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Abstract

This paper builds on Collective Arbitrage and the Value of Cooperation by
Biagini et al. (2025, forthcoming in Finance and Stochastics), which introduced
in discrete time the notions of collective arbitrage and super-replication in a
multi-agent market framework, where agents may operate in several submarkets
and collaborate through risk exchange mechanisms. Expanding on these founda-
tions, we establish a First Fundamental Theorem of Asset Pricing and a collective
pricing-hedging duality under different assumptions and with new techniques
compared to Biagini et al. (2025). We further introduce the notion of collective
replication in order to study collective market completeness and provide a Second
Fundamental Theorem of Asset Pricing in this cooperative multi-agent setting.
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1 Introduction

The study of arbitrage and pricing-hedging duality has been a central theme in
financial mathematics, evolving from classical one-agent framework to more sophis-
ticated multi-agent settings that incorporate cooperation and collective risk-sharing.
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This paper extends recent developments in the theory of collective arbitrage and
super-replication by analyzing markets where multiple agents trade within segmented
markets and engage in cooperative risk exchanges. Within financial institutions, mar-
ket segmentation refers to the partitioning of the overall market into specialized
submarkets or trading desks. Each desk concentrates on a particular financial product
or asset class. This division can be motivated by several factors: (i) specialization in
specific financial instruments (e.g., equities, fixed income, derivatives, commodities);
(ii) a focus on assets from particular geographic regions or countries; and (iii) vary-
ing risk tolerances, leading to specialization in assets with different risk profiles. For a
broader discussion of the rationale behind market segmentation, see Carassus (2023)
[3].

A fundamental contribution in this area was made by Biagini et al. (2025) [1],
who introduced the notions of Collective Arbitrage and Collective Super-replication in
a discrete-time financial market. They established a collective version of the Funda-
mental Theorem of Asset Pricing (FTAP) and demonstrated that cooperation among
agents reduces the super-replication cost of contingent claims. By allowing risk-sharing
mechanisms, their work showed that agents could leverage financial interdependencies
to eliminate inefficiencies and improve their overall market positions. Their results
highlighted that even in the absence of individual arbitrage, cooperation could cre-
ate profitable trading opportunities for the collective, making No Collective Arbitrage
(NCA) a necessary extension of the classical No Arbitrage (NA) condition.

Frittelli (2025) [9] extended this framework by generalizing the concept of Col-
lective Arbitrage to a semimartingale market setting, introducing a No Collective
Free Lunch condition. Unlike the discrete-time framework of [1], this extension con-
sidered continuous-time markets with general stochastic price processes. The study
established a semimartingale version of the collective FTAP, proving that if a market
satisfies the No Collective Free Lunch condition, then there exists a suitable vector
of equivalent martingale measures, or more generally of separating measures, prevent-
ing arbitrage across agents. Furthermore, the work provided a pricing-hedging duality
under cooperation, showing that the value of cooperation persists in more general
financial settings.

A complementary perspective on these ideas was presented by Doldi et al. (2024)
[7], who explored Collective Dynamic Risk Measures. Their work analyzed how coop-
eration among agents influences risk measurement over time, focusing on aggregation
properties and time consistency. Unlike the classical risk measure theory, which is often
defined for a single agent, their study extended the framework to multiple interacting
agents in a segmented market. A key contribution was the introduction of a collec-
tive aggregation operator, which accounts for risk transfers among agents, allowing
for more efficient capital allocation.

The concept of arbitrage in financial markets originated with de Finetti (1931) [5]
(we refer to Maggis (2023) [13] for further discussion on the origins of such a notion
in the work of de Finetti) and gained prominence in the mid-1970s through several
works (see e.g. Ross (1976) [14], Harrison and Kreps (1979) [10], Harrison and Pliska
(1981) [11], Kreps (1981) [12]) spanning over 30 years of intensive research, first in
discrete, then in continuous time. Encompassing overview are provided by Delbaen
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and Schachermayer (2006) [6] and and Föllmer and Schied (2016)[8].
As already stressed in [1], the traditional literature as typified by [12] defines arbitrage
as a single nonzero element in the vector space of marketed bundles M , a subset of a
locally convex topological vector lattice X , with non-positive price and membership
in the positive cone X+. While this definition is general, it has traditionally been
interpreted as single-element arbitrage opportunity within M . As previously men-
tioned, the collective approach introduces a multi-dimensional concept comprising
a collection of such arbitrage opportunities, which are entangled by the exchanges
among the agents.

Main contributions of the paper

The primary objective of this paper is to investigate collective arbitrage, as developed
in [1], within a discrete-time setting, with a specific emphasis on collective repli-
cation and completeness when exchanges are characterized by a finite-dimensional
vector space. Furthermore, Section 1.4 introduces the concept of self-financing trading
strategies within a collective framework, allowing for the dynamic implementation of
inter-agent exchanges. Specifically, we establish the following key results:

1. The First Fundamental Theorem of Asset Pricing in a collective setting (CFTAP
I), presented in Theorem 6 and Theorem 8.

2. A collective pricing-hedging duality, detailed in Theorem 11.
3. The Second Collective Fundamental Theorem of Asset Pricing (CFTAP II),

formulated in Theorem 13.

While Theorems 6 and 8 extend results from [1] and serve as fundamental tools
for our analysis, the core contributions of this paper lie in points 2. and 3.

Specifically, we develop an appropriate version of the second Collective Funda-
mental Theorem of Asset Pricing by introducing the concept of collectively replicable
claims. We also define No Collective Arbitrage prices for vectors of contingent claims,
and in Section 3, we characterize such prices through expectations under equivalent col-
lective martingale measures (see Theorem 17) and identify the contingent claims that
are collectively replicable (see Proposition 18). Notably, our discussion on collectively
self-financing strategies, collective replication and completeness, and their equivalent
characterizations is entirely novel. Furthermore, we provide theoretical examples and
counterexamples in Section 4. Theorem 11 extends a result from [1] under alternative
assumptions and introduces a significantly simpler proof technique. Since the results
that closely resemble those in [1] are primarily instrumental rather than central to
our main contributions, we postpone a detailed discussion of their similarities and dif-
ferences until we have introduced the necessary notation and stated such results in a
rigorous form: see Remark 1 and the discussion just after Theorem 12.
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1.1 Setting

Let T = {0, . . . , T} be the finite set of discrete times and consider a given filtered
probability space (Ω,F ,F, P ), with F = {Ft}t∈T , and F = FT . Except when explic-
itly stated otherwise, we also assume that F0 is trivial, namely that P (A) = 0 or
P (A) = 1 for all A ∈ F0. We say that a probability measure Q on (Ω,F) belongs to
Pe if Q ∼ P , or to Pac if Q ≪ P , respectively. Unless differently stated, all inequali-
ties between random variables are meant to hold P -a.s..

The (global) securities market comprises a zero-interest rate riskless asset X0 and
J risky assets with discounted price processes Xj = (Xj

t )t∈[0,T ], j = 1, . . . , J , J ≥ 1.
We set X0

t = 1 for all t.
Consider N agents operating within the market, and assume that each agent i,

i = 1, . . . , N , can invest in the riskless asset and in the risky assets Xj , j ∈ (i),
where (i) denotes a specified subset of {1, . . . , J}. We denote the cardinality of (i) by
di, representing the number of risky assets in which agent i may invest, and assume
1 ≤ di ≤ J . We assume (without loss of generality) that ∪N

i=1(i) = {1, . . . , J}, as we
may ignore the assets that can not be used by any agent. We are not excluding that
different agents may invest in the same risky assets. Let X(i) := (Xj , j ∈ (i)) be the
risky assets available for trading to agent i. We denote by

Fi = (F i
t )t∈T ⊆ F

the filtration representing the information available to agent i. Thus for all i, F i
0 = F0,

the trivial sigma-algebra.
We assume that all processesXj , with j ∈ (i), are adapted with respect to the filtration
Fi.

Notation 1 If Q = (Q1, . . . , QN ) ∈ (Pac)
N and p ∈ [0,∞] we set

Lp(Ω,Ft, Q) := Lp(Ω,F1
t , Q

1)× · · · × Lp(Ω,FN
t , QN ), t ∈ {0, . . . , T}.

With a slight abuse of notation, when we consider only one probability measure Q ∈ P, we
still use the same notation

Lp(Ω,Ft, Q) := Lp(Ω,F1
t , Q)× · · · × Lp(Ω,FN

t , Q), t ∈ {0, . . . , T}.

We say that a set K ⊆ L0(Ω,FT , P ) is closed in L0(Ω,FT , P ) if it is closed for the
convergence in probability. This is equivalent to the property that K ⊆ L0(Ω,FT , P )
is (sequentially) closed under P -a.s. convergence, namely fn → f P -a.s. and (fn) ⊂ K,
implies f ∈ K. We adopt the following partial order among random vectors: for every
f, g ∈ L0(Ω,FT , P ) we write f ≤ g if and only if P (f i ≤ gi) = 1 for every i = 1, . . . , N .
For any a ∈ R we shall always indicate with a the vector a = (a, a, . . . , a) ∈ RN .

A stochastic process H = (Ht)t∈T is called an admissible trading strategy for the
agent i if it is di - dimensional and predictable with respect to Fi. The space of
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admissible trading strategies for the agent i is denoted by Hi. If H ∈ Hi, we set

(H ·X(i))t :=
∑
h∈(i)

(Hh ·Xh)t,

where (Hh ·Xh)t :=
∑t

s=1 H
h
s (X

h
s −Xh

s−1) denotes the stochastic integral of H
h with

respect to the asset Xh, h ∈ (i), and we write

Ki := {(H ·X(i))T | H ∈ Hi} ⊆ L0(Ω,F i
T , P ). (1)

Let X̂i := (X0, X(i)) be the (di + 1) - dimensional adapted process representing
the market available to agent i, which also includes the rikless asset X0. For a 1-
dimensional and Fi-predictable stochastic process h and for H ∈ Hi, we say that the
trading strategy Ĥ = (h,H) is self financing for agent i (for brevity we write s.f. for

i) if ĤtX̂
(i)
t = Ĥt+1X̂

(i)
t , t = 1, . . . , T − 1. If Ĥ is s.f. for i, we let V i

0 (Ĥ) := Ĥ1X̂
(i)
0

and V i
t (Ĥ) := ĤtX̂

(i)
t , t = 1, . . . , T , and we recall that for any vi0 ∈ R

{V i
T (Ĥ) | Ĥ is s.f. for i with V i

0 (Ĥ) = vi0} = {vi0 + k | k ∈ Ki},
namely the final value of s.f. trading strategies for agent i can be obtained by adding
to its initial value vi0 the stochastic integral of admissible trading strategies H ∈ Hi

with respect only to the risky assets X(i).
The set of martingale measures for the assets in (i) is defined by

M i :=
{
Q ∈ Pac | Xj is a (Q,Fi)-martingale for all j ∈ (i)

}
,

while the set of martingale measures with bounded densities for the assets in (i) is
defined by

M i,∞(P ) :=

{
Q ∈ Pac |

dQ

dP
∈ L∞(Ω,F , P )

and Xj is a (Q,Fi)-martingale for all j ∈ (i)

}
.

