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Abstract

We propose a novel concept of a Systemic Optimal Risk Transfer Equilibrium (SORTE),
which is inspired by the Biihlmann’s classical notion of an Equilibrium Risk Exchange.
We provide sufficient general assumptions that guarantee existence, uniqueness, and Pareto
optimality of such a SORTE. In both the Biihimann and the SORTE definition, each agent
is behaving rationally by maximizing his/her expected utility given a budget constraint. The
two approaches differ by the budget constraints. In Bithlmann’s definition the vector that
assigns the budget constraint is given a priori. On the contrary, in the SORTE approach, the
vector that assigns the budget constraint is endogenously determined by solving a systemic
utility maximization. SORTE gives priority to the systemic aspects of the problem, in order
to optimize the overall systemic performance, rather than to individual rationality.
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1 Introduction

We introduce the concept of Systemic Optimal Risk Transfer Equilibrium, denoted by
SORTE, that conjugates the classical Biihlmann’s notion of an equilibrium risk exchange
with capital allocation based on systemic expected utility optimization.

The capital allocation and risk sharing equilibrium that we consider can be applied to many
contexts, such as: equilibrium among financial institutions, agents, or countries; insurance
and reinsurance markets; capital allocation among business units of a single firm; wealth
allocation among investors.

In this paper we will refer to a participant in these problems (financial institution or firms
or countries) as an agent; the class consisting of these N agents as the system; the individual
risk of the agents (or the random endowment or future profit and loss) as the risk vector
X := [x!,..., XN]; the amount Y := [Y!,..., Y"] that can be exchanged among the
agents as random allocation. We will generically refer to a central regulator authority, or
CCP, or executive manager as a central bank (CB).

We now present the main concepts of our approach and leave the details and the mathe-
matical rigorous presentation to the next sections. In a one period framework, we consider N
agents, each one characterized by a concave, strictly monotone utility function u, : R — R
and by the original risk X" € LO(Q, F,P),forn=1,..., N. Here, (2, F, P) is a prob-
ability space and LO(Q2, F, P) is the vector space of real valued F-measurable random
variables. The sigma-algebra F represents all possible measurable events at the final time 7.
[E[-] denotes the expectation under P. Given another probability measure Q, E¢ [-] denotes
the expectation under Q. For the sake of simplicity and w.l.0.g., we are assuming zero interest
rate. We will use the bold notation to denote vectors.

1. Biihlmann’s risk exchange equilibrium

We recall Biithlmann’s definition of a risk exchange equilibrium in a pure exchange
economy (or in a reinsurance market). The initial wealth of agent n is denoted by x” € R
and the variable X" represents the original risk of this agent. In this economy each agent
is allowed to exchange risk with the other agents. Each agent has to agree to receive (if
positive) or to provide (if negative) the amount yr (w) at the final time in exchange of the
amount E¢ [7 "] paid (if positive) or received (if negative) at the initial time, where Q is
some pricing probability measure. Hence Y is a time T measurable random variable. In
order that at the final time this risk sharing procedure is indeed possible, the exchange
variables Y” have to satisfy the clzaring condition

Z Y"=0 P-as. .
n=1

Asin Buhlmann [12,13], we say that a pair (YX QOx) is an risk exchange equlhbrlum if:
(a) for each n, Y4 maximizes: E [u, (x" + X" + Y" — E,[Y"])] among all variables ¥";
) YN V2 =0 P-as..

It is clear that only for some particular choice of the equilibrium pricing measure Qx,

the optimal solutions ?)’E to the problems in (a) will also satisfy the condition in (b).

In addition it is evident that the clearing condition in (b) requires that all agents accept

to exchange the amount )7,’(' (w) at the final time 7.

Define

N
Cgr = {Y e (L%, F, PHY | ZY" c R} 1)

n=1
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that is, Cr is the set of random vectors such that the sum of the components is P-a.s. a
deterministic number.

