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Abstract

Let x be a family of stochastic processes on a given filtered prob-
ability space (Q, F, (F;)ter, P) with 7 C Ry. Under the assumption
that the set M, of equivalent martingale measures for x is not empty,
we give sufficient conditions for the existence of a unique equivalent
martingale measure which minimizes the relative entropy, with respect
to P, in the class of martingale measures. We then provide the charac-
terization of the density of the Minimal Entropy Martingale measure,
which suggests the equivalence between the maximization of expected
exponential utility and the minimization of the relative entropy.
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1 Introduction

In this paper we will investigate the properties of the Minimal Entropy Mar-
tingale measure (MEM) in relation to the problem of financial asset valuation
in incomplete markets.

Let 7 C [0,400) represent the set of trading dates and let x be a family
of stochastic processes on a given filtered probability space (2, F, (Fi)ier, P)
that represents deflated price processes of the securities available for trading
in the market. With M, we denote the set of martingale probability measures
that are equivalent to P. M. represents the set of positive linear pricing
functionals compatible with some sort of “no arbitrage condition” (see [3],
[5], [10] and [15]). We assume throughout the paper that M, # (.

In complete markets every contingent claim C' is replicable and its price
7(C) is uniquely determined by the unique martingale measure ) via the
formula

m(C) = Eq[sC]

where [ here represents the discount factor.

However, in incomplete markets a claim is not, in general, perfectly replicable.
The set M, is not in general a singleton, and so we are typically left with
the set of prices

T ={Eq[sC]: Q € M.}

all compatible with the "no arbitrage condition”. So, one may invoke some
other principle in order to select one specific martingale measure (which we
call the pricing measure) in M, and accordingly price contingent claims.

Several criteria have been proposed in literature (see for example [6], [7],
8], 9], [22], [23]) in order to find, among all martingale measures, the one
which is the “closest” (in some sense to be specified) to P. Here we only
note that even in the simple context of a finite state multiperiod market the
minimal variance measure Q""" (see [6], [23]) and the minimal martingale
measure Q™™ (see [9]) may not be equivalent to P so that the corresponding
pricing functional will not be positive (see Section 3.2).

Other criteria (see [4] and [17]) are based on the consideration that, in
incomplete markets, asset valuation is no longer independent from the pref-
erence structure of investors so that asset pricing will again depend on the
utility functions of investors.

In this paper we try to partially reconcile the above mentioned approaches:
we show that the probability )y that minimizes the relative entropy, with
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respect to P, in the class M of P—absolutely continuous martingale mea-
sures can be a good selection for the pricing measure and can be legitimate
from a utility maximization argument.

Csiszar [2] studied in detail the problem of the existence of the probability
measure that minimizes the relative entropy on a set of probability measures
defined by linear constraints and some of our results, as specified later, may
also be derived from [2].

A review of the applications of the notion of relative entropy to economics
and finance may be found in Stutzer ([25] and [26]) in the framework of a
finite probability space. An introduction to this subject may also be found
in Frittelli [12].

In [19], Miyahara independently developed an approach similar to ours
and proved a result regarding the existence of the MEM for bounded pro-
cesses which is the analogue of our Theorem 1. When the processes are
solutions of a SDE he studied the relations between the MEM and the min-
imal martingale measure; in a more recent paper ([20]) he also analyzed the
properties of the MEM in a jump-diffusion model.

In this paper we consider a general incomplete security market model,
with possibly an infinite number of price processes defined on a general
stochastic bases.

When the stochastic processes are bounded, we prove that the MEM
exists and is unique (Th.1). We also show (Th.2) that, in contrast with the
minimal and minimal variance measures, the MEM is always equivalent to
P, even if the processes are unbounded.

We then provide the characterization of the density of the MEM (Th. 3
and 4) without any restrictions on the processes and, in a multiperiod model,
we give (Th.5) a more explicit form of this density.

In section 3 we illustrate the financial interpretation of our approach and
show the relationship between the minimization of the relative entropy and
the maximization of the exponential utility function. More recent papers on
this subject are Bellini-Frittelli [1], Frittelli [13], Grandts - Rheinlaender [14],
Samperi [21].

