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Abstract

We introduce the notions of collective arbitrage and of collective superreplication
in a discrete-time setting where agents invest in their markets and are allowed to
cooperate through exchanges. We accordingly establish versions of the fundamental
theorem of asset pricing and of the pricing—hedging duality. A reduction of the price
interval of the contingent claims can be obtained by applying the collective super-
replication price.
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1 Introduction

The theory developed in this paper aims at expanding the classical arbitrage pric-
ing theory to a setting where N agents invest in stochastic security markets and are
allowed to cooperate through suitable exchanges. More precisely, we suppose that
each agent is allowed to invest in a subset of the available assets (X L., X7, fora
given J € N, and in a common riskless asset. Note that we do not exclude that this
subset coincides with the full set (X!, ..., X7). The novel notions of collective ar-
bitrage and collective superreplication are based on the possibility that the N agents
may additionally enter in a zero-sum risk exchange mechanism, where no money is
injected or taken out of the overall system. Cooperation and the multidimensional as-
pect are the key features of collective arbitrage and collective superreplication. In this
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setting, agents not only may invest in their respective market, but may additionally
cooperate to improve their positions by taking advantage of the risk exchanges. In the
case of one single agent, the theory reduces to the classical one. As we mention in
the Sect. 1.3, there is an extensive literature in recent years on variations around the
concept of one-agent no arbitrage or no free lunch. Departing from this stream of lit-
erature, the main aim of this paper is to understand the consequences of cooperation
between several agents in relation to arbitrage and superreplication.

The theory we are about to discuss offers valuable insights into the broader context
of arbitrage theory, with particular relevance in the context of market segmentation.
Market segmentation within financial institutions entails the division of the global
market into specialised submarkets or trading desks, each concentrating on a partic-
ular financial product or asset class. This segmentation can be influenced by various
factors, including (i) product specialisation, such as stocks, bonds, derivatives or com-
modities; (ii) geographic focus, targeting specific regions or countries; and (iii) risk
tolerance, as different desks may specialise in high-risk or low-risk asset classes. For
additional motivations regarding market segmentation, we refer also to Carassus [8].
The integration of market segmentation with a risk exchange mechanism introduces
novel challenges to the no-arbitrage framework. While each individual desk must ad-
here to traditional no-arbitrage principles, the overall system must also preclude the
emergence of collective arbitrage opportunities.

Before moving into the details of our new setup, we briefly summarise the classi-
cal one-agent situation. Let a filtered probability space (2, F, F, P), with filtration
F = (F)ier» T = {1,..., T}, be given, and denote by X = (X!,..., X’) the
J adapted stochastic processes representing the (discounted) prices of J securities.
The set of admissible trading strategies consists of predictable processes (see the pre-
cise definition after Example 2.2) and is denoted by #, and we let K be the set of
time-7 stochastic integrals of H € H with respect to X. The set K represents all
the possible terminal time-T payoffs available in the market from admissible trading
strategies and having zero initial cost.

An arbitrage opportunity is an admissible trading strategy H € H having zero
initial cost and producing a nonnegative final payoff k € K which is strictly positive
with positive probability. Equivalently, we have no arbitrage in this setting if the only
nonnegative element in K is P-a.s. equal to 0, that is, K N L(_)F(Q, F, P) ={0}. We
now present the main concepts that we introduce in this paper, without giving full
details. The precise setup as well as rigorous assumptions and formulations of the
results are stated in the subsequent sections.

1.1 Collective arbitrage

Since each agenti = 1, ..., N is allowed to invest only in a subset of the available
assets (X Lo x/ ), we define, similarly to the notion of the set K, the market K;
of agent i, that is, the space of all the possible time-T" payoffs that agent i can obtain
by using admissible trading strategies in his/her allowed investments and having zero
initial cost.
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We consider the set of all zero-sum risk exchanges
N
Vo = {Ye (L@, F, P))N:ZY‘ :OP-a.s.}. (1.1)
i=1

We call Y the set of possible/allowed exchanges, which we assume to satisfy V C )
and 0 € ). We stress that even if the overall sum is P-a.s. equal to 0, each com-
ponent Y’ of a vector Y € ) is in general a random variable. If Y/ is positive on
some event, agent i receives on that event from the collection of the other agents the
amount Y’ of capital. If Y/ is negative on some event, agent i provides on that event
to the collection of the other agents the amount | Y| of capital. So ¥ € ) represents
the capital that the agents may exchange among themselves with the requirement that
the overall amount distributed is equal to zero. To implement a risk exchange ¥ € ),
the agents agree at the initial time by a binding agreement to exchange at the terminal
time T the capital amounts implied by Y.

A collective arbitrage (CA) consists of a vector kY, ..., kM), where k' € K; for
each i, and a vector Y = (Yl, ...,YN) € YV such that

k'+Y >0  P-as.forallie({l,..., N}
and
Plk/ +Y/ >0]>0 for at leastone j € {1,..., N}.

One may immediately notice that if N = 1, then ¥ € ) must be equal to 0 and
thus a collective arbitrage reduces to a classical arbitrage. However, for N > 2, in
a collective arbitrage, agents are entangled by the vector Y € ) of exchanges; this
additional possible cooperation may create a collective arbitrage even if there is no
arbitrage for each single agent. Observe that even if some agents — in some states of
the world — lend some amounts to other agents, in a collective arbitrage, the condition
k' + Y > 0 holds for all i (for all agents), i.e., no agent incurs any loss.

We study the implications of the assumption of no collective arbitrage with respect
to the set ), which we denote in short by NCA())), or by NCA if ) is not essential.
We also write NA; for the no-arbitrage condition (in the classical sense) for agent i
in the market K;, and NA for the no-arbitrage condition (in the classical sense) in the
global market K, where it is possible to invest in all the assets. In Item 6) of Sect. 3.1,
we show that when considering the possibility that one agent invests in the global
market, NA and NCA are equivalent notions. Thus the difference between NA and
NCA can be fully appreciated by considering segmented markets.

As demonstrated in Sect. 3.1, the implications

NA = NCAQ) = NA,i=1,...,N

essentially always hold, but none of the converse implications hold true in general. In
Sect. 6.2, we establish that

NA = NCA (),
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i.e., NA and NCA())) are equivalent notions for the “largest” choice J = ). Con-
versely, the weakest condition NA;, Vi, is equivalent to NCA())) for the “smallest”
choice Y = Yo N (LY, Fo, P))V. The latter space actually consists of zero-sum
deterministic vectors, when JFy is the trivial o-algebra. However, for general sets )/,
the notions of NCA()) give rise to new concepts.

1.1.1 Economic motivation of the assumption of NCA ()

Various conceivable situations are covered by the collective arbitrage framework; the
decision to cooperate and engage in an exchange might be based for example on the
policies of a mother institution forcing sub-units to cooperate (e.g. several trading
desks of a financial company), or on the regulatory policies of a supervising authority
forcing banks in a network to cross-subsidise, or on taxation, or on rational behaviour
from the individual agents’ points of view (as explained below).

We stress that similarly to the case of classical arbitrage, efficient markets with risk
exchanges should not allow the possibility of collective arbitrage, and one of the main
objectives of our paper is to study and characterise markets with NCA())). We can
distinguish two cases of collective arbitrage, the second being the more relevant one.

1) There exists at least one agent who has an individual (classical) arbitrage oppor-
tunity in her market. Together with zero strategies of the other agents, this would also
be a collective arbitrage, which should obviously be ruled out in an efficient market.

2) More interestingly, no agent has an individual arbitrage opportunity, but there
exists a “true” collective arbitrage where agents can achieve arbitrages by using the
exchange opportunities. In this situation, it is not possible that one agent gives away
capital to the other agents in every scenario; but every agent truly profits from the
cooperation in the sense that she receives some positive amount from the other agents
in at least one scenario. The example below addresses this case. In any case, also these
collective arbitrages would be exploited by the agents, leading to the assumption
that efficient markets should not allow collective arbitrage possibilities, just as in the
classical arbitrage case.

Example 1.1 In the framework of case 2) above, we show how a collective arbitrage
can be implemented as a rational choice for each agent. In the simple setting described
in Sect. 7.1 below, two agents can obtain in their respective (complete) markets at zero
initial cost the terminal-time payoffs

o — -5 on A, K2 = +10 on A,
" 4+s on A€, I ) on A€,

for a measurable event A with 0 < P[A] < 1. Notice that E k'] = EQz[kz] =0

for the unique equivalent martingale measure Q' in the market K;. Clearly there
are monotone preferences (and values of P[A]) for which k! s preferable to k2,
and others for which the opposite happens. Now consider the exchanges (Y, Y?),
satisfying Y 4+ Y2 = 0, given by

vl +5 on A, y2 — =5 on A,
-2 on A€, +2 on A€,
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which generate the collective arbitrage

0 on A 5 on A
kl + Yl — ’ k2 + Y2 — ’
3 on A€, 0 on A°.

With this exchange, agent 2 gives a part (5$) of his profit to agent 1 in state A and
receives 2$ on the complement of A. There are monotone preferences for which
both agents are better off after the exchanges than before. Take for example prefer-
ences represented by expected utility, where the utility functions belong to the class
U:={u:R— RU{—o0}:u is increasing on R and u(x) = —oo on (—o0, 0)}.
Thus a collective arbitrage could be viewed by all agents as an advantageous oppor-
tunity. Our assumption of NCA rules out such possibilities.

To understand how a collective arbitrage is implemented, consider in the above
example the two agents which agree at the initial time to exchange at the terminal time
precisely the ¥! and Y2 above. Then each of the agents freely decides her investment
strategy — based on her own personal information — which generates some final payoff
at the terminal time. If the agents select the investment strategies having the final
payoffs k! and k> above (and this would be a rational choice as explained before),
this would determine a collective arbitrage. Our assumption of NCA implies that
generating k' and k% and establishing such an agreement is not feasible. Any other
agreement to exchange money which could give rise to a CA is similarly impossible.

One could ask why the exchange ( Yl YZ) is feasible, i.e., where does each agent i
find the capital | Y|, for Y/ < 0, that he needs to provide to the other agents? And
which is, for each agent, its cost? Observe that in a collective arbitrage, K+Yi>0
for each i. Thus k' > |Y/| = —Y’ on the set {Y' < 0}. Each exchange Y', on the
set where it is negative, can be financed by agent i at zero initial cost by investing
in his’/her market K;. In the example above, agent 2 can generate at least 5$ in the
event A (on A, the exchange Y2 is negative so that agent 2 has to provide |Y?| = 5$
to agent 1), while agent 1 can generate at least 2$ in the event A€. Since each agent i
knows that he/she can finance the exchange Y (when negative) at zero initial cost, it
is reasonable for each agent to enter at time zero in the agreement (Y, ¥?2).

Remark 1.2 Classically, terminal payoffs with zero initial cost from dynamic admissi-
ble trading strategies are represented by time-7 stochastic integrals in the primal mar-
ket, that is, by elements k € K. Often this setup is extended to admit also semi-static
strategies, which lead to terminal payoffs of the form

M

m=1

where o € R, (¢ )m=1,....m are the terminal payoffs of some options traded in the
market and (¢(r)n)m=l,..., M € R their initial known costs. The approach taken in the
present paper is different. We do not extend the market, but rather we entangle several
agents in the market by allowing them to exchange among themselves the amounts
represented by ¥ € ).

@ Springer



F. Biagini et al.

Because Y C ), it is only the total amount ZlN: 1 Y! exchanged by the agents
that is required to be equal to 0. The novel characteristic of this approach is the
multidimensional notion of a collective arbitrage, a feature absent in theAliteraturE on
arbitrage theory. We shall see in Sect. 4.3 that an endogenous vector (Q!, ..., OV)
of pricing measures arises a posteriori from the pricing-hedging duality and assigns
zero price to each component of the optimal exchanges Y, ie., Eg [Y] = 0 for
each i.

1.1.2 On the collective FTAP

We analyse the conditions under which a new type of fundamental theorem of as-
set pricing (FTAP) holds, that we label collective FTAP (CFTAP). Differently from
the classical version, the CFTAP depends of course on the properties of the set Y
of exchanges, and so we provide in Sects. 3 and 6 several versions of such a theo-
rem. On the technical side, in the classical case, the NA condition implies that the set
K— Lﬂ(Q, F, P)is closed in probability; see Delbaen and Schachermayer [11, The-
orem 6.9.2]. This property is crucial to prove the FTAP and the dual representation of
the superreplication price. Analogously, in our collective setting, we need to show the
closedness in probability of the set K¥ defined in (3.5) below. We show this under
some specific assumptions on the set )/ and under the assumption of NCA()). This
technical part of the paper, in which some mathematical techniques are developed
and others are adapted from the classical theory, is deferred to Sect. 6. The key novel
feature in the CFTAP is that equivalent martingale measures have to be replaced by
vectors (Q!, ..., OV) of equivalent martingale measures, one for each agent and her
corresponding market, fulfilling in addition the polarity property

N
Y EqilY'1<0  forall integrable ¥ € ; (1.2)
i=1

see Theorems 3.12, 6.11 and 6.12 for the precise formulations. The findings of this
paper take particularly tractable, yet informative and meaningful, forms in a finite
probability space setup (see Sect. 5 and the examples in Sect. 7 in the very simple
settings of a one- and a two-period model). The fact that the agents are allowed to co-
operate and the assumption of NCA())) has several consequences also for the pricing
of contingent claims. This is particularly evident for the collective superreplication
of N contingent claims (see Example 7.2.3), a notion which turns out to be well
defined under NCA())).

1.2 Collective superreplication

In Sect. 4, we consider the problem of N agents each superreplicating a contin-
gent claim gi, i = 1,...,N, which is an F-measurable random variable. We set
g=(g', ..., g"). As an immediate extension of the classical superreplication price,
we first introduce the overall superreplication price

N
pi’(g) = inf{ Zmi :3dk; e K;,m e RY with m! + k' > gi,Vi}.

i=1
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If we use the notation p;, 4 (gi) for the classical superreplication of the single claim gi,
we may easily recognise that

N
P (&)=Y pit(g).
i=1

In the spirit of systemic risk measures with random allocations in Biagini et al. [4],
we introduce the collective superreplication of the N claims g = (g', ..., gV) as

N
pY (9) = inf{zmi 3k € Ki,m e RV, Y € Y withm! + k' 4+ Y? zg",\ﬁ},

i=1

and show that under NCA())), the definition is well posed (see Lemma 4.4). The
functionals pf (g) and piv (g) both represent the minimal total amount needed to
superreplicate simultaneously all claims (g!, ..., g"V). For the collective superrepli-
cation price ,03_} (g), we allow an additional exchange among the agents as described

by V. As 0 € ), we clearly have pf < piv . Thus collective superreplication is
less expensive than classical superreplication: cooperation helps to reduce the cost
of superreplication. The amount (,of_’ () — pf (2)) = 0 is the value of cooperation
with respect to g. To illustrate the advantage of adopting the collective superrepli-
cation price, consider the following situation. Suppose that each desk i (investing in
a given market i) of a large bank is asked to superreplicate a claim g’ and to price
that operation. Given this task, the bank charges to each of the clients the amount
pi+(g") = inflm € R : k' € K; suchthatm + k' > g'} for each claim g, re-
sulting in charging a total price Zflzl oi+(g) = ,of (g) to superreplicate all the
claims (g!, ..., g") = g. However, the N desks could cooperate via the exchanges
Y € ), and the effective total cost for the bank to superreplicate all the claims is only
pf(g) < pf(g). The positive difference ,ofrv (g) — pf(g) is the gain obtained by the
bank by selling g at the price pj\_/ (g) and spending only ,03_; (g) to superreplicate it.