Observe that with the change of notations Y” := x" 4 Y'—E Ox [? "1, we obtain variables
with Egy[Y"] = x" for each n, and an optimal solution Yy still belonging to Cr and
satisfying

Z Yy = Zx” P-a.s. . (2)

As can be easily checked
supE [u,,(x” + X"+ Y" — EQX[?”])] = sup {IE [un(X” + Y")] | EgxlY"] < x"} .
?n yn

Hence the two above conditions in the definition of a risk exchange equilibrium may be
equivalently reformulated as

(a’) foreach n, Y{ maximizes: E [u, (X" + Y")] among all variables satisfying E oy [Y"] <

xn.

(b) Yx €Cr and YN vE =N x" Pas.

2.

n=1
We remark that here the quantity x” € R is preassigned to each agent.
Systemic optimal (deterministic) allocation
To simplify the presentation, we now suppose that the initial wealth of each agent is
already absorbed in the notation X", so that X" represents the initial wealth plus the
original risk of agent n. We assume that the system has at disposal a total amount of
capital A € R to be used at a later time in case of necessity. This amount could have
been assigned by the Central Bank, or could have been the result of the previous trading
in the system, or could have been collected ad hoc by the agents. The amount A could
represent an insurance pot or a fund collected (as guarantee for future investments)
in a community of homeowners. For further interpretation of A, see also the related
discussion in Sect. 5.2 of Biagini et al. [7]. In any case, we consider the quantity A as
exogenously determined. This amount is allocated among the agents in order to optimize
the overall systemic satisfaction. If we denote with a” € R the cash received (if positive)
or provided (if negative) by agent n, then the time 7 wealth at disposal of agent n will be
(X" +a"). The optimal vector ax €R" could be determined according to the following
aggregate time-7 criterion

N N
sup 1 D Efuy(X" +a")]|aeRNst. Y a"=At. 3)

n=1 n=1

Note that each agent is not optimizing his own utility function. As the vector a eRY is
deterministic, it is known at time ¢ = 0 and therefore the agents have to agree to provide
or receive money only at such initial time.

However, under the assumption that also at the final time the agents have confidence

in the overall reliability of the other agents, one can combine the two approaches outlined
in Items 1 and 2 above to further increase the optimal total expected systemic utility and
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simultaneously guarantee that each agent will optimize his/her own single expected utility,
taking into consideration an aggregated budget constraint assigned by the system. Of course
an alternative assumption to trustworthiness could be that the rules are enforced by the CB.

We denote with £" C LO(Q, F, P) a space of admissible random variables and assume
that £" + R =£". We will consider maps p" : £" — R that represent the pricing or cost
functionals, one for each agent n. As we shall see, in some relevant cases, all agents will
adopt the same functional p' = --- = p", which will then be interpreted as the equilibrium
pricing functional, as in Biihlmann’s setting above, where p" () := E[-] for all n. However,
we do not have to assume this a priori. Instead we require that the maps p” satisfy for all
n=1,...,N:

(i) p" is monotone increasing;
(i) p"(0) =0;
(iii) p"(Y +¢) = p"(Y) +cforallc e Rand Y € L".

Such assumptions in particular imply p”(c) = c for all constants ¢ € R. A relevant example
of such functionals are

p"() = Egnl[], “

where Q" are probability measures forn = 1, ..., N. Another example could be p" = —p",
for convex risk measures p”.

Now we will apply both approaches, outlined in Items 1 and 2 above, to describe the concept
of a Systemic Optimal Risk Transfer Equilibrium.

3. Systemic optimal risk transfer equilibrium
As explained in Item 1, given some amount ¢” assigned to agent n, this agent may buy
Y™ at the price p” (Y") in order to optimize

E[un@" + X"+ 7" — p"(¥")].