2 The minimal entropy martingale measure

Let T C [0,+00), 0 € 7, be the time index set and consider a family x of real
adapted stochastic processes X = (X});e7r defined on a filtered probability



space (0, F, (F)ier, P). With L°(P) (resp. L*(P), L'(P)) we denote the
space of P—a.s. finite (resp. P—essentially bounded, P—integrable) random
variables on (2, F). Set:

K=Lin{H(X;—X,): He L®(Q,Fs,P), s,t €T :s<t, X €x}.

A probability measure ) will be called a martingale measure if all pro-
cesses X € y are (F;)ier— martingales under Q). So, the sets M (resp. M.,)
of martingale measures that are absolutely continuous (resp. equivalent)
w.r.to P may be defined as follows:

MAE{Q< P:Eglk]=0 VYke K}, M.2{QeM:Q~ P}

Definition 1 Let Q) be a probability measure on (2, F). The relative entropy
I(Q, P) of Q with respect to P is defined by

1Q.P) = { Ep (8 ()] Q<P

+00 otherwise

If M is a set of probability measures on (2, F) we set:
I(M,P)=inf{I(Q,P): Q€ M}.

A probability measure Qg € M will be called the Minimal Entropy Martingale

measure (MEM) if it satisfies

I(@0 P) = pinI (@, P) = in Fr [@1 (@)1 |

dP dP
Set M°={Q e M:I(Q,P) < +oc} and L= [ LYQ).
QeMO

For future use, we introduce the function ¢(x) = zlnz, z € (0,+00),
¢(0) = 0, which allows us to write 1(Q, P) = Ep [gzﬁ (%)} , for Q < P.

For any probability measure @, it is well known that: I(Q,P) > 0,
I(Q, P) = 0 if and only if @ = P, and the functional Q — I(Q, P) is strictly
convex.

The notion of relative entropy will be used intuitively as a measure of
the “distance” between two probability measures, even though the relative
entropy is not a metric.

The next theorem provides a simple sufficient condition for the existence
of the minimal entropy martingale measure.
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Theorem 1 If (M, P) < +oo and if the processes in x are bounded then
there exists a unique minimal entropy martingale measure.

Proof. Uniquesness follows from the strict convexity of the relative entropy.
Let {Qn},>; € M be such that 1(Q,, P) | I(M, P). Since

@,
sup Eplé( dCJQD )]

< I(Q17P>7

the de la Vallée-Poussin criterion guarantees that {dﬁf > 1s uniformly in-

tegrable and Dunford-Pettis compactness theorem assures that we may find a
subsequence, still denoted by {dﬁg' -, that converges in the o (L*(P), L>(P))
topology. Then, by the Hahn Banach Theorem, we may find a sequence

Qn . of convex combinations of {Qn},; Qn € conv(Qn, Qi1 ...),

such that {dQ“} is convergent, in the L'(P)—norm topology, to a density
Yo = % € L'(P). Since Q. € M and the processes are bounded, we have

dQ,
P

dQo
dP

| = Eplf—5] = Eqlf], Vf € K € L*(P),

0=Eg,[f] = Eplf
and so Q9 € M. From the convexity of the relative entropy we deduce
I(Qn, P) < I(Qy, P) and by Fatou Lemma we get:

I1(Qo, P) < lim infI(Q,,P) < lim infI(Q,,P)=1I1(M,P). ®
n——+00 n——+00

Remark 1 If the processes in x are assumed to be only locally bounded, then
Theorem 1 holds if martingale measures are replaced with local martingale
measures.

If the processes are unbounded the inf {I(Q, P) : Q € M} may not be at-
tained by a martingale measure. This is shown in counterexample A) in the
very simple context of a one period process defined on a countable state space.

One may easily check that if the processes in x are bounded, then the set
M is closed in variation. So Theorem 1 can also be derived from Csiszar’s
Theorem 2.1 [2]. The proof of Csiszar’s Theorem is similar to the proof
of the existence of projections in Hilbert space and it is based on a paral-
lelogram identity that holds for the relative entropy and on the inequality



|Q — P| < +/2I(Q, P). The proof we gave of theorem 1, which relies on
different arguments, can be generalized to functionals of the form

[ Ep[@(E)] Q<P
2@, F) = { +00 otherwise ’
where @ : [0, +00) — R, provided that: lim, ;e 22 = 400, ® is bounded
below and QQ — 6(Q, P) is strictly convex.

