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1 Introduction

Let Q be a convex set of probability measures defined on the probability
space (€2, F, P) and absolutely continuous with respect to P. We say that
Q* is the optimal solution of the Entropy Minimization Problem (EMP(Q))
if
Q" € Q satisfies H(Q*, P) = gmgl H(Q,P) < +o0, (EMP(Q))
€

where H(Q, P) = Ep [g—g In (g—g)} is the relative entropy of () with respect
to P. The strict convexity of H(-, P) assures the uniqueness of the optimal
solution of the EMP(M).

This problem has been widely studied in the past decades and many
important contributions appear in the theoretic and applied probability lit-
erature as well in many different areas of applied science. An extensive list of
references can be found in Gzyl [8]. The EMP(Q) was discussed by Csiszar
[3] (resp. Csiszar [4]) when Q is defined by equality (resp. inequality) con-
straints. In this paper we slightly improve some of the previous results in
infinite dimensional setting with inequality constraints.

Given a convex cone F' of P—a.s. finite random variables, we say that f*



is the optimal solution of the Utility Maximization Problem (UMP(F)) if

f* € F satisfies Ep [u(f*)] = IJI;labz(Ep [u(f)] > —o0, (UMP(F))
S
where u(z) = —e™*, x € R, is the exponential “utility” function.

Convex duality theory and the computation of Fenchel Lagrange trans-
form suggest that EMP(FY)) is essentially the dual of the UMP(F), where
F? is the set of probability densities belonging to the polar cone F° of F.
However, in order to give to this sentence a precise and rigorous meaning one
has to carefully select the topology and the cone F for which F° is a subset
of L'(Q2, F, P) and the duality holds.

The relation between the two problems has been discussed in many papers
in the Mathematical Finance literature, see Frittelli [6], Grandits-Rheinlander
[7], Samperi [9], and in the applied probability literature, see Csiszar [5] and,
for the finite dimensional setting, Borwein-Lewis [2].

In this paper we will study this relation and characterize the optimal
solutions of both the primal and dual problem.

1.1 The Dual Problem: EMP(M(C))

Let us now be more precise and denote with L°(P) (resp. L>=(P), L'(P)) the
space of P—a.s. finite (resp. P—essentially bounded, P—integrable) random
variables on (€, F), with L>*(P) (resp. L%(P)) the cone of P — a.s. non
positive (resp. non negative) essentially bounded random variables, with

co{C'} the positive convex cone generated by a set C, with C” the closure

of a set C C LY(Q) in the L'(Q) norm topology, with " the closure of a
set C' C LY(P) in the topology of L°(P), i.e. the topology of convergence in
probability. Given a set C' C L°(P) we define:

M(C) = {Q<<P:CCLYQ)and Eglf]<0VfeC}, (1)
Mo(C) = {Q e M(C): H(Q, P) < +oo} .

Note that Qg solves the EMP (M, (C)) if and only if it solves the EMP(M(C'))
and the two problems are equivalent.
Note that if C C L°(P) then

M(C) = M(co{C} — LT (P)).



Therefore, without loss of generality, we will assume trough out the paper
that:
C is a convex cone and — LP(P) C C C L(P). (2)

With the definition given in (1) and assumption (2) we can as well cover the
case of equality constraints defined by an arbitrary set G C L°(P). Indeed
if C = Lin{G} — LY(P), then:

{Q << P:GCLY Q) and Eg[f] =0Vf e G} =M(C).

In the sequel of the paper we’ll denote with M (resp. M) the set M(C)
(resp. My(C)), where C is a fixed set satisfying assumption (2). Let P be
the class of probabilities defined on (€2, F) and equivalent to P. It is well
known (see for example Csiszar [3]) that if

MoNP#0(

then the optimal solution Q* (whenever it exists) of the EMP(M) is equiv-
alent to P. It can be easily shown (Proposition 8) that the slightly weaker
condition
VA€ F:P(A)>03Q"c My: Q4A) >0 (3)

is also (necessary) and sufficient for Q* ~ P. In this paper condition (3) will
be always assumed satisfied.