See Example 7.2.3 for a simple example where we have p}: (g) < piv (g). Collective
superreplication can also be considered as a theoretical tool to show how much the
system of the N agents can lose without cooperation.

Under the NCA()) assumption and using the closedness of the set K defined
in (3.5) below, we prove in Sect. 4.2 the version of the pricing—hedging duality

N
pY()= sup Y Epilg'l, (1.3)
QeMY iy

where MY is the set of vectors of martingale measures satisfying the polarity con-
dition (1.2). In the dual formulation of ,0_3: (g) in (1.3), we thus consider the specific
subset MY of the set of (vectors of) martingale measures. Hence our approach fits
in the general trend in the literature: adding constraints implies using a smaller set
of martingale measures, which in turns implies a reduction of the no-arbitrage price
interval of the contingent claims.
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When problem (1.3) admits an optimum Q = (@1, A QN) € ./\/ly, which
clearly depends on ), we derive in Sect. 4.3 the formula

N
pY(e) = infim e R: 3 € K;, ¥ € L'(Q, Fp, 0) with Egi[Y'] =0
i=1

such that m + k' +Y' > g'}. (1.4)

Note that in (1.4), (Yl, e, YN) is not required to belong to ), but every Y! must
have zero cost under each component of the endogenously determined pricing vec-
tor Q Thus py (g) is the sum of the individual superreplication prices of each
claim g' under the assumption that each agent is using the pricing functional assigned
by Q’ so that both k and Y’ have zero value under Q’

In the spirit of Biagini et al. [5] and Biagini et al. [3], this fairness aspect as
well as the connection with Bithlmann’s notion of a risk exchange equilibrium in
Biihlmann [7] is discussed in Sect. 4.3.

1.3 Relation with classical arbitrage

The concept of arbitrage in financial markets finds its roots in the seminal work of
de Finetti [10]; see Maggis [22] for a historical excursion on this topic. However, it
was not until the mid-1970s, with the groundbreaking works of Black and Scholes [6],
Merton [23] and Ross [26], that arbitrage pricing theory became a cornerstone of
financial mathematics. The late 1970s witnessed the establishment of a mathemati-
cal foundation of this theory through the contributions of Kreps [21], Harrison and
Kreps [16] and Harrison and Pliska [17].

A pivotal moment arrived with the highly influential paper by Dalang et al. [9].
This work presented the fundamental theorem of asset pricing in discrete finite time in
its current, widely recognised form. Subsequently, Schachermayer [27], Rogers [25],
Kabanov and Kramkov [19], Jacod and Shiryaev [18] each developed independent
proofs of this theorem. A comprehensive overview of this topic in discrete time can
be found in the book by Follmer and Schied [14, Chaps. 1 and 5].

Over the past few decades, a vast literature has emerged surrounding variations of
the one-agent no-arbitrage (or no-free-lunch) concept in more general settings and in
particular in continuous time. A detailed survey of this subject can be found in the
book by Delbaen and Schachermayer [11, Chaps. 1, 5 and 6] and references therein.
It is important to mention also the significant research conducted in the past decade
on robust versions of these concepts.

Our approach offers novel insights that complement and extend the existing liter-
ature. We now present a comparison with the very general notion of arbitrage devel-
oped by Kreps [21]. An arbitrage for [21] is a single non-zero element in the vector
space of marketed bundles M, contained in a locally convex topological vector lat-
tice X', having nonpositive price and belonging to the positive cone X’ associated to
the lattice structure of X. Due to its generality, this definition can encompass a wide
range of possibilities. However, to the best of our knowledge, both this definition and
the one of a free lunch have traditionally been interpreted as a single element (within
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the abstract space M) constituting an arbitrage. The novelty of our approach lies in
the concept of a collective arbitrage, which possesses the intrinsic multidimensional
feature of being a collection of “arbitrage opportunities” in the precise sense already
defined. The fact that M has a product structure M = K' x --- x K" and that the
positive cone X has the particular structure (L(J)r — ), Y being the particular set of
exchanges, extends the ansatz of Kreps to a new setting.

We emphasise that our results are not simply a consequence of existing methods,
but necessitate a dedicated technical effort, as elaborated upon throughout the paper,
in particular in Sect. 6.

The paper is organised as follows. In Sect. 2, we introduce the setting for the finan-
cial market model. The definition and properties of collective arbitrage are collected
in Sect. 3.1, while various versions of the collective FTAP are proved in Sect. 3.2, un-
der the assumption that the set K Y is closed in probability. In Sect. 4, we develop the
theory of collective superreplication, prove the pricing—hedging duality (Sect. 4.2)
and show the fairness property (Sect. 4.3) embedded in the collective superreplica-
tion scheme. The case of a finite probability space is covered in Sect. 5. In Sect. 6, we
prove under different assumptions that the set K¥ is closed in probability and thus
prove several versions of the CFTAP. Most of the examples are collected in the final
Sect. 7.

The theory presented here has been extended in several directions. Frittelli [15]
establishes a connection between a collective free lunch and the fundamental theorem
of asset pricing in a continuous-time setting. Furthermore, Doldi et al. [12] investigate
the concepts of collective replicability and collective market completeness. Collective
dynamic risk measures are examined in Doldi et al. [13]. Finally, ongoing research
efforts are focused on further generalisations, including collective optimal transport
and robust collective arbitrage.

2 The setting

Let7T = {0, ..., T} be afinite set of discrete times and consider a given filtered prob-
ability space (2, F,F, P) with F = (F;);c7 and F = Fr. Except when explicitly
stated otherwise, we also assume that g is trivial, i.e. that P[A] = O or P[A] = 1 for
all A € Fp. We say that a probability measure Q on (€2, F) belongs to P, if 0 =~ P,
or to P, if O <« P, respectively. Unless differently stated, all inequalities between
random variables are meant to hold P-a.s..

Remark 2.1 In this paper, we choose to work in a discrete-time setting in order to
convey our main messages about collective arbitrage, collective superreplication and
the role of cooperation, focusing more on the conceptual aspects of the theory. Most
of the concepts we introduce also fit well in a more general framework (as continuous
time or robust finance). However, the techniques need to be carefully adapted. This
is the subject of a paper in preparation.

Let us consider N agents and denote their set by I = {1, ..., N}. We assume the

existence of a zero-interest-rate riskless asset in which all agents can invest. Addition-
ally, the (global) securities market consists of J assets, for a given integer J > 1, with
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discounted price processes X/ = (X/),e7, j = 1,...,J. We assume that agent i
can invest in the riskless asset and in the assets X/, j € (i), where (i) stands for a
given subset of {1, ..., J}. We set d; = #(i). We assume without loss of generality
that | J; (i) = {1, ..., J} as we may ignore assets that cannot be used by any agent.

Example2.2 Let N =3 and J =4, (1) = {1, 2}, 2) = {2}, 3) = {1, 3,4}. Thus in
this example, agent 1 may invest in assets (X!, X?), agent 2 in asset X? and agent 3
in assets (X!, X3, X%).

We denote by
F' = (F e CF

the filtration representing the information available to agent i. We assume that all
processes X/ with j € (i) are adapted to the filtration I’

A stochastic process H = (H;),;c7 is called an admissible trading strategy for
agent i if it is d;-dimensional and predictable with respect to F’. The space of
admissible trading strategies for agent i is denoted by H'. If H € H', we set

(H-X)r:= Y (H"-X"r,
he(i)

where (H" - X"y = ZLI H,h (X,h — Xth_l) denotes the stochastic integral of H"
with respect to the asset X h, h € (i), and we write

Ki:={(H-X)r:HeH)}cLYQ,F., P). .1

The set of martingale measures with bounded densities for the assets in (i) is
defined by

d ;
M; = {Q € Puc: a0 L®(Q, F., P) and
dP
X/ isa (Q, F')-martingale for all j € (i)}. (2.2)

The existence of an element in M; which is also equivalent to P characterises the
no-arbitrage condition for agent i (defined below), as recalled in Theorem 2.6.

Remark 2.3 By setting 3—5 = m for some positive normalising constant c,
we see that P is a probability equivalent to P such that the price process X is in-
tegrable under P. The notions of no arbitrage in Definition 2.5, of no collective ar-
bitrage in Definition 3.1, of superreplication price in Definitions 4.1 and 4.6 depend
on the underlying probability only through its nullsets, i.e., they are invariant with
respect to an equivalent change of measure. Thus we directly assume that P satisfies

X/ e L"(Q,F,P) foreachreTandje(i),i=1,...,N.
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We recall from [11, Sect. 6.11] or [14, Theorem 5.14] that M; can also be
written as

d .
M; = {QEPM:—Q e L®(Q. Fi. P) and
dP
Eglk] =0, Vk € K; le(Q,F‘,P)}. (2.3)

Notation 2.4 We set LO(Q2,Fr, P) = LO(Q, FL, P) x --- x L%, FN, P) and
similarly for L'(Q2, Fz, P) and L>°(Q2, Fr, P). For a vector P := (P!, ..., PN) of
probability measures, we also set

L%, Fr,P) := L%Q, Fr, Py x - x LY, FY, PM)
and similarly for LY, Fr,P) and L®(Q, Fr, P).
2.1 Classical no arbitrage and superhedging duality

In the classical setting, we have the following definition and characterisation of
absence of arbitrage for agent i and for the global market.

Definition 2.5 The classical no-arbitrage condition for agent i is
NA; : K; N LY.(Q, FL, P) = {0}.

The classical no-global-arbitrage condition is defined as follows. Let K be the set
of time-T stochastic integrals, with F-predictable integrands H € H, with respect to
all the assets {X!, ..., X’}. Let M be the set of martingale measures with bounded
densities for the whole market {X oo x/ } with respect to the filtration F. We say
that there is no global arbitrage, denoted with NA, if there is no classical arbitrage in
the whole market {X', ..., X/}, i.e.,

NA: K NL%(Q, Fr, P) = {0}

We can now state the celebrated fundamental theorem of asset pricing (FTAP) by
Dalang, Morton and Willinger.

Theorem 2.6 In our discrete-time setting, we have
NA, < MNP, #0, and NA < MNP, #0.

Definition 2.7 We define the classical superreplication price for agent i and for a
random variable f € LO(Q, FL, P) by

pi.+(f) :=inf{m e R: 3k € K; such thatm + k > f}.

The following superhedging duality holds as in the classical case; so we omit its
proof. Under NA;, we have

pi+(f) = sup Eglf] forall f € LY (Q, FL, P).

QeM;
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3 Collective arbitrage
3.1 Definitions and properties

After recalling the classical setup and definitions, we now introduce some novel
concepts in the multi-agent setting of Sect. 2.

Our notions of collective arbitrage and collective superreplication are based on
the possibility that the N agents may enter in risk exchange mechanisms in a
possibly scenario-dependent way. We model such exchanges as (possibly random)
N-dimensional vectors Y belonging to a set

YCLYQ,Fr, P)  withOe),

using Notation 2.4 and assuming in particular that Y’ is f;-measurable for every
component i of such vectors. These risk exchanges are accounted at the terminal
time 7 and measured in cash units. We also assume 0 € ), allowing the agents to not
enter in any exchange at all. In general, to talk about risk exchange, we consider zero-
sum exchanges with ZzN=1 Y" = 0 P-as.. However, this requirement is not needed
for some technical results; so we explicitly make this assumption later.

Each agent i follows an investment strategy H; € ' in his own market (i), with
zero initial cost and terminal value k' = (H; - X)r = Zhe(i)(Hih . Xh)T € K;. The
agents also enter in a risk exchange corresponding to a vector Y € ). This procedure
leads to the terminal-time value (H; - X)7 + Y’ for agent i. A collective arbitrage is
given by a collection of strategies (H;);<; and a risk exchange Y € ) such that each
component (H; - X)r +Y Iis nonnegative and there exists at leastone j € {1, ..., N}
for which P[(H; - X)7 +Y J > 0] > 0. Now we can introduce the formal definition.

Definition 3.1 We say that no collective arbitrage for Y (NCA())) holds if

N
( X Ki +y) NLY(Q, Fr, P) = {0}, (3.1

i=1

where X INZI K; denotes the Cartesian product of the sets K; defined in (2.1).

By selecting the zero vector in X,N: 1 Ki, we infer from (3.1) that necessarily the
condition Y N L9r(§2, Fr, P) = {0} must hold, which rules out the possibility of
collective arbitrage through elements in ) only.

Proposition 3.2 The following conditions are equivalent:

NCA(Y), (3.2)
KY N LY(Q, Fr, P) = {0}, (3.3)
cYnLL(Q,Fr, P) = {0}, (3.4)
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where

N
KY = X (Ki = LY. Fp, P) + Y,
o (3.5)

cY =kYnL"Q, Fr,P).

Proof “(3.2) = (3.3): Take (k' — ¢/ + Y'); € KY with k! — ¢/ + Y’ > 0 for all ;.
Then k! + Y! > ¢! > 0 for all i, and (3.2) yields k' + Y/ = 0 for all i, thus £ = 0.
Hence we have k! — ¢/ + Y = 0 for all ;.

“(3.3) = (3.4)”: Follows from CY € K¥ and L. (Q,Fr, P) € LY.(Q,Fr, P).

“(34) = (3.2): Take k € X K; and Y € Y and suppose f' :=ki + Y >0
for all i. Set f,f1 = min{fi, m} for some m € N. Then we have 0 < f,fl <m and
fi e LL(Q, FL, P), and we can write fi, = 1 — (f' — fi) = k' + Y’ — €', where
¢ = fi — fiisin LY(Q, F%., P). Thus

N
(L N e < X (Ki — L%(Q, FL, P)) +y) NLY(Q,Fr, P)=CY.

i=1
Condition (3.4) then implies £/, = O for all i. Thus kK + ¥’ = 0 for all i. O

Define

N
Vo := {YGLO(Q,FT,P):ZY"zo}. (3.6)

i=1

When Fi. = Fr for all i, then L%(Q,Fr, P) = (L%, Fr, P))" so that (1.1)
and (3.6) coincide. If ) € )), the exchange is a zero-sum game; in other words,
the exchange is self-financed in the sense that no money is injected or taken out of
the system. We next collect some simple considerations regarding NCA())) and no
arbitrage.

1) When ) = Ypand N = 1, NCA()) coincides with the classical notion of NA,
namely no classical arbitrage for the market (1) of the single agent in Definition 2.5.

2) When Y = {0}, N =1, F! = F and we consider one single market consisting
of all assets {X',..., X7}, then NCA(Y) reads K N LY(Q, Fr, P) = {0}, i.e., it
coincides with the classical notion of NA for the whole market {X oo x/ }.

3) From (3.1), we see that in general, for any set ) € LO(Q, Fr, P) with0 € ),

NCA() = NA;, Vi. 3.7
More precisely, taking ¥ = 0 in (3.1), we get

NCA()) i K; ﬂLg_(Q,}—i,P) = {0}, Vi
— NA;, Vi
e MNP, 0 Vi
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4)WhenY C {Y € L9, Fr, P): Y. ¥ <0}, then
NA = NCA(), (3.8)

where NA denotes classical no arbitrage in the global market K. Indeed, we prove
the implication “CA = A”. Suppose there exist vectors k € XlN: (KiandY € Y
such that each component k' + Y? is nonnegative and at least one j € {I,..., N}
for which P[k/ + Y/ > 0] > 0. Then summing up all the components shows that
SN ki is Fr-measurable, > ki > =3 yi > 0and P[0 k' > 0] > 0.
Then Y k' € YN | K; is an arbitrage in the whole market.