We now show that, under the assumption (M., P) < oo, the minimal
entropy martingale measure, if it exists, is equivalent to P (see also the
analogue result, Th. 2.2, in Csiszar [2]). This fact is true even for unbounded
processes. The following Lemma will be needed in the next two theorems.

Lemma 1 Let Qy, Q; € M° and set Q, = 2Q1+ (1 —2)Qo, x € [0,1]. Then
Eq, [ln(%)] is well defined and:

S HQuP)ama = Eo, ()] - 160, P), )

Proof. Set I(z) = (b(df];”), x € [0,1]. Since ¢ is convex, it is easy to
check that (W) is not increasing as x | 0. From the assumptions
I(Q1, P) < 0o and I(Qo, P) < oo we deduce that Ep[I(1) —1(0)] < 400 and
(dd% 1n(%))Jr € L'(P). By monotone convergence the following limit can

be exchanged with the integration operator and the right derivative is given
by:

%HQI,PMIZO = limEp {M] = Ep[I'(0)]

z]0 T
dQO)(dQl on)]
dP " dP dP |

= Lbp {d)’(
Equation (1) then follows from ¢'(z) =Inz + 1. B
Theorem 2 Suppose that Qg is the minimal entropy martingale measure. If

there exists a probability Q1 € M. such that 1(Q1, P) < +o0o, then Qg is
equivalent to P.



Proof. To prove the theorem we simply employ the condition ¢'(0) = —oo.
Set Q, = 2zQ1 + (1 — 2)Qp € M, x € [0,1]. Then we must necessarily have
(L1(Qs, P) |s=0) > 0 (otherwise there would exist some 2 > 0 for which
I(Q., P) < I(Qo, P)). However, from equation (1), we see that this condition
can’t be satisfied if () is not equivalent to P, since then P(% =0) > 0 and

Q%2 =0)>0 =
Therefore, for bounded processes the sole hypothesis (M., P) < oo is
sufficient to assure the uniqueness and existence of an equivalent minimal
entropy martingale measure. Note that a sufficient condition for (M., P)
to be finite is that there exists a measure ) € M, such that Z—% € L'™(P)
for some (arbitrarily small) e > 0.
We now provide the characterization of the MEM. Define:

Co={f€L:Egfl]<0VQ e M°}.

Theorem 3 Assume that (M., P) < +00. A probability Qg is the minimal
entropy martingale measure if and only if:
Z) QO € M7

% = cexp(—fo), P —a.s., (2)
where fo € L'(Qo), Eg,[fo] =0 and ¢ > 0,
iti) fo € Co.

Proof. We notice that, when Q) is given, condition ii) uniquely determines
both fy and c.

Assume that i) and ii) are satisfied. Then Qg ~ P and I(Qq, P) < +oc.
For any given probability measure (); such that 1(Q;, P) < +0o we have:

I(Q,P) > I(Q1,P)—1(Q1,Qo)
dQo

= Eq[In(—5)] (3)
Z-MhPHIbK%%—%%)m%gl
= I(Qo, P) — Eq,[fo]- (4)

From iii) and Q; € M° we then get I(Q1, P) > I(Qo, P). This inequality
holds for all )1 € M and so )y is the MEM.
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Conversely, suppose that Q)¢ is the MEM. Then Qg ~ P. Define f, =
I(Qo, P)—In(%42), P—a.s.. Then i) and ii) hold, since 1(Qo, P) = Eg,[In(%2)] <
+00. Let Q1 € M? and set Q, = Q1 + (1 — 2)Qy. Since Qg is the MEM, we
necessarily have (£L1(Q,, P)|;—0) > 0. From Lemma 1 and equation (3)—(4)
we then deduce:

0 < B (SR ~ 1@y, P)

= —EQl[fo] < I(Ql,P) _I(Qo,P) < +00,

which implies iii). W

It is possible to give a different description of the set Cy. Let C' =

K — L (P) and denote with C” the closure of a set C' in the LY(Q) norm
topology.