The pricing functionals p”,n = 1, ..., N have to be selected so that the optimal solution
verifies the clearing condition

N
ZY” =0 P —as..
n=1

However, as in Item 2, a” is not exogenously assigned to each agent, but only the total
amount A is at disposal of the whole system. Thus the optimal way to allocate A among
the agents is given by the solution (Yy, p, ax) of the following problem:

N N
sup {ZSBP {IE [un(a" + X" 4+ yr— pg((?”))]} | Zan _ A} . (5)
n=1 Y" n=1

Y2 =0 P-as. . (©6)

From (5) and (6) it easily follows that an optimal solution ()7", Px. ay) fulfills

N

> k() =0. )

n=1
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Further, letting Y" := a" + yn — p§()7 "), from the cash additivity of py we deduce
PR = a" o+ pR () — py (V") = @ and 30, Y = B0 0"+ 0, -
Z” 1 pX(Y)’z) = 2,11\121 a" and, as before, the above optimization problem can be
reformulated as

N N
sup {Zsup {E[un(X" + Y] | px(¥") <a"} | Za” = A}, (8)

acRV
Z Yi=A P-as., 9

where analogously to (7) we have that a solution (Yy, py, ay) satisfies Z,IL\’: L Px(Yg)
= A, by (8) and (9).

The two optimal values in (5) and (8) coincide. We see that while each agent is behaving
optimally according to his preferences, the budget constraint py (¥Y") < a" are not a
priori assigned, but are endogenously determined through an aggregate optimization
problem. The optimal value ay determines the optimal risk allocation of each agent. It
will turn out that ay = pX(Y,’z) Obviously, the optimal value in (5) is greater than (or
equal to) the optimal value in (3), which can be economically translated into the statement
that allowing for exchanges also at terminal time increases the systemic performance.
In addition to the condition in (9), we introduce further possible constraints on the
optimal solution, by requiring that

Yx € B, (10)
where B C Cg.

In the paper, see Sect. 3.4, we formalize the above discussion and show the existence
of the solution (Yg, pk,ax) to (8), (9) and (10), which we call Systemic Optimal Risk
Transfer Equilibrium (SORTE). We show that p% can be chosen to be of the particular
form p;'((-) = EQnX[~], for a probability vector Qx = [Q;(, - QQ] . The crucial step,
Theorem 4.5, is the proof of the dual representation and the existence of the optimizer of
the associated problem (29). The optimizer of the dual formulation provides the optimal
probability vector Qx that determines the functional py(-) := E Q,;([.]_ The characteristics
of the optimal Qx depend on the feasible allocation set 5. When no constraints are enforced,
i.e., when B = Cp, then all the components of Qx turn out to be equal. Hence we find that
the implicit assumption of one single equilibrium pricing measure, made in the Biihlmann’s
framework, is in our theory a consequence of the particular selection 5 = Cg, but for general
B this in not always the case. At this point it might be convenient for the reader to have
at hand the example of the exponential utility function that is described in Sects. 3.5, and
5, where we obtain an explicit formulation of the optimal solution Yx, of the equilibrium
pricing measure Qx and of the optimal vector ax.

Remark 1.1 'We emphasize that the existence of multiple equilibrium pricing measures Qx =
(Q,l(, e, Qg) is a natural consequence of the presence of the - non trivial - constraints set 5.
Indeed, even in the BiihImann setting, if we add constraints, of a very simple nature, a single
equilibrium pricing measure might not exists any more. Consider the following extension of
a Biithlmann risk exchange equilibrium.

Let B C Cgr be fixed. We say that a pair (?X, Ox) is a constrained risk exchange
equilibrium if:
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(a2) for each n, ?{ maximizes: £ [u,,(x” + X"+ ¥ — EQX[?”])] among all variables
Y}’l .

(b2) Yx eBandZ 1Y,’é—OP a.s.