5) The converse implication in (3.7) is false in general, as shown in Examples 7.1.2
and 7.2.2. Also, the converse implication in (3.8) does not hold in general as shown
in Examples 7.1.1, 7.1.3, 7.1.4, 7.2.1 and 7.2.3. The features of these examples are
presented in Sect. 7, Table 1. In Sects. 6.1 and 6.2, we provide sufficient conditions
ensuring that these converse implications do hold true. However, the interesting cases
are (i) when there exists a classical arbitrage in the global market, but NCA()) holds
true (i.e., the converse of (3.8) does not hold); (ii) when an arbitrage cannot be re-
alised by each single agent, say due to constraints on the investments of the agents,
but a collective arbitrage can be realised through the exchanges Y (i.e., the converse
of (3.7) does not hold).

6) Suppose that 0 € ) € {Y € LO(Q,Fr, P) : ZIN=1 Y! < 0} and that the market
of some agent j coincides with the global market K. Then NA < NA; so that from
(3.8) and (3.7), we deduce that NA < NCA()).

3.2 Collective fundamental theorem of asset pricing (FTAP)

In the classical case, the NA; condition implies that the set K; — L3_ (Q, FL, P) is
closed in LO(Q, Fi, P); see Delbaen and Schachermayer [11, Theorem 6.9.2]. This
property is crucial for proving the FTAP and the dual representation of the superrepli-
cation price. Analogously, in our collective setting, we would like to show the closed-
ness of the set KY appearing in the definition of NCA()) in (3.3). Some closedness
properties of the set of semistatic trading strategies have been recently investigated in
Nutz et al. [24]. However, an example of non-closedness is given in Acciaio et al. [1];
so clearly we expect this to be a delicate point. But in the present theory, developed
in Sect. 6, we have two additional facts that lead to such a closedness: some specific
assumptions on the set Y and the assumption of NCA())).
We now consider the polarity with respect to the dual system

(LY(Q,Fr, P), L®(Q,Fr, P)).
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Define for CY introduced in (3.5) the sets

N

(€ :={ze L®Q.Fr. P): Y E[Zf]1<0.Vf € Cy}, (3.9)
i=1

N

(€N :=1feL'(Q,Fr,P): ) ElZf1<0Vze <cy>°},
i=1

do! doVN
Y\ 0 .__ 1 N N . Y\0
(CH] =10, ..., 0%) € (Pac) '(TP""’_dP) (c%) }

Remark 3.3 Note that (CY)? < L(R2,Fr, P) since using ¥ = 0 € Y and
k=0e X K; in the definition of K¥, we have —L! (2, Fr, P) € CY.

We now define the vector space

R(])V = {xeRN:ﬁ:xizO}
i=l1
and observe that it can be equivalently expressed as:
RY = span{(e' —e¢’) :i,j e {l,...,N}}, (3.10)
where (¢'); is the canonical basis of RY. We often require that

Yy C LO(Q, Fr, P) is a convex cone which contains R(])V, (3.11)

which also implies )V + RY = ). Under this condition, every agent is allowed to
exchange with any other agent any constant (i.e., deterministic) amount as long as
the total amount exchanged by all agents is equal to 0. Equivalently, each pair of
agents is allowed to exchange between them any given deterministic amount. Even if
condition (3.11) is not necessary for the development of our theory, this assumption
simplifies the presentation of our results.

Remark 3.4 1f (3.11) is fulfilled, then for all z € (Cy)o, we have E[z'] = E[z/] for
all i, j.Indeed, taking 0 € X 1N=1 (K; —LQ(Q, FL. P)) gives from the definition (3.9)
of the polar set (CY)? that 3N | E[z'Y'] < 0 for all ¥ € YN LY(Q, Fr, P).
By (3.10), we can take ¥ = A(e! —e/) € Rf)v for an arbitrary A € R, which immedi-
ately yields the desired equalities. Thus when z € (CY), z # 0, and we consider the
polarity condition "N | E[Z'Y!] < Oforall Y € Y N L'(Q, Fr, P), it is possible
to normalise it by dividing by the same amount £ [z!1=--- = E[zV] to obtain that
SN EpilY'1<0forallY € YN LY(Q, Fr, P), with 0 € (CY)Y.
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Definition 3.5 Recall the notation (2.2) for martingale measures and introduce

N
/\/ly:{(Ql,...,QN)eMl XX My iy EqlY1<0

i=1

forallY e YN LY (Q, Fr, P)}.

In the definition of MY, the term ZZN=1 EQ,-[Yi] is well posed and finite since
each component Y’ is required to be integrable under P and each Q' has a bounded
density with respect to P. In the classical no-arbitrage theory in discrete time, the no-
arbitrage condition is characterised by equivalent martingale measures (see e.g. Del-
baen and Schachermayer [11, Theorem 6.1.1] or Follmer and Schied [14, Chap. 5]).
In continuous time, these have to be replaced by separating measures, i.e., equivalent
local/o -martingale measures. As the framework in this paper is in discrete time, we
directly work with martingale measures.

Example 3.6 We present a grouping example. Consider a partition « = («q, .. ., &)
of {1,..., N}intom groups ey, h = 1,...,m,for 1 <m < N, and define

Vo = {Y e L°%Q,Fr, P): Y ¥' =0foreach h = {1,...,m}}. (3.12)

i€ay

Observe that for the partition {1, ..., N} consisting of a single group, the setin (3.12)
coincides with the set in (3.6). We can attribute to )/, an interpretation similar to the
one given for )} in (3.6), with the only difference that now the exchanges in each
single group aj, must sum up to 0.

Remark 3.7 In some of the following results, we assume ) C L! (2, Fr, P). This is
the case for example when ) C (LO(Q, Gr, P)N fora o-algebra Gr that is finitely
generated and contained in ]-'} for all i. This is also the case developed in Sect. 5
where the o-algebras in [ are generated by a finite number of atoms of €.

The following result gives conditions so that MY is the normalised polar cone
of CY.

Lemma3.8 We have (CY)? € MY IfY € LY(Q,Fr, P), then

€)=MY,
Proof For the first inclusion, take (Q', ..., OV) e (¢Y )? and define the vector of
densities z := (i%, R dd%jv) € (Cy)o. Then
N . .
Y EZf1=<0 forall feCY. (3.13)

i=1
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From (3.13), by taking the zero element in XIN=1 (K; — L(_)F(Q, FL. P)), we immedi-
ately get ZlNzl E[ZY] <OforallY € Y N LY, Fr, P). Furthermore, as 0 € )

and 0 € K' foreveryi = 1,..., N, we also get

E[Zk'1<0 forallk € K;nL'(Q, Fi, P), for all i. (3.14)
Since K; is a vector space, we deduce from (3.14)'that E[Z'k'] = 0 for every
ki € K; N LY(Q, Fi., P) and all i. Thus by (2.3), Q' € M; for all i. This proves
that (Q', ..., ON) belongs to MY .

To prove MY c (Y )(1) under the additional assumption, consider an element
(0, ..., 0"y e MY andlet f € CY.Then fi = ki — ¢ +Y' € LY(Q, FL, P).
We claim that Egi[k' — ¢ + Y'] < Eq[Y'] for all i. This will
imply the result since then ZlNzl EQ,-[fi] < ZlNzl EQ;[Yi] < 0
as )Y - LY (Q,Fr, P). To show the claim, observe that
k’ -0 4+Yie LI(Q, ]—"l,P)andEl > Olmply(k’ +YH~ e LY(Q, FL, P). Then

=k +YHt -k + Y —Yi> (k' + Y™ — Y, s0 that

K~ < (=& +YH" —v) el (Q,Fi, P)

and so (k')~ € LY(Q, Fi, Q'). Now k' is the time-T value of a stochastic integral,
and [14, Theorem 5.14] then implies that k' € L'(Q, F}., Q") and E i [k'] = 0. But
from k' — ¢! + Y € LY(Q, FL, Q"), we conclude ¢/ € L' (Q, Fi., 0"). Finally, we
can write Epi[k' — €' +Y'] < Egilk']+ Ei[Y'] = Egi[Y']. O

Proposition 3.9 Suppose ) is a convex cone and Ky is closed in probability. Then
NCA(Y) implies the existence of z € (CY)° with z' > 0 for all i. If additionally Y
fulfils condition (3.11), then NCA(Y) implies (CY)? NPY # ¢ and MY NPN + .

Proof The proof is based on the multidimensional version of the Kreps—Yan theo-
rem in Theorem A.3. Indeed, the convex cone G := cY =kKYn Ll(Q, Fr, P)is
closed in L'(Q, Fr, P) and from (3.4), we see that the assumptions on G in Theo-
rem A.3 are satisfied. Thus there exists z € L>°(€2, Fr, P) satisfying 7z > Oforall i
and (3.13), i.e., 7 € (Cy)o. By Remark 34, E[7'] = E[Z/] for all i, Jj, and intro-

ducing Q' € Py by 4& = we have (Q',..., 0Y) € (C¥)). Since 2/ > 0

E[z]’

for all i, we also have Q' € P, so that (Q', ..., QN) e (€Y NPYN, and therefore
the latter set is not empty. The last claim follows from the inclusion (CY )(1) c MY
proved in Lemma 3.8. g

Example 3.10 In Example 7.1.3, we show that if ) does not fulfil (3.11), it is possible
that NCA())) holds true, NA; holds true for all i and there exists a positive element
in (CY)°, but MY = (¢¥)? =

Proposition 3.11 (i) If there exists z € (CY) withz' > Oforalli =1,..., N, then
NCA(Y) holds true. In particular, (Cy)? N Pév %+ @ implies NCA())).
(ii) Suppose thaty < LY(Q2, Fr, P). If./\/ly 0733/ % 0, then NCA(Y) holds true.
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Proof (i) Observe that if f € CY, then YN, E[z' f1] < 0, and if f' > 0 for all i,
this then implies ZINZ1 E[zifi] = 0 so that E[zifi] = 0 for all i. Given that z/ > 0
for all i, then f’ = 0 forall i, and C¥' N LL (2, Fr, P) = {0}.

(ii) This is a direct consequence of (i) and of the equality (C Y )(1) = MY proved in
Lemma 3.8 under the condition Y C LI(Q, Fr, P). O

As a consequence of the previous two results, we obtain the collective FTAP.

Theorem 3.12 Suppose that Y is a convex cone and that Ky, given in (3.5), is closed
in probability. Then

NCA(Y) = there exists 7 € (Cy)0 with 7' > Oforalli.
If additionally Y contains RY . then
NCA(Y) = CHInPY £0,
and if we also assume that Y C L! (2, Fr, P), then
NCAQ) <  MYnPY#p

In Sect. 6, we provide conditions on the convex cone ) and on the market model
ensuring that the condition NCA())) implies that the set K Y is closed in probability.

4 Collective superreplication price
In this section, we work in the multiperiod setting outlined in Sect. 2.
4.1 Definitions and properties

We now add to the market N claims
&' ....e") e L%Q.Fr. P)

and we are interested in the prices (p', ..., p¥) € RY for the claims (g!, ..., g")
which do not allow collective arbitrage in this extended market.

For this, we introduce in the following definition two novel concepts, namely
those of superreplication of all claims and superreplication of all claims with ex-
changes, and introduce a notation for superreplication within each market and in
the full market, respectively. These concepts identify in turns two superreplication
functionals.

Definition4.1 Let g = (g!,..., g") € L%(Q, Fr, P).
e Superreplication of all N claims:
N N

,o_];](g) ::inf{Zmi:Elke X Ki,meRN with m? + k' zgi,‘v’i}.

i=1 i=1
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e Superreplication of all claims with exchanges ):

N N
Y(g) :=inf{2m’ cdke X Ki,meRN, Y e Ywithm' +k +Y! Zg’,Vi}.
i=1 i=1

e (Classical) superreplication within each market:
pi(g) i=infim’ : Ik’ € K;,m' e Rwithm' + k' > g'}. 4.1

e (Classical) superreplication for the full market K (Definition 2.5) of a contin-
gent claim G € LO(Q, F, P):

prull,+(G) == inf{m : Ik € K, m € R withm 4+ k > G}.

The functionals py (g) and o N (g) both represent the minimal amount needed to
superreplicate mmultaneously all claims (g!, ..., g"). We stress that for the collec-
tive superreplication price oy (g) we allow an additional exchange among the agents
as described by ). We say that the value p € R is a selling price for the claims
g, ..., gN) =g 1fthere exists a vector (p', ..., pV) € RV, where p' is a selling
price for g', such that Zl Pl =p.

Proposition 4.2 If p € R is a selling price for g satisfying p > py (g) then

ke X Ki, Y eYwithk +Y + (p' —g') > 0,Vi,
i=1

and P[kj Lyl 4 (pj — gj) > 0] > 0 for some j 4.2)

holds, i.e., there exists a collective arbitrage in the extended market. Thus py (g) is
the maximum selling price compatible with NCA())) in the extended market.

Proof Suppose that p > py (g) Then there exist /i € RV, Y € Y and k € Xl 1 Ki

with YN | i <pandm + K 47 > g foralli. Set p' := it + L= Z —

for all i. Then YV 1p =p.

Suppose we sell g’ at prices p', so that p is a selling price for g, and we use the
strategy given by (m, %, Y) Then for each i, the value at time 7 = 0 is p' —m' >0,
and its time-T value is —g' + ' +k +Y >0. By investing p' —m' at time 0 in the
bond, we have constructed a strategy in the extended market that at the initial time
has value 0 and at the final time 7" has the value

>m

0<(p —m)+(—g +m +8 +Y)=(p —g)+k + 7"
for all i, i.e., (4.2) is fulfilled. O

Proposition 4.3 We have
N .
PN (&)=Y pit(g). (4.3)
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Proof (4.3) is easily verified if ,0,-,+(g") < oo for each i, i.e., if the sets over which
infima are taken in defining p; 1 (¢') are nonempty. If instead p; 1 (g') = +oo
for some i, then piv (g) = 400 since the set over which the infimum is taken in
defining ,oiv (g) is empty as well, and so (4.3) is still satisfied under the convention
400 — 00 = 4-00. ]

We now turn to some simple properties of pf . In general, p}r; may take the val-
ues +o00, and in Example 7.1.4, we provide an example where there exists a global

arbitrage, NCA()) holds true, ) does not fulfil (3.11) and pf (g) = —ooforall g.

We already mentioned in Sect. 1.2 that cooperation helps to reduce the cost of su-
perreplication, i.e., pf < ,oiv. We thus define (pf (g) — pf(g)) > 0 as the (selling)
value of cooperation with respect to g. As both pi\' and pf are positively homoge-
neous, we may also define a quantitative characteristic of the whole market, which
we call the market cooperation value, as

VY= sup (oY (&) — pY(2)).
¢eL®(Q Fr, Py:lglloo<]

Lemma 4.4 Suppose that Y fulfils (3.11) and NCA()) holds true. Then:

1) pY (0) =0.

2) Y PER Y _ Y N i RN
py is cash additive, i.e., py (g +¢) = py(g) + > ;_, ¢ forall c € .

3) pf is increasing with respect to the partial order of L°(2, Fr, P).

4) pf : L°(R2, Fr, P) — R is Lipschitz-continuous.

5) ,03_] is positively homogeneous and VY takes values in [0, 2N].

V+RY
6)pY =pi O

Items 2), 3) and 6) hold even without assuming NCA()) and condition (3.11).