Theorem 4 .
= () C°
QeMo

Proof. If Q) € M then for all f € C we have Eg[f] < 0, so it is clear

that < N 6Q) C (. To show the converse it is sufficient to prove that
QeMO

Cy C UQ, VQ € MY Let Q € M°, f, € Cy and suppose by contradiction
that fo ¢ c°. By the Hahn Banach Theorem there exists a continuous linear
functional on L*(Q) that strictly separates fy from the closed convex cone
662, i.e. there exists n € L*°((Q)) such that:

0 = sup Eqlnf] < Eqlnfo). (5)

fec

Since —1g,<0y € C, we deduce that n > 0 ) — a.s. We then may normalize
1 and define a probability @)1 < @ by setting: % =17. Since K C C'is a

linear space, sup e Eq[nf] = 0 implies Eg, [f] = 0 for all f € K, so that
Q1 € M. Since n € L*(Q) and I(Q, P) < +00, we have:

I(Q1, P) = EQ[nlnn]+Ep[ 2? (Z—g)] < +o0.

Hence ; € M° and, from equation (5), Eg,[fo] > 0, which contradicts
fo€e Cy. N



The following result is a reformulation of Theorem 3.1 of Csiszar [2].
We immediately deduce it from Theorems 3 and 4 and from the inclusions

KCCCQ(O,C T Notice that, when Eg,[fo] =0, fo € T if and only if
fo € FQO.

Corollary 1 Assume that (M., P) < 400 and that Qy satisfies conditions
i) and i) of theorem 3. Then:
a) If fo € K orif fo € C then Qg is the MEM.

b) If Qo is the MEM, then fy € c®NL or equivalently fo € TnL.

In counterexample B) we show that it is possible to find Q) satisfying
both i) and ii) with fy € C° but fo ¢ Cp. In this case )y can’t be the MEM.

2.1 Multiperiod model

In this section we assume 7 = {0,1,...,T} , F = Fr and that x is a finite
family of real adapted stochastic processes: x = X = (X!, .., X%), XJ =
(X])ier, j=1,...,d. If we denote with z - y the scalar product in R under
these assumptions we have:

T
K = {Z Hy- (X, — X;_1) : H € L®(Q, Fiy, P; Rd)} :

t=1

Define:

T
.[A( é {ZHt'(Xt_Xt—l) :HtELO(QJE—l)P;Rd)}7

t=1

K, & KnZL.

We already know that the density of the MEM belongs to the exponential
family. We now show that the exponent f; has a specific form, i.e. it belongs
to Ky C Cp, not only to Cjp.

Theorem 5 In this multiperiod model, Theorem 3 holds true if we replace
C() with Ko.



Proof. The sufficient condition of Theorem 3 follows from Ky C Cy. To
show the necessary condition of Theorem 3 suppose that )y ~ P is the

MEM. Then we know that fy € K*nc (Corollary 1, b)). We claim that
KYCRNINQ), Qe M

which implies the thesis, since then FQ(i NL C KNL = Ky The claim

basically depends on the property that K is closed with respect to conver-

gence in probability. Let fr € K* and let k. = ZT: Hr (X —Xi1) € K

be such that k% — fr in L}(Q), as n — ~+oc. StztjL fi £ Eglfr|F), kr £

Eqlk}|F] = ilHZ” (X; — Xi4),Vt=1,...,T. Then k' — f; in L°(P), and

soalso H'- (Xy—Xy_1) = k' =k | — f;— fi_1 in L%(P). From Proposition 2
of Stricker [24] we deduce that there exists an R¢—valued F;_; —measurable
random vector H; such that f; — fi_1 = H¢ - (X; — X;—1) and hence there
exists a R?—valued predictable process H = (H;, t = 1,...,T) such that

T A
fT:ZHt'(Xt—Xt_l) ceK. 1
t=1

2.2 Counterexamples

A) We pick this example from Frittelli-Lakner [11].
We consider a one period model with countable state space {2 and show
that there exists an unbounded process X such that:

o M. #0
o /(M. P) <o
e There is no MEM for {X}.

Let 7 = {0,1}, Q = Z (the set of integers), the o—field F contains all
subsets of €2, and the filtration be given by Fo = {0, Q} and F; = F.

We define the probability measure P in the following way:
P(0)

Z’2

P(i) = P(~i) =

fori=1,2,...

where the value P(0) is selected so that P becomes a probability measure
(and so 0 < P(0) < 1).
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Let x = {X} where Xy, = 0 and X1( j) =i for i € Z. Clearly X is not
a P—martingale because Ep[X,] = Ep[X; ] = +o00. To see that M. is not
empty, let @) be defined by Q(i) = Q(—1) = (30) for i = 1,2, ... where the
value (0) is selected so that ) becomes a probability measure. Then () is
an equivalent martingale measure .