Moreover, we set

M i
e := Pe ∩M i and M i,∞

e (P ) := Pe ∩M i,∞(P ).

The classical No Arbitrage condition for agent i holds if:

NAi : Ki ∩ L0
+(Ω,F i

T , P ) = {0}.
The NAi condition implies that the set (Ki−L0

+(Ω,F i
T , P )) is closed in L0(Ω,F i

T , P )
(see [6] Theorem 6.9.2), an essential property for the proof of both the FTAP I and
the super-hedging duality.
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Theorem 2 (Dalang, Morton and Willinger (1990) [4]) In the discrete time setting described

above and if X(i) is integrable under P then

NAi ⇐⇒ M i,∞
e (P ) ̸= ∅ ⇐⇒ M i

e ̸= ∅.

It is well-known that the integrability of X(i) can be ensured by a change to an
equivalent probability measure.

Definition 1 For a random variable f ∈ L0(Ω,F i
T , P ), we define the classical super-

replication price for agent i as

ρi,+(f) := inf{m ∈ R | ∃k ∈ Ki s.t. m+ k ≥ f}.

Under NAi, the following classical super hedging duality holds true (see [1] page 12).

ρi,+(f) = sup
Q∈Mi,∞

e (P )

EQ[f ] for all f ∈ L1(Ω,F i
T , P ). (2)

1.2 Setting for collective arbitrage

A fundamental principle in the aforementioned reference [1] is that N agents, in addi-
tion to trading within their individual markets, can enhance their portfolios through
collaborative risk exchanges. Let Y0 denote the set of all zero-sum risk exchanges,
defined as

Y0 =

{
Y ∈ L0(Ω,FT , P ) |

N∑
i=1

Y i = 0

}
.

While the sum of the components of any Y ∈ Y0 is almost surely zero under P , the
individual components Y i are, in general, random variables. A positive realization of
Y i on a particular event signifies a capital inflow for agent i from the collective, while
a negative value indicates a capital outflow. Thus, Y ∈ Y0 characterizes the potential
capital reallocations among the agents, subject to the constraint of zero net transfer.
An example of permissible exchanges is a subset Y of Y0.

More generally, throughout this paper, we adopt the following

Assumption 3 The set Y of of allowed exchanges is a subset

Y ⊆ L0(Ω,FT , P ) with 0 ∈ Y.

We will also often assume that the vector space of al possible deterministic
exchanges

RN
0 :=

{
x ∈ RN |

N∑
i=1

xi = 0

}
is contained in Y.
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When agent i follows an investment strategy in its own market (i), she will obtain a
terminal payoff ki ∈ Ki. The agents may also enter in the risk exchange corresponding
to a vector Y ∈ Y. This procedure leads to the terminal time value ki + Y i for agent
i. In [1] a Collective Arbitrage consists of vectors (k1, . . . , kN ) ∈ K1 × · · · ×KN and
Y = (Y 1, . . . , Y N ) ∈ Y satisfying

ki + Y i ≥ 0 P -a.s. ∀ i ∈ 1, . . . , N and

P (kn + Y n > 0) > 0 for at least one n ∈ 1, . . . , N.

Definition 2 (No Collective Arbitrage, Def 3.1 [1]) No Collective Arbitrage for Y (NCA(Y))
holds if

(XN
i=1Ki + Y) ∩ L0

+(Ω,FT , P ) = {0},
where XN

i=1Ki denotes the Cartesian product of the sets Ki defined in (1).

Proposition 4 (Proposition 3.2, [1]) The following conditions are equivalent:

NCA(Y)

KY ∩ L0
+(Ω,FT , P ) = {0},

CY ∩ L1
+(Ω,FT , P ) = {0},

where

KY := XN
i=1(Ki − L0

+(Ω,F i
T , P )) + Y and CY := KY ∩ L1(Ω,FT , P ). (3)

As proved in Section 3.1 [1], the implications

NA ⇒ NCA(Y) ⇒ NAi ∀ i ∈ 1, . . . , N, (4)

essentially always hold: the former only requires Y ⊆ Y0, the latter holds under the
even weaker assumption that 0 ∈ Y. Moreover, it was shown in the aforementioned
reference that

NA ⇐⇒ NCA(Y) if Y = Y0 and Fi = Fj = F, (5)

NAi ∀ i ⇐⇒ NCA(Y) if Y = RN
0 . (6)

However, the notions of NCA(Y) generate novel concepts for general sets Y.
The following set of vectors of equivalent martingale measures with bounded

densities was adopted in Theorem 3.12 [1] to characterize NCA(Y)

M∞
e (P ) =

{
Q = (Q1, . . . , QN ) ∈ XN

i=1M
i,∞
e (P ) |

N∑
i=1

EQi [Y i] ≤ 0

∀Y ∈ Y ∩ L1(Ω,FT , P )

}
.
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Theorem 5 (Collective FTAP, Th. 3.12 [1]) Let Y be a convex cone satisfying RN
0 ⊆ Y ⊆

L0(Ω,FT , P ) and such that KY is closed in L0(Ω,FT , P ). If Y ⊆ L1(Ω,FT , P ) and X =
(X1, . . . , XJ ) is integrable under P then

NCA(Y) ⇐⇒ M∞
e (P ) ̸= ∅.

1.3 A new version of the collective FTAP I

Differently from Theorem 5, each equivalent condition in the following Theorem
depends on the selection of the underlying probability measure P , only through its
negligible sets.

Definition 3 The set Me(Y) of equivalent collective martingale measures is defined by

Me(Y) =

{
Q = (Q1, . . . , QN ) ∈ XN

i=1M
i
e |Y ⊆ L1(Ω,FT , Q)

and

N∑
i=1

EQi [Y
i] ≤ 0 ∀Y ∈ Y

}
.

(7)

Theorem 6 Let Y be a convex cone satisfying RN
0 ⊆ Y ⊆ L0(Ω,FT , P ) and such that KY

is closed in L0(Ω,FT , P ). If there exists P ′ ∈ Pe such that Y ⊆ L1(Ω,FT , P
′) then

NCA(Y) ⇐⇒ Me(Y) ̸= ∅.

Remark 1 .

1. When Y is a finitely generated convex cone, the assumption that there exists P ′ ∈ Pe

such that Y ⊆ L1(Ω,FT , P
′) is clearly redundant.

2. We note that differently from M∞
e (P ) appearing in Theorem 5, which depends on the

underlying historical measure P , in the new Theorem 6 we exploit the newly defined set
of collective martingale measures Me(Y). The latter only depends on the null sets of
the underlying measure P . This also permits greater flexibility by requiring integrability
of elements in Y only up to a change of measure (i.e., the existence of P ′ ∈ Pe such that
Y ⊆ L1(Ω,FT , P

′)), rather than imposing Y ⊆ L1(Ω,FT , P ) for the original measure
P , as was the case in Theorem 5.

3. The Theorem establishes the equivalence between the absence of Collective Arbitrage
and the existence of equivalent collective martingale measures, even in the context of
distinct filtrations Fi, one for each agent i.

4. The central assumption of the theorem, the closedness of KY in L0(Ω,FT , P ), is
addressed in the Section 2.2. It will be demonstrated, Theorem 12, that KY is indeed
closed in L0(Ω,FT , P ) under NCA(Y), provided that Y is a finite dimensional vector
space.

Proof We first proveMe(Y) ̸= ∅ ⇒ NCA(Y). Take (Q1, . . . , QN ) ∈ Me(Y) and let (k+Y ) ∈
(XN

i=1Ki + Y) ∩ L0
+(Ω,FT , P ). Then ki + Y i ≥ 0 and thus ki ≥ −Y i ∈ L1(Ω,F i

T , Q
i) for
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all i. Hence (ki)− ∈ L1(Ω,F i
T , Q

i) and thus, by Theorem 5.14 [8], ki ∈ L1(Ω,F i
T , Q

i) and

EQi [ki] = 0. Therefore EQi [ki + Y i] = EQi [ki] + EQi [Y i] = EQi [Y i],
∑N

i=1 EQi [ki + Y i] =∑N
i=1 EQi [Y i] ≤ 0, as (Q1, . . . , QN ) ∈ Me(Y). From (ki + Y i) ≥ 0 for all i, we also get

that
∑N

i=1 EQi [ki + Y i] ≥ 0, so that
∑N

i=1 EQi [ki + Y i] = 0. From 0 ∈ (XN
i=1Ki + Y) then

EQi [ki + Y i] = 0 for all i and ki + Y i = 0 for all i. Thus NCA(Y) holds true.

We now prove NCA(Y) ⇒ Me(Y) ̸= ∅. We assume that Y ⊆ L1(Ω,FT , P
′) for some

P ′ ∈ Pe. By setting dP̂
dP ′ := c

1+
∑

j,t |X
j
t |
, for some positive normalizing constant c, we see that

P̂ ∈ Pe,
dP̂
dP ′ ∈ L∞(Ω,F , P ′), X ⊆ L1(Ω,FT , P̂ ) and Y ⊆ L1(Ω,FT , P̂ ). Since KY is closed

in L0(Ω,FT , P ), CY := KY ∩ L1(Ω,FT , P̂ ) is closed in L1(Ω,FT , P̂ ). As P̂ ∈ Pe, we may

assume that NCA(Y) holds under P̂ and thus from Proposition 4 we know that NCA(Y) is

equivalent to CY ∩L1
+(Ω,FT , P̂ ) = {0}. Thus by the multidimensional version of Kreps-Yan

Theorem, Th. 8.3 [1], we deduce the existence of a vector z = (z1. . . . , zN ) ∈ L∞(Ω,FT , P̂ ),
zi > 0 for all i, such that

N∑
i=1

Ê[zif i] ≤ 0 for all f ∈ CY . (8)

Since Y ⊆ L1(Ω,FT , P̂ ), we may rewrite CY as

CY = KY ∩ L1(Ω,FT , P̂ ) = (XN
i=1(Ki − L0

+(Ω,F i
T , P̂ ))) ∩ L1(Ω,FT , P̂ ) + Y.