Proof We only prove 1), as the remaining items are standard. By definition,
pf (0) < 0. Suppose by contradiction that pf (0) < 0. Then by the definition of
p2 (0), there existm € RN, k € XX | K; and Y € Y withm’ + k' +Y' > 0 for all i
and Y)Y m' = —e for some & > 0. Hence k' + (Y +m' + £) > £. As the vector
Yv\ith components ’(\mi + &) is in Rév , we deduce that there exist k € X INZI K; and
Y e Ywithk! +Y' > % for all i. This is a collective arbitrage. O

Under the specific assumptions on the market in Proposition 4.5 below, the col-
lective superreplication price ,043:0 (g) of the N claims (g!,...,g") = g with the
exchange Y = ) is equal to the classical superreplication price of the single claim

ZINZI g' for a representative agent who is allowed to invest in the whole market.

Proposition 4.5 IfF' = F/ forall i, j and Y = Yy as given in (3.6), then
N .
pijo (&) = prun,+(G)  for G = Zgl'
i=1
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Proof The inequality p +° (g) = ,Ofu]] +(G) follows by observing that for any m € RY

satisfying the constraints for p +° (2), Z - m' satisfies the constraints appearing in
prull,+(G) simply by summation. For the converse, take G as given and m € R,
k € K withm+k > G. Thenm +k + L = G for some L € L(Q,F, P),
and setting ko= %k (which still belong to K) and Ll = %L, we have that
SN (@ 4+ &+ L) equals 1Y, g' for any i € RV with Y /il = m. Set
addltlonally Y: =—(m+ k + L) + g. Then Y € Yo by direct verlﬁcatlon Thus
m +k + Y > g (componentwise). Moreover, x + Ye (K)N + yo = X;= 1 K+,
where the last is due to Lemma A.2. We can conclude that k + ¥ = k + Y for some
k e XlNzl KiandY € )y.Som+k+Y > g, and pfo(g) < prull,+(G) follows. [J

Set

N . . . .
Ry(g) = {mGRN:EIkG X K;,Y € Ywithm' +k' +7Y' Zgl,Vi}
i=1

so that py (g) 1nf{Zf»v:l mtim e Ry(g)}. We say that p}r)(g) is attained by m if
there exists i € Ry(g) with pf(g) >N ] ‘. In this case, we say- that m € RV,
YeYandk e X -1 Ki areopttmzsersofp+(g) itm +k +Y > g' foralli.

4.1.1 Superreplication of any one claim

Differently from the one-dimensional case, if one has many contingent claims, say
(gl, A gN ) € LO(Q, Fr, P), to superreplicate, there are many possible definitions
to consider. For example, in the following definitions, nf (g) is an immediate ex-
tension to the multidimensional setting of the classical one-dimensional notion of
superreplication.

Definition4.6 Let g = (g!,...,g") € L%, Fr, P). We set

N . .
niv(g) 2=inf{m e R: 3k e X K; withm + k' zgl,‘v’i},
i=1

N . . .
nf(g) :=inf{meR:3ke X K;,Y € Y withm +k' +7Y° zg’,Vi}.
i=1

Notice that 7}’ (g) and 7y (g) both represent the minimal amount needed to su-
perreplicate any one claim among g!, ..., g", but they differ as no cooperation is
allowed for ¥ 4. Both 7! (g) and nf (g) guarantee the possibility to superrepli-
cate just one claim among g!, ..., gV (so not necessarily all the contingent claims
gl, e, gN), no matter which one is chosen.

For example, consider a multinational corporation having several nationally based
subsidiary companies with each one allowed to invest only in the national market and
each one facing a risk g’. The corporation could be interested in knowing the minimal
amount that is required to save any one of the subsidiary companies. This would
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amount to computing J'rv (g), or nf (g) if cooperation is allowed. One can think of
a principal/head of a corporation who wants to make sure to have an amount m of
money such that at the terminal time, she can cover one option of her choice in a
basket (g1, ..., gn). Each agent i in the system invests in their own market K’ as if
they could use the amount m to superreplicate g’.

Remark 4.7 One might also define all intermediate possibilities of superreplication
costs, namely the cost to replicate n < N contingent claims out of (g', ..., g"). But
in this paper, we only discuss the two extreme cases represented by w f and p}: (or
7l and p).

Proposition 4.8 Recall from (4.1) the definition of p; +(f) for f € LY, Fi., P).
We have

nf@)zngxm+@b. (4.4)

Proof From the definitions, it immediately follows that nf (g) < max; ,ol-,+(g"). By
contradiction, suppose that 72 (g) < max; p;,+(g') = pj +(g’) for some j. By the
definition of niv(g), there exists m < pj,+(gj) such that m + k! > g’ for all i. Thus
m satisfies the constraints in p; 4 (g/) and thus p; 1 (g’) < m. O

We now show that under (3.11), the relation between p}: (g)and }r] is very simple.
In the remaining part of the paper, we thus mainly focus our analysis on pf (2).

Proposition 4.9 Suppose that Y fulfils (3.11). Then
pY(8) = N7 (g). 4.5)

Moreover,m, € R, Y, € YV and k, € X l{V:1 K; are optimisers ofnf(g) if and only if
meRV,YeYkeX N:1 K; are optimisers ofpf (g) with the following conditions:

1

m' = Np' forany p € RN satisfying ZlNzl pl= nf(g)jc\z ky, Y1 = Yidm,—m'.

Proof Letm € RY and set m := ZlN: , m'; then the vector with components m' —
isinR).If Y € Y, then by (3.11), the vector Y with components Y = Y’ +m' —

Z|3z3
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isin ) and

N N
pf(g):inf{Zml cdke X K;,Y e Ywithm' +k' +7Y' zg’,Vi}
i=1 i=1
N N
=inf{Zm’:Elke X K;, Y € Y with
i=1 i=1

kl Yl v _ > l,v-
v+ +< +m —N>_g 1}

=z

=inf{n‘1;ake X Ki,?eywith%+ki+?i zgi,Vi}
i=1

= NrY(g).
The remaining statements are obvious computations. ]

Remark 4.10 We showed in Proposition 4.9 that 7743: = % ,043: which in particular

illustrates the symmetrisation allowed by including R(j)v in ) in (3.11). Instead, from
Proposition 4.8, we have Trf (g) = max; ,o,‘,+(g"), and from (4.3), we see nf > %pi’
so that JT_,,IY could be strictly greater than %pf . In Example 7.1.1, we show that it is

possible to profit from cooperation, i.e., nf (g) < ni’ (2).
4.2 Pricing-hedging duality

Assumption 4.11 ) C LO(SZ, F7, P) is a convex cone, NCA()) holds true and KY
is closed in LY(Q2, Fr, P).

This assumption implies that Y is closed in L! (2, Fr, P). We stress that under
appropriate conditions on ) and on the market model (see Sect. 6), the assumption
that K is closed in LO(Q, Fr, P) is redundant.

As in the classical case and using the same argument as in Remark 2.3, we assume

(g', ..., g") € L'(Q,Fr, P) and recall that X] € L'(Q, Fi, P) foreach t € T,
eachi and j € (i). We can now state the pricing—hedging duality for nf and pf .

Theorem 4.12 Suppose Assumption 4.11 holds true. For any g € L'(Q2, Fr, P), we
have

N
i—1 Elz'g']
7Y(g) = sup Ziz) FlE8)

—, (4.6)
e\ Loy ElZ]

N N N
pY(2) :inf{ domiimeRNY mE[Z] =Y E[dg'].Vz € (cy)o}. %)

i=1 i=1 i=1
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If additionally Y fulfils (3.11), then

7Y (g) = sup ZEQ,[g] (4.8)
Qe(Cy)O
N .
pY(e)= sup Y Eglg'], 4.9)
Qe(CY)? =

and lfJT+ (g) < oo (respectively py (g) < 00), then wy (g) (respectively py (g)) is
attained by some m, € R (respectively by some m € RN). If we additionally have
Y C LY, Fr, P), then we can replace (Cy)(l) with MY in (4.8) and (4.9).

Proof First observe that by Proposition 3.9 and NCA())), there exists a non-zero el-
ement in (C Y )0, Moreover, there exist k' € K; withm + k' +Y! > gi if and only if
g —m—Y' e (K;—LY(Q, FL, P)) Thus taking the vector 1 € RV with all compo-
nents equal to 1, there exists k € X ", KiandY € Y withm+ki +Y' > g' foralli
if and only if there exists Y € Y w1th g—ml—Ye Xl-zl(K, LQ(Q, Fi, P)),
if and only if g — ml € (vazl(Ki — Lg(Q,fi,P)) +Y) = KY. Since
gE€ LY(Q, Fr, P), we obtain

7Y (¢) =inf{m e R: g —ml e CV).

We now apply a standard argument. Since the convex cone K Y is closed in
probability by Assumption 4.11, Y = KY n LY(Q,Fr, P) is norm-closed
in L'(Q, Fr, P), and so CY is a convex cone which is closed in the topology
o(LY(Q,Fr, P), L°(Q, Fr, P)). The bipolar theorem implies that (C¥)% = ¢V,
More specifically, we use for example Aliprantis and Border [2, Theorem 5.103.2,
in conjunction with footnote 8 on page 215, for the notation and characterisation of
polars and bipolars of cones]. Here, we use the Kothe one-sided polar or one-sided
polar in [2]. Thus we get

J)r)(g) = inf{m eR:g—mleCy}

N . .
= inf{m eR: ZE[Zl(gl —m)] <0,Vz € (Cy)o}

i=1

Z[ lE[Z ]

N L 51
o ZLiEEE
@0 Liey ElZ]

=inf{meR:mz (Cy)o\{o}}

which shows (4.6). Using a similar argument, one can directly prove (4.7). If Y
fulfils (3.11), then E[z'] = E[z/] for all i, j and all z € (CY)°. Then using
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dd% = #;i], (4.8) follows from (4.6) and (4.9) follows from (4.8) and (4.5) (al-
ternatively, (4.9) follows directly from (4.7)). Thanks to Proposition 4.9, we have to
prove the existence of the optimiser only for f (g). Define m, as the right-hand side
of (4.8). By the assumption and the condition NCA()’), we have (Cy)(l) # () and
m, € R. Then by the above argument, g — m,1 € Cy, thus g —m, 1 = ke — £, + Y,
for some appropriate choices k, € XlN:1 K;, l, e L‘}r(Q, Fr, P))and Y, € ). Thus
my+ki+Y! > g forall i, showing that m,, ks and Y, are optimisers for nf(g). The
last assertion follows from the fact that (CY )(1) =M, as proved in Lemma 3.8. [J

In Example 7.1.4, (Cy )(1) = (), and so we then use the representation in (4.7) to
compute pf (g).

4.3 Collective and individual superreplication costs

Welet Q = (Q!, ..., ON), Q' € P,., and recall the notation 2.4 for L' (Q, Fr, Q).
We set

Agi ={Y e L'(Q, Fi, Q') EgilY'1=0),
AQ :=AQ1 X"‘XAQN,

N N
pAp(8) :=inf{Zm’:Elke X K;,Y € Ag withm' +k' +Y' Zg’,‘v’i},

i=1 i=1
poi(g) ==inflm e R: 3k € K;, Y' € Ay withm +k' +Y' > g'}
= inf(Ei[¥Y']: Y’ € L', Fi, Q') such that

' € K; withk! + Y > g'}. (4.10)

Equation (4.10) is obtained by removing the constant m and incorporating it in the
exchange variables and by replacing m + Y’ with Y".

Observe that in (4.10), the Y/ are no longer constrained to have zero expectation.
For a fixed agent i and a fixed probability Q, p 0 (g") is thus the smallest cost needed
to superreplicate the claim g*, independently from any other agent, i.e., the individual
superreplication cost. Observe that the infimum is taken with respect to all possible
Yi e LY(Q, FL, Q') and without any reference to other agents.

Under Assumption 4.11 and if ,0_3: (g) < +o00, we know from Theorem 4.12 that
the pricing—hedging duality holds true and ,03_} (g) is attained, so that there exists an
optimiser (772, % Y) e RV x X,NZI K; x Y of p}:(g).

Proposition 4.13 Suppose Assumption 4.11 holds and Y fulfils (3.11). Take any vector
g= (gl, R gN) e LY(Q,Fr, P). Suppose that pf(g) < 400, that there exists

@ Springer



F. Biagini et al.

Q e MY satisfying

=

pY(g) = sup ZEQz[g =Y Epls'l,
QeMY i) i=1

and there exists an optimiser (im, k Y) of,o (g) with YeynlL! (2,Fr, Q) Then:
1) Any optimiser (m, ?) eRN x YNLYQ, Fr, Q) of,of(g) satisfies

Eglg'l—m' = EglY']  foralli, 4.11)
N .
Y EplY]=0. (4.12)
i=1
2) Among the optlmzsers of py (g) we can always find one optimiser (m, Y) with
meRY andY e ynL! (2,F7, Q) such that
Egilg'l—m' = EglY'1=0  foralli.
3) We have

N
pY(g) =) infim e R: Ik € K;, ¥ € L'(Q, F}, Q') with Egi[Y'] =0
i=1

such thatm + k' + Y? > gi}

pgi(8) = pay()-

Il
i1M-=

4) Any optimiser (i, Y) € RN x Y ofpf(g) in 2) is an optimiser of ,oAé(g). In
particular, m' is an optimiser for Lo (g") and m' = PO (g = Egi [g'].

Proof 1) From the assumption, we have

N N
pY(e) =Y Eglg'l=) '
i=1 i=1

with ' + & +Y’ > g! and (m k’ Y) e RY x K; xyl’)L (2, FT,Q) Conse-
quently, we have k> g —Y Y —mt e LY, FL., '), which implies by Follmer
and Schied [14, Theorem 5.14] that i belongs to L! (2, Fi, Q ) and EQ, [k’] =0.
By taking expectations, we then get

Epilg'l—m' < EglV'1+ Enlk'] = En[Y']  foralli
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so that
N ' N . N ‘
0=pY () —pY(e) =) Eglg'l—) ' <Y EnlY'1<0,
i=1 i=1 i=1

where the last inequality follows from Q e MY,
2) Observe that for any x € RN (m, Y) € RN xYNLY(Q, Fr, Q) is an optlmlser

for,o (g)lfandonlylf(m =m+x, Y = Y—x) e RN xyﬂL (Q FT,Q)IS
an optimiser for py/ (g) and obviously Z; ymt = ZlNzl mt. Set x! = EQ,-[Y’]
for each i so that x € RN by (4.12). Then Epi [Y'] = 0 for all i and (7, Y) is an

optimiser for py’ (g) and thus satisfies (4.11), i.e., EQ, [g* N—m = E@[f”'] = 0 for
all i.
3) Observe that

N N
pAQ(g) :inf{Zml cdke X Ki,YeAgp withm' +k' +Y' > g',Vi}
i=1 i=1

=

=Z infm’ e R:3k" € K;, Y’ € Ay withm' +k' +Y' > g}

N .
Z Poi (8. (4.13)

Thus we need to show PAs ~(g) = y 7 (g). From 2), we know that among the
optimisers for py (g) there exists (1, Y) eRY x YN LY(Q, Fr, Q) such that

(m,Y) e {(m, Y) e RN x Ag 3k € X K; withm' + k' +Y' Zg’,\ﬁ}
i=1
and thus

pay(8) = px V(@) (4.14)

Now consider ,oAé(g) in (4.13). From the inequality m +k+ Y > gi for all i
in (4 13) with k' € K;, Y’ € Agi, using EQ, [Y/] = 0 and [14, Theorem 5.14] yields
mi > Epilg 1 for all i and thus Z _ymt > Z 1 Epi [g'], which implies

pag(®) =Y Egile'l=pY(2). (4.15)
i=1

From (4.14) and (4.15), we deduce

N
pY(8) = pag(8) = Y Egile'l = pY(2),
i=1
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which proves 3).
4) For the optimiser (71, ¥) € RY x (¥ N LY(Q, Fz, Q)) in 2), we obtain that
EQ,[Y’] = 0 for all i and

N N
pag(@) = Epilg'l=pY(g) =Z '

i=1

Thus (772, Y) is also an optimiser for pA@(g), and so 7’ is an optimiser for Poi (gh.
O

4.3.1 Economic interpretation and comparison with Bithimann’s risk exchange
equilibrium

In this subsection, the assumptions of Proposition 4.13 hold true and we adopt the
same notations. We already observed that cooperation reduces the cost for the system
of N agents, i.e., oy (g) < py (g) Furthermore, from Proposition 4.13, we obtain
the following conclusmns

1) Given py (g) we define the cost allocation for agent i as

p'(9) = Egilg'l =",

where 77’ is given in Proposition 4.13, 2). From pf(g) =", E 5:[¢'] and Proposi-
tion 4.13, 4), we see that the cost allocation p i(g) for agent | is equal to the superrepli-
cation cost pgi (g' ') associated to the pricing measure Q‘ that agent i would compute

independently from all other agents j # i. Moreover, as Q eMY CMyx---xMy,
we have

p'(8) = Egilg'l < sup Eqilg']:= pit(g),
QieM;

so that the cost allocation p' (g) for agent i is smaller than the individual superrepli-
cation cost pi’+(gi).