We define a sequence of probability measures (@Q;,),>1 in the following
way:

P(i) it i=41,.. 4n
Quli) = 0 i lil>n
PO)+ > P(j) if i=0
i>n

It is elementary to check that (Q,)n,>1 € M. However, one can see that

lim I(Qn,P)=0.

n—-+00

Indeed I(Qn,P) = Q,(0)In %"Tg;) — 0,asn — 400 because lim, o @n(0) =

P(0). Since I(M, P) =0, but P ¢ M, the MEM does not exist.

B) We adapt an example in [2] to our context. Let © be the unit interval
(0,1), F and Qg be the o—algebra and measure of Lebesgue. We consider
a one period model with T = {0, 1} and let Fy be the trivial o— algebra
and F1 = F. Let fo = =31 1ty 1[1 1)- Define P ~ Qg by settlng

%, where ¢ = Eg,[e/]. The family x consists of countably many bounded
processes { X"}, -, defined by:

-3 _1yn if0<z< 4+

3 1 i

—= if = <zx<=

Xo =0, X' = 1, 1t = it
’ itiyy Hgsa<y

i 1f%§x<1

Note that the MEM exists, since the processes are bounded, and that K is
the linear space spanned by {X7'}, ;.

ﬁ fo<z<g
Define ); by setting 75 dQl = 0 if% §x<§
2 ifi<zr<l

ot

One may easily check that:
e Qo € M., I(Qo, P) < +o0, % = ce % and Eg,[fo] =0
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o X' — fyin LI(QO)
e Q1 € M, I(Qy, P) < 400 and Eg, [fo] = .

Then fy ¢ Cy and, by theorem 3, () is not the MEM, even though
fy€ ?Qo C 6Q0.

3 Financial interpretation of the minimal
entropy martingale measure.

In this section we will provide the financial justification of the entropy cri-
terion previously described. The processes in y are the discounted price
processes of the available tradable assets and K is the space generated by
elementary gains, i.e. the space of attainable claims, with zero initial cost,
from elementary and bounded trading strategies. The cone C' = K — LY is
formed with all the claims that can be super replicated by such attainable
claims with zero initial costs. The representation Theorem 3 states that the
density of the MEM is proportional to exp(—fy), where fy is a “claim” in
Co= er MO C°. This suggests that the density of the MEM is proportional
to the marginal utility of terminal wealth when we deal with exponential util-
ity functions. This is shown in the next section under the assumption that
the optimal solution of a utility maximization problem exists. We now show
that the relative entropy admits a dual representation which provides a very
clear and explicit financial interpretation of it.

Proposition 1 If u, is the exponential utility defined by

uq () = —ée_ax, a>0, (6)
then: )
EI(Q’ P) = sup u, t (Ep [uq(w)]).

wEL>®:Eq[w]<0

Proof. Set u = u; and let E(w) = u™! (Ep [u(w)]) be the certainty equiva-
lent.

sup E(w) = sup E(w)
wEL>®:Eg[w]<0 wEL>®:Eq[w]=0
= sup {B(2) — Eg[2]},
zeL>®
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since if z € L™ and w = 2z — Eg[z], then Eglw] = 0 and E(w) = E(2) — Eg[2].
Hence:

sup {B(z) — Eql2]} = sup {Eqlz] — In Eplexp(2)]} = 1(Q, P),

z€L>® zeLo®

where the last equality follows from the functional form of the relative entropy
(see for example [16], Theorem 1.4.4). When a # 1 the proof is similar. W

We conclude that the relative entropy I(Q, P) is the supremum of the
certainty equivalent E(w) of all claims w € L* having prices less than or
equal to zero, when () is selected as pricing functional.

