|} we
have ME(Y) = Mc(Y).

Assumption 10 1. Y is a finite dimensional vector space satisfying Rév cC Yy C
LY, Fp, P), ice. Y = span(Ym,m =0,..., R), with Yy = RY and Y, € LY(Q,Fp, P),
m=1,...,R.

2. NCA(Y) holds true

The Assumption 10 in particular implies that there exists P’ € P, such that
y - Ll(Q,FT7P/)

Theorem 11 (Pricing hedging duality) Let Assumption 10 holds true. Then for any f €
LO(Q, Fr, P) and for any ¢ € LO(Q, Fp, P) such that max{|fi|,|Y{],...,|YA|]} < @' we have
MEY) # 0 and

N
pY(f) = sup {Z Eqilf']1Q e Mf(y)} > —o0. (17)
=1

Moreover, when finite, pI(f) defined in (14) is attained.

The proofs of Theorem 8 and Theorem 11 are postponed to Section 2.2. As a
byproduct (see Section 2.2, Item 1) we will also obtain the following

Theorem 12 (Closure of KY) Under Assumption 10, K¥ is closed in L°(Q, Fp, P).

A comparison with the findings of [1] is now presented. The results in this paper
hold for possibly distinct filtrations, one for each agent. Although this formulation is
already present in [1], many of the proofs therein require coinciding filtrations—a con-
dition we do not impose here. In particular, with respect to the closure of K¥, this
represents a significant departure from the earlier approach. Aside from the case of
coinciding filtrations, the requirements and the approach here are generally alterna-
tive and complementary in spirit to those in [1]. Specifically, we keep defining trading
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strategies and their final payoffs in full generality, but we establish our results by
imposing finite dimensionality on the set ) of permitted exchanges—a condition not
considered in [1]—while avoiding the scalability condition stipulated in Requirement
2 of [1] Theorem 6.11. The finite dimensionality allows us to adopt a recursion method
which was not feasible in the typical setup of [1], and was inspired by the proof of
Theorem 5.1 in Bouchard and Nutz (2015) [2]. Moreover, in the dual representation
(17), we emphasize that our framework permits a broader range of choices for the sets
of measures on the right-hand side, since the vector ¢ can be selected with consider-
able freedom, thereby enabling the use of a rather wide range of subsets of collective
martingale measures.

In Section 3 we analyze when a segmented market with N agent is collectively
complete and prove the following collective version of the second FTAP. Recall that a
contingent claim f* € L°(, Fi, P) is replicable for agent i if f* € R + K;. We shall
see that the following notion of Y-collectively replicable vector of contingent claims
turns out to be crucial.

Definition 6 The vector of contingent claims f = (fl, .. .,fN) € LO(Q,FT,P) is
Y-collectively replicable if f € RY + Xi]\il K;+).

Theorem 13 (CFTAP II) Under Assumption 10 the market is collectively complete if and
only if Me(Y) is a singleton, namely

every f € LO(Q7 Fr, P) is Y-collectively replicable <= Mc()) is a singleton.

2.1 Auxiliary results

We first observe the following algebraic property of superhedging functional: let ) C
LO(Q, Fr, P) be a vector space containing R and f € L°(Q, Fr, P) then

N
pz(f):inf{Zmi|m€RNandf—meKy}, (18)

i=1

where K7 is defined in (3).

Lemma 14 Suppose that Y C L°(Q, Fr, P) is a vector space containing RY and NCA(Y)
holds true. Then
1. pY(0) =0.
2. p{ is cash additive: pz(f—&—c) = p{(f)—i—zz]-\]:l ¢, forallce RN and f € LO(Q7 Fr,P).
3. pz is monotone increasing with respect to the partial order of LO(Q, Fr, P) and positively
homogeneous.

4. p{(f) < 400 for any bounded from above f € LO(Q7FT7P)
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5. Suppose additionally that K¥ is closed in LO(Q,FT,P) and f € LO(Q7FT7P). Then
pY (f) > =00 and pY (f) < +o0. If pY (f) < 400 (resp. p¥ (f) > —o0) then p¥ (f) (resp.
pY (f)) is attained. More specifically,

f— 1e KY.

6. pY(f) < p(f) for every f € LO(Q,Fr, P).

P (f)
N

Proof Ttems 1-3 were proved in Lemma 4.4J\L1] and Item 4 is a simple consequence of Items
1, 2 and 3. Recall that a = (a,a,...,a) € R, for a € R. We come to Item 5. First we recall
from Proposition 4.9 [1] that p}i (f)=N- W}r)(f) with

ﬂ}r](f):inf{aeR|f§a+k+onrk:eX§i1Ki,Yey}. (19)

Assume that p_iy_ (f) = —o0 so that 7r_3: (f) = —oo. Then for every n € N there exists kn, Yn
such that f® < —n+k% +Y, for every i = 1,..., N. This implies (fi+n)/\1 < flpn < KL 4V
for every i = 1,...,N. We have (f +n) A1 € KY for every n € N. Moreover (f +n)A1l — 1
P-a.s. and therefore 1 € KY, which contradicts NCA ().