In [3] and [4] Csiszar provided one necessary and one sufficient conditions
for the existence of the optimal solution of the EMP(M;). We reformulate
these results in the next

Theorem 1 (Csiszar (1975 and 1984)) Let Qo € M, and

_ dQo
fo = H(Qu. P) — n(422) (@)
a) If fo € C then Q) is the optimal solution of the EMP(M,).
b) If Qo is the optimal solution of the EMP(M,) then fy € o,

This theorem states that the density of the optimal solution has expo-
nential form

dQO . e_fO
dP Ep[e_fo],

P —a.s., (5)



where the exponent f belongs to an appropriate set. However, for the opti-
mality of @)y nor the sufficient condition (a) is necessary, nor the necessary
condition (b) is sufficient, as it is shown in counterexample 3.5 in [3]. So it is
natural to ask if it is possible to identify the “exact” set of random variables,

which contains C' and is contained in 6Q0, that provides a condition that is
both necessary and sufficient. The answer is provided in the next theorem.
Set

and note that Mo £ Mo(C) = Mo(C).

Theorem 2 Let Qg € My and fo = H(Qo, P) — ln(%).
Qo is the optimal solution of the EMP(M,) if and only if fo € C.

From Theorem 2 and the inclusions C C C - UQO, one can immediately
deduce Csiszar’s Theorem 1. A particular case of Theorem 2 was stated in
Frittelli [6] where the author studied the existence of a martingale probability
measure of minimal relative entropy in the context of an incomplete financial
market model.

From Theorem 2 we will also deduce the following:

Corollary 3 The optimal solution Qo of the EMP(M,) exists if and only if
there exists fo € C' satisfying:

e e L'(P) andVfeC Eplef] <Eplef]=0. (A)

1.2 The Primal Problem: UMP(C)

By using convex duality argument and the properties of the dual system

(L>®(P),ba(S2, F, P)), in Bellini-Frittelli [1] (Theorem 1.b), it was shown that
if C' C L*°(P) satisfies assumption (2) and if

sup Ep[u(f)] <0 (6)

then

ot (sp Enlu)]) =0t (guin { min | ~El(a/aP]} ) = guin #Q.P)

feC QeMo | Ae(0,+00)
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where

u*(z) = in}f{ {zz—u(r)} =—2lnz+=2
Te

is the concave conjugate of u. The stated Theorem shows that, when C' C
L*>®(P), the EMP(M,) is indeed the dual of the UMP(C') and that condi-
tion (6) guarantees the existence of the optimal solution of the EMP(M,).
However, in general the primal UMP(C') does not admit an optimal solution.

In order to establish an existence theorem for optimal solutions to both
the primal and dual problems it is essential to determine accurately the set
F in the UMP(F) i.e. to take F' = C, where C' can be seen as the closure of
C with respect to a properly defined topology.

We will analyze this problem also when C' in not necessarily contained in
L*>(P). As it will be shown in counterexample 1, when we allow elements in
C that are unbounded from above and from below nor condition 6 nor the
stronger condition of the existence of the optimal solution of the UMP(C)

—70
or of the UMP(CL ) is any more sufficient for the existence of the optimal
solution of the EMP(M,). Hence to treat the L°( P) case we have to consider
the complementary condition (B).

We say that the probability measure )y satisfies condition (B) if
Vf € C 3a € (0,+00) : Eg,[e*] < +o0, (B)
where o may depend on f and ().

Theorem 4 .

(a) If Qq is the optimal solution to the EMP(My) then fy, given in (4),
is the optimal solution to the UMP(C).

(b) If fo is the optimal solution to the UMP(C) and if Qo, given by (5),
satisfies condition (B) then Q) is the optimal solution to the EMP(M,).

If all random variables in C' are bounded from below then any probability
measure trivially satisfies condition (B). Hence from Theorem 4 we deduce:

Corollary 5 Suppose that all random variables in C' are bounded from below,
then fo is the optimal solution to the UMP(C') if and only if Qo is the optimal
solution to the EMP(M).



In counterexample 1 we show that fo € C ¢ L*(P) is the optimal

—70 ~
solution of the UMP(CL ) (hence of the UMP(C') and of the UMP(C')) but
there is no optimal solution of the EMP(M,). Hence the reverse implication
in sentence (a) of Theorem 4 is not true, even with the stronger assumption

of the existence of the optimal solution of the UMP(C’LO) .

In counterexample 2 we show that () is the optimal solution to the
EMP(My), the corresponding fy is the optimal solution of UMP(C'), but
Qo doesn’t satisfy condition (B). Hence the reverse implication in sentence
(b) of Theorem 4 is not true. The counterexamples show also that Corollary
5 is false without the boundedness assumption on C'

Finally, a full duality relation between the two problems is shown in the

next Theorem, where the topology 7 will be defined in Section 2.1.