2) p}_] () = Z,N: | PG (g") is the sum of the individual superreplication prices of
each claim g’, when the price is assigned by (@1, R @N).

We now describe the connection of the notion of collective superreplication with
Biihlmann’s [7] risk sharing equilibrium, which provides an additional rationale to
our approach. Biihlmann’s reformulation of a risk sharing equilibrium in this context
would consist of a pair of vectors

(0,7) e MY x (LY, F}, 0" x --- x LY@, FY, 0M))

such that
a) Y’ is an optimiser of

pgi(g) = inf(Eg[Y']: Y € LY(Q, Fy, 0') such that

' e K; withk' + Y > g’}
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given in (4.10);

b) YL, (Y — EglY]) =0.
The economic rationale is clear: in a), each agent optimises his own initial cost
PG (g") assigned via Qi, while the exchanges take place at the terminal time and

satisfy the clearing condition in b) that the total amount exchanged, ZlNzl Y', must
be equal to the initial cost ZzN=1 Epi Y.
Take now
N
Y= {Y e LY(Q,F,, P): Zyl = o}.

i=1

From Proposition 4.13, 4), we may easily deduce

Proposition 4.14 Under the assumptions of Proposition 4.13, the pair (@, ?) appear-
ing there satisfies the Biihlmann-type conditions a) and b).

Remark 4.15 We consider N probability measures (Q L @N ) instead of just one
as in [7] because of the generality of the set ). If ) is the set

N
Y= {Y e (L. Fr, )" : > ¥ = 0and F =]-"T,Vi},
i=l1

then @ L @N all coincide on Fr, giving one single probability as in [7].
4.4 Collective subreplication price

Similarly to the superreplication case, but not symmetrically, we define the collective
subreplication prices as follows.

Definition 4.16 Consider a vector g = (gl, e, gN) in L9, Fr, P). We set

N N
pgj(g):zsup{Zm’ c3ke X Ki,meRV,Yye)y
i=1 i=1
with m’ + k' — ¥’ sg",\ﬁ},
N . . .
nﬂj(g) = sup{m eR:3%ke X K;,Y e Ywithm+k' —Y' §g’,‘v’i}.

i=1
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Observe that differently from the definition of superreplication, we subtract the
contribution Y* of the vector Y in the definition of subreplication. We clearly have

pY (9) = —pY(—9),

2 (g) = —nf(—g),

N N
,ozj(g) Zpy(g) = sup{Zm’ :dke X Ki,m e RN withm’ + k! §g’,\7’i},

i=1 i=l1

7Y(g) > 7N(g) := sup{m € R : 3k’ € K; withm + k' < g', Vi},
N

PN (@) =—pY (=) =) —pi+(—g"),
i=1

V) = -7 (-g) = min (— pi,+(—8"),

where we used Proposition 4.8. The (total) value of cooperation with respect to g is
then

(pY (&) — pY () + (0¥ () — PN (g)) = 0.

If Y fulfils (3.11), NCA())) holds true and K7 is closed in LO(Q, Fr, P), we
deduce from Theorem 4.12 and from pgj(g) = —pf(—g) and nf)(g) = —nf(—g)
that

N
. 1 .
y : i Y : i
p2(g) = inf E E ilg'] and n2(g)= inf — E E,ilg']
0e(CV)) i © Qe N = ©

for any g € Ll(Q, Fr, P).

5 Finite-dimensional multiperiod markets

In this section, we work in the multiperiod setting outlined in Sect. 2. We assume that
L%(Q, F, P) has finite dimension, or equivalently that the o -algebra F is generated
by a partition consisting of a finite number of atoms. Then any vector space con-
tained in (LO(S2, F, P))V is a finite-dimensional closed vector space that can also be
considered as a finitely generated convex cone. The positive orthant LQL(Q, Fr, P)
is clearly a finitely generated convex cone. It is also evident that the sum of two (or
a finite number of) finitely generated convex cones is again a convex cone that is
finitely generated (for completeness, we prove these simple facts in Appendix A.1).
By [2, Corollary 5.25], finitely generated convex cones in a topological metric space
are closed. We thus conclude that if K € (L%(Q2, F, P))V is a vector space and at
the same time ) € (L%(Q, F, P))V is a finitely generated convex cone (as in the
case of ) being a vector space, which is a frequent assumption in this paper), then

K- L(Q,Fr,P)+Y
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is a (finitely generated) closed convex cone in (L%, F, P))N. Recall the defini-
tions of

N
R(I)V = {x eRV: in =0},
i=1

N ) N
pf(g) ::inf{Zm’:Elke XK,-,meRN,Yey

i=1 i=l
withm! + k' + Y > gi,Vi}.

Theorem 5.1 Suppose Y € L°(Q,Fr, P) is a finitely generated convex cone con-
taining R(I)v . Then

NCA(Y)  ifandonlyif MY NPN £¢. (5.1

Assume that NCA()) holds true. Then the superreplication price p}: is a cash-

additive, increasing, continuous functional p}_) : LYQ,Fr, P) > R and we
have:

1) The pricing—hedging duality holds, i.e.,

N N
pf(g):Qm/%/)[(yZEQi[gi]=ZE@-[gi] witthMy.
< i=1 i=1

-~

2) There exists an optimiser (i, %, Y) € RN x Xf-vzl K; x Y of p}:(g) which
satisfies

Eglg'l=i' and EzlY'1=0  foralli.

N N
3) pY (@) =) paieh =)
i=1 i=1
where ' is for each i an optimiser of
ppi(g) =inflm e R: Ik € K;, Y € L'(Q, F}, Q') with Egi[Y'] =0
such thatm + k' +Y? > gi}.
Proof The assumption that L(2, 7, P) has finite dimension and the discussion pre-
ceding the result imply that KY = X INZI K; — L(J)F(Q, Fr, P)+ ) is aclosed convex
cone. Moreover, the assumption that ) C (LI(Q, F, POV is always fulfilled as

Y < @, F, P)N = (LY, F, P))N. Thus we may apply Theorem 3.12 that
proves the collective FTAP in (5.1). Lemma 4.4 provides the properties of pf and in
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particular shows that it is finite-valued; see Lemma 4.4, 4). From (4.9), we deduce
the pricing—hedging duality in which (Ey )(1) can be replaced by M? by Lemma 3.8.
The existence of the dual maximiser Q € MY in1l)isa consequence of the com-
pactness of MY due to the finite-dimensional setup, which proves 1). The remaining
assertions follow directly from Proposition 4.13. g

6 Collective FTAP and the closedness of the set K¥ in multiperiod
markets

In multiperiod markets, we provide sufficient conditions for (i) the equivalence of
NCA(Y) and NA; for all i (Sect. 6.1), and (ii) the equivalence of NCA()) and NA in
the global market (Sect. 6.2). In Sect. 6.3, we show a general version of the collective
FTAP when NCA())) is not (in general) equivalent to any one of the classical notions
of no arbitrage.

In the sequel, for technical reasons, we assume that the set ) is closed in proba-
bility. Observe that the sets in (3.6) and in (3.12) as well as Yy N LO(Q, F;, P) satisfy
this requirement.

6.1 When NCA () is equivalent to NA; for all i

We adopt the same multiperiod setting as in Sect. 2. The main result in this section is
Theorem 6.5, which collects five equivalent formulations of NCA())).

Theorem 6.1 If Y C LO(SZ, Fo, P),0€ Yand ) C )y, then
NCA()) = NA;, Vi — M; NP, # 0, Vi, 6.1)

and the first equivalence holds true even if for each i, the initial o -algebra }'6 is not
trivial.

Proof The second equivalence in (6.1) is the classical FTAP by Dalang et al. [9];
see Theorem 2.6. For the first equivalence, observe that “NCA()) = NA;,Vi”
was shown in (3.7). To prove “NA;,Vi = NCA())”, we show that a collective
arbitrage implies the existence of a classical arbitrage for some agent. Suppose that
(XN K+ )N LY, Fr, P) # (0} and let k € X, K; and ¥ € Y satisfy
k' +Y" > Oforalli and P[k/ + Y’/ > 0] > O for some j. Then there are two
possibilities:

Either Y = 0 for all i, in which case we have k' > 0 for all i and P[k’/ > 0] > 0,
so that k/ is a classical arbitrage for agent j;

or, since ZlNzl Y! = 0, there exists n € {1,..., N} such that P[Y" < 0] > 0.
In this case, take A = {Y" < 0} € Fj. Thus (K" + Y")14 > 0, so that
1ok™ = —1,Y" > 0 and P[14k" > 0] > 0. But then 14k" =Y, (1aH" - X")7
is in K, since 14 H" is predictable due to A € F[, and so 14k" in an arbitrage for
agent n. (|

@ Springer



Collective arbitrage and the value of cooperation

Remark 6.2 Differently from the rest of the paper, Theorems 6.3 and 6.9 do not as-
sume that Fy is trivial, as they will be applied in the multiperiod setting of Theo-
rem 6.11 for the time step {¢,¢ + 1}, where F, is not trivial. One may recognise
from its proof that Theorem 6.3 holds true also if we replace time O by any time
t €{0,..., T — 1} and the condition ) € L%(Q, Fy, P) with Y C L%(Q, F,, P). Of
course, in this case, all relevant notions need to be defined and computed from time ¢
toT.

Theorem 6.3 We do not assume that the initial o-algebra .7:6 is trivial for any i.

Suppose that Y < LO(Q, Fo, P) is a convex cone closed in probability and that
Y C Yy. Then NCA(Y) implies that vazl Ki+Y and KY are closed in probability.

Proof We first show that KY is closed in probability. To that end, take a se-
quence W, =k, +Y, — €, € K y converging a.s. to Ws,. Now NCA()) implies
NA; for every i = 1,...,N as in (3.7), and by Lemma 6.4 applied compo-
nentwise, we infer that inf,cy Y,;' > —oo a.s. for everyi = 1,..., N. Since
we assume ) C ), this in turns implies sup, 21;/:1 lY/| < oo as. An it-
eration of Karatzas and Schachermayer [20, Theorem 3.1] yields a subsequence
(Yn)ken € Y and Yo € L2, Fo, P) such that limp_ oo % Zle Yn, = Yoo ass.,
and Yo € LY(Q, Fy, P) by a.s. boundedness of the original sequence (¥;),eN. Since
Y is a convex cone which is closed in probability, we get Yo, € ). Now we see that
% 2;7:1 Wy, & Ws as H — 00, and

| A | H | H H
0
EZth—EZYnh:EZk Z,,he)(K LY(Q,Fr, P).
h=1 h=1 h=1 h=1 =
Since the left-hand side converges in probability, so does the right-hand side. More-
over, as argued above, NA; holds foreveryi =1, ..., N, so that

=z

Ki — L%.(Q,Fr, P) = X (Ki — L2, Fy, P))
1 i=1

=

1

is the product of sets closed in probablhty and therefore closed in probability itself.
We conclude that Weo — Yoo € X1 Ki — L9.(Q, Fr, P), which implies Woo € KV
since Yoo € ) as previously discussed. This shows that K is closed in probability.
Now we show that X l{v:1 K; + Y is closed in probability. Note that X I{V:1 Ki+Y
can be obtained from KY by replacing in K Y the cone L(_)F(Q, Fo, P) with {0}. Now
recall that the set X fv: 1 Ki is closed in probability (even without assuming NA; for
everyi = 1,..., N). Thus going through the previous argument and replacing there
the elements of LQF(Q, Fo, P) with 0, one can similarly conclude that X f»vzl Ki+Y
is closed in probability. ]

Lemma 6.4 We do not assume that the initial o-algebra Fg is trivial. Suppose
K satisfies NA. Suppose also that (kp)peNn < K, (Zy)nen € LO(Q,]-'O, P) and
(Wn)nen C LO(Q, Fr, P) are sequences with k, + Z, > W, a.s. for every n and
limy,—, 00 W;, = Wxo a.s. for some Wy, € L%, Fr, P). Then inf,eny Z, > —00 a.s.
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Proof Define ¢, := ky + Z, — W, € LY(Q, Fr, P). Then ky + Zy — £, = Wj,.
Suppose by contradiction that

A= [ inf Z, = —oo] € Fo satisfies P[A] > 0.
neN

Observe that liminf, .o Z, = —oo on A. As a consequence, by Delbaen and

Schachermayer [11, Proposition 6.3.4 (1)], there exists a sequence (t,),eN of Fo-mea-

surable random variables taking values in N such that lim,,, o Z;, 14 = —00l4 ass..

Define

1
H, = ———14 € L%Q, F, P).
Sl
Then lim, o Hy,Z;, = —1a. Moreover, lim,,oo W;, = Wy as. so that
lim,— o0 Hy, W;, = 0 a.s.. Observe now that H,k, € K for every n since H, is
JFo-measurable, and that

M
Hy k; = lim Zl{rn:m}Hmkm.
m=0

M—o0

On the right-hand side, each term of the summation still belongs to K since 1{z,—m)
belongs to LO(Q, Fo, P), and so does the limit since K is closed by [11, Proposi-
tion 6.8.1]. Hence also H;,k;, € K for every n, and H;, ¢, € L&(Q, Fr, P) can be
similarly verified. Now we have

Hy ke, — Hp by, = H, Wy, — Hy Z,, — —(—14) =14 asn — 00,

which implies 14 € K — LY.(Q, Fr, P) since K — L%.(Q, Fr, P) is closed by NA
(see [11, Theorem 6.9.2]). This contradicts NA. Hence P[A] = 0. O

Theorem 6.5 Suppose Y < L°(Q2, Fo, P) fulfils 3.11) and Y € Yy, so that Y = R}/
and in particular ) is closed in probability. Then the following are equivalent:

1) NCA()Y).

) MY NPN £,

3)YM; NP, # 4, Vi.

4) For each i, there exists an equivalent martingale measure for all processes X/
forall j € (i).

5) NA;, Vi.