Now we proceed proving the attainment when p{ (f) is finite. By definition, there exists a

sequence (mn)n in RY such that iy, =: Zf\[:l mh, | pz(f) and f —my, € K. Subsequently,

writing f—mp = ff%lJr’A”—A}"lfmn, we see that also ff%l € K. Indeed, (mnf% )€

_ y
Rév C K7. The thesis follows from the closure of K¥ and f — Sl = f - p+]\([f) 1.
We now come to Item 6. We observe that if pI(f) = +o00 or if pY(f) = —oo there is

nothing to prove. We can then suppose that pz(f) < +00 and pY(f) > —oco as well, i.e.
the infimum in defining p{(f) and the supremum in defining pjj (f) are both taken over

nonempty sets. One can introduce, similarly to 71'3: (N,
ﬂlj(f):sup{aelfﬂfZa—&—k—onrkeXiV:lKi, Yey}.

Similarly to (15) one can verify that 7Y (f) = —TI'I(—f) and hence p¥ (f) = N7 (f). We then
just need to verify 7 (f) < ﬂz(f) when the infimum in defining Wz(f) and the supremum
in defining Wj_j(f) are both taken over nonempty sets. Observe that if x + k+Y > f and
z+k—Y < fforz,ze Rk k€ Xi\;LKZ and Y,f/gy we have (x —z)+ (k—k)+ (Y +Y) >
f+ (=f) = 0 which implies (k' — k") + (Y* +Y") > 2 — z for every i. Since NCA())
holds we must then have z < x. Taking suprema over z and infima over x the inequality

7 (f) < Wi}(f) follows. O

In Proposition 4.12 [1] it was shown that if f € LY(Q,Fr, P),Y C LY(Q,Fr, P)isa
convex cone containing RYY, if NCA ()) holds, if K7 is closed under P-a.s. convergence
and if pz(f) < 400, then /’X (f) is attained. Item 5 in Lemma 14 shows, using a simpler
direct proof, that attainment holds also if we remove the integrability requirements
on Y and f.

Lemma 15 Let Y C LY(Q,Fyp, P), be a vector space containing RY and Y = span{D, f}

with f € L°(Q,Fp, P) non Y— collectively replicable. If NCA(Y) holds true and if K is
closed under P-a.s. convergence then p¥ (f) < 0 < p{ (f)-
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Proof Assume by contradiction that p4+ = pz (f) 0. As NCA(Y) = NCA()F})7 by Lemma
14 Ttem 5 we know py(f) > —oo and is attained. Then we can find pi ER, ky € XﬁilKi,
Y} € Y such that i< pi_ +kf,_ +Y_f_ for every i = 1,..., N, and lef,_ = p4+ < 0. This
implies ) _ ) )

—f+p+ Y+ >0 Vi=1,...,N
and at least one inequality being strict, otherwise f would be )7— collectively replicable.
Consider now z' = p’, — &, then 2 > p, and

—f 4 Y+ >0 Vi=1,...,N,
with one inequality being strict. Moreover _; #' = 0 and therefore —f+x+Yr ey =
span{), f} which guarantees that NCA()) is violated. To conclude, we observe that since
both vazl K; and Y are vector spaces, f is Y-collectively replicable if and only if so is —f. In

particular, the previous argument shows that p{(— f) > 0 and we can use (15) to conclude

p?(f) = fpg(ff) < 0 as desired. O

Lemma 16 Let Y C LO(Q7 Fr,P), be a vector space with Rév CYandy = span()Ni, Y) for

Y € LY(Q,Fp, P). If NCA(Y) holds true and K is closed under P-a.s. convergence then
K is closed under P-a.s. convergence.

Proof f Y = k+Y fork e Xi]ilf(i and Y € Y then we prove KY = ij7 which is closed
by assumption. Indegd KY O KY. If/]f € K7 then there exists ke Xﬁvlei and Y € Y
such that f < k+ Y. We can write Y = W 4+ aY with W € Y and « € R Therefore
f<k+W+aY =k+W+ak+Y)=(k+ak)+ (W +aY), hence f € KY.

Now we suppose that YV ¢ Xivlei + Y and we prove that KV is closed. Let fn € KY
converging to f P-a.s.. Then
fn < kn+Yn + BnY, (20)

for kn, € Xivlei and Y, € Y and Bn € R.

If there exists a subsequence which we indicate again with (8n) which converges to a finite
B then frn —BnY converges P-a.s. to f —BY. Clearly fn—fBnY < kn+Ynie fn—pBnY € KY
so that f — BY € KV ie. f—B8Y <k+ Y and therefore fe KY.