Condition (8) now implies
∑N

i=1 Ê[ziY i] ≤ 0 for all Y ∈ Y and from RN
0 ⊆ Y and from

Remark 3.4 [1] we get Ê[zi] = Ê[zj ] for all i, j. Set dQi

dP̂
:= zi

Ê[zi]
> 0 for all i. Thus

Qi ∈ Pe for all i, dQi

dP̂
∈ L∞(Ω,F , P̂ ), Y ⊆ L1(Ω,FT , Q) for Q = (Q1, . . . , QN ) and∑N

i=1 EQi [Y i] ≤ 0 for all Y ∈ Y. Moreover, (8) implies
∑N

i=1 EQi [f i] ≤ 0 for all f ∈
(XN

i=1(Ki−L0
+(Ω,F i

T , P̂ )))∩L1(Ω,FT , P̂ ), so that EQi [ki] = 0 for all ki ∈ Ki∩L1(Ω,F i
T , P̂ ),

for all i.
When X ⊆ L1(Ω,FT , P̂ ), we recall from [6], Section 6.11, or [8] Theorem 5.14 that M i,∞(P̂ )
can be written as

M i,∞(P̂ ) =

{
Q ∈ Pac | dQ

dP̂
∈ L∞(Ω,F , P̂ ) and EQ[k] = 0 ∀k ∈ Ki ∩ L1(Ω,F i

T , P̂ )

}
.

Since X ⊆ L1(Ω,FT , P̂ ) we conclude that Qi ∈ M i,∞
e (P̂ ). This shows that

M :=

{
Q = (Q1, . . . , QN ) ∈ XN

i=1M
i,∞
e (P̂ ) | Y ⊆ L1(Ω,FT , Q)

and

N∑
i=1

EQi [Y
i] ≤ 0 ∀Y ∈ Y

}
̸= ∅.

Since P̂ ∈ Pe we get M i,∞
e (P̂ ) ⊆ M i

e, M ⊆ Me(Y), thus Me(Y) ̸= ∅. □

Remark 2 An inspection of the first part of the proof reveals that the implication Me(Y) ̸=
∅ ⇒ NCA(Y) holds under the only Assumption 3 on the set Y ⊆ L0(Ω,FT , P ).

1.4 On collectively self financing trading strategies

The aforementioned reference highlights the agents’ capacity not only to participate
in their respective markets but also to improve their outcomes through collaborative
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risk exchanges. We now detail how these exchanges can be dynamically implemented
and subsequently show that, for collectively self-financing trading strategies, this
dynamic aspect does not significantly alter the theory, except when dealing with time
consistency (see the example in Section 4.1).

For each t, let Y(t) ⊆ L0(Ω,Ft, P ). A random vector Yt = (Y 1
t , . . . , Y

N
t ) ∈ Y(t)

describes the permissible exchanges among the agents at time t. Recognizing that
agents may cooperate at different times, we must adapt the notion of a trading
strategy’s value process and reformulate the concept of self-financing.

Let v0 = (v10 , . . . , v
N
0 ) ∈ RN denote the initial wealth of each agent, and let

Y = (Y1, . . . , YT ) ∈ XT
t=1Y(t) represent a collection of potential exchanges, with

Yt = (Y 1
t , . . . , Y

N
t ) executed at each time t.

We define a collective trading strategy as a family of processes Ĥ = (Ĥ1, . . . , ĤN ),

where Ĥi = (hi, Hi), for each agent i. The process hi (a one-dimensional, F i-
predictable process) represents investment in the riskless asset X0, distinct from
Hi ∈ Hi which represents investment in the di risky assets X(i). We denote with
X̂i := (X0, X(i)) the (di + 1) - dimensional process and recall that we are working
under the simplifying condition X0

t = 1 for every t. The time t = 0 value for each
agent is given by

V i
0 (Ĥ

i,Y) = Ĥi
1X̂

i
0 = vi0, i = 1, . . . , N. (9)

At time t = 1, the value becomes Ĥi
1X̂

i
1, and the value after the exchange is

V i
1 (Ĥ

i,Y) = Ĥi
1X̂

i
1 + Y i

1 .

The portfolio Ĥi
2 selected by agent i at time t = 1 may reflect the exchange at time

1. Thus, we require that Ĥi
2 satisfies the condition

Ĥi
2X̂

i
1 = Ĥi

1X̂
i
1 + Y i

1 ,

instead of the classical Ĥi
2X̂

i
1 = Ĥi

1X̂
i
1. While Ĥi

2 is chosen by agent i using information
available at t = 1, this condition depends on the collectively chosen exchange Y1 =
(Y 1

1 , . . . , Y
N
1 ) (e.g., through the constraint

∑N
i=1 Y

i
1 = 0, if Y1 ∈ Y0). Furthermore,

the amount Y i
1 contributes to the financing of the new portfolio Hi

2. This leads to the
concept of a collectively self-financing trading strategy.

Definition 4 Let v0 = (v10 , . . . , v
N
0 ) ∈ RN , Y = (Y1, . . . , YT ) ∈ XT

t=1Y(t) and let Ĥ =

(Ĥ1, . . . , ĤN ) be a collective trading strategy. For each i = 1, . . . , N we define V i
0 (Ĥ

i,Y) :=

Ĥi
1X̂

i
0 and

V i
t (Ĥ

i,Y) := Ĥi
tX̂

i
t + Y i

t , t = 1, . . . , T.

Moreover, Ĥ is called collectively self financing (c.s.f.) if (9) holds and

Ĥi
t+1X̂

i
t = Ĥi

tX̂
i
t + Y i

t , t = 1, . . . , T − 1, i = 1, . . . , N.

The vector having i component V i
t (Ĥ

i,Y) is denoted by Vt(Ĥ,Y).

10



Mirroring the single-agent case, the following proposition shows that the time-T
value VT (Ĥ,Y) of a collectively self-financing trading strategy Ĥ admits, for each
agent i, the decomposition (10), where Hi ∈ Hi is an admissible trading strategy
investing solely in the risky assets X(i) (without the self-financing condition), and

Y i
1:T =

∑T
s=1 Y

i
s represents the cumulative exchanges up to time T .

Proposition 7 Let v0 ∈ RN and Y = (Y1, . . . , YT ) ∈ XT
t=1Y(t). If Ĥ is collectively self

financing (c.s.f.) then

V i
t (Ĥ

i,Y) = vi0 + (Hi ·X(i))t + Y i
1:t, t = 1, . . . , T, (10)

where Ĥi = (hi, Hi), with Hi ∈ Hi, and Y i
1:t =

∑t
s=1 Y

i
s . Moreover,

{VT (Ĥ,Y) | Ĥ is c.s.f. and V0(Ĥ,Y) = v0} = {v0 + k + Y1:T | k ∈ XN
i=1Ki,Y ∈ XT

t=1Y(t)}.
(11)

Proof Using the definition of V i
t (Ĥ

i,Y) compute

V i
t (Ĥ

i,Y)− V i
t−1(Ĥ

i,Y) = Ĥi
tX̂

i
t + Y i

t − (Ĥi
t−1X̂

i
t−1 + Y i

t−1)

= Ĥi
tX̂

i
t + Ĥi

tX̂
i
t−1 − Ĥi

tX̂
i
t−1 + Y i

t − Ĥi
t−1X̂

i
t−1 − Y i

t−1

= Ĥi
t(X̂

i
t − X̂i

t−1) + Y i
t = Hi

t(X
(i)
t −X

(i)
t−1) + Y i

t ,

where the second-to-last equality follows from the c.s.f. condition: Ĥi
tX̂

i
t−1 = Ĥi

t−1X̂
i
t−1 +

Y i
t−1, and we applied X0

t = 1, for all t, in the latter equality. Equation (10) then follows from

V i
t (Ĥ

i,Y)− V i
0 (Ĥ

i,Y) =

t∑
s=1

(V i
s (Ĥ

i,Y)− V i
s−1(Ĥ

i,Y)). (12)

As a consequence of (12), to prove (11) we only need to show the inclusion (⊇) in (11). Let

v0 ∈ RN , k ∈ XN
i=1Ki,Y ∈ XT

t=1Y(t) be given with ki = (Hi ·X(i))T ∈ Ki, H
i ∈ Hi for all i.

We need to construct a c.s.f. Ĥ in the form, Ĥi = (hi, Hi), with hi a 1-dimensional and Fi-

predictable process, and V i
0 (Ĥ

i,Y) := Ĥi
1X̂

i
0 = vi0, for all i. By (10) this would then imply

V i
T (Ĥ,Y) = vi0+(Hi ·X(i))T +Y i

1:T = vi0+ki+Y i
1:T , that is the thesis. To construct such Ĥ,

from the condition vi0 = Ĥi
1X̂

i
0 = hi1X

0
0+Hi

1X
(i)
0 , one can obtain hi1, which is F i

0-measurable.

Let t ≥ 1 and suppose now that (hi1, . . . , h
i
t) is F i-predictable and Ĥi = (hi, Hi) is c.s.f. up to

time (t− 1). The condition Ĥi
tX̂

i
t + Y i

t = Ĥi
t+1X̂

i
t = hit+1X

0
t +Hi

t+1X
(i)
t allows to compute

the F i
t -measurable random variable hit+1, showing that (hi1, . . . , h

i
t+1) is F i-predictable and

Ĥi = (hi, Hi) is c.s.f. up to time t. This shows how to construct such Ĥ up to the final time.
□

For each t, recall that Y(t) ⊆ L0(Ω,Ft, P ). For Y = (Y1, . . . , YT ) ∈ XT
t=1Y(t) we

set Y i
1:t :=

∑t
s=1 Y

i
s , i = 1, . . . , N and Y1:T := {(Y 1

1:T , . . . , Y
N
1:T ) | Y ∈ XT

t=1Y(t)}.
Thus, in vector notation, the final wealth VT (Ĥ,Y) of all agents using collectively
self-financing strategies with zero initial cost can be expressed as

VT (Ĥ,Y) = k + Y ∈ XN
i=1Ki + Y1:T . (13)

Several specific cases warrant consideration.

11



1. Restrictions on the timing of exchanges can be modeled by imposing measura-
bility constraints on the random vector Y ∈ Y1:T in Equation (13). Specifically,
if Fi = Fj = F and the set of admissible exchanges at the final time T is chosen
such that Y(T ) = Y0, then Y1:T = Y0, and we recover the case where NCA(Y1:T )
if and only if NA (see (5)). Alternatively, if exchanges are prohibited after time
t̂ ∈ {1, . . . , T − 1}, then Y1:T ⊆ L0(Ω,Ft̂, P ), which corresponds to the setting
discussed in Section 6.3 of [1].