Theorem 6 With respect to the topology T we have: (a) C s the closure of
C, (b) C and co(M) are one the polar of the other.

2 Proofs

When we write Eg|f] it is implicitly assumed that the expectation with
respect to Q is well defined i.e. that either f* or f~ are Q-integrable. A set
n
C'is a convex cone if f; € C, a; > 0, i = 1,...,n implies that > a;f; € C.
i=1
The following Lemma is essentially Lemma 2.1 in Csiszar [3].

Lemma 7 Let H(Qo, P) < 400, H(Q1, P) < +00 and set Q, = zQ1 + (1 —
z)Qo, x € [0,1]. Then Eq, [ln(dd%’ )] is well defined and:

e
dP

L H(@uPaeo = oy [m(52)] - 1(@n, P )

Proof. Set ¢, = dQ:/dP, v, = dQy/dP and define g = (¢ — ) Inp, +
(01 — @) € L°(P). Tt is elementary to check that:

g<¢oInp;, —pglnyp, P —a.s.
By assumption, (¢; Iny; — ¢y Ing,) € L'(P), hence g* € L'(P) and

Erls] = Fo, (52| - #(Qu. P ©
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is well defined.
Set H(z) = ¢(%&), z € [0,1], where ¢(y) = ylny. Since ¢ is convex, it

d
is easy to check that <w

convergence and by the assumptions H(Q;, P) < co and H(Qy, P) < oo, the
following limit can be exchanged with the integration operator and the right
derivative is given by:

is not increasing as = | 0. By monotone

d H(z) — H(0)

L QP = lmEp [
xXr

dz 0
d d d
— B[ ¢ - T = Bl

Proposition 8 If condition 3 is satisfied then the optimal solution QQy of the
EMP(M,) is equivalent to P.

] —EBe[H(0)] (9)

Proof. Suppose that )y << P is the optimal solution to the MEP(M,). Let
@1 € My, Q, and g be defined as in the proof of Lemma 7. We necessarily
have

(d%H(Qx,P)\x:o) >0, (10)

otherwise there would exists z > 0 such that H(Q., P) < H(Qo, P), which
contradicts the optimality of Q. Since g™ € L!(P), from equations (9) and
(10) we deduce that g € L*(P), and from equation (8) we get In(%2) €
LYQy), Q1 ( % = 0}) =0, and Q1 << @Qy. We conclude that Q << Qq
for all Q € M,.

Let A € F: P(A) > 0. Then, by assumption, there exists a Q* € M, :

Q4 (A) > 0, hence Qy(A) >0 and P << Q,. W

The proof of theorem 1 is based on the following lemma. Define:

5:{f€ N L1<Q>:EQ[f]sovczeMo}.

QeMo

Lemma 9

Q)
Il
Q



Proof. If () € M, then for all f € C' we have Eg[f] <0, so it is clear that
C - 662 - C. To show the converse it is sufficient to prove that C - 662,
VQ € My. Let Q € Mg, h € C and suppose by contradiction that h ¢ c°.
By the Hahn Banach Theorem there exists a continuous linear functional on

LY(Q) that strictly separates h from the closed convex cone UQ, i.e. there
exists n € L>(Q) such that:

0 = sup Eg[nf] < Eqnh]. (11)
fec

Since —1,<0y € C, we deduce that n > 0 Q — a.s. We then may normalize 7
and define a probability ()1 << @ by setting: dQ1 = 1. Since sup;c Fg, [f] =
0 then ), € M. Since n € L*>(Q) and H(Q, P) < +00, we have:

H(Q1,P) = Eg[nlun] + Ep [ Z?’ In (3?’)] < +o0.

Hence )1 € M, and, from equation (11), Eg,[h] > 0, which contradicts
heC. R

Proof. of Theorem 2.

Suppose that Qg is the optimal solution to the MEP(M ) and let Q) €
M. As in the proof of proposition 8, we deduce that ln( =) € LY(Qy) and
fo € LY(Q1). From (7) and (10) we get

dQo

0 < Fo,lIn(22)]

- H(QO’ P) - _EQ1 [fo]’
which implies fy € C. The thesis follows from Lemma 9.

Conversely, let fy € C'. For any given probability measure (); such that
H(G, P) < +oo we have:

dQo

H(Q1,P) > H(@:P)— H(Q:,Q0) = Fo,n(55)

= H(Qo, P) — Eq,[fo]-
By Lemma 9, f, € C and therefore Eq,[fo] <0 for all Q; € M,. Hence
H(Q1, P) > H(Qo, P) for all Qy € M,. M

Corollary 3 is an immediate consequence of Theorem 2 and the following



Lemma 10 If Qo € Mo NP and if fo is given in (4) then fo € L°(P) and
it satisfies condition (A).