Suppose now there exist no subsequence converging to a finite 3, but that we can find a
subsequence (8n) such that lim 8, = +oc0. In this case we get g—z — 0. From (20) we get

fn 1
LY < —(kn+Y,
Bn o /Bn( " n)
Thus (g—: -Y) e KS} and g—: —Y — —Y, therefore —Y € KY). In particular —Y = k—l—i—?,

for some Y € Y, k € XN K;, | € LO(Q,Fp, P) and we get k+Y +Y =1 > 0, with

(Y +Y) € Y. Then NCA(Y) implies k+Y +Y = 0. As fn < kn + Yy + BnY we deduce
fn <kn+Yn+Bn(—k— 17) ie. fn € KY and by closure f € KY C KY. Alternatively, we
can find a subsequence (8r) such that lim 3, = —oco. In this case we get again g—’; — 0, and

from (20) we get

I 1
Y<—(kn+Yn
g, TY S g, bn 1)
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This means _fgn +Y e ICj and therefore Y € IC37. In particular Y =k — [ + 17, for some
Ve keXN K leLy(QFp,P)and we get k—Y +Y =1> 0, with (=Y +Y) € V.
Then NCA(Y) implies k — Y + Y = 0, which contradicts Y ¢ X\, K; + . O

2.2 Proofs of Theorems 8, 11 and 12

For any finite integer r we set
V' i=span(Yy,,, m=0,...,r),

for Yy := RY and for a finite number of vectors Y, € L°(Q,Fr, P), m =1,...,r, and
we define ‘
K7 = (XN (K = 190, Fp, P)) ) + 7

We notice that any finite dimensional vector space J C L°(Q, Fr, P) containing Rév
can be written as Y = Y, for some fixed integer R.

We prove at the same time Theorems 8, 11 and 12 by a recursive argument on the
number of generating exchanges among agents. Thus we fix ) = Y%, for some fixed
integer R, and we proceed recursively on r = 0,1,..., R to prove the following

Claim: If NCA(Y®) holds true then for every r =0,1,.... R

1. K7 is closed under P-a.s. convergence;
2. M (V") #0 ;
3. For any f € LY(Q,Fr, P), M?(Y") # 0 and

N
o (1) = sup {ZE@ GICE Mw")} ,

for any ¢ € L°(Q, Fr, P) such that max{|fi],|Y{],...,|YA|} < ¢

Notice that we already proved in Lemma 14 Item 5 that when K" is closed under
P-a.s. convergence then pf( f) defined in (14) is, when finite, attained. Moreover,
we already know from Remark 2 that M.(Y) # 0 = NCA(Y). Thus Theorem 8,
Theorem 11 and Theorem 12 immediately follow from the claim. Observe also that
the assumption NCA (Y*) implies NCA (") for any r = 0,..., R.

Step r = 0.
As we are fixing 7 = 0, we have Y™ = RY. We first demonstrate that

K" =XX (K — LY(Q, Ff, P)) + RYY
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is closed under P-a.s. convergence. Let {f,} C K" such that f, — f P-a.s.. Then

N
fn < @n + ky with Y al, =0,

i=1

and k, € Xf\ilKi, Observe that inf, 2! > —oo for any i = 1,..., N. Otherwise,
consider for some i a subsequence, again denoted by (z%,), x!, — —oo. For [, =
x, + ki — fi > 0and h, =

1
THer] We have

Rk — hply = B f — hpal, =, 1,

so that 1 € (K; — L% (Q, F4, P), which contradicts NA;. Since ZZI\; zi = 0 and
inf, 2!, > —oo for any i = 1,..., N, we also have that limsup,, !, < +oo for any
i =1,...,N. This means that we can find a subsequence which we denote again with
(z,,) such that lim, z, = 2 € RY. Then f, — z, € XY, (K; — LS_(Q,]—'%,PD and
fn—x, converges P-a.s. to f —z which therefore belongs to XV, (K; — LQ_(Q, Fi, P)),
ie. fe K"

Fix any f € L%(Q,F7, P) and let ¢ € L%(Q, Fr, P) such that | f| < . We first find
a change of measure P ~ P so that ¢ € L*(Q, Fr, P) and all processes X!, ... X/
are integrable under P. Thus f € LY(Q,Fr, 13) The assumption of the claim implies
that NCA()") holds true under P and thus also under P.Asr = 0, from Y™ = RY
and from (6), we have that NCA()") under P is equivalent to NA; under P, for
every ¢ = 1,..., N, which holds, by Theorem 2, if and only if M;OO(IB) # 0 or M #0,
for every i = 1,...,N. As r = 0, from V" = R}’ and from the definition of M. ()")
we have M, (V") = XY, M¢. We thus conclude that M, (Y") # 0.