2. Similarly, additional constraints on the measurability of each Yt =
(Y 1

t , . . . , Y
N
t ) ∈ L0(Ω,Ft, P ) can be imposed. For example, one might require

(Y 1
t , . . . , Y

N
t ) ∈ L0(Ω,Ft−1, P ) for each t. In the extreme case where exchanges

are permitted only at time t = 1, this corresponds to allowing only deterministic
exchanges, that is Y1:T = RN

0 , and thus NCA(Y1:T ) if and only if NAi for all i
(see (6)).

3. To establish relevant examples of admissible exchanges for which the convex cone
KY is closed in probability, we will require specific geometric properties of the
set Y(t). For instance, we might require that Y(t) be a finite dimensional vector
space. Assuming that ∩N

i=1F i
t ̸= ∅ and that {A1, . . . , AM}, with An ∈ ∩N

i=1F i
t for

each n, is a finite partition of Ω, a relevant example is

Y(t) :=

{
Yt ∈ L0(Ω,Ft, P ) | Y i

t =

M∑
n=1

yin1An ,
N∑
i=1

yin = 0, yn ∈ RN

}
.

Based on the preceding discussion and the representation of the final wealth
VT (Ĥ,Y) of agents using collectively self-financing strategies with zero initial cost
as in (13), we will henceforth assume that the final wealth of each agent i can be
expressed in the form

ki + Y i,

for some ki ∈ Ki and some vector Y = (Y 1, . . . , Y N ) ∈ Y ⊆ L0(Ω,FT , P ).

2 Pricing-hedging duality, closure of KY and
completeness for finite dimensional exchanges

In this section we propose a friendly proof of the Collective Fundamental Theorem of
Asset Pricing (CFTAP I) and the pricing-hedging duality, in a setup where exchanges
among agents are allowed only on a finite dimensional vector space. Let (Ω,FT , P ) be
a (general) probability space and recall the meaning of L0(Ω,FT , P ) as introduced in
Notation 1.

Theorem 8 (CFTAP I) Let Y ⊆ L0(Ω,FT , P ) be a finite dimensional vector space
containing RN

0 . Then
NCA(Y) ⇐⇒ Me(Y) ̸= ∅.

where Me(Y) is the set of collective equivalent martingale measures defined in (7).

12



The validity of this theorem would be a direct consequence of Theorem 6 and Item
1 in Remark 1, contingent upon establishing the closedness of KY in L0(Ω,FT , P ).
This closedness will be demonstrated via a recursive procedure on the the number
of vectors generating Y in the subsequent section. As a direct consequence of this
theorem, we present in Corollary 9 a simplified version of the CFTAP I applicable to
vector spaces Y, which are not necessarily finitely generated.

For each Y in L0(Ω,FT , P ), recall that span(Y,RN
0 ) ⊆ L0(Ω,FT , P ) is the (finite

dimensional) linear space generated by the single random vector Y and the vector
space RN

0 . Observe that the set Me(span(Y,RN
0 )) is given by{

Q = (Q1, . . . , QN ) ∈ XN
i=1M

i
e | Y ⊆ L1(Ω,FT , Q) and

N∑
i=1

EQi [Y i] ≤ 0

}
.

Having this in mind, we can state the following result.

Corollary 9 Let Y ⊆ L0(Ω,FT , P ) be a vector space containing RN
0 . Then

NCA(Y) ⇐⇒ Me(span(Y,RN
0 )) ̸= ∅ ∀Y ∈ Y.

Proof From Theorem 8 we know that

NCA(span(Y,RN
0 )) ⇐⇒ Me(span(Y,RN

0 )) ̸= ∅.

From the definition of NCA, one can check that

NCA(span(Y,RN
0 )) ∀Y ∈ Y ⇐⇒ NCA(Y + RN

0 ) ⇐⇒ NCA(Y),

where the last equivalence is trivial as, by assumption, (Y + RN
0 ) = Y. □

Remark 3 Analogously, Corollary 9 remains valid, with appropriate modifications, when a
finite collection of vectors from Y replaces the single vector Y ∈ Y.

In order to state the collective version of the pricing-hedging duality, we recall from
[1] the concept of collective super/sub replication price.

Definition 5 (Definition 4.1 and 4.16 [1]) For Y ⊆ L0(Ω,FT , P ) and (f1, . . . , fN ) = f ∈
L0(Ω,FT , P ) we define the collective superhedging and subhedging price as

ρY+(f) = inf

{
N∑
i=1

mi | m ∈ RN and m+ k + Y ≥ f for k ∈ XN
i=1Ki, Y ∈ Y

}
, (14)

ρY−(f) = sup

{
N∑
i=1

mi | m ∈ RN and m+ k − Y ≤ f for k ∈ XN
i=1Ki, Y ∈ Y

}
.

We say that ρY+(f) (similarly for ρY−(f)) defined in (14) is attained if there exists m ∈ RN , k ∈
XN
i=1Ki, Y ∈ Y such that m+ k + Y ≥ f and ρY+(f) =

∑N
i=1 mi .
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We defer the reader to [1] Section 4 for the interpretation of ρY+(f) and the differ-
ence with the classical superhedging price, there denoted by ρN+ (f), of the N claims
(f1, . . . , fN ) = f . We also note that when Y is a vector space

ρY−(f) = −ρY+(−f) for every f ∈ L0(Ω,FT , P ) (15)

To handle the super-hedging duality of potentially unbounded or non-integrable
contingent claim vectors f ∈ L0(Ω,F, P ) we introduce the following convex set of
vectors of martingale measures. For any arbitrary φ ∈ L0(Ω,F , P ) let

Mφ
e (Y) := {Q ∈ Me(Y) | EQi [|φi|] < ∞ ∀ i = 1, . . . , N} ⊆ Me(Y). (16)

Remark 4 We observe that for Y = span(Y1, . . . , YR) and φi = max{|Y i
1 |, . . . , |Y i

R|} we
have Mφ

e (Y) = Me(Y).

Assumption 10 1. Y is a finite dimensional vector space satisfying RN
0 ⊆ Y ⊆

L0(Ω,FT , P ), i.e. Y = span(Ym,m = 0, . . . , R), with Y0 = RN
0 and Ym ∈ L0(Ω,FT , P ),

m = 1, . . . , R.

2. NCA(Y) holds true

The Assumption 10 in particular implies that there exists P ′ ∈ Pe such that
Y ⊆ L1(Ω,FT , P

′)

Theorem 11 (Pricing hedging duality) Let Assumption 10 holds true. Then for any f ∈
L0(Ω,FT , P ) and for any φ ∈ L0(Ω,FT , P ) such that max{|f i|, |Y i

1 |, . . . , |Y i
R|} ≤ φi we have

Mφ
e (Y) ̸= ∅ and

ρY+(f) = sup

{
N∑
i=1

EQi [f
i] | Q ∈ Mφ

e (Y)

}
> −∞. (17)

Moreover, when finite, ρY+(f) defined in (14) is attained.

The proofs of Theorem 8 and Theorem 11 are postponed to Section 2.2. As a
byproduct (see Section 2.2, Item 1) we will also obtain the following

Theorem 12 (Closure of KY ) Under Assumption 10, KY is closed in L0(Ω,FT , P ).

A comparison with the findings of [1] is now presented. The results in this paper
hold for possibly distinct filtrations, one for each agent. Although this formulation is
already present in [1], many of the proofs therein require coinciding filtrations—a con-
dition we do not impose here. In particular, with respect to the closure of KY , this
represents a significant departure from the earlier approach. Aside from the case of
coinciding filtrations, the requirements and the approach here are generally alterna-
tive and complementary in spirit to those in [1]. Specifically, we keep defining trading
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strategies and their final payoffs in full generality, but we establish our results by
imposing finite dimensionality on the set Y of permitted exchanges—a condition not
considered in [1]—while avoiding the scalability condition stipulated in Requirement
2 of [1] Theorem 6.11. The finite dimensionality allows us to adopt a recursion method
which was not feasible in the typical setup of [1], and was inspired by the proof of
Theorem 5.1 in Bouchard and Nutz (2015) [2]. Moreover, in the dual representation
(17), we emphasize that our framework permits a broader range of choices for the sets
of measures on the right-hand side, since the vector φ can be selected with consider-
able freedom, thereby enabling the use of a rather wide range of subsets of collective
martingale measures.

In Section 3 we analyze when a segmented market with N agent is collectively
complete and prove the following collective version of the second FTAP. Recall that a
contingent claim f i ∈ L0(Ω,F i

T , P ) is replicable for agent i if f i ∈ R +Ki. We shall
see that the following notion of Y-collectively replicable vector of contingent claims
turns out to be crucial.

Definition 6 The vector of contingent claims f = (f1, . . . , fN ) ∈ L0(Ω,FT , P ) is
Y-collectively replicable if f ∈ RN + XN

i=1Ki + Y.

Theorem 13 (CFTAP II) Under Assumption 10 the market is collectively complete if and
only if Me(Y) is a singleton, namely

every f ∈ L0(Ω,FT , P ) is Y-collectively replicable ⇐⇒ Me(Y) is a singleton.

2.1 Auxiliary results

We first observe the following algebraic property of superhedging functional: let Y ⊆
L0(Ω,FT , P ) be a vector space containing RN

0 and f ∈ L0(Ω,FT , P ) then

ρY+(f) = inf

{
N∑
i=1

mi | m ∈ RN and f −m ∈ KY

}
, (18)

where KY is defined in (3).

Lemma 14 Suppose that Y ⊆ L0(Ω,FT , P ) is a vector space containing RN
0 and NCA(Y)

holds true. Then

1. ρY+(0) = 0.

2. ρY+ is cash additive: ρY+(f+c) = ρY+(f)+
∑N

i=1 c
i, for all c ∈ RN and f ∈ L0(Ω,FT , P ).

3. ρY+ is monotone increasing with respect to the partial order of L0(Ω,FT , P ) and positively
homogeneous.

4. ρY+(f) < +∞ for any bounded from above f ∈ L0(Ω,FT , P )
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5. Suppose additionally that KY is closed in L0(Ω,FT , P ) and f ∈ L0(Ω,FT , P ). Then
ρY+(f) > −∞ and ρY−(f) < +∞. If ρY+(f) < +∞ (resp. ρY−(f) > −∞) then ρY+(f) (resp.

ρY−(f)) is attained. More specifically,

f −
ρY+(f)

N
1 ∈ KY .

6. ρY−(f) ≤ ρY+(f) for every f ∈ L0(Ω,FT , P ).