We show with the next example that such an equilibrium (with one single probability
QOx) does not exist in general. The example we present is rather simple, yet instructive,
since it shows that the absence of the equilibrium arises not from technical assumptions, like
integrability conditions, but is rather a structural problem caused by the presence of additional
constraints. Here we provide the intuition for it. Suppose that two isolated systems of agents
have, under suitable assumptions, their own (unconstrained) equilibria, and that such two
equilibria do not coincide. As shown in the next example, we might then consider the two
systems as one single larger system consisting of two isolated clusters, expressing this latter
property with the addition of constraints. Then it is evident that an equilibrium (with a unique
pricing measure) cannot exist for such unified system.

Example 1.2 In order to ignore all integrability issues, in this example we assume that 2 is
a finite set, endowed with the sigma algebra of all its subsets and the uniform probability
measure. Consider N =4, u,,(x) .= (1 —e "), a, >0, n=1,...,4, and some vectors
x € R* and X € (L®)*. Moreover take

B={YeCr|Y'+Y*=0,Y’+Y¥*=0}.

Thus X and 5 model a single system of 4 agents which can exchange the risk only in arestricted
way (agent 1 with agent 2, and agent 3 with agent 4), so that in effect the system consists of
two isolated clusters of agents. Then a constrained risk exchange equilibrium in general does
not exists. By contradiction, suppose that (Yx, Qx) is a constrained risk exchange equilib-
rium. It is easy to verify that ([ YX, )5] QOx) is a (unconstrained) risk exchange equilibrium
w1th respect to [X!, X?] and [ ] (i.e. it satisfies (a) and (b) for N = 2). Similarly,

([ , ], Ox)isa (unconstralned) risk exchange equilibrium with respect to [ X 3 X*and
[x3, x4]. This implies using Eq. (2) in Bithlmann [13] that
exp(n(X'+X?)  dOx  exp(6(X°+X%) 1 11

= = ) =— 4+ —,0=—4+ —,
E [exp (n(X! + X?))] dpP E [exp (0(X3 + X4)] 7 a; ap s oy
which clearly gives a contradiction, since X is arbitrary.
Observe, however, that in this example a constrained equilibrium exists if we allow for
possibly different pricing measures, namely if we may replace the measure Qx with a vector
Qx. This would amount to replacing (a2) with (a3) below, namely to require that:

(a3) for each n, 17{5 maximizes: E [u,,(x” + X"+ ¥ — EQ»;([?"])] among all variables
.

(b2) Yx € Band Zn 1 Y; =0 P-as..

Then such an equilibrium exists. Indeed, by the results in Bihlmann [13], we can guarantee
the existence of the risk exchange equilibrium ([YX, YX] Q 2) with respectto [ X', I X2) and

[x xz] and the risk exchange equilibrium ([YX, YX] Q 4) with respect to [X°, 3 X% and
[x3, x*]. Then
([171, ?,%, ?)% ?,‘é], [0, 012, 0%, 03] satisfies (a3) and (b2). The conclusion is that,
even in the Biihmann case, the presence of constraints implies multiple equilibrium pricing
measures.

From the mathematical point of view, this fact is very easy to understand in our setup,
described in Assumption 3.10. More constraints implies a smaller set By of feasible vectors
Y € B such that Zflvzl Y2 = 0 and this in turn implies a larger polar set of By (which we
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will denote with Q, see the definition in Sect. 4 item 4). The equilibrium exists only if we are
allowed to pick the pricing vector Qx in this larger set Q , but the elements in Q don’t need
to have all equal components. Economically, multiple pricing measures may arise because
the risk exchange mechanism may be restricted to clusters of agents, as in this example, and
agents from different clusters may well adopt a different equilibrium pricing measure. For
further details on clustering, see the Examples 3.17 and 4.20.

Biihlmann’s equilibrium (Yx) satisfies two relevant properties: Pareto optimality (there
are no feasible allocation Y such that all agents are equal or better off - compared with Yx
- and at least one of them is better off) and Individual Rationality (each agent is better off
with Yy than without it). Any feasible allocation satisfying these two properties is called an
optimal risk sharing rule, see Barrieu and El Karoui [4] or Jouini et al. [30].