Take @ € Xﬁvleé’Oo(ﬁ), so that i% € L% for each i. Therefore Eg:[p'] =
Ep[9% 0] < 00, Q € ME(YVT) and ME (V") # 0.

As a consequence f € L*(Q,Fr, Q). Theorem 5.14 [8] implies that Eq:[k’] = 0 for
all Q € M?(Y") and for any k? € K; satisfying f* < m + k?, for some m € R. By the
classical superhedging duality (2), we therefore have

inf{m e R|m+k > fL k' € K;} = sup{Eq:[f] | Q' € M>>(P}
sup{Eq:[f'] | Q" € MI>(P) s.t. ¢' € LN(Q, ., Q)}

sup{Eq:[f] | Q" € M{ s.t. ' € L'(Q, Fp,Q")}

inf{m € R|m+k'> fi k' € K;}

Pi,+(fi)

<
<

and we conclude, for M¢' = {Q' € M! s.t. ¢' € L*(Q, Fi, Q')},

pir(f1) :i=inf{m e R |m+k > [k € K;} = sup{Eq[f'] | Q' € M!¥'}.
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Observe that since NA; holds, p; 4 (f) > —oo for every i. When Y™ = R} (r = 0)
pf (f) coincides with the classical super-replication of N claims, denoted by p¥ (f) in
[1]. Thus, as explained in [1] Proposition 4.3, we have pf (f)= Zf\il pi+(f%), which
is always well defined, so that

i=1

Zsup{EQl QZEM“D}—SUP{ZE@ |Q€M¢(yT)}

Iteration step: r — 1 =r.

Under NCA (Y®) we assume that the three Items 1. 2. 3. of the claim hold for r — 1,
and prove they hold for 7.

We will apply Lemmas 15 and 16 to the space Y™ = span(Y"~!,Y,.). By assumption
NCA (V%) holds and K"~ is closed under P-a.s. convergence. As NCA (V) implies
NCA(Y"), from Lemma 16 we deduce that K" is closed under P-a.s. convergence,
which proves Item 1 of the claim.

As proved in Lemma 16, if Y, € XY, K; + Y"1 then we have K" = K"1. In
such a case it follows by the definitions that M¥ (V") = M£(Y"~1) # 0, so that also

M (V") # (. Then from (18) we get pf_l(f) = pY (f) for any f € L°(Q,Fr, P)
and therefore the duality follows directly from the assumption. We just proved that
Items 2 and 3 hold true in this case.

Now we suppose that Y, ¢ XY, K; + Y"1 and observe that from the induction
assumptions, the property pl_}P1 (Y, = —piril(—Yr), and Lemma 15 we have

N
a:=  inf Eo. [V =pY" (v,
Qw(yr,l)z Y =0 (V)

<0<p¥ (V)= sup ZEQ
QGMS@();T 1 i=1

Thus we can find Q € M# (Y1) such that Y;' € L'(Q, Fir, Q') and 1| Eq,[Y;]] =0,
which proves M#?(Y") # (). This implies Item 2 of the claim: M. (V") # 0.

Finally for any f € L°(Q,Fr, P) we show p7 T(f) = sup{Z:Z lEQl[ 71 Q €
MY}, for any ¢ € L°(Q, Fr, P) such that max{|f LYY, ..., YR} < ¢ We have
already shown that M?(Y") # 0 and clearly

P ()= sup{Z Eq.[f'1]1Q € M2V} (22)

=1
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Case 1: pz(f) < 4o00. In this case we may for simplicity assume w.l.o.g. (by
Lemma 14 Ttem 2) that pf (f) = 0. We claim that

N
OGE::{<ZEQ, ZEQl >|QEM“”(3/T 1)}CR2 (23)

By contradiction 0 ¢ E. By separation arguments then there exists (h1, ho) € R? such

that N N
sup {hl ZEQ[W}—&—IIQZEQ[J“]} <0

QeEMZ (Y1) i=1

In particular, without loss of generality, we may assume that \/h? + h3 = % and this
implies |h Y, + hof? | < ¢'. Moreover by assumption

N N N
sup {hl ZEQ[Yﬂ +hQZEQi[fi]} = sup {ZEQi[leZ+h2fi]}
i=1 i=1

QEMZ (Y1) i=1 QEME(Yr—1)
r—1
= Pz (leT + h2f)

and by definition and using Y,. € "

Pf‘il (hiYy + haf) > pY (hiYy + haf) = p2 (haf)

ie. pﬁr(hgf) < 0 which necessarily implies hg # 0, by Item 1 Lemma 14. If ho > 0 then
by positive homogeneity (Lemma 14 Item 3) pf (f) < 0 which contradicts pﬁr (f)=0.