Proof Items 1-3 were proved in Lemma 4.4 [1] and Item 4 is a simple consequence of Items
1, 2 and 3. Recall that a = (a, a, . . . , a) ∈ RN , for a ∈ R. We come to Item 5. First we recall
from Proposition 4.9 [1] that ρY+(f) = N · πY

+(f) with

πY
+(f) = inf

{
a ∈ R | f ≤ a+ k + Y for k ∈ XN

i=1Ki, Y ∈ Y
}
. (19)

Assume that ρY+(f) = −∞ so that πY
+(f) = −∞. Then for every n ∈ N there exists kn, Yn

such that f i ≤ −n+kin+Y i
n for every i = 1, . . . , N . This implies (f i+n)∧1 ≤ f i+n ≤ kin+Y i

n

for every i = 1, . . . , N . We have (f +n)∧1 ∈ KY for every n ∈ N. Moreover (f +n)∧1 → 1
P -a.s. and therefore 1 ∈ KY , which contradicts NCA(Y).
Now we proceed proving the attainment when ρY+(f) is finite. By definition, there exists a

sequence (mn)n in RN such that m̂n =:
∑N

i=1 m
i
n ↓ ρY+(f) and f −mn ∈ KY . Subsequently,

writing f−mn = f− m̂n
N 1+ m̂n

N 1−mn, we see that also f− m̂n
N 1 ∈ KY . Indeed, (mn− m̂n

N 1) ∈

RN
0 ⊆ KY . The thesis follows from the closure of KY and f − m̂n

N 1 → f − ρY
+(f)

N 1.

We now come to Item 6. We observe that if ρY+(f) = +∞ or if ρY−(f) = −∞ there is

nothing to prove. We can then suppose that ρY+(f) < +∞ and ρY−(f) > −∞ as well, i.e.

the infimum in defining ρY+(f) and the supremum in defining ρY−(f) are both taken over

nonempty sets. One can introduce, similarly to πY
+(f),

πY
−(f) = sup

{
a ∈ R | f ≥ a+ k − Y for k ∈ XN

i=1Ki, Y ∈ Y
}
.

Similarly to (15) one can verify that πY
−(f) = −πY

+(−f) and hence ρY−(f) = NπY
−(f). We then

just need to verify πY
−(f) ≤ πY

+(f) when the infimum in defining πY
+(f) and the supremum

in defining πY
−(f) are both taken over nonempty sets. Observe that if x + k + Y ≥ f and

z+ k̃− Ỹ ≤ f for x, z ∈ R k, k̃ ∈ XN
i=1Ki and Y, Ỹ ∈ Y we have (x−z)+ (k− k̃)+ (Y + Ỹ ) ≥

f + (−f) = 0 which implies (ki − k̃i) + (Y i + Ỹ i) ≥ z − x for every i. Since NCA(Y)
holds we must then have z ≤ x. Taking suprema over z and infima over x the inequality
πY
−(f) ≤ πY

+(f) follows. □

In Proposition 4.12 [1] it was shown that if f ∈ L1(Ω,FT , P ), Y ⊆ L1(Ω,FT , P ) is a
convex cone containing RN

0 , ifNCA(Y) holds, ifKY is closed under P -a.s. convergence
and if ρY+(f) < +∞, then ρY+(f) is attained. Item 5 in Lemma 14 shows, using a simpler
direct proof, that attainment holds also if we remove the integrability requirements
on Y and f .

Lemma 15 Let Ỹ ⊆ L0(Ω,FT , P ), be a vector space containing RN
0 and Y = span{Ỹ, f}

with f ∈ L0(Ω,FT , P ) non Ỹ− collectively replicable. If NCA(Y) holds true and if KỸ is

closed under P -a.s. convergence then ρỸ−(f) < 0 < ρỸ+(f).
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Proof Assume by contradiction that ρ+ := ρỸ+(f) ≤ 0. As NCA(Y) ⇒ NCA(Ỹ), by Lemma

14 Item 5 we know ρỸ+(f) > −∞ and is attained. Then we can find ρi+ ∈ R, k+ ∈ XN
i=1Ki,

Y+ ∈ Ỹ such that f i ≤ ρi+ + ki+ + Y i
+ for every i = 1, . . . , N , and

∑
i ρ

i
+ = ρ+ ≤ 0. This

implies
−f i + ρi+ + Y i

+ + ki+ ≥ 0 ∀ i = 1, . . . , N

and at least one inequality being strict, otherwise f would be Ỹ− collectively replicable.
Consider now xi = ρi+ − ρ+

N , then xi ≥ ρi+ and

−f i + xi + Y i
+ + ki+ ≥ 0 ∀ i = 1, . . . , N,

with one inequality being strict. Moreover
∑

i x
i = 0 and therefore −f + x + Y+ ∈ Y =

span{Ỹ, f} which guarantees that NCA(Y) is violated. To conclude, we observe that since
both XN

i=1Ki and Y are vector spaces, f is Y-collectively replicable if and only if so is −f . In

particular, the previous argument shows that ρỸ+(−f) > 0 and we can use (15) to conclude

ρỸ−(f) = −ρỸ+(−f) < 0 as desired. □

Lemma 16 Let Ỹ ⊆ L0(Ω,FT , P ), be a vector space with RN
0 ⊆ Ỹ and Y = span(Ỹ, Y ) for

Y ∈ L0(Ω,FT , P ). If NCA(Y) holds true and KỸ is closed under P -a.s. convergence then
KY is closed under P -a.s. convergence.

Proof If Y = k̃ + Ỹ for k̃ ∈ XN
i=1Ki and Ỹ ∈ Ỹ then we prove KY = KỸ , which is closed

by assumption. Indeed KY ⊇ KỸ . If f ∈ KY then there exists k ∈ XN
i=1Ki and Ŷ ∈ Y

such that f ≤ k + Ŷ . We can write Ŷ = W + αY with W ∈ Ỹ and α ∈ R. Therefore

f ≤ k +W + αY = k +W + α(k̃ + Ỹ ) = (k + αk̃) + (W + αỸ ), hence f ∈ KỸ .

Now we suppose that Y /∈ XN
i=1Ki + Ỹ and we prove that KY is closed. Let fn ∈ KY

converging to f P -a.s.. Then
fn ≤ kn + Yn + βnY, (20)

for kn ∈ XN
i=1Ki and Yn ∈ Ỹ and βn ∈ R.

If there exists a subsequence which we indicate again with (βn) which converges to a finite

β then fn−βnY converges P -a.s. to f−βY . Clearly fn−βnY ≤ kn+Yn i.e. fn−βnY ∈ KỸ

so that f − βY ∈ KỸ i.e. f − βY ≤ k + Ỹ and therefore f ∈ KY .
Suppose now there exist no subsequence converging to a finite β, but that we can find a

subsequence (βn) such that limβn = +∞. In this case we get fn
βn

→ 0. From (20) we get

fn
βn

− Y ≤ 1

βn
(kn + Yn)

Thus ( fnβn
−Y ) ∈ KỸ and fn

βn
−Y → −Y , therefore −Y ∈ KỸ . In particular −Y = k− l+ Ỹ ,

for some Ỹ ∈ Ỹ, k ∈ XN
i=1Ki, l ∈ L0

+(Ω,FT , P ) and we get k + Y + Ỹ = l ≥ 0, with

(Y + Ỹ ) ∈ Y. Then NCA(Y) implies k + Y + Ỹ = 0. As fn ≤ kn + Yn + βnY we deduce

fn ≤ kn + Yn + βn(−k − Ỹ ) i.e. fn ∈ KỸ and by closure f ∈ KỸ ⊆ KY . Alternatively, we

can find a subsequence (βn) such that limβn = −∞. In this case we get again fn
βn

→ 0, and

from (20) we get
fn
−βn

+ Y ≤ 1

−βn
(kn + Yn)
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This means fn
−βn

+ Y ∈ KỸ and therefore Y ∈ KỸ . In particular Y = k − l + Ỹ , for some

Ỹ ∈ Ỹ, k ∈ XN
i=1Ki, l ∈ L0

+(Ω,FT , P ) and we get k − Y + Ỹ = l ≥ 0, with (−Y + Ỹ ) ∈ Y.

Then NCA(Y) implies k − Y + Ỹ = 0, which contradicts Y /∈ XN
i=1Ki + Ỹ. □

2.2 Proofs of Theorems 8, 11 and 12

For any finite integer r we set

Yr := span(Ym, m = 0, . . . , r),

for Y0 := RN
0 and for a finite number of vectors Ym ∈ L0(Ω,FT , P ), m = 1, . . . , r, and

we define
Kr =

(
XN
i=1

(
Ki − L0

+(Ω,F i
T , P )

))
+ Yr.

We notice that any finite dimensional vector space Y ⊆ L0(Ω,FT , P ) containing RN
0

can be written as Y = YR, for some fixed integer R.
We prove at the same time Theorems 8, 11 and 12 by a recursive argument on the

number of generating exchanges among agents. Thus we fix Y = YR, for some fixed
integer R, and we proceed recursively on r = 0, 1, . . . , R to prove the following

Claim: If NCA(YR) holds true then for every r = 0, 1, . . . , R

1. Kr is closed under P -a.s. convergence;
2. Me(Yr) ̸= ∅ ;
3. For any f ∈ L0(Ω,FT , P ), Mφ

e (Yr) ̸= ∅ and

ρY
r

+ (f) = sup

{
N∑
i=1

EQi [f i] | Q ∈ Mφ
e (Yr)

}
,

for any φ ∈ L0(Ω,FT , P ) such that max{|f i|, |Y i
1 |, . . . , |Y i

R|} ≤ φi.

Notice that we already proved in Lemma 14 Item 5 that when Kr is closed under
P -a.s. convergence then ρY

r

+ (f) defined in (14) is, when finite, attained. Moreover,
we already know from Remark 2 that Me(Y) ̸= ∅ ⇒ NCA(Y). Thus Theorem 8,
Theorem 11 and Theorem 12 immediately follow from the claim. Observe also that
the assumption NCA(YR) implies NCA(Yr) for any r = 0, . . . , R.

Step r = 0.

As we are fixing r = 0, we have Yr = RN
0 . We first demonstrate that

Kr = XN
i=1(Ki − L0

+(Ω,F i
T , P )) + RN

0
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is closed under P -a.s. convergence. Let {fn} ⊂ Kr such that fn → f P -a.s.. Then

fn ≤ xn + kn with

N∑
i=1

xi
n = 0,

and kn ∈ XN
i=1Ki, Observe that infn x

i
n > −∞ for any i = 1, . . . , N . Otherwise,

consider for some i a subsequence, again denoted by (xi
n), xi

n → −∞. For ln =
xi
n + kin − f i

n ≥ 0 and hn = 1
1+|xi

n|
we have

hnkin − hnln = hnf
i
n − hnx

i
n →n 1,

so that 1 ∈ (Ki − L0
+(Ω,F i

T , P ), which contradicts NAi. Since
∑N

i=1 x
i
n = 0 and

infn x
i
n > −∞ for any i = 1, . . . , N , we also have that lim supn x

i
n < +∞ for any

i = 1, . . . , N . This means that we can find a subsequence which we denote again with
(xn) such that limn xn = x ∈ RN

0 . Then fn − xn ∈ XN
i=1(Ki − L0

+(Ω,F i
T , P )) and

fn−xn converges P -a.s. to f−x which therefore belongs to XN
i=1(Ki−L0

+(Ω,F i
T , P )),

i.e. f ∈ Kr.