We show that a SORTE is unique (once the class of pricing functionals is restricted to
those in the form p"(-) = Eon[-]). We also prove Pareto optimality, see the Definition 3.1
and the exact formulation in Theorem 4.17.

However, a SORTE lacks Individual Rationality. This is shown in the toy example of
Sect. 5.2, but it is also evident from the expression in Eq. (8). As already mentioned, each
agent is performing rationally, maximizing her expected utility, but under a budget constraint
px(Y") < ax that is determined globally via an additional systemic maximization problem

(Supaern {. .- | Zflvzl a™ = A}) that assigns priority to the systemic performance, rather
than to each individual agent. In the SORTE we replace individual rationality with such a
systemic induced individual rationality, which also shows the difference between the concepts
of SORTE and of an optimal risk sharing rule. We also point out that the participation in the
risk sharing mechanism may be appropriately mitigated or enforced by the use of adequate
sets B, see e.g. Example 4.20 for risk sharing restricted to subsystems. From the technical
point of view, we will not rely on any of the methods and results related to the notion of
inf-convolution, which is a common tool to prove existence of optimal risk sharing rules (see
for example [4] or [30]) in the case of monetary utility functions, as we do not require the
utility functions to be cash additive. Our proofs are based on the dual approach to (systemic)
utility maximization. This is summarized in Sect. 4.1. Furthermore, the exponential case is
treated in detail in Sect. 5.

Remark 1.3 As customary in the literature on general equilibrium and risk sharing, we could
have considered, in place of (8) and (9), the more general problem

N
Y a" =A], an

N
sup {ZS;{,P {E [yaun (X" +YM] | px(¥") < a"}
n=1

acRN n=1
N
> ¥ =A Pas., (12)
n=1
where the positive weights y = (y1, ..., yn) € RY could have been selected exogenously,

say by a social planner. In such more general problems, equilibria will generally depend on
the selected weights. However, in this paper we are focused on existence, uniqueness and
Pareto optimality of the equilibrium and for this analysis we may restrict, without loss of

generality, our attention to the utilitarian choice y; = --- = yny = 1, as we now explain. It
is easy to check that given u1, ..., uy satisfying our assumptions (namely Assumption 3.10
.(a)), the associated functions x — u%(x) = Yyuy(x), n =1, ..., N will satisfy the same
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Assumption 3.10.(a) and so (11) can be written as

N
Za"=A>, (13)

n=1

N
sup {Z sup {IE [u,}:(X" + Y")] | px(¥Y") < a”}

S U el

Thus, technically speaking, the study of the existence, uniqueness and Pareto optimality of
the equilibrium in a non-utilitarian setup (y # 1) boils down to the one in (8) and (9). Of
course it could be of interest to study the dependence of the optimal solution from the vector y
and to analyze the stability properties of the equilibrium with respect to the utility functions.
In Sect. 5.3 we address this problem for exponential utility functions, but the general case is
left for future investigation.

Review of literature This paper originates from the systemic risk approach developed in
Biagini et al. [6,7]. In [7] the main focus was the analysis of the systemic risk measure

N N
X):= inf Y'"E 2 X"+YYH | >B},BeR, 14
p(X) Ye‘é“ccR{; | [Zlu + )}_ } € (14)

N
n=1

gated system (E [ZQ’: tun(X"+Y ")] > B) by injecting the random allocation Y” into the
single institution X".

The notion of a SORTE is inspired by the following utility maximization problem, asso-
ciated to the risk minimization problem (14),

N N
sup {E |:Zun(X”+Y”)] |ZY”§A},A€R, (15)
n=1

YeBcCCr n=1

which computes systemic risk as the minimal capital Y ,"_, Y" € R that secures the aggre-

that was also introduced in [7]. Related papers on systemic risk measures are Feinstein et
al. [23], Acharya et al. [2], Armenti et al. [3], Chen et al. [17], Kromer et al. [32]. For
an exhaustive overview on the literature on systemic risk, see Hurd [29] and Fouque and
Langsam [27].