Then necessarily hy < 0. As we proved M#(Y") # 0, we take @ € M?(Y") C
M? (Y1) and compute

N N
0>  sup {ZEthlerhzf} > EgilmY; + hof'] —hQZEL

QEMEY™1) |i=1 i=1 i=1

This implies
N N

E=f>0=pY(f) > Eoi[f1,
; o:lf1>0=pY(f) Q@s;p(yr); o:Lf]

a contradiction.
The claim in (23) leads to a sequence of Q™ € M¥?(Y"~1) such that

N
ZE@ 1= 0and Y Eq:[f] 0.

=1

21



We now show that from the conditions in (21) we can construct Q;7, Q,, € M#?(Y 1)
and 0 < AF, A7, A, with A 4+ A, + A, =1, such that

Qn == AEQF + 07 Qr + M\Qp € ME(YT)

and A — 0,\; — 0. In fact for any € > 0 there exists an n(e) such that g, :=
Ziil Eqi [Y)] € (—e¢,¢) for any n > n(e). We choose in particular ¢ > 0 such that
(—¢,e) C (a,b) for a,b given in (21). For any n > n(e) such that ¢, € (—¢, 0] we set
A, =0, Q, arbitrary, Q; == Q € M#(Y"~") where Q satisfies 7:= Y | Eq:[Y}] €
(¢,b). Therefore in this case we can also find A}, A, € [0,1] with A} + A, = 1 and

n

M@+ g = 0. Mg+ (1-\,) g, = 0 implies A, = % and since g, — 0, then A, — 0.
On the other hand, for any n > n(e) such that ¢, € (0,¢), we set A} = 0, Q;" arbitrary,
Q; = Q € M#(Y"1) where Q satisfies § := Zf\il EgiY)] € (a,—¢). Therefore in
this case we can also find A\, A\, € [0,1] with A, + A, = 1 and A\,d+ A, ¢ = 0.

And + (1= Ap)gn = 0 implies A\, = q__q; and since ¢,, — 0 then \,, — 0. Therefore

N _ N
Y EalYj]=0and Y Eg [fi] =0,

i=1 i=1
which together with (22) yields pf(f) = sup{ZZN:l Eq,[fi] | Q € M2(Y7)}.

Case 2: pf (f) = 4o0. For any n € N denote with fAn the vector of components
fiAnfori=1,...,n. By Item 4 Lemma 14, pf_r(f/\n) < 400 and so from the previous
step we have p2 (f An) = sup{zjil\i1 Eqgi[fiAn]| Q € M#(Y)}. Since pf(f Am) is
increasing the lim,, pz(f An) := L exists. By monotonicity of Ey: [f! An], we deduce

N N
sup {ZEQ[]” An] Qe Mf(yr)} Tn SUP{ZEQi[fi] | Q€ Mf(yr)} =L.

1=1 1=

Note that the terms in LSH equal pf (fAn), so that we conclude: lim, p{r (fAn) = L.

A% »r
If L were finite then for p” = (2 (]5/\11) Lo, B %An)), the sequence f An—p™ would

belong K", by Item 5 Lemma 14. As K7 is closed, this would imply f—& € K" i.e. L >
p%(f) = 400, which is not possible. Hence L = sup {Zf\;l Eqilf]]Q¢€ Mf(yr)} =
+oo and this conclude the proof.

3 Collectively complete markets: CFTAP II

In this section, we provide a precise definition of NCA ()))-prices for vectors of contin-
gent claims and characterize them, in Theorem 17, as expectations under equivalent
collective martingale measures. Subsequently, we characterize contingent claims that
are collectively replicable, demonstrating that, similarly to the classical setting, f is
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collectively replicable if and only if p¥ (f) = p{( f), as shown in Proposition 18. Rely-
ing on the dual representation (17), we then characterize collective completeness in
Proposition 21.

To begin with, recall that the (global) securities market comprises a zero-interest
rate riskless asset X0 and J risky assets with discounted price processes X7/ =
(th)te[O,T]a j=1...,J,J>1.

Definition 7 A vector of prices Il € RY is called a NCA(Y)-price for the contingent
claims f = (fl, R fN) € LO(Q7 Fp, P) if there exist processes XJH L X7HN guch that:
1. X7*"is adapted to the filtration F', i =1,..., N.
2. Iy =Xt i=1,...,N.
3. Xt =fi=1,...,N.
4. For all i, NCA()) holds in the extended market (Xj)je(i)U{JJri}.
Let II(f) be the set of NCA())-price for the contingent claims f = (fl7 cee fN).

Theorem 17 Let Assumption 10 hold. Then, for any f € LO(Q,FT,P), and any fized
¢ € L°%Q, Fr, P) such that max{|f*|, |Y{],...,|YE|} < &', it holds that

0(f) = {(Bq ' Bgv I | Q € MEWD)}
where ME(Y) is given in (16).