Fix any f ∈ L0(Ω,FT , P ) and let φ ∈ L0(Ω,FT , P ) such that |f | ≤ φ. We first find

a change of measure P̂ ∼ P so that φ ∈ L1(Ω,FT , P̂ ) and all processes X1, . . . , XJ

are integrable under P̂ . Thus f ∈ L1(Ω,FT , P̂ ). The assumption of the claim implies

that NCA(Yr
) holds true under P and thus also under P̂ . As r = 0, from Yr = RN

0

and from (6), we have that NCA(Yr
) under P̂ is equivalent to NAi under P̂ , for

every i = 1, . . . , N , which holds, by Theorem 2, if and only if M i,∞
e (P̂ ) ̸= ∅ or M i

e ̸= ∅,
for every i = 1, . . . , N . As r = 0, from Yr = RN

0 and from the definition of Me(Yr)
we have Me(Yr) = XN

i=1M
i
e. We thus conclude that Me(Yr) ̸= ∅.

Take Q ∈ XN
i=1M

i,∞
e (P̂ ), so that dQi

dP̂
∈ L∞ for each i. Therefore EQi [φi] =

EP̂ [
dQi

dP̂
φi] < ∞, Q ∈ Mφ

e (Yr) and Mφ
e (Yr) ̸= ∅.

As a consequence f ∈ L1(Ω,FT ,Q). Theorem 5.14 [8] implies that EQi [ki] = 0 for
all Q ∈ Mφ

e (Yr) and for any ki ∈ Ki satisfying f i ≤ m+ ki, for some m ∈ R. By the
classical superhedging duality (2), we therefore have

ρi,+(f
i) = inf{m ∈ R | m+ ki ≥ f i, ki ∈ Ki} = sup{EQi [f i] | Qi ∈ M i,∞

e (P̂}

= sup{EQi [f i] | Qi ∈ M i,∞
e (P̂ ) s.t. φi ∈ L1(Ω,F i

T , Q
i)}

≤ sup{EQi [f i] | Qi ∈ M i
e s.t. φi ∈ L1(Ω,F i

T , Q
i)}

≤ inf{m ∈ R | m+ ki ≥ f i, ki ∈ Ki}

and we conclude, for M i,φi

e = {Qi ∈ M i
e s.t. φi ∈ L1(Ω,F i

T , Q
i)},

ρi,+(f
i) := inf{m ∈ R | m+ ki ≥ f i, ki ∈ Ki} = sup{EQi [f i] | Qi ∈ M i,φi

e }.
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Observe that since NAi holds, ρi,+(f
i) > −∞ for every i. When Yr = RN

0 (r = 0)

ρY
r

+ (f) coincides with the classical super-replication of N claims, denoted by ρN+ (f) in

[1]. Thus, as explained in [1] Proposition 4.3, we have ρY
r

+ (f) =
∑N

i=1 ρi,+(f
i), which

is always well defined, so that

ρY
r

+ (f) =
N∑
i=1

sup
{
EQi [f i] | Qi ∈ M i,φi

e

}
= sup

{
N∑
i=1

EQi [f i] | Q ∈ Mφ
e (Yr)

}
.

Iteration step: r − 1 ⇒ r.

Under NCA(YR) we assume that the three Items 1. 2. 3. of the claim hold for r− 1,
and prove they hold for r.

We will apply Lemmas 15 and 16 to the space Yr = span(Yr−1, Yr). By assumption
NCA(YR) holds and Kr−1 is closed under P -a.s. convergence. As NCA(YR) implies
NCA(Yr), from Lemma 16 we deduce that Kr is closed under P -a.s. convergence,
which proves Item 1 of the claim.

As proved in Lemma 16, if Yr ∈ XN
i=1Ki + Yr−1 then we have Kr = Kr−1. In

such a case it follows by the definitions that Mφ
e (Yr) = Mφ

e (Yr−1) ̸= ∅, so that also

Me(Yr) ̸= ∅. Then from (18) we get ρY
r−1

+ (f) = ρY
r

+ (f) for any f ∈ L0(Ω,FT , P )
and therefore the duality follows directly from the assumption. We just proved that
Items 2 and 3 hold true in this case.

Now we suppose that Yr /∈ XN
i=1Ki + Yr−1 and observe that from the induction

assumptions, the property ρY
r−1

− (Yr) = −ρY
r−1

+ (−Yr), and Lemma 15 we have

a := inf
Q∈Mφ

e (Yr−1)

N∑
i=1

EQi [Y
i
r ] = ρY

r−1

− (Yr)

< 0 < ρY
r−1

+ (Yr) = sup
Q∈Mφ

e (Yr−1)

N∑
i=1

EQi [Y
i
r ] := b.

(21)

Thus we can findQ ∈ Mφ
e (Yr−1) such that Y i

r ∈ L1(Ω,F i
T , Q

i) and
∑N

i=1 EQi [Y
i
r ] = 0,

which proves Mφ
e (Yr) ̸= ∅. This implies Item 2 of the claim: Me(Yr) ̸= ∅.

Finally for any f ∈ L0(Ω,FT , P ) we show ρY
r

+ (f) = sup{
∑N

i=1 EQi [f i] | Q ∈
Mφ

e (Yr)}, for any φ ∈ L0(Ω,FT , P ) such that max{|f i|, |Y i
1 |, . . . , |Y i

R|} ≤ φi. We have
already shown that Mφ

e (Yr) ̸= ∅ and clearly

ρY
r

+ (f) ≥ sup{
N∑
i=1

EQi [f
i] | Q ∈ Mφ

e (Yr)}. (22)
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Case 1: ρY
r

+ (f) < +∞. In this case we may for simplicity assume w.l.o.g. (by

Lemma 14 Item 2) that ρY
r

+ (f) = 0. We claim that

0 ∈ E :=

{(
N∑
i=1

EQi [Y i
r ],

N∑
i=1

EQi [f i]

)
| Q ∈ Mφ

e (Yr−1)

}
⊂ R2 (23)

By contradiction 0 /∈ E. By separation arguments then there exists (h1, h2) ∈ R2 such
that

sup
Q∈Mφ

e (Yr−1)

{
h1

N∑
i=1

EQi [Y i
r ] + h2

N∑
i=1

EQi [f i]

}
< 0.

In particular, without loss of generality, we may assume that
√
h2
1 + h2

2 = 1
2 and this

implies
∣∣h1Y

i
r + h2f

i
∣∣ ≤ φi. Moreover by assumption

sup
Q∈Mφ

e (Yr−1)

{
h1

N∑
i=1

EQi [Y i
r ] + h2

N∑
i=1

EQi [f i]

}
= sup

Q∈Mφ
e (Yr−1)

{
N∑
i=1

EQi [h1Y
i
r + h2f

i]

}
= ρY

r−1

+ (h1Yr + h2f)

and by definition and using Yr ∈ Yr

ρY
r−1

+ (h1Yr + h2f) ≥ ρY
r

+ (h1Yr + h2f) = ρY
r

+ (h2f)

i.e. ρY
r

+ (h2f) < 0 which necessarily implies h2 ̸= 0, by Item 1 Lemma 14. If h2 > 0 then

by positive homogeneity (Lemma 14 Item 3) ρY
r

+ (f) < 0 which contradicts ρY
r

+ (f) = 0.

Then necessarily h2 < 0. As we proved Mφ
e (Yr) ̸= ∅, we take Q̂ ∈ Mφ

e (Yr) ⊆
Mφ

e (Yr−1) and compute

0 > sup
Q∈Mφ

e (Yr−1)

{
N∑
i=1

EQi [h1Y
i
r + h2f

i]

}
≥

N∑
i=1

EQ̂i [h1Y
i
r + h2f

i] = h2

N∑
i=1

EQ̂i [f
i].

This implies
N∑
i=1

EQ̂i [f
i] > 0 = ρY+(f) ≥ sup

Q∈Mφ
e (Yr)

N∑
i=1

EQi [f i],

a contradiction.
The claim in (23) leads to a sequence of Qn ∈ Mφ

e (Yr−1) such that

N∑
i=1

EQi
n
[Y i

r ] → 0 and

N∑
i=1

EQi
n
[f i] → 0.
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We now show that from the conditions in (21) we can construct Q+
n , Q

−
n ∈ Mφ

e (Yr−1)
and 0 ≤ λ+

n , λ
−
n , λn with λ+

n + λ−
n + λn = 1, such that

Q̂n := λ+
nQ

+
n + λ−

nQ
−
n + λnQn ∈ Mφ

e (Yr)

and λ+
n → 0, λ−

n → 0. In fact for any ε > 0 there exists an n(ε) such that qn :=∑N
i=1 EQi

n
[Y i

r ] ∈ (−ε, ε) for any n > n(ε). We choose in particular ε > 0 such that
(−ε, ε) ⊂ (a, b) for a, b given in (21). For any n > n(ε) such that qn ∈ (−ε, 0] we set

λ−
n = 0, Q−

n arbitrary, Q+
n := Q̄ ∈ Mφ

e (Yr−1) where Q̄ satisfies q̄ :=
∑N

i=1 EQ̄i [Y i
r ] ∈

(ε, b). Therefore in this case we can also find λ+
n , λn ∈ [0, 1] with λ+

n + λn = 1 and
λnq̄+λ+

n qn = 0. λnq̄+(1−λn)qn = 0 implies λn = −qn
q̄−qn

and since qn → 0, then λn → 0.

On the other hand, for any n > n(ε) such that qn ∈ (0, ε), we set λ+
n = 0, Q+

n arbitrary,

Q−
n := Q̂ ∈ Mφ

e (Yr−1) where Q̂ satisfies q̂ :=
∑N

i=1 EQ̄i [Y i
r ] ∈ (a,−ε). Therefore in

this case we can also find λ−
n , λn ∈ [0, 1] with λ−

n + λn = 1 and λnq̂ + λ−
n qn = 0.

λnq̂ + (1− λn)qn = 0 implies λn = −qn
q̄−qn

and since qn → 0 then λn → 0. Therefore

N∑
i=1

EQ̂i
n
[Y i

r ] = 0 and

N∑
i=1

EQ̂i
n
[fi] → 0,

which together with (22) yields ρY
r

+ (f) = sup{
∑N

i=1 EQi [fi] | Q ∈ Mφ
e (Yr)}.