3.1 Multiperiod model

We consider the multiperiod model described is section 2.1 and use the no-
tations there introduced. We assume that X is bounded and we denote with
H the vector space of predictable bounded R?—valued stochastic processes
H = (H;, t =1,..,T). The space K of elementary gains and the space
K, were introduced in section 2.1. Assume that the discount factor is non
stochastic and, without loss of generality, set it equal to 1. The final wealth
W (z, H) from initial endowment = € R and trading strategy H € H is then
given by:

T
Wz, H)=x+> Hy- (X — X 1),
t=1
If u, is the exponential utility function defined in equation (6), then a utility

maximizer agent is led to solve the problem sup,,c; Ep [u, (v + w)] or, since
the problem in independent from x, to solve:

sup Ep [ug (w)] ie. sup Ep[u, (W(0, H))]. (7)

weK HeH

If (M., P) < 400 then the MEM @y exists, it is equivalent to P and, from
Theorem 5:

aQ
dP

T
fo = D _H;-(Xi—X,) € Ko,
t=1

cexp(—fo),

13



Ep

T
(Xg — Xf_l) exp (— ZHZ* (X — X¢_1)> ‘ft] =0 Vj, Vt. (8
i=1

If fo € K ie. if Hf € L>®(Q, F;_1, P;R?) then from equations (8) we deduce
that H* & HT solves the optimality conditions of problem (7), i.e. it solves

Ep[(X] — Xl (W(0,HY))|F] =0 Vj, Vi,

a

and H” is an optimal solution of (7). In this case the minimal entropy
martingale measure Qg coincides with the martingale measure proportional
to the marginal utility of terminal wealth:

dQo ~ o] a
TP ~ u, (W(0,H?)).

However, in general f, € Ky only, and problem (7) may not admit an
optimal solution in K.

This suggests selecting a different space of attainable claims and accord-
ingly reformulating the utility maximization problem.

Conditions that guarantee the existence of an optimal solution of such
problems have been recently determined in a general setting by Kramkov
and Schachermayer [18] for utility functions defined on (0, +00).

3.2 The finite state case

The aim of this section is to compare, in some specific concrete contexts, the
pricing characteristics of the MEM, the minimal variance and the minimal
martingale measure. We will confine the analysis to a one period finite state
model and consider one risky asset only.

Let n > 2 be the cardinality of Q, 1 =(1,...,1) € R® and 7 = {0, 1}.
Let r be 1 plus the interest rate and S = (S, S1) be the price process of the
risky asset. We assume that Sy = 1 and that the random variable S; takes n
different positive values (ay, ..., a,) = a with probability P(S; = a;) = p; > 0,
Vi = 1,....n, p1 + ... + p, = 1. The minimal entropy martingale measure
Qo = (q1, ---, Gn) is the solution of the problem:

q-1=
qg-a=r



One easily checks that @)y is given by:

. pe’yaz pe’yaz )

qi_ n . = _E.Z ~va 9 2217"‘777’7 (9)
Z pje'yaj [6 ]
7j=1

where 7 € R is the unique real solution (that always exists under the as-
sumption of no arbitrage opportunities) of the equation:

sz —r)e’ = 0. (10)

The entropy price of a contingent claim C' = (¢q, ...c;,) is then given by:

_ i — 3o L
m(C) = Equ[-C] = Zj  Ele

Define: p 2 Epla] = p-a, 0> £ Varpla] = sz p?. Tt is easy to

check that, in this setting, the minimal Varlance martmgale measure Q"
and the minimal martingale measure Q™" coincide and are given by the
explicit formula:

dqvar _ dqmin 4 N o

r

In order to compare (9) and (11) we consider a particular case.

Let n =3, a1 =x+r+k ao =2x+7r a3 =x+7r—Fk z,k € R,
k > 0, and suppose also that p2 = 4p;ps. Under the no arbitrage assumption
(M. # 0 < |z| < k) the MEM is always equivalent to P and is given by
(from 9 and 10):

K2 -2 _ (k+x)?

a2 y 43 172 (12)

2

On the other hand, from (11) we deduce that the minimal variance martingale
measure (or equivalently, the minimal martingale measure) is given by:

var U(lT' var var var p
i = Y k=] g = g, g = Y~ k).
(13)
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It is evident that Q""" is not equivalent to P for £ < /p3 —1 and 7 > /ps.
As a (negative) consequence it may assign zero value (or even a negative

price) to a non negative contingent claim, as for example an option on S.
From (12) and (13) we derive that:

var

G za" @<e”, G

and the equality holds if and only if ¥ = 2,/ps — 1.

From this comparison one sees that, in order to keep () equivalent to P,
the entropy approach shifts the mass from the middle state to the extreme
states. In other words, the MEM assigns higher state prices to the extreme
states than to the middle ones.
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