Proof Let ¢ € LO(Q,FT,P) be given as in the statement. Up to a change of mea-
sure to an equivalent one with bounded density, we can assume that ¢ € Ll(Q,FT,P’),
ycC Ll(Q,FT,P’) and X = (Xl7 .. .,XJ) is integrable under P’. Suppose that Iy e TI(f),
then NCA(Y) holds in the extended market, thus by Theorem 5, there exists an equiv-
alent collective martingale measure Q = (Ql,...,QN ) for the extended markets, with
bounded densities w.r.t. P, and in particular belonging to MZ(Y) as a consequence. Then,
X/ = Eqi[ X F] = Eg:[f'|F}]. By definition

A . .
b =Xy = Eqi[X{ T Fol = Egilf°].

Conversely, take (EQl[fl], NN EQN[fN]) for Q € MZ(Y). Define for i = 1,..., N the Q°—
martingales Xt‘”i = Egi [f’|}'t’} Since Q € MY, and Q' is an equivalent martingale mea-
sure for the extended market (X7) je(@u{J+i}, @ acts as an equivalent collective martingale
measure for the extended markets, which thus does not admit )-collective arbitrages, by

Theorem 6. Finally, XTJIH = fi for mere measurability and integrability arguments, thus
thus II; € TI(f) by definition. O

Suppose that f = (f,..., f¥) € L°(Q,F7, P) is not collectively replicable. Dif-
ferently from the classical case, see for example [8] Theorem 5.32, the set TI(f) is not
necessarily open (see the Example 1). Moreover II( f) can not be closed, at least under
weak conditions on f (see Proposition 20).
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Ezample 1 Consider the example 7.2 [1] with |Q| = 6, two periods and N = 2 agents, each
investing in one single stock. Take as contingent claims g = 0 and ¢ = (0,0,0,0,1,1),

g = (g%, ¢°). Using the set of collective martingale measures on page 49 [1], we compute
i

EQ1[gl] + EQ2[92] = %q, with 0 < ¢ < 1. Then p¥(g) = 0 and p{(g) = 5 and g is not
Y-collectively replicable. Moreover, using Theorem 17
II(g) = {(0, )\0<<1<1}CR2

Thus this examples shows that for a non collectlvely replicable g, II(g) is not necessarily an
open set in R2. Clearly, by Theorem 17, for any claim g we have

p € () <Zp < Y

At the same, II(g) is not closed in general, as shown in Proposition 20

Proposition 18 Let Assumption 10 hold. Then f € L° (Q,Fr, P) is Y-collectively replicable
if and only if p¥ (f) = pY(f)-

Proof Recall from Lemma 14 Item 6 that by NCA(Y) we have pY (f) < p+(f) We start
by proving that if f is collectively replicable then p¥ (f) = p+(f) Let ¢ € LY(Q,Fp, P)

be any given random vector satisfying max{|f?|,|Y7{|, .. \YR\} < ¢ for every i. Take Q €
MZ(Y), which is nonempty by Theorem 11. Write f = x + k+Y with obvious notation from
replicability. Since f,Y € L'(Q,Fr, Q), by definition of M () we see that (kY™ e LY QY

for every 4. [8] Theorem 5.14 implies that Ei[k'] = 0 for every i. As a consequence, using
also Q € ME(Y), we can write
N

N
ZEQi[fi]:Z(:p + Eqi[k'] + Egu[Y ) Zw.
=1

=1
Hence @ — 211\11 Eg: [f] is constant on ME ()), so using (17)

N
i —sup{ZEQ IQGM“’(J/)}—inf{zEQi[fi]lQer(y)}—py(f)~

i=1
We now prove that for a non Y-collectively replicable f we have p¥ (f) < pz (f). By the
definitions, p¥ (f) < pz (f). Assume by contradiction p¥ (f) = p{(f) By Lemma 14 Item 5
both these then need to be finite and attained. Recall from (19) the definition of WI. From
[1] Proposition 4.9 p{ (f)=N- ﬂ{(f) and W{(f) is attained iff p{ (f) is attained. Thus we
also have Y (f) = nf(f) := z € R and there exists k+ € X, K;, Y4 € Y such that
skl —Yi<fi<z+k,+Y{ Vi=1,... N

As a consequence _ 4 _ _

0<ky -k +Y{+Y' Vi=1,...,N,
which by NCA(Y) implies

0=Fky — k- +YL+Y: Vi=1,...,N,
ie.

KLY i =f—a=k +Y] Vi=1,...,N,

which is not possible as f is not Y-collectively replicable. O
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Proposition 19 Let Assumption 10 hold. Take f € LO(Q Fr, ) Let ¢ € LO(Q Fr,P) be
any gwen random vector satisfying max{|f*|, |YT|,...,|Yg|} < @' for every i. Suppose that
both the primal problem (14) and the dual one (17) are attained. Then f is Y-collectively
replicable. The same implication holds for p¥ as well.