Case 2: ρY
r

+ (f) = +∞. For any n ∈ N denote with f∧n the vector of components

f i∧n for i = 1, . . . , n. By Item 4 Lemma 14, ρY
r

+ (f∧n) < +∞ and so from the previous

step we have ρY
r

+ (f ∧n) = sup{
∑N

i=1 EQi [f i ∧ n] | Q ∈ Mφ
e (Yr)}. Since ρY

r

+ (f ∧n) is

increasing the limn ρ
Yr

+ (f ∧n) := L exists. By monotonicity of EQi [f i ∧n], we deduce

sup

{
N∑
i=1

EQi [f i ∧ n] | Q ∈ Mφ
e (Yr)

}
↑n sup

{
N∑
i=1

EQi [f i] | Q ∈ Mφ
e (Yr)

}
= L.

Note that the terms in LSH equal ρY
r

+ (f∧n), so that we conclude: limn ρ
Yr

+ (f∧n) = L.

If L were finite then for pn = (
ρYr

+ (f∧n)

N , . . . ,
ρYr

+ (f∧n)

N ), the sequence f ∧n−pn would

belongKr, by Item 5 Lemma 14. AsKY is closed, this would imply f− L
N ∈ Kr i.e. L ≥

ρY+(f) = +∞, which is not possible. Hence L = sup
{∑N

i=1 EQi [f i] | Q ∈ Mφ
e (Yr)

}
=

+∞ and this conclude the proof.

3 Collectively complete markets: CFTAP II

In this section, we provide a precise definition of NCA(Y)-prices for vectors of contin-
gent claims and characterize them, in Theorem 17, as expectations under equivalent
collective martingale measures. Subsequently, we characterize contingent claims that
are collectively replicable, demonstrating that, similarly to the classical setting, f is
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collectively replicable if and only if ρY−(f) = ρY+(f), as shown in Proposition 18. Rely-
ing on the dual representation (17), we then characterize collective completeness in
Proposition 21.

To begin with, recall that the (global) securities market comprises a zero-interest
rate riskless asset X0 and J risky assets with discounted price processes Xj =
(Xj

t )t∈[0,T ], j = 1, . . . , J , J ≥ 1.

Definition 7 A vector of prices Πf ∈ RN is called a NCA(Y)-price for the contingent

claims f = (f1, . . . , fN ) ∈ L0(Ω,FT , P ) if there exist processes XJ+1, . . . , XJ+N such that:

1. XJ+i is adapted to the filtration Fi, i = 1, . . . , N .

2. Πi
f = XJ+i

0 , i = 1, . . . , N .

3. XJ+i
T = f i, i = 1, . . . , N .

4. For all i, NCA(Y) holds in the extended market (Xj)j∈(i)∪{J+i}.

Let Π(f) be the set of NCA(Y)-price for the contingent claims f = (f1, . . . , fN ).

Theorem 17 Let Assumption 10 hold. Then, for any f ∈ L0(Ω,FT , P ), and any fixed
φ ∈ L0(Ω,FT , P ) such that max{|f i|, |Y i

0 |, . . . , |Y i
R|} ≤ φi, it holds that

Π(f) =
{
(EQ1 [f1], . . . , EQN [fN ]) | Q ∈ Mφ

e (Y)
}
,

where Mφ
e (Y) is given in (16).

Proof Let φ ∈ L0(Ω,FT , P ) be given as in the statement. Up to a change of mea-
sure to an equivalent one with bounded density, we can assume that φ ∈ L1(Ω,FT , P

′),
Y ⊆ L1(Ω,FT , P

′) and X = (X1, . . . , XJ ) is integrable under P ′. Suppose that Πf ∈ Π(f),
then NCA(Y) holds in the extended market, thus by Theorem 5, there exists an equiv-
alent collective martingale measure Q = (Q1, . . . , QN ) for the extended markets, with
bounded densities w.r.t. P ′, and in particular belonging to Mφ

e (Y) as a consequence. Then,
XJ+i

t = EQi [XJ+i
T |F i

t ] = EQi [f i|F i
t ]. By definition

Πi
f = XJ+i

0 = EQi [X
J+i
T |F0] = EQi [f

i].

Conversely, take (EQ1 [f1], . . . , EQN [fN ]) for Q ∈ Mφ
e (Y). Define for i = 1, . . . , N the Qi−

martingales XJ+i
t = EQi [f i|F i

t ]. Since Q ∈ MY
e , and Qi is an equivalent martingale mea-

sure for the extended market (Xj)j∈(i)∪{J+i}, Q acts as an equivalent collective martingale
measure for the extended markets, which thus does not admit Y-collective arbitrages, by
Theorem 6. Finally, XJ+i

T = f i for mere measurability and integrability arguments, thus
thus Πf ∈ Π(f) by definition. □

Suppose that f = (f1, . . . , fN ) ∈ L0(Ω,FT , P ) is not collectively replicable. Dif-
ferently from the classical case, see for example [8] Theorem 5.32, the set Π(f) is not
necessarily open (see the Example 1). Moreover Π(f) can not be closed, at least under
weak conditions on f (see Proposition 20).
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Example 1 Consider the example 7.2 [1] with |Ω| = 6, two periods and N = 2 agents, each
investing in one single stock. Take as contingent claims g1 = 0 and g2 = (0, 0, 0, 0, 1, 1),
g = (g1, g2). Using the set of collective martingale measures on page 49 [1], we compute
EQ1 [g1] + EQ2 [g2] = 1

2q, with 0 < q < 1. Then ρY−(g) = 0 and ρY+(g) = 1
2 and g is not

Y-collectively replicable. Moreover, using Theorem 17

Π(g) = {(0, 1
2
q) | 0 < q < 1} ⊂ R2.

Thus this examples shows that for a non collectively replicable g, Π(g) is not necessarily an
open set in R2. Clearly, by Theorem 17, for any claim g we have

p ∈ Π(g) ⇒ ρY−(g) ≤
N∑
i=1

pi ≤ ρY+(g)

At the same, Π(g) is not closed in general, as shown in Proposition 20

Proposition 18 Let Assumption 10 hold. Then f ∈ L0(Ω,FT , P ) is Y-collectively replicable
if and only if ρY−(f) = ρY+(f).

Proof Recall from Lemma 14 Item 6 that by NCA(Y) we have ρY−(f) ≤ ρY+(f). We start

by proving that if f is collectively replicable then ρY−(f) = ρY+(f). Let φ ∈ L0(Ω,FT , P )

be any given random vector satisfying max{|f i|, |Y i
1 |, . . . , |Y i

R|} ≤ φi for every i. Take Q ∈
Mφ

e (Y), which is nonempty by Theorem 11. Write f = x+k+Y with obvious notation from
replicability. Since f, Y ∈ L1(Ω,FT ,Q), by definition of Mφ

e (Y) we see that (ki)− ∈ L1(Qi)
for every i. [8] Theorem 5.14 implies that EQi [ki] = 0 for every i. As a consequence, using

also Q ∈ Mφ
e (Y), we can write

N∑
i=1

EQi [f
i] =

N∑
i=1

(
xi + EQi [k

i] + EQi [Y
i]
)
=

N∑
i=1

xi.

Hence Q 7→
∑N

i=1 EQi [f i] is constant on Mφ
e (Y), so using (17)

ρY+(f) = sup

{
N∑
i=1

EQi [f
i] | Q ∈ Mφ

e (Y)

}
= inf

{
N∑
i=1

EQi [f
i] | Q ∈ Mφ

e (Y)

}
= ρY−(f).

We now prove that for a non Y-collectively replicable f we have ρY−(f) < ρY+(f). By the

definitions, ρY−(f) ≤ ρY+(f). Assume by contradiction ρY−(f) = ρY+(f). By Lemma 14 Item 5

both these then need to be finite and attained. Recall from (19) the definition of πY
+. From

[1] Proposition 4.9 ρY+(f) = N · πY
+(f) and πY

+(f) is attained iff ρY+(f) is attained. Thus we

also have πY
−(f) = πY

+(f) := x ∈ R and there exists k± ∈ XN
i=1Ki, Y± ∈ Y such that

x+ ki− − Y i
− ≤ f i ≤ x+ ki+ + Y i

+ ∀ i = 1, . . . , N.

As a consequence
0 ≤ ki+ − ki− + Y i

+ + Y i
− ∀ i = 1, . . . , N,

which by NCA(Y) implies

0 = ki+ − ki− + Y i
+ + Y i

− ∀ i = 1, . . . , N,

i.e.
ki− − Y i

− = f i − x = ki+ + Y i
+ ∀ i = 1, . . . , N,

which is not possible as f is not Y-collectively replicable. □
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Proposition 19 Let Assumption 10 hold. Take f ∈ L0(Ω,FT , P ). Let φ ∈ L0(Ω,FT , P ) be
any given random vector satisfying max{|f i|, |Y i

1 |, . . . , |Y i
R|} ≤ φi for every i. Suppose that

both the primal problem (14) and the dual one (17) are attained. Then f is Y-collectively
replicable. The same implication holds for ρY− as well.

Proof Suppose ρY+(f) =
∑N

i=1 EQi [f i] for some Q ∈ Mφ
e (Y). Since ρY+(f) is finite, it is

attained (Lemma 14 Item 5) and thus for some x ∈ RN with
∑

i x
i = ρY+(f), k ∈ XN

i=1Ki,

Y ∈ Y we have xi + ki +Y i ≥ f i for every i. By setting Ŷ i = xi −EQi [f i] +Y i we also have

that EQi [f i] + ki + Ŷ i ≥ f i for every i, with Ŷ ∈ Y. This immediately gives EQi [Ŷ i] ≥ 0

for every i. At the same time if the inequality EQi [f i] + ki + Ŷ i ≥ f i were strict with

positive (P or Qi equivalently) probability for some index h, then EQh [Ŷ h] > 0 with a similar

computation. This would yield
∑

j EQj [Ŷ j ] > 0, a contradiction with Q ∈ Mφ
e (Y). We then

infer EQi [f i] + ki + Ŷ i = f i, for every i, Qi (hence P by equivalence) a.s.. □

Proposition 20 Let Assumption 10 hold. If f ∈ L0(Ω,FT , P ) is not Y-collectively replicable
and if ρi,+(f i) < +∞ and ρi,+(−f i) < +∞ for every i then Π(f) is not closed.