Proof Under NCA())), we know by Theorem 6.3 that K Y is closed in probability; so
by Proposition 3.9, NCA(Y) implies MY n Pév # (. The implications “2) = 3)”
and “3) = 4)” are trivial, and “4) = 5)” follows from the easy part of the classical
Dalang-Morton—Willinger FTAP (Theorem 2.6), which is true even if %—% is not
bounded. Finally, the implication “5) = 1)” was proved in Theorem 6.1 . ]

In Examples 7.1.1 and 7.2.1, the equivalence between NCA()) and NA;, Vi, holds
true, while in Examples 7.1.2 and 7.2.2, we show that when ) is not contained
in LO(Q, Fo, P), it is possible that NA;, Vi, holds true, but there exists a collective
arbitrage.
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6.2 When NCA()Y) is equivalent to no global arbitrage NA

We adopt the same multiperiod setting as in Sect. 2. Throughout this subsection, the
key assumption is a common filtration for all agents, i.e., Fi = F/ = T for all i, Jj.
Thus LO(2, Fr, P) = (L2, F, P))V. This fact and the selection )) = ) so that
we allow to exchange all Fr-measurable random variables with the sum of their
components equal to 0 imply that NCA () is equivalent to no global arbitrage NA.
The intuition for this is that ) is so large that it contains exchanges of any stochastic
integrals; so an agent trying to achieve a collective arbitrage from an arbitrage can add
to her portfolio stochastic integrals involving stocks not in her market by exchanges
with the other agents at no cost. The equivalence between NCA and NA can also be
reformulated by saying that a collective arbitrage for the N agents is equivalent to a
(classical) arbitrage for a representative agent who is allowed to invest in the global
market. We stress, however, that this equivalence holds only under the assumptions of
Proposition 6.6 below. The fact that one cannot use a representative agent formulation
in general (see Example 6.7) is an indication that our results do not trivialise to the
classical case.

Proposition 6.6 Suppose that F' =F/ =TF foralli, j =1,...,N. ThenforY = Yy
defined in (3.6), we have:

1) NCA(Q)) and NA are equivalent (see Definition 2.5 for the latter).

2) Under either NCA())) or NA, K is closed in probability.

Proof 1) In the current setup, )y C (LO(Q, F, P))N and we have
“NA = NCA(Q))” by (3.8); so we only need to prove the converse. To this end, by
Lemma A.2, we have

N N
KY = X K+ Y — (LY. F, P))".

i=1

In particular, by the definition of NCA())p) and picking ¥ = 0 € ), we deduce the
equality (K — L9.(Q, F, P)) N LY(Q, F, P) = {0}, which is NA.

2) Since NA holds, K — LE)F(Q, F, P) is closed in probability (see e.g. [11,
Theorem 6.9.2], noticing that we assume F = Fr). Let now

S: (L%, F, P)" - LY, F, P)

be the map defined by S(W) = vazl W', continuous for convergence in probability.
It is then enough to show that

KN =51k - LY, F, P)).

The inclusion K0 C S_I(K — Lg(Q, F, P)) is directly checked. Indeed, an
element in K is of the form k + ¥ — ¢. Then

N N
Sk+Y-0=) kK+0-) t'ek-LYQ.F.P).

i=1 i=1
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It remains to prove the converse inclusion. Select Z € S -k — L(_)F(Q, F, P)).
Then Zj»v:l ZJ =k — ¢ for some k € K and £ € LQ(Q, F, P). By Lemma A.1,
S(vazl K;) = K and we write

N
k= S(k) for some k € X K;.
i=1

Consider now W = Z — k and note that SW)y=k—tl—k=—L¢ —Lg(Q, F, P).
We write

W Wl —Sw) S(W)
w? 0
: = . + .
N . .
W wh 0

Observe that the first term on the right-hand side, call it ?, satisfies Y € Yo and
the second term, call it —¢, belongs to —(Lg(Q, F, P))N since S(W) = —£. Thus
Z=W+4+kandW+k=k—0+Y € KyO, which concludes the proof. O

We now present an example to illustrate the relevance of the condition )y = ) for
the equivalence of NCA())) and NA.

Example 6.7 Take N = J = 3, (i) = {i} fori = 1,2, 3, a finite 2 and one single
filtration for all assets, i.e., F! = F/ = F, forallt and all i, j € {1,2,3}.If

3
Y=W= {Y € (LO(Q,]:T, P))3 : ZYi :O}7
i=1

we obtain from Proposition 6.6 that NCA())) is equivalent to

KN (LU, Fr.P)’ =10 = K0 (L@ Fr, P) ={0)

3
— (ﬂM,)ﬂPe;éﬂ.

i=i

Now take a different ) := {Y € (L°(Q, Fr, P))>: Y! = 0and Y% + Y3 = 0} such
that Y # ). One can easily verify that

MY ={(0',0,0): 0' € My and Q € My N M3).

We may select X!, X2, X3 insucha way that (a) (ﬂ?:i M;) NP, = @ so that there
exists a global arbitrage in the market in the classical sense; (b) MY N (P.)3 #(
so that by Proposition 3.11 and finiteness of €2, NCA()’) holds true. The existence
of an element in MY N (P,)3 only guarantees the existence of an equivalent martin-
gale measure for X and another for both processes X», X3, but not necessarily an
equivalent martingale measure simultaneously for all the processes X', X2, X3.
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6.3 Ageneral settingwith) c (L%, F, P))N

We adopt the same multiperiod setting as in Sect. 2. Throughout this subsection,
the key assumption is a common filtration for all agents, i.e., F! = F/ = F for
every i, j. In comparison to the setting in Sects. 6.1 and 6.2, we do not impose any
measurability constraints on ) (except for J C (L%2, F, P))N which is a very
general requirement) nor any structural geometric properties (as Y = )p).

As clarified in Sect. 6.3.2 below, the multiperiod results are based on the one-
period model. We thus first present the one-period market in Sect. 6.3.1, which
contains most of the technical details relative to the closedness of K.

In some results, we need not only that ) is closed in probability, but also that
Y- (LS)_ (Q, F, P))V is closed in probability. The following auxiliary result shows
that this latter condition is automatic as soon as ) C )) is closed in probability.

Lemma 6.8 Suppose that Y C Yy is a convex cone closed in probability. Then the
convex cone ) — (Lg (2, F, P)N is closed in probability.

Proof Take a sequence (Y;; — €y)neny € Y — (LQ(Q, F, P)N converging in prob-
ability (without loss of generality, almost surely) to Z € (L2, F, P))N. Take

also the event A := {sup, .y |Yx| = oo}. If P[A] > O, then for some index k,
Ay := {inf,en Y¥ = —o0} satisfies P[A;] > 0. Consequently, we have
k : k E k
Z lAk = nlinolo(Y" lAk _anAk) < lzningn lAk = —OOlAk,

which is a contradiction. Thus P[A] = 0 and (¥,),en is a.s. bounded. So is then
(n)nen since (Y, — £,),en converges. By an iteration of Karatzas and Schacher-
mayer [20, Theorem 3.1], we can extract subsequences (Y, )keN, (€n;)ken Whose
Cesaro means converge almost surely to Y and ¢, say, respectively. Since ) and
(L(J)F(Q, F, P))N are convex and closed, the Cesaro means and their limits belong
to the respective sets, i.e., Y € YV, £ € (L(_)F(Q, F, P))N. Since (Y, — €5, )ken con-
verges almost surely to Z, also its Cesaro means converge to Z (see Williams [28,
Lemma 12.6]). Thus Z =Y — £ € ) — (L%(Q, F, P)VN. O

6.3.1 The one-period market with general Y € (LO(Sl, F, P)N

In this section, we consider a one-period market 7 = {0, 1} and thus the elements
in K; are just one-period stochastic integrals.

Theorem 6.9 Suppose that T = {0, 1}, Fi = .7-'01 =Foforalli,je{l,...,N}and
that F is not necessarily trivial. Assume that Y C (L%, F, PYN is avector space
satisfying

1) Yand (Y — (Lg(Q, F, P))N) are closed in probability,

2) for every Z € LO(Q, Fo,. P)andY € Y, we have ZY € ).
Then X lNzl K;i + Y is closed in probability. If furthermore NCA()) holds, then also
KY = XlNzl K; — (LQ(Q, F, P)N + YV is closed in probability.
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Lemma 6.10 Define

N
Hy = {(Hl,m,HN) € X Hi: (Hi-X)1),_y v € y},
i=1
N N
Ha 1= {(Hl,...,HN) € X H;: Y HHf =0.Y(Hf,.... H}) EHy}, (6.2)

i=1 i=1

i.e., Hy is the (vector) space of vectors of strategies with each component admissible
for the corresponding agent, replicating elements in ), and ’Hj} is its a.s. orthogonal
complement in X1N=1 H;. Note that in (6.2), both H;, H* are d;-dimensional and
H; H stands for the w-wise inner product. Under the assumptions of Theorem 6.9,
Hy and 7-@ are closed in probability, we have

o

Il
-

Hi =Hy & Hy,

and in particular,

(Hl,...,HN)GIHi}, ((Hi-X)T)I.:L_”,Ney = (Hy,...,Hy) =0, (63)

(Hy.....Hy) € Hy. Z € L%Q. Fo. P) = Z(Hi.....Hy) € H3. (64)

Proof We follow Schachermayer [27, Lemma 2.4]. It is elementary to check that
Hy N "Hi} = {0} because if (Hj, ..., Hy) belongs to that intersection, we have
ZIN=1 H; H; = 0 which immediately gives H] = --- = Hy = 0. Observe first that
‘Hy is closed in probability; indeed, if we take a sequence (Hj(n), ..., Hy(n)),en
in Hy converging in probability to (Hi, ..., Hy), up to passing to a subsequence,
the convergence is a.s. and we have for n — oo that

Vo= ((H100)-X) g (HN G- X)) — (X7, (Hy-X)r)  as.

Since ) is closed in probability ((H; - X)r, ..., (Hy - X)1) € V.

We also observe that £ := (XlNzl Hi) N (XINZI(L2(Q, F, P))%) is a Hilbert
space, as it is a closed subspace of a Hilbert space. Furthermore, H%, =HyNL
is a closed vector subspace of L by closedness in probability of Hy. Call Hi}J‘ its
orthogonal complement in £ and denote by 7, 7 the corresponding orthogonal
projections. We also stress that whenever (Hy, ..., Hy) € X,N:1 ‘H;, we have for
|(Hy, ..., Hy)| := ZlNzl | H;| (the absolute value of a vector stands for the sum of
the absolute values of its components) that m(Hl, ..., Hy) € L. This
is a consequence of assuming a common initial o-algebra Fy. We now define for
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(Hy,...,Hy) € XlNlei

Proj((Hi, ..., Hy)|Hy)

1
= (1+|(Hi,..., H Hi, ..., Hy) ),
(1+1(H N)l)n<1+|(H1,...,HN)|( 1 N))
Proj((H. ... Hy)[H3)
1
=(1+|(H,....,H + Hi,...,Hy) ).
(1+1(H IBEA (1+|(H1,...,HN)|( 1 N))

It is immediate to verify that
Proj((H1., ..., Hy)[Hy) + Proj((H\, ..., Hy)|[Hy) = (Hi, ..., Hy).
Thus we are only left to verify that
Proj((H,. ... Hy)[Hy) € M3

and that the same holds with Hj mutatis mutandis. We verify the first claim as the
second follows similarly. We heavily rely on Assumption 2) in Theorem 6.9. We first
show that ’Hi}L - H$. Take (Hi, ..., Hy) € H%}L and (Hf,..., Hy) € Hy. If
A= {Z,N= | HiH} > 0} has positive probability, observing that Assumption 2) in
: 1 * * N 2 d;
Theorem 6.9 gives lAm(H gy HN) (S Hy n Xi=1(L (Q, I, P)) .

yeeey

we get

1 al i
EP[1A1+ ((H}, ... H) ZHiHi} -0

i=1

which is a contradiction. Arguing similarly with {ZINZ | HiH} < 0} yields that a.s.,
Zf\’:l H; Hl.* = 0 and hence the desired inclusion. To conclude, if (Hy, ..., Hy) is
in Hy and Z € L%(Q, Fy, P), then Z(H), ..., Hy) € Hy by Assumption 2) in
Theorem 6.9, and the same property holds for H§ as a consequence. Equation (6.3)
follows by observing that (Hj, ..., Hy) then belongs to Hy N ”Hi; O

Proof of Theorem 6.9 We start by proving closedness in probability of the set K.
Observe that the assumption NCA())) is only used in the very last step of the proof.
Let W, = k, + Y, — ¢£,, n € N, be a sequence in K Y converging in probability
(without loss of generality, almost surely) to some W, € (LY, F, P))V. Suppose
that k', = (H;(n) - X)r for H;(n) € H;. Set

(Hi(). ..., Hy(n)) := Proj((H,. ..., Hy)[H).

Then ki = (H;(n) - X)r + ¥} = ki + Yi, where ¥, := (¥!,....¥N) € Y by
Lemma 6.10. Hence W,, = /Gn + (Y, + I?n) -4, = /2,1 +Y,— £, and

W, —ky =Y, — £,. (6.5)
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Define now
N
A= {1}}2%?2 |H; (n)| = oo} e Fo.
i=1

Suppose first that P[A] = 0. In this case, we can apply an argument already used
in the classical proof of the FTAP. By applying Follmer and Schied [14, Lemma 1.64]
to the sequence (1,)neN = (H1 (n), . HN(n))neN, one can extract a strictly in-
creasing sequence (T,),eN of Fo- measurable integer-valued random variables and
ne X (L9, Fo, P))% such that

lim (H(t), ..., Hy(t)) =n  P-as.

n—oo

One now verifies that
A A = N
(Hi(t)..... Hv(t)) € Hy, neHy, Yo €V, Ly, € (LUKQ F.P))

To this end, observe that
K
(Fi (@), ... Hy(t)) = Jim_ ;;) Yooy (B (K), ..., Hy(K))  P-as.. (6.6)

Since ljg,—) € L%(Q, Fo, P) and (H(k), ..., Hy(k)) € H3;, we use (6.4) to get
that l{rnzk}(lfll &), ..., I:IN (k)) € ”H,JL,. Since ’Hi, is a vector space, also the sums on
the right-hand side of (6.6) belong to ’Hi}, and since the latter is closed under almost

sure convergence, we also get that (ﬁl (tw), -, I:IN(‘L'H)) as the limit over K belongs
to ’H)L,. Since then 7 is the a.s. limit of a sequence in H§ by definition, it also belongs

to Hj}. A similar argument yields also ¢, € (LQ_(Q, F, P)N and

an = lim Zl{r 7k}Yk e .