Proof Suppose p+( ) = valEQL[fi] for some Q € MZ(Y). Since p+(f) is finite, it is
attained (Lemma 14 Ttem 5) and thus for some z € R with Z zt = p+(f) ke XN, K;,
Y €Y we have ' + k' + Y > f for every i. By setting Y* = 2% — Eqilf"] +Y? we also have
that Eq:[f'] + k" +Y" > f* for every 4, with Y € Y. This immediately gives Eqi[Y"] > 0
for every i. At the same time if the inequality Eq:[f'] + k" +Y" > f* were strict with
positive (P or Q' equivalently) probability for some index h, then Egn [?h] > 0 with a similar
computation. This would yield }°; Eq; [Y7] > 0, a contradiction with Q € M¥ (). We then
infer Eq:[f'] + k" +Y" = f*, for every i, Q" (hence P by equivalence) a.s.. O

Proposition 20 Let Assumption 10 hold. If f € LO(Q Fr, P) is not Y-collectively replicable
and if p; (') < +oo and p; +(—f") < +oo for every i then II(f) is not closed.

Proof Every p € II(f) satisfies
—pit (1) Sinf {Egilf] | Q € MEY)} <p' <sup {Eqgilf]1Q € MED)} < pi+ ()

and thus II(f) is bounded in RV . If TI(f) were closed then it would be compact and by
Theorem 17 together with (17) we would have pﬁ(f) = ZZJ\LI Egi[f'"], for some @ € MZE(Y),

for max{|fi|,[Y{],...,|YA|} < @' This in turns would imply by Proposition 19 that f is
Y-collectively replicable, a contradiction. O
Theorem 13 is a consequence of the following proposition. We write eq, ..., ey for

the canonical basis of RY

Proposition 21 Let Assumption 10 hold. Then the following are equivalent:
1. Fvery f € LO(Q,FT,P) is YV-collectively replicable;

Every f € L*°(Q,Fr, P) is YV-collectively replicable;

1ae;j is Y-collectively replicable for every j =1,..., N and every A € F ;

M () is a singleton;

p% coincide on LO(Q,FT,P).

AN

Proof The implications 1 = 2 :> 3 are obvious. We show 3 = 4. Take Q,Q € M. (y)
From Proposition 18 we have p” (lAeJ) = p+(1AeJ) A the same time, choosing ¢' =

max{|Y{|,...,|Y%|}, Remark 4, together with Theorem 11 allows us to write

pY (Laej) < Eqillal = ZEQI Lae;] < pY(1aey)
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and the same holds for E@j[lA], so that Eg;[la] = E@j [14]. Since this can be repeated

for every j and A € fj, it follows that Me(Y) (which is nonempty) also consists of at

most one element. We come to 4 = 5. Pick f € LO(Q,FT,P) and ¢ € LO(Q,FT,P) with
max{|f*|,|Y7],..., Y&} < ¢". As argued before, M¢ (V) # 0 by NCA(Y) and at the same
time ME () C M¢(Y), the latter being a singleton. Thus, M () is itself a singleton, say

{Q}. Since p¥ () = —p¥ (~f), (17) implies

N
PX(N) =D Eglf]=p>(f):
=1

Finally, implication 5 = 1 follows immediately from Proposition 18. O

4 Examples

We describe a simple market with two agents and two stocks, and where each agent
i may invest only in the stock X* and in the riskless asset. In this example there
exists a global arbitrage (M, := M}! N M? = )); each single market is arbitrage free
and incomplete (|M}| = oo and |[M?| = 0); NCA(Y) holds true and the market is
collectively complete (]M(Y)]| = 1), so that there exist a unique price vector for each
vector of contingent claims. Consider the setup described in Figure 1, with common
filtration

Fo=10,92}, F1 = 0(A1 = {w1,wa}, Az = {ws,wa}, Az = {ws,we}), F2 = P(Q).

We show that every vector of contingent claims is collectively replicable for Y =
Yo N LO(Q, Fy, P). To this end we first focus on the time step {0,1}. Take any g1, go
which are F; measurable. Let ¢° = (g})j=123, 9; € R on 4;,j = 1,2,3. Similarly,
Y = (Y',Y?) € Yis such that Y* = —Y! and Y' = yj on Aj;,j = 1,2,3. We show
that there exist (B!, B2, h, H,y},y3,y3) € RS such that

B' + hX'(w) + YHw) = ¢'(w), B*+ HX?*(w) - Y'(w)=g¢*w) YweQ.