Proof Every p ∈ Π(f) satisfies

−ρi,+(−f i) ≤ inf
{
EQi [f

i] | Q ∈ Mφ
e (Y)

}
≤ pi ≤ sup

{
EQi [f

i] | Q ∈ Mφ
e (Y)

}
≤ ρi,+(f i)

and thus Π(f) is bounded in RN . If Π(f) were closed then it would be compact and by

Theorem 17 together with (17) we would have ρY+(f) =
∑N

i=1 EQi [f i], for some Q ∈ Mφ
e (Y),

for max{|f i|, |Y i
1 |, . . . , |Y i

R|} ≤ φi. This in turns would imply by Proposition 19 that f is
Y-collectively replicable, a contradiction. □

Theorem 13 is a consequence of the following proposition. We write e1, . . . , eN for
the canonical basis of RN

Proposition 21 Let Assumption 10 hold. Then the following are equivalent:

1. Every f ∈ L0(Ω,FT , P ) is Y-collectively replicable;

2. Every f ∈ L∞(Ω,FT , P ) is Y-collectively replicable;

3. 1Aej is Y-collectively replicable for every j = 1, . . . , N and every A ∈ Fj
T ;

4. Me(Y) is a singleton;

5. ρY± coincide on L0(Ω,FT , P ).

Proof The implications 1 ⇒ 2 ⇒ 3 are obvious. We show 3 ⇒ 4. Take Q, Q̂ ∈ Me(Y).
From Proposition 18 we have ρY−(1Aej) = ρY+(1Aej). A the same time, choosing φi =

max{|Y i
1 |, . . . , |Y i

R|}, Remark 4, together with Theorem 11 allows us to write

ρY−(1Aej) ≤ EQj [1A] =

N∑
i=1

EQi [1Aej ] ≤ ρY+(1Aej)

25



and the same holds for E
Q̂j [1A], so that EQj [1A] = E

Q̂j [1A]. Since this can be repeated

for every j and A ∈ Fj
T , it follows that Me(Y) (which is nonempty) also consists of at

most one element. We come to 4 ⇒ 5. Pick f ∈ L0(Ω,FT , P ) and φ ∈ L0(Ω,FT , P ) with
max{|f i|, |Y i

1 |, . . . , |Y i
R|} ≤ φi. As argued before, Mφ

e (Y) ̸= ∅ by NCA(Y) and at the same
time Mφ

e (Y) ⊆ Me(Y), the latter being a singleton. Thus, Mφ
e (Y) is itself a singleton, say

{Q̂}. Since ρY−(f) = −ρY+(−f), (17) implies

ρY+(f) =

N∑
i=1

E
Q̂i [f

i] = ρY−(f).

Finally, implication 5 ⇒ 1 follows immediately from Proposition 18. □

4 Examples

We describe a simple market with two agents and two stocks, and where each agent
i may invest only in the stock Xi and in the riskless asset. In this example there
exists a global arbitrage (Me := M1

e ∩M2
e = ∅); each single market is arbitrage free

and incomplete (|M1
e | = ∞ and |M2

e | = ∞); NCA(Y) holds true and the market is
collectively complete (|Me(Y)| = 1), so that there exist a unique price vector for each
vector of contingent claims. Consider the setup described in Figure 1, with common
filtration

F0 = {∅,Ω}, F1 = σ(A1 = {ω1, ω2}, A2 = {ω3, ω4}, A3 = {ω5, ω6}), F2 = P(Ω).

We show that every vector of contingent claims is collectively replicable for Y =
Y0 ∩ L0(Ω,F1, P ). To this end we first focus on the time step {0, 1}. Take any g1, g2
which are F1 measurable. Let gi = (gij)j=1,2,3, g

i
j ∈ R on Aj , j = 1, 2, 3. Similarly,

Y = (Y 1, Y 2) ∈ Y is such that Y 2 = −Y 1 and Y 1 = y1j on Aj , j = 1, 2, 3. We show

that there exist (B1, B2, h,H, y11 , y
1
2 , y

1
3) ∈ R6 such that

B1 + hX1(ω) + Y 1(ω) = g1(ω), B2 +HX2(ω)− Y 1(ω) = g2(ω) ∀ω ∈ Ω.

This reads:

B1 + 4h+ 0H + y11 + 0y12 + 0y13 = g11
B1 + 4h+ 0H + 0y11 + y12 + 0y13 = g12
B1 + 12h+ 0H + 0y11 + 0y12 + y13 = g13
B2 + 0h+ 16H − y11 + 0y12 + 0y13 = g21
B2 + 0h+ 8H + 0y11 − y12 + 0y13 = g22
B2 + 0h+ 8H + 0y11 + 0y12 − y13 = g23

or


1 0 4 0 1 0 0
1 0 4 0 0 1 0
1 0 12 0 0 0 1
0 1 0 16 −1 0 0
0 1 0 8 0 −1 0
0 1 0 8 0 0 −1





B1

B2

h
H
y11
y12
y13


=


g11
g12
g13
g21
g22
g23


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The rank of the matrix of the system is 6, a solution exists. In particular, one such a
solution can be always obtained even asking B1 = B2, since

det


1 4 0 1 0 0
1 4 0 0 1 0
1 12 0 0 0 1
1 0 16 −1 0 0
1 0 8 0 −1 0
1 0 8 0 0 −1

 = −128.

Now observe that in the time step {1, 2} each of the two markets is (separately)
complete. The arguments above allow us to conclude that each F2-measurable pair
(g1, g2) is collectively replicable. One can easily compute the relevant sets of equivalent
martingale measures:

M1
e =

{(
1

2

(1
2
− p
)
,
1

2

(1
2
− p
)
,
1

2
p,

1

2
p,

1

6
,
1

3

)
, p ∈

(
0,

1

2

)}
,

M2
e =

{(
1

8
,
1

8
,
1

2

(3
4
− q
)
,
1

2

(3
4
− q
)
,
2

3
q,

1

3
q

)
, q ∈

(
0,

3

4

)}
,

Me(Y) = {(Q1, Q2)} ≠ ∅, Me := M1
e ∩M2

e = ∅,

where Q1 ∈ M1
e corresponds to p = 1

4 and Q2 ∈ M2
e to the choice q = 1

2 . This is
clearly consistent with CFTAP II. Note that although there exists a global arbitrage
(Me = M1

e ∩ M2
e = ∅) and Q1 ̸= Q2 on F2, we do have Q1 = Q2 on F1, which is

equivalent to the polarity condition for the exchanges Y.

4.1 Example: time consistency may fail

Again we consider a simple market with two agents and two stocks, and where each
agent i may invest only in the stock Xi and in the riskless asset. The dynamics of
X1, X2 are depicted in Fig. 2.
We observe that there exists a global arbitrage opportunity in (0, 1) as (∆X1

1 +
∆X2

1 )(ω) ≥ 0 for any ω ∈ {ω1, . . . , ω6} and the inequality is strict on ω1, ω2. On the
other hand there does not exist any global arbitrage opportunity in the interval (1, 2).
By selecting Y(1) = RN

0 it is easy to verify that NCA(Y(1)) holds in the interval
(0, 1).

We show the existence of a collective arbitrage in the interval (0, 2). Suppose
that agent 1 and agent 2 buy one unit of stock i.e. H2

1 = H1
1 = 1 and then sell

it, i.e. H2
2 = H1

2 = 0. Choose Y(2) = {Y ∈ L0(Ω,F1, P ) |
∑N

i=1 Y
i = 0} and let

Y 1(ω1, ω2) = 0, Y 1(ω3, ω4) = +1, Y 1(ω5, ω6) = −1 and let Y 2 = −Y 1. Then for any
ω ∈ {ω1, . . . , ω6} the value of this strategy is

Hi
1∆Xi(ω) + Y i(ω) ≥ 0 and Hi

1∆Xi(ω1,2) + Y i(ω1,2) > 0 i = 1, 2.

27



8

12

92/3

181/3

(1/2)

4

31/2

51/2
p

4

21/2

61/2

1/
2
−
p

ω1

ω2

ω3

ω4

ω5

ω6

10

8

121/3

62/3

q

8

41/2

121/2
3/4− q

16

121/2

201/2

1/
4

ω1

ω2

ω3

ω4

ω5

ω6

Fig. 1: Tree for the stocks (X1, X2) at times t = 0, 1, 2.

The above conclusions could be also derived from the dual point of view. Indeed,
let M i

e(s, t) be the set of equivalent martingale measures for asset i in the interval
(s, t) and denote with MY

e (s, t) the set of collective martingale measures for Y in the
interval (s, t). Denote with A(s, t) (resp. NA(s, t)) the existence (resp. the absence)
of a global arbitrage in the interval (s, t), and with CAY(s, t)) (resp. NCAY(s, t)) the
existence (resp. the absence) of a collective arbitrage with respect to Y in the interval
(s, t). Then

1. M1
e (0, 1) ∩M2

e (0, 1) = ∅ ⇒ A(0, 1);
2. M1

e (0, 2) ∩M2
e (0, 2) = ∅ ⇒ A(0, 2);

3. M1
e (1, 2) = {1/2, 1/2, 1/2, 1/2, 1/2, 1/2} = M2

e (1, 2) ⇒ M1
e (1, 2) ∩ M2

e (1, 2) ̸=
∅ ⇒ NA(1, 2) and this implies NCAY(2)(1, 2) (see (4));

4. for Y(1) = RN
0 , M

Y(1)
e (0, 1) = M1

e (0, 1)×M2
e (0, 1) ̸= ∅ ⇒ NCAY(1)(0, 1);

5. for Y(1) = RN
0 and Y(2) = {Y ∈ L0(Ω,F1, P ) |

∑N
i=1 Y

i = 0}, consider Y1:2 as
defined in Section 1.4. Then MY1:2

e (0, 2) =
{
(Q1, Q2) | Q1 = Q2 on F1

}
= ∅ ⇒

CAY1:2(0, 2).

The conditions A(0, 1), NA(1, 2) and A(0, 2) are consistent with the well-known
time consistency property of classical arbitrage, which asserts that an arbitrage oppor-
tunity exists in the multi-period market if and only if an arbitrage opportunity exists
in some single-period sub-market. This property was also shown to hold for collective
(multi-period) arbitrage when exchanges are restricted to a single time t ∈ {0, . . . , T}
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Fig. 2: Tree for the stocks (X1, X2) at times t = 0, 1, 2.

(see Section 6.3 of [1]). However, the present example demonstrates that this time con-
sistency property fails to hold for collective arbitrage when exchanges are permitted
at multiple times. Specifically, we have NCAY(1)(0, 1), NCAY(2)(1, 2), CAY1:2(0, 2).
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maticae 17(1), 298–329 (1931)

[6] Delbaen, F., Schachermayer, W.: The Mathematics of Arbitrage. Springer
Finance, p. 373 (2006)

[7] Doldi, A., Frittelli, M., Rosazza Gianin, E.: Collective dynamic risk measures.
Frontiers of Mathematical Finance 3(3), 376–399 (2024) https://doi.org/10.3934/
fmf.2024012
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