If fo € LY(P) satisfies condition (A) and if Qq is given in (5) then Qq €
MoNP.

Proof. Suppose that Qo € My NP. Then e/ € LY(P) and, since
H(Qo, P) = Eqg, [ln(dQ0 )] < +oo we get (e ( ~fofy) € LY(P) and E[e~ /o f3] = 0.
Since Qp € M, we have Ele /0 f] = e fO]EQO[f] < 0 for all f € C. Con-

versely, if fo € L°(P) satisfies condition (A) then Qo ~ P, e~ /0 fy € LY(P)
and
VfeC Eq[f]<0=Eq/[f].

Hence H(Qo, P) < +oc and Qg € MgNP. W

Proof. of Theorem 4

(a) Since Qo is the optimal solution of the EMP (M), from Corollary 3 we
know that there exists fy € C' satisfying condition (A). Note that condition
(A) implies that e~ fy € LY(P) and (e~ f) € L'(P) for all f € C. Since
Cco™ , from (A) it follows also that Ele” f] < 0forall f e C. Since u
is concave and C is convex, we get for all f € C

Elu(f) —u(fo)] < E[(fo)(f = fo)]
= Ele(f - fo)] 0,

and so, for all f € C, E[u(f)] < Eu(f)] (not excluding E[u(f)] = —oo for
some f € O).

(b) Suppose that fo € C is optimal for the UMP(C)) and so e~ € L(P).
Since C is a convex cone, fo+ af € C for all f € C and a > 0. Define, for
each « >0 and f € 6’, the random variable

u(fo+af) —u(fo)

«

h(O‘ﬂf) =

and note that h(«, f) is, for each fixed f, P—a.s. non decreasing as a | 0.
Since @)y satisfies condition (B), for all f € C' there exists a > 0 such that
Elh(a, f)] > —oo. Therefore from the monotone convergence theorem and
the optimality of f, we get:

Bl (fo)f] = Ellimh(a. /)] = lim Elh(a, /)] <0/ € C.



Hence:
Elef] <0 VfeC. (12)

Since C' is positively homogeneous, (—fj) is also a feasible direction from
fo, because fo(1—a) = fo+ a(—fo) € C for a € [0,1] and E[h(1,—fp)] =
—1 — Elu(fo)] > —oc by assumption. Therefore E[u'(fo)(—fo)] < 0 and so
Ele=/ fo] > 0. From equation (12) we deduce that Qy € M, and, since
CC UQO, Ele/o fo] < 0. Then E[e /0 fy] = 0 and f, satisfies condition (A).
The thesis follows from Corollary 3. W

Counterexample 1
Let Q = Z (the set of integers), the o—field F contain all subsets of €2,
and define the probability measure P in the following way:

P(0)

7:2

P(i) = P(—i) =

fori=1,2,...

where the value P(0) is selected so that P becomes a probability measure
(and so 0 < P(0) < 1).

Consider the random variable X defined by X (i) = i for i € Z. Define
C = Lin{X} — L(P). Then

M={Q << P:X e L"Q) and Eg[X] =0}.
We show the following:
i) MoNP#0and P ¢ My,
ii) infoeng, 1(Q, P) = 0,
i) Elu(f)] < E[u(0)] = —1 for all f € T~ .

From i) and ii) it follows that there is no optimal solution to the EMP(M,)
and from iii) it follows that fy = 0 is the optimal solution to the UMP(@LO)
and, since fo € C C C C 6L0, to both the UMP(C) and the UMP(C).

i) Let Q be defined by Qi) = Q(—i) = 9Y for i = 1,2,... where

7

the value Q(0) is selected so that () becomes a probability measure. Then
Q € MoNP. From Ep[X*] = Ep[X~| = 400 we deduce X ¢ L'(P) and
P ¢ M,.

10



ii) We define a sequence of probability measures (Q,,),>1 in the following
way:

P(i) it i=41,.. 4n
Quli) = 0 i lil>n
PO)+ > P(j) if i=0
i

It is elementary to check that (Q,)n>1 € M. Since lim,,_, 1 @,(0) = P(0),
we get 1(Qn, P) = Q,(0)In %”(8) — 0, as n — +00.
iii) Set

A& {fel’P): f=aX—h, a€R, he L) (P)}.