For a review on Arrow—Debreu Equilibrium (see Debreu [20]; Mas Colell and Zame [34]
for the infinite dimensional case) we refer to Sect. 3.6 of Follmer and Schied [26], which is
close to our setup. In the spirit of the Arrow—Debreu Equilibrium, Biithlmann [12,13] proved
the existence of risk exchange equilibria in a pure exchange economy. Such risk sharing
equilibria had been studied in different forms starting from the seminal papers of Borch
[11], where Pareto-optimal allocations were proved to be comonotonic for concave utility
functions, and Biihlmann and Jewell [14]. The differences with Biihlmann’s setup and our
approach have been highlighted before in detail.

In Barrieu and El Karoui [4] inf-convolution of convex risk measures has been introduced
as a fundamental tool for studying risk sharing. Existence of optimal risk sharing for law-
determined monetary utility functions is obtained in Jouini et al. [30] and then generalized
to the case of non-monotone risk measures by Acciaio [1] and Filipovi ¢ and Svindland [25],
to multivariate risks by Carlier and Dana [15] and Carlier et al. [16], to cash-subadditive
and quasi-convex measures by Mastrogiacomo and Rosazza Gianin [35]. Further works on
risk sharing are also Dana and Le Van [19], Heath and Ku [28], Tsanakas [39], Weber [40].
Risk sharing problems with quantile-based risk measures are studied in Embrechts et al.
[22] by explicit construction, and in [21] for heterogeneous beliefs. In Filipovi ¢ and Kupper
[24] Capital and Risk Transfer is modelled as (deterministically determined) redistribution
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of capital and risk by means of a finite set of non deterministic financial instruments. Exis-
tence issues are studied and related concepts of equilibrium are introduced. Recent further
extensions have been obtained in Liebrich and Svindland [33].

2 Notations

Let (2, F, P) be a probability space and consider the following set of probability vectors
on (£2, F)

PN = {Q:[Q‘,...,QNH such that 0/ « P forall j = 1,...,N}.

For a vector of probability measures Q we write Q < P to denote ol P,...,0N «
P. Similarly for Q ~ P . Set L%(Q, F, P;RY) = (L%P)N. For Q € P! let
L'(Q) :=L'(Q2, F, 0: R) be the vector space of Q— integrable random variables and
L®(Q) := L>®(R, F, Q;R) be the space of Q— essentially bounded random variables.
Set LL(Q)={ZeL'(Q)|Z>0 Q-as}and LY(Q)={Z € L®(Q) | Z>0 Q-as.}.
For Q € PV let

L'Q) :=L'(@" x ---xL'@Y), LLQ) :=LL(Q") x---xLL(oY),
L®Q) = L®(QY x - x L®(QN),  LL(Q):=LL(Q") x --- x LL(QY).

We also set Ry = [0, +00) and R4y = (0, +00). '
Foreach j = 1, ..., N consider a vector subspace £/ with R C £/ C LO(Q, F, P;R)
and set

Li=L" x - x NSO (P)N.

Consider now a subset 2 C PV and assume that the pair (£, 2) satisfies that for every
Qe2

£ < LY Q.

One could take as £/, for example, L> or some Orlicz space. Our optimization problems
will be defined on the vector space L to be specified later.

For each n = 1,...,N, let u, : R— R be concave and strictly increasing. Fix
X=[x!...,xNecL.
For (Q, a, A) € 2xRY xR define
U2 @") : = sup {E[un(X" + V)] | Y € L, Egn[Y] < a"} (16)
N N
SQ(A) : = sup {Z U2 (@) |aeRY st Y a" < A} , (17)
n=1 n=1

n=1 n=1

N N
Nn%A) : = sup {IE [Z un (X" + Y”)j| |YeL Y Egi[y"] < A} . (18)