K—oo

From W;, — Wy, as n — oo and using (6.5), we then get
— (- X7, ... (v - X)7)
= lim (W — ((Fi @) X, .., Fx (@) - 7))

= lim (Y £e,).
n— oo
Then (Y7, — €5 nen € (Y — (L9(Q, F, P))V) converges almost surely and by
Assumption 1) in Theorem 6.9, its limit also belongs to ) — (LO (2, F, P))N. This
implies that Woo — (91 - X)71, ..., (N - X)T) = Yoo — £ for some Y, € YV and
some {o € (L?F(Q, F, P)Y, which concludes the proof.
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We now prove that P[A] > 0 is in contradiction with NCA()). Set

N
A, = AN { Z|ﬁi(n)| > o} e Fo,

i=1

1
Zy = ——> 14, € L%, Fo, P).

I AD]
Observe that for every n, we have Zn(1:11 n),..., I:IN (n)) € ’Hj} by (6.4) and
Z,Y, € Y by Assumption 2) in Theorem 6.9. Additionally,

N
|Z,(Fi(n), ..., Hv()| = > H; ()14, = 14,

ZlNzl |I:Il (n)| i=1
which in particular implies that Z,,(I:I 1(n), ..., H n(n)) is P-a.s. bounded and that
lim |Z,(Hi(n), ..., Hy®)| = lim 14, =14  P-as.. (6.7)
n—oo n—00

By applying again [14, Lemma 1.64] to the sequence

Enen = (Zu(Bion). ... Ay m))

we deduce the existence of a strictly increasing sequence (oy,),eN of Fo-measurable
integer-valued random variables and an element £ € X 1N=1 (L%, Fo, P)di with

lim_Z,, (Hi(on), ..., Hy(on)) =&  P-as. (6.8)
In particular, by (6.7) and since o, 1 00 as n — 00, we get
&l = 1lim |Zq, (Hi(0n). ..., Hy(ow))
n—oo
=nlLr1;O‘Zn(ﬁI1(n),...,PAIN(n))| = 14. 6.9)

As in (6.6), we can use the decomposition

K

Zo,(Hi(0n), ..., Hy(0y)) = Jim Z Yot} Zk(H (K), ..., Hy(k))  P-as.,
k=0

the facts that 15, ) Zx € LO(Q, Fo, P) and (H,(k), ..., Hy(k)) € 3 and (6.4) to
deduce l{gnzk}Zk(I:h k), ..., ﬁN (k) € ’Hi}. Arguing as after (6.6), we then deduce

that £ € 7—[3% and similarly also £, € L(J)F(Q, F, P) and Z,, }_’gn € V. Now (6.8)
yields that P-a.s., as n — 0o,

Zoyko, = (Zo, Hi(04) - X)1. ... (Zo, Hy(00) - X)) —> ((¢1-X)7. ... (EN - X)T)
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with & € H$. Moreover, observe that Z, W,, — 0 P-a.s. as n — oo and then,
using (6.5),

_((El 'X)Tv ey (éN . X)T) = ;111>H;0(ZG" Wo,, - Za,, Ie(r,,) = nli)ngo(za,, ?0,1 - Zo,,go,,)

Because Z,, Y% — Z,,45, belongs to (Y — (LQF(Q,}", P)N) for each n and
Yy - (L?F(Q, F, P))" is closed in probability by Assumption 1) in Theorem 6.9,
we conclude that —((¢1- X)7, ..., En - X)7T) ey—(L (Q, F, P))V. In particular,
there exist Yoo € V, oo € (L (2, F, P)N with

(G- X7, .. (N - X)T) + Yoo = €oo = 0. (6.10)

Now NCA()Y) yields ((¢1 - X)7,..., N - X)T) + Yo = 0. Since & € ’Hi}, the
condition in (6.3) then implies £ = 0, which yields a contradiction with (6.9) if
P[A] > 0.

The above reasoning shows that K is closed in probability. To show that also
Xl | Ki + Y is closed in probability, we apply the same argument as in the second
step of the proof of Theorem 6.3 and in particular the observation that X o Ki+Y
can be obtained from KY by replacing in K Y the cone LY (R, Fo, P) w1th {0}. Thus
going through the above proof and replacing the elements of L9 1 (82, Fg, P) with O,
one can conclude similarly to (6.10) that

((E] 'X)T7~"(SN'X)T)+YOO:EOO=05

which yields the desired contradiction without even using NCA())). (]
6.3.2 The multiperiod market with general ) € (L%, F, P))N

In this section, we suppose that 7 = {0, ..., T} and F' = F/ = F for all i, j. We
now extend the notation introduced in Sect. 2: for0 <s < § < T, we set

(H-X)S:= Z(Hh -XMHS  for H € 1, (6.11)
he(i)
Kiss:={(H-X)S: HeM}CK,,
Kys:={(H-X): H e H} C K, (6.12)

where (Hh-Xh)S Zz Sl Hh (Xh Xh 1)- Observe in particular that K; = Kj 0.7
and that (H" - X h)f is the stochastic integral of H” with respect to X" on the time

set {s,s + 1,...,S}. We consider for some fixed7 € {1,..., T} a vector subspace
Y C LYQ, F, P)N and set
N N
K= X Kigs— (L0, F, P)  +Y,  0<s<S<T.
i=1
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We consider the following conditions:
o Classical no-arbitrage condition for agent i in time period {s, ..., S}:

NA;ss:  KigesNLY(Q, F, P) ={0}.
o Classical no-global-arbitrage condition in time period {s, ..., S}:
NAgs:  Kes NLL(Q, F, P) = {0}.

e No collective arbitrage in time period {s, ..., S}:

N
NCA;:5()) : ( X Kis:s +y> n(LL@, 7, P))N = {0},

i=1

which is equivalent to KSJ:/S N (Lg_(Q, F, P)N ={0}.
In this setting, we have K, 8:)T =K7Y and NCA()Y) from (3.3) can be rewritten as

kY N (LS.« F, P)Y = (o).

Theorem 6.11 Suppose that T = {0,...,T} and Fi = TF = F for all i, j. Fix
Te {1,..., T}, assume that Y C (LO(SZ, F5 P))N is a vector space and that

1) Y is closed in probability and Y < ).

2)forany Z € L%, Fr_y, P)and Y € Y, we have ZY € ).
If NCA(Y) holds, then K(?:}T and XlN:l K, o.r + Y are closed in probability. If Y
additionally satisfies (3.11), then

NCA(Y) — NCA;—1; (), vVt =1,...,T

NA; sr41,Vi=1,...,N, t=1,...,T — 1,
= NCA717()), (6.13)
NA/;41,Vt =0,...,7—2.

Proof By Theorem 6.3 and Remark 6.2,

N
K%}T and X K;7:7 + Y are closed in probability. (6.14)
i=1

Note that Zk € vazl Kz forall Z LY, F—|, P)and k € X,N:l K;7r. Con-
sider the vector space ) := XlNzl Kizr +YandsetY — (LY(Q, F, P)N = K?D:)T’
Then by (6.14), Y and J) — (LQ_(Q, F, P))"N are closed in probability and so ) sat-
isfies 1) and 2) in Theorem 6.9 for the time period {f — 1,7}. Thus by Theorem 6.9,
X1N=1 Kt 17+ Y is closed in probability. One can check that NCA()) implies
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Ni CA,A_LT(y). Thus again by Theorem 6.9, also K?_ 1718 closed in probability. But

— N
Y N
K = X Kizi7+Y — (L%(Q, F, P))
i=1
N N
0 N
= X K77+ X Kizr + Y — (LY.(Q, F, P))
i=1 i=1
N 0 v y
= X Kl‘,?*llT +y - (LJ,-(Qa JT-" P)) = K?—]:T’
i=l1

which shows that K%i |7 1s closed in probability.

Similarly, as X2, Ki7_17+ Y = X1 Kizo1.r + Vs also X[2y Kipopr + Y
is closed in probability. Thus by backward induction, K ng and X ,Nzl Kior+ )Y are
both closed in probability. As to the equivalence (6.13), we claim that

NA;zr.Vi=1,..., N,
NCA(Y) — NCA_ 7)), (6.13)
NAg7-1-

Furthermore, by standard no-arbitrage arguments (see [14, Proposition 5.11]), it can
be shown that

NA; 77, Vi=1,...,N, NA; ;y41.Vi=1,...,N,t =1,...,T — 1,
NCA7_17(D), = NCA7_17()).
NA)7;- NA;41,Vt=0,...,7—2.

(6.16)

From (6.15) and (6.16), the equivalence “NCA()) <& NCA,_1,(Q), Vi =1,...,T”
follows by applying Theorem 6.5 in one period for the case t = 7, ..., T — 1 and
Proposition 6.6 fort =0, ...,7 — 2.

We come to the proof of (6.15). To begin with, observe that since Rév C Y, we
have using (3.10) and 2) that

N
(0N (L@ Foi, P)Y) < 0. (6.17)
Let us now show “=>"1in (6.15). Assuming NCA()), we have NCA;_; 7)) di-

rectly by inclusion arguments, and NA; 77, Vi =1, ..., N, by using (3.7). To show
NA(7_1, observe that by (6.17), we have again by inclusion arguments that

¢ 0 N 0 N
<>< Kioi1+ (%0 (L@, Fry, P) )) N(LEQ, F, P))" = {0},
i=1

This means that NCA g7 (VoN (LY (R, Fr_,, P))V) holds. Invoking Proposition 6.6,
we get that also NAj7— holds.
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We now prove “<=" in (6.15) by showing that the contraposition holds. Let us say
that for an N-dimensional random vector Z, property CA holds if Z/ > 0 a.s. for
everyi = 1,..., N and P[Z/ > 0] > 0 for some Jj. For later use, we stress that
CA does not hold for a given random vector Z if either P[Z/ < 0] > 0 for some j,
or Z! < 0 P-as. for every i. Take a collective arbitrage, i.e., k € XlNzl K, Ye)
such that property CA holds for k 4+ Y. Based on (6.11) and (6.12), we write
k=YT"Vke i1 for ki1 € XNy Kipuq1,t = 0,..., T — 1. Observe that by
setting k = % ZlNzl Z;;g kf,z+1 € Ky+_; and taking the vector 1 € RY with all
components equal to 1, we have Zﬁ;é kiry1 = Tl + Zi;g kery1 — %1 and

)
o

Y=Y ki1 —k1eNon (L2, Fy, P))Y €,

~
(=}

where the latter inclusion is by (6.17). Then

T—1
Rtk 7+ Y ki + Y +Y)=k+Y

t=t

satisfies property CA, and Y 4Y € Y since the latter is a convex cone. We now apply
an iterative procedure backwards.

Case 1: Z = k1 + ke 7+ (? + Y) does not satisfy property CA. Then by the
definition of the property CA, there are two alternatives:

e P[Z/ < 0] > 0 for some Jj: In this case, since {Zj < 0} € F we have

T-1
i ) J ~
W= 1lzicy ) K1 € Kjzr
t=t
and z/ + Y1 ktj)tJrl =k/ 4+ Y/. Thus
T-1
h'/ = I{Zj<0}(Z'l + Zklj,l—‘rl) - 1{Zj<0}Z'I

t=t

=lizick! +Y)) =15, _Z' =0

since k + Y satisfies property CA, and so k/ + ¥/ > 0. From P[Z/ < 0] > 0, we
now obtain P[h/ > 0] > 0, violating NA; 7.7

e Z/ < 0 P-as. for every j: In this case, h/ := ZTTZ}] k{;tH € K;nr and
additionallx\hj =kl + Yj: ZJ > kJ/ 4+ Y7 so that h/ violates NA; 77 for every j.

Case 2: k1 + kz_1 7+ (Y + Y) satisfies property CA.

Case 2.1: k1 does not satisfy property CA. Then there are two alternatives:
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. P[7<\< 0] > 0: Then we get 1, z_okr—1 7 € XlNzl K;7_7from {7<\< 0} € Fy,
and Iz (Y +Y) € Yby2).Soh :=lg_gk17+ 1Y +Y) € K%il’?and

h=1goki-17+ Ly (¥ + 1)
= 1oy (k1+kimy 74+ X7+ ¥)) — 1g_k1 > 0
componentwise by the condition in Case 2. Moreover, as P [75 < 0] > 0, we also have

P[h/ > 0] > 0 for each j, violating NCA7_;~()).
ok <0 P-as.:Notethath = kp_j 7+ (Y +Y) € K¥ | ~and

h=kl+k17+ & +Y)) —k1>0

componentwise by the condition in Case 2 which also implies that some component
of h is positive with positive probability. Thus 4 violates NCA7_ | A)).

Case 2.2: k1 satisfies property CA. Then it is immediate to see that k violates
NAo7-1. U

As a corollary of Theorems 3.12 and 6.11, we deduce the following collective
FTAP.

Theorem 6.12 Suppose that T = {0,...,T} and F' = F/ = F for all i, j. Fix
Te {1,...,T} and let Y C (LO(Q, F5 P))N be a vector space containing R{)V.
If 1) and 2) in Theorem 6.11 are satisfied, then

NCA(Y)  ifandonlyif  (CY)NPN £¢
and
€ =", ....,.0M e @V Q0 =0/ on F_|,¥i,j=1,...,N}.
If additionally Y € L'(Q, Fr, P), then
NCA(Y)  ifandonlyif MY NPN £¢.

Proof We only need to prove (6.12). Recall that ¢/, e/ are elements in the canoni-
cal basis of RN and so ¢/ — ¢/ € ]RN for all i, j. Observe that (6.17) holds under
the assumptions of Theorem 6.11. From (6.17), we have 14(e! — e/) € Y for any
A € F,. This in turns implies, since ) is a vector space, that Q'[A] = Q/[A] for
every i, j. O

Example 6.13 In Example 7.2.3, we provide an example of a two-period market with
two assets and two agents where there exists a (global) arbitrage, NCA()’) holds true
and it is possible to profit from cooperation thanks to (6.12) when superreplicating
claims.
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Table 1 Overview of some examples. We set 57 =Y+ RSJ

NA NCA(QY) NCAQ) NA;Vi My#9 ¥ <zl oY <plf  Example

X X 7.1.1
X 723
X X X 7.1.3-7.1.5

3 ] 9
2 4
X‘ X‘
1 w) 3 w)

Fig.1 Tree for the stocks (Xl, X2) attimest =0, 1

7 Examples

In Sects. 7.1 and 7.2, the set Q2 is finite and therefore the convex cone K Y is closed in
probability by the results of Sect. 5. We present in Table 1 an overview of some key
features of the subsequent examples.

7.1 A one-period toy example

Example 7.1.1 below is possibly the simplest example of a market where there exists
a (global) arbitrage, NCA()) holds true and it is possible to profit from cooperation
in computing the superreplication 7 3_) (g) of any claim.

Let 7 = {0,1}, |2] = 2 with P[{w1}] > 0 and P[{w2}] > 0, Fo the triv-
ial o-algebra and F| = F7 := Jj the o-algebra of all subsets of Q. As be-
fore, assume zero interest rate. In addition to the riskless asset, consider two as-
sets with (discounted) price processes x! = (x!, X}), X? = (X3, X%) adapted
to (Fo, F1) and with X ; > 0 for all i and ¢. Recall also the notation for the spaces
Ki = {H'(X] = X)) : H' € R}, K> := {H*(X} — X}) : H* € R} and finally
K :={H'(X] — X))+ H*(X} — X}) : (H', H*) € R?} = K| + K>. Suppose that
MNP, ={Q'} and M> NP, = {Q?}, so that NA| and NA, hold true and each sin-
gle market is complete. Suppose also that Q' # Q2;s0 MNP, = M{NM>NP, =1,
which implies the existence of a (global) arbitrage in the market K. This is the case
for example when

Xp=2,X1=@3,1), X}=4Xx}=03)
as in Fig. 1, for which Q' = (%, %) and Q% = (%, %).
We now consider two agents, where agent i is allowed to invest in the single

market K;, i = 1, 2. In this setup, we make several choices for the set ) describing
different ways the agents may cooperate.
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Example 7.1.1 This is the setting of Sects. 5 and 6.1. Take
Y=1{Y e (%@, Fo, P))’ =R>: v + ¥ =0}

By Theorem 6.1, we have “NCA())) < (NA| and NA»)”. From the above setup, we
thus conclude that NCA()) holds true. Observe that MY N P2 := {(Q', 0?)} is
not empty, and thus we may also deduce that NCA()) holds true from the collective
FTAP in Theorem 6.5.

So now we can apply the pricing—hedging duality from Sect. 4. Each single agent
may superreplicate, and actually replicate since each single market is complete, any
single contingent claim f € LI(Q, F1, P) and we have

pi+(f) = sup Eolfl=Eglfl, VfeL'(Q Fi.P)i=12

QeM;

From the pricing—hedging duality in Theorem 4.12 and from (4.3)—(4.5), we deduce
for any g = (g!, g%) € (LY, Fi, P))?* that

2
pY(@) = sup > Eyilg'l=Egilg'1+ Egle®l=pY ().
QeMY iy

7 (9) = max p 1 (¢') = max{Eqgilg'], Egalg”1},
Yoy LoVl il 2
ni(g) = §p+(g) =3 o'lg ]+§ 02l&71.