Since Ele %] = +o00 Va # 0 we get Eu(f)] < E[u(0)] = —1 for all f € A.

One can easily check that A is closed with respect to P— a.s. convergence,
—70 —70

hence we have C' C A (indeed ch = A) and iii) follows.

Counterexample 2

Let X be a random variable on (2, F, P) such that Ep[X] = 0 and
Eple™X] = 400 Va > 0. Define C = Lin{X} — LY(P) and note that P
doesn’t satisfy condition (B), P € My, H(P, P) = 0. Hence P is the optimal
solution of the EMP(M,) and, by equation (4), fo = 0 P—a.s. is the optimal

~

solution of the UMP(C)).

2.1 The polarity between C and M.

The aim of this section is to define a topology 7 for which the closure of C' is
equal to C' and the polar of C'is co{M}. To simplify the notation in this
section we will identify probability measures (), absolutely continuous with
respect to P, with their Radon Nikodym derivatives Z—IQJ € L'Y(P). Recall
assumptions (2) and (3) and define the linear spaces

L= () L'Q) and L' = Lin {Mo} C L'(P).
QeEMy

Notice that C C L and L*(P) C L. For all z € L and 2’ € L', we have that
(22') € L'(P) and the bilinear form: < z,2’ >= E[z2/] is well defined. Then
(L, L") defines a dual system and we denote with 7 the weakest topology
on L such that all linear functionals in L' are continuous. Endowed with

11



the 7 topology L is a locally convex topological vector space where the set
of continuous linear forms on L is precisely L'. We could also select any
other topology compatible with the dual system (L, L’), since our results
depend only on the property that the topological dual of L is L'. Another
possible choice for 7 is the weakest topology on L which is stronger than each
L'(Q) norm topology for all Q € My, i.e. the upper bound of all such norm
topologies.

Define:

C = C" (the closure of C' with respect to the 7 topology).

Note that C'is a convex cone and C' C L C LY(Q) for all Q € M. The polar
of C with respect to the 7 topology is given by

C’2{) el Elz2]<0forall zeC} C LL(P),

since L C (. Define:
C 2" N {unit ball of L(P)} .
We need the following simple result, which may perhaps be known.

Lemma 11 If H(Q1, P) < 400, Q2 << P and Qg = (1+ 3)Q1 — fQ2, then
H(Qp,P) < +oo for all B> 0 such that Qs is a probability measure.

Proof. The cases § = 0 and @); = )2 are trivial. Let 8 > 0 and ¢, = %,

Py = %, g = %. If Qs << P, we necessarily must have Q)2 << Q.

Let x = %. Then ¢y = xp; > 0 P —a.s and P(y > 0,0, > 0) = 1. Set

G ={x > 1}n{y; > 0} and note that, since Eg,[x] = 1 we have P(G) > 0.

Then: oz = (14— Bx) >0, P — a.s, if and only if 3 < igfﬁ = ﬁ,

where z £ supy > 1. If z = 400 we have the trivial case 5 = 0. Suppose that
a

r < +00,0< < -1 and define ¢, = ;==X > 0 P —a.s. Then E[p,] =1
and since, H(Q, P) < 400, it can be easily checked that H(Q,., P) < +oo.
Note that ¢, = ¢4 for 8 = x—il and each ¢ is a convex combination of ¢,
and ¢, :

pg=ap, +(1-a)p, if 0<a=pr—-1)<1
By the convexity of H(-, P) we deduce H(Qgz, P) < +0co. W

12



Proposition 12 M, = 6(1).

Proof. First note that if z € C' then Eg[z] < 0 for all Q € M,. Since M,
is convex, I/ admits the following representation

L'={7eL'(P): 2 =az — Bz, o, >0, 21,2 € Mo},
and therefore

] @<<P:Q=01+P)Q1—FQ 20, G, Q2 € Mo
1 and Vz € C Eglz] <0 ’

The thesis then follows from Lemma 11, since one only needs to check that
H(Q,P)< +0ifQeC,. m

Proof. of Theorem 6 .,
From Proposition 12 we deduce that co { M} = C" and hence the bipolar

" of T is given by:

c* 2 {zEL:E[zz']ﬁOfor all 2’660}
= {ze€L:Eg[z] <0forall Qe My}

= 0=0,

by Lemma 9. From the bipolar theorem we deduce that C' = " = C. From
. N 0
co{ My} = C° we then get (co{M,})° = C and <C) =co{M;}. &
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