Obviously, such quantities depend also on X, but as X will be kept fixed throughout most of
the analysis, we may avoid to explicitly specify this dependence in the notations. As u, is

increasing we can replace, in the definitions of UnQn (@), SQA) and T1Q(A) the inequality
in the budget constraint with an equality.
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When a vector Q € 2 is assigned, we can consider two problems. First, for each n,
U,,Qn (a™) is the optimal value of the classical one dimensional expected utility maximization
problem with random endowment X" under the budget constraint Eg»[Y] < a” , determined
by the real number ¢" and the valuation operator E o« [-] associated to Q". Second, if we

interpret the quantity Z:,V: 1 un(+) as the aggregated utility of the system, then MQ(A) is the
maximal expected utility of the whole system X, among all Y € £ satisfying the overall
budget constraint 2,1:]:1 Eon [Y ”] < A. Notice that in these problems the vector Y is not
required to belong to Cr, but only to the vector space £. We will show in Lemma 4.11 the
quite obvious equality $Q(A) = 1(A).

3 On several notions of equilibrium
3.1 Pareto allocation
Definition 3.1 Given a set of feasible allocations ¥ C £ and a vector X € L, Ye7isa
Fareto allocation for ¥ if

Ye v and Efuy(X" +Y"] = E[u,(X" +Y™)] foralln (19)
imply E [u, (X" + Y™)] = E [u, (X" + Y™)] for all n.

In general Pareto allocations are not unique and, not surprisingly, the following version
of the First Welfare Theorem holds true. Define the optimization problem

N

M(¥) = sup Y E[ua(X" +¥")]. (20)
Yev =4

Proposition 3.2 Whenever Y € ¥ isthe unique optimal solution of T1(V), then it is a Pareto
allocation for V.

Proof Let Y be optimal for TT(¥"), so that E [Zfl\’:] u, (X" + )A’")] = I1(¥'). Suppose that
there exists Y such that (19) holds true. As Y € ¥ we have:

N N N
E [Z un (X" + ?")} =T(¥)>E [Zun(X” + Y”)i| >E |:Zu,,(X” + ?")} ;

n=1 n=1 n=1

by (19). Henc/g also Y is an optimal solution to IT(%#"). Uniqueness of the optimal solution
implies Y =Y. O

3.2 Systemic utility maximization

The next definition is the utility maximization problem, in the case of a system of N agents.

Definition 3.3 Fix Q € 2. The pair (Yx, ax) € £LxR" is a Q—Optimal Allocation with
budget A € R if:

1) for each n, Yy is optimal for UnQ” (ay),
2) ax is optimal for $Q(A),
3) Yx € L.
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Note that in the above definition the vector Q € 2 is exogenously assigned. Given a total
budget A € R, the vector ax € RY maximizes the systemic utility Z,llvzl U,,Qn (a™) among
all feasible a eRV ( Z,IIV pa" < A) and Yy maximizes the single agent expected utility

[un(X” + Y)] among all feasible allocations Y € £" s.t. Egn[Y] < af. Since Q € 2
is given, the budget constraint Egn[Y] < ay is well defined for all Y € £ and we do not
need additional conditions of the form Y € Cg. A generalization of the classical single agent
utility maximization yields the following existence result.

Proposition 3.4 Under Assumption 3.10 (a) select 2 = {Q} for some Q € Q, (see (26)) with
Q~P.Set £L.=L"(Q" x - x LY(ON) and let X € M® (see (79)). Then a Q—Optimal
Allocation exists.

Proof The proof can be obtained with the same arguments employed in Sect. 4.2 [7]. O

Let (Yx, ax) € LxRY be a Q—Optimal Allocation. Due to Lemma 4.11, neA) =
SQ(A) and
N
nea) =s%ay = sup > sup {E[u,(X"+¥"]| Egn[¥"] =a"}
aERN,ZnN:l a"=A p=1 Yrecr

N
=Y sup (E[ua(X" +Y")]| Egn[Y"] = dy},

1 ynepln

where we replaced the inequalities with equalities in the budget constraints, as u,