This reads:

1 1 1 1 _ 41 1
Bl+4h+OH+y11—&-Oy?+0y? —gi 10401 0 0 52 gl
B +4h+0H +0y; +y2 +0y3 =g, 10400 1 0 b g3
B' +12h 4+ 0H 4 0y} + 0y + 43 =gi 10120 0 0 1 al- g:

2 ot oyt =2 Clo1o016-10 o0 | g2
B2 +0h +8H + 0yl —yb +0yd = g3 818 2 8 _01 01 v3 %
B2+ 0h+8H + 0yl + 0y} — gyl = g2 us 93
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The rank of the matrix of the system is 6, a solution exists. In particular, one such a
solution can be always obtained even asking B' = B2, since

1401 0 0
1400 10
1120 0 0 1

detly 91610 0|71
108 0 -10
108 0 0 -1

Now observe that in the time step {1,2} each of the two markets is (separately)
complete. The arguments above allow us to conclude that each Fs-measurable pair
(g1, g2) is collectively replicable. One can easily compute the relevant sets of equivalent

martingale measures:
1 (1 ) 1 c
2 p 2p? ) b p b

u={ (50 :
{{(;;; )30 1)@6( )}7

Q*)} # 0, Me._MlmM2 0,

where Q! € M! corresponds to p = i and Q? € M2 to the choice ¢ = % This is
clearly consistent with CFTAP II. Note that although there exists a global arbitrage
(M, = M} N M2 = ) and Q' # Q% on Fy, we do have Q' = Q% on F;, which is
equivalent to the polarity condition for the exchanges ).

4.1 Example: time consistency may fail

Again we consider a simple market with two agents and two stocks, and where each
agent i may invest only in the stock X°® and in the riskless asset. The dynamics of
X', X2 are depicted in Fig. 2.

We observe that there exists a global arbitrage opportunity in (0,1) as (AX] +
AX?)(w) > 0 for any w € {w1,...,ws} and the inequality is strict on wy,ws. On the
other hand there does not exist any global arbitrage opportunity in the interval (1, 2).
By selecting V(1) = R it is easy to verify that NCA()(1)) holds in the interval
(0,1).

We show the existence of a collective arbitrage in the interval (0,2). Suppose
that agent 1 and agent 2 buy one unit of stock i.e. H? = H{ = 1 and then sell
it, i.e. H3 = H} = 0. Choose Y(2) = {Y € LO(Q,F1,P) | "N, Vi = 0} and let
Y1(wi,we) =0, Y(ws,wy) = +1, Y1 (ws,ws) = —1 and let Y? = —Y'L. Then for any
w € {wr,...,ws} the value of this strategy is

HIAX (W) +Y"(w) >0 and HiAX(wi2) + Y (wi2) >0 i=1,2.
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Fig. 1: Tree for the stocks (X!, X?) at times t = 0, 1, 2.

The above conclusions could be also derived from the dual point of view. Indeed,
let Mi(s,t) be the set of equivalent martingale measures for asset i in the interval
(s,t) and denote with MY (s,t) the set of collective martingale measures for ) in the
interval (s,t). Denote with A(s,t) (resp. NA(s,t)) the existence (resp. the absence)
of a global arbitrage in the interval (s, t), and with CAY (s, t)) (resp. NCA”(s,t)) the
existence (resp. the absence) of a collective arbitrage with respect to ) in the interval
(s,t). Then

L MY0,1) N M2(0,1) = § = A(0, 1);
2. M1(0,2) N M2(0,2) = 0 = A(0,2);
3. M}(1,2 {1/2,1/2,1/2,1/2,1/2,1/2} = M2(1,2) = M}(1,2) N MZ(1,2) #

) =
) = NA(1,2) and this implies NCAy(Q)(l, 2) (see (4));
. ) =RY, MPM(0,1) = ML(0,1) x M2(0,1) # 0§ = NCAY1D (0, 1);
5. for Y(1) = RY and Y(2) = {Y € L°(Q,Fy, P) | Zf;l Y? = 0}, consider V.o as
defined in Section 1.4. Then M>2(0,2) = {(Q', Q%) | Q' =Q* on F1} = 0 =
CAY2(0,2).

The conditions A(0,1), NA(1,2) and A(0,2) are consistent with the well-known
time consistency property of classical arbitrage, which asserts that an arbitrage oppor-
tunity exists in the multi-period market if and only if an arbitrage opportunity exists
in some single-period sub-market. This property was also shown to hold for collective
(multi-period) arbitrage when exchanges are restricted to a single time ¢ € {0,...,T}

28



9N
—
£
N
-
3

-
['S)
—
S
-
'O)
(V8]
€

/N
/Y

~
N
I
—_
&
N
~
&
—
&
N

-
w0
W
€
ot
-
w0
—
£

/\
/\

we

~
N
—
~
N
\
—_
€
(=)

Fig. 2: Tree for the stocks (X!, X?) at times t = 0,1, 2.

(see Section 6.3 of [1]). However, the present example demonstrates that this time con-
sistency property fails to hold for collective arbitrage when exchanges are permitted
at multiple times. Specifically, we have NCAy(l)(O, 1), NCAy(Q)(l, 2), CAY12 (0,2).
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