The fact that pﬁ' = ,03_] is obvious, as now the elements in ) are vectors in R? and
so the two definitions coincide. The value of pﬂrv is in agreement with intuition, as
each agent i is allowed to (super)replicate the single claim g’ investing only in the
corresponding market, and then the total cost for superreplicating both claims must
be Epilg'] + Ep2lg?].

We also see that it is possible to profit from cooperation since nf (g) is always
strictly smaller than nfrv (g) except when E 0! [gl] =FE Qz[g2], as can be seen from
the dual formulations above.

Example 7.1.2 This is the setting of Sects. 5 and 6.2. Take
Y=W={re(@F, P): Y +r>=0}

By Proposition 6.6, we have “NCA()) < NA”. From the above setup, we thus

conclude that there exists a collective arbitrage. Observe that for (Ql, Qz) e MY R

it is necessary that E1[Y'] + E2[Y?] < 0 for all (Y',Y?) € Y, which implies

Q' = Q2. Thus MY N 733 = () and we can also deduce the existence of a collective
arbitrage from the collective FTAP in Theorem 5.1.
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Example 7.1.3 This is a case where there exists a global arbitrage, NCA())) holds
true, but at the same time (Cy)(l) = MY = ¢. Take

Vi={((AX] + uX], —AX] — uXD), 1, u € R} € M,

which is a closed vector space not fulfilling (3.11). Recall that we assume Q! # 02
1 2
Then we have EQQ[%] # 1 and EQ1 [i—é] # 1. We show that in this simple setting,

x| X}
EQQ[XJEQ [XJ—l (7.1)

discriminates between NCA())) and CA())). One may check that if (7.1) is not sat-
isfied, then (C¥)? = {(0,0)}. In this case, there exists a collective arbitrage by
Proposition 3.9. Otherwise, if (7.1) is satisfied, then

|
(€’ = {a(zlEQz[%]f) raeRa> 0}, (7.2)
0

€N = MY =

the condition

for 7' := dd—% Observe that the explicit formulation of (cY)0 immediately yields

(e )0 = () as the expectatlons under P of two components Z'E Qz[ ] z%) cannot

be equal due to £ Qz[ ] # 1. Since there exists a positive element in (CY)°, we

0
know by Proposition 3.11 that NCA()’) holds true. To summarise, this is an example
where ) does not fulfil (3.11) and where, if Q! # Q2 and (7.1) is satisfied, there
exists a global arbitrage, NCA()), NA| and NA; hold true, and (C y )(1) = MY =¢.

Example 7. 1.4 This is a case where ) does not fulfil (3.11), ,03_] = —ooand ,043_} < pi’
and 7Y < a 1. We use the same setting as in Example 7.1.3 and suppose that (7.1) is

satisfied so that NCA()) holds true and (CY )O MY = (. Regarding the pricing—
hedging duality, we cannot use (4.9), but we apply (4.7) to deduce by using (7.2) that

pY(g) = 1nf{Zm tm e R%, Zm E[z]>ZE[z’g’] Vze(Cy)O}
i=1
1 1

X X]
m! +m > EQ2 1
x! X

=inf{m1 +m EQ2|:
0 0

]EngH4—EQAgﬁ}
= inf{m1 +m?: /Sm1 +m? > Ba+c} = —o0 (7.3)

1
for g := EQZ[%] #*1,a:= EQ1[g1], c .= EQz[gz]. To show (7.3), we may assume

without loss of generality that 8 < 1. For § € R, define m! := a — 8, m? := B + c.
We compute m!' +m? = a+c+8(f—1) - —o0if § — oo. The fact that p}r) = —00
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shows that if y does not fulfil (3.11), then Lemma 4.4, 1), namely ,043: (0) = 0, cannot
hold true. As py (g) —oo and at the same time p2! Ng) = EQ1 g1+ EQz[ 21eR
for all g € L% x L9 this is an (extreme) example where Jout (g) < py (g) for all

g€ L0 x LO (recall that here 2 is finite). Computing 7y (g) by using (4.6) and (7.2),
one obtains

y 1 2 B 1
ny(@) =vEplg 1+ (0 —y)Epl[g]l fory = T+ € (0, 1)\{5},

so that 7y (g) <y (g) maX{EQ1 [gl], EQ2 [gz]} whenever EQ1 [gl] #* EQz[gz].

Example 7.1.5 To illustrate the relation between NCA())) and NCA(JJ + RN ), we
use the same setting as Example 7.1.3 and consider the convex cone JJ JJ + RN

which, differently from ), fulfils (3.11). It can be checked that (Cy )(]) =(cY )?. Thus

under (7.1), we have (C¥)? = ¢, which then implies by the last statement in Propo-
sition 3.9 the existence of a collective arbitrage for ). This proves that NCA()) and
NCA(QY + Rév ) are in general not equivalent. Observe that when there exists a col-

lective arbitrage for Y, we cannot apply Lemma 4.4, 1) and conclude that oy (O) =0.

Indeed, by Lemma 4.4, 6) and 4), we know in this example that ,o v = p}: = —00.

7.2 Atwo-period example with exchanges Y that are F;-measurable

We provide in Example 7.2.3 below an example of a two-period market with two
assets and two agents where there exists a (global) arbitrage, NCA()/) holds true and
it is possible to profit from cooperation when superreplicating two claims.

Let 7 = {0, 1,2} and assume zero interest rate. In addition to the riskless as-
set, consider two assets with (discounted) price processes X = (x} x i, X%) and
X2 = (X3, X% X%), and let F! = (.Ff)teT be the filtration generated by X'. We
assume that ! = F2, so set F! = F? =: F, for all ¢, and that Fy is the trivial
o-algebra. We let H be the class of one-dimensional predictable processes. We then
consider the three spaces of terminal gains from trading strategies given by

= {H}(X] — X))+ H} (X — X]): H' € H},
= (H}(X] - X3) + Hy (X5 — X}) : H* € 1},
K:={(H" - XY+ H* X*)y:(H', H*) e H x H} = K| + K».

We consider two agents, with agent i allowed to invest in the single market K;. Sup-
pose that |[M| NP, | = |[MNP,| = 00; so NA| and NA; hold true and each market is
incomplete. Each agent i can superreplicate any contingent claim f € L'(Q, F, P),
and p; +(f) = SUPgeu; Eglflforall f € LY(Q, F, P) holds fori = 1, 2. Sup-
pose additionally that M NP, = M| N M>» NP, = @, so that there exists a (global)
arbitrage in the market K.

To be concrete, we provide an example of a market satisfying these conditions.
Take |2 = 6 with P[{w;}] > Oforall j =1, ..., 6; let Fy be the trivial o-algebra,
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w] w1

w2 [2%)

3 3

w4 wy

w5 w5
8 =

e % 12 @6

Fig.2 Tree for the stocks (Xl, X2) attimest =0,1,2

.7-"1l = ]-'12 := JF] the o-algebra generated by the subsets {w1, w2}, {w3, wa}, {ws, we},
and }'21 = }'22 := J the o-algebra of all subsets of 2. Let

Xp=16,  X{=(24,16,8),  Xi=(32,16,24,8,12,6),

X3 =12, X? = (16, 12, 8), X3 =(24,8,16,8,6,12), (7.4)
with the obvious notations, i.e., X}({a)l, w}) = 24, Xé({w6}) = 6 and so on. In

other words, the stocks follow the tree in Fig. 2.
In this case, we have

M, NP, Lot Ya— o Ya—o. L 24) 0 1

p = -q, -, < - s~ - » Yy : < < ’

1 e 4q 4f1 ) q B q 6‘1 6q q
4772 2

1 1 1 1 2 1
MNP, = Zp,—p,—(l—p),—(l—p),gp,gp 0<p<ly.

Then NA| and NA; hold true and each single market K; is incomplete. Moreover,
MNP, = M N MNP, = @, so that there exists a (global) arbitrage in the
market K.

Now we consider two agents, where agent i is allowed to invest in the single
market K;. In this setup, we make several choices for the set ) describing different
ways the agents may cooperate.

Example 7.2.1 This is the setting of Sects. 5 and 6.1. Take
y={r e (L%Q, F, P))’ =R*>: Y' + ¥> = 0}.
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By Theorem 6.1, we have “NCA())) < (NA| and NA»)”. From the above setup, we
thus conclude that NCA())) holds true. Observe that

MY NPI=1{(Q", 0 : 0 e MNP, i=12)

is not empty and thus we may also deduce that NCA()) holds true from the collective
FTAP in Theorem 6.5.

Example 7.2.2 This is the setting of Sects. 5 and 6.2. Take now
Y=W={re(L' @ F P) ¥ +¥r> =0}

By Proposition 6.6, we have “NCA()) < NA”. From the above setup, we thus
conclude that there exists a collective arbitrage. Observe that for (Ql, Qz) e MY R
it is necessary that E1[Y'] + E2[Y?] < 0 for all (Y',¥?) € Y, which implies
Q! = Q2. From the assumption M N M, N P, = ¥, we deduce MY N 7362 = (J and
thus the existence of a collective arbitrage also follows from the collective FTAP in
Theorem 5.1.

Example 7.2.3 This is the setting of Sects. 5 and 6.3. Take now
_ 1 2.yl 2 _
Y={re (L', F,P) : Y +Y>=0}.

Observe that for (Q!, 0%) € MY, it is necessary that Ep [Y'1+ EQz[YZ] < 0 for
all (Y!, Y?) e Y, which implies Q! = 0% on (Q, Fi). One may thus verify that

MY NP2 =((0", 0% : 0" e MNP, i =1,2,and Q' = 0% on (R, F1)},

to be compared with (6.12). Depending on the choice of the price processes X!, X2,
one obtains either MY NP2 % ¢ or MY NP2 = . Assume MY NP2 # ¢, which
is equivalent to NCA()) by Theorem 6.12 or Theorem 5.1. We prove below that this
assumption holds in the concrete example (7.4). Thus from the pricing—hedging du-
ality in Theorem 4.12 and (4.3), we deduce for any g = (g', g%) € (LY(Q, F», P))?
that

2

pY(@) = sup > Eylg]
(01,0HeMY ;i

2
< sup Y Egilg']
(010N eMxM; j—|

— sup Egilg'l+ sup Egle’l=pl(g),
OleMm 0%eM,

and the inequality is in general strict whenever MY s strictly contained in the set
M1 x M>. When ,03_} (g) < piv (g), cooperation thus allows the agents to save money

@ Springer



Collective arbitrage and the value of cooperation

when superreplicating the claims (gl, gz). In this case, as ) fulfils (3.11), we also
deduce from (4.5) and (4.4) that nf(g) < nf(g).
Coming back to the concrete example (7.4), one can verify that

I 1 1 1 2
MyﬂP3={((4 3450 -0 50~ 9). 24, %q).

67
(34 1050 -9 30— ). 4. 1)) 0<q<1l.
49393 2 676

Thus MY N P2 is not empty and strictly contained in (M| x M>) N P2. If we select
the two contingent claims

= (26, 18,24, 20,12,9) and g? =(12,8,6,6,24,18),
it is easy to verify that

p1+(g") = sup Eglg'l =22,
QeM;

p2,+(8%) = sup Eglg’] = 16,
QeM,

o (&) = p1,+(g") + p2,+(g%) = 38,

where the supremum in computing p; 4 (g!) (respectively po 1 (g?)) is obtained at
q = 0 (respectively p = 1). Thus ,of (g) = 38 is the cost to superreplicate both
claims (g', g%) without cooperation. On the other hand, the cost to superreplicate
both claims (g!, g?) with cooperation is given by

2
pY@= sup > Egle'l=32,
(Q',.0HeMY i
with the supremum over MY attained at g = 1. For Y! = Y2 one verifies that one

exchange (Y', Y% e (LY (Q, F1, P))? that allows to obtain oY (g) = 32 is given by

0 on {1, w2},
Y'=16  on{ws, wal,
0 on {ws, we}.

Thus no exchanges are required at the nodes {w1, w,} and {ws, we}, while at the node
{ws, w4}, agent 1 receives 6 units of money from agent 2. In order to superreplicate
both claims (g1 , gz), the cooperation between the two agents allows them to save at
the initial time 6 units of money and requires them to exchange 6 units of money
at a later time only at one node. Also observe that E ;[Y?] = 0 with this choice

of (Y1, Y?).
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Appendix
A.1 Finitely generated convex cones

Let V be a topological vector space. By definition, a convex cone S C V is finitely
generated if

M
S = {Zkivi CA 20f0reachi}

i=1

for some finite number of vectors vy, ..., vy in V. Any finite-dimensional vector
space K C V is given by

N
KZ{ZO{;]{[ZO{[ ER}
i=1

for some finite number of vectors ki, ..., ky € V. Then the vector space K is the
finitely generated convex cone generated by the vectors %kq, ..., *ky, as

N N
K= {Zaiki —i—Zﬂi(—ki) ca; > 0,8 > Oforeachi}.
i=1 i=1

Clearly, the sum of two (or a finite number of) finitely generated convex cones is a
ﬁnitely generated convex cone. Indeed, if S! {ZMI Al 1 A} > 0 for each i} and

{ZMZ Az 2 Az > 0 for each j}, then
M,
S' 482 = {ZA}UI +ZA2 2oA =0, Az > 0 foreach i andj}.
i=1
A.2 Properties of full exchanges

Lemma A.1 Suppose that F' =T/ =TFforalli,j. Letk € K (see Definition 2.5).
Then there exist k' € K;,i =1, ..., N, such that k = ZIN=1 k.

Proof Letk = (H - X)7, where H = (H', ..., H’). Then

k=Y (H* X9+ Y (H"“X7+ >  (H X7+,
as(1) ae@\(1) ac(3\((HU(2))

where summations over empty sets are set to zero. Since Fi =F/ =Fforalli, j,we

get k! = Zae(l)(H“ XY € Ky, k% = Zae(z)\(l)(H“ - X% 7 € K, and so on,
and so we have the desired decomposition. (|
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Lemma A.2 Suppose that Fi=F/ = Fforalli,j =1,...,N,and that Fr = F.
Then for K introduced in Definition 2.5 and ) as in (3.6), we have

N N
X Ki+Yo= X K+ W.

i=1 i=1

Proof The inclusion “C” is clear as K; € K for every i by the assumption on the
filtrations. For “2”, take any K, ... kY € K with (kl, ...,kN) € X,N=1 K and any
Y € ). By applying Lemma A.l to every k/, j = 1,..., N, we ensure that there
exist k/ € K;,i = 1,..., N, such that k/ = ZZN=1 k!. Defining o= Z;V=1 K,

we have k' € K; by the assumption on the filtrations. Setting Yl := ki — %', one
can verify that Z?’:l Y/ = Z?’:l k7 — Z?’:l k/ =0,1.e., Y € ). This implies that
k=k+Y,andk+Y =k+ X +Y) e XX, K + . 0

A.3 The multidimensional Kreps—Yan theorem

We assume that P := (Pl, e, PN) with P! € P, for all i, and so all inequali-
ties among random variables are meant to hold P-a.s.. Recall also Notation 2.4 for
LI(Q, Fr, P). We state without proof the following multidimensional version of the
classical one-dimensional Kreps—Yan theorem.

Theorem A3 Let G C LI(Q, Fr,P) be a closed convex cone. Suppose that G
satisfies —L1(Q,Fr,P) € G and G N LY.(Q,Fr,P) = {0}. Then there exists
z € L®(Q, Fr, P) satisfying 7' > 0 for all i and Zthl Epi [z'g']1 <Oforallg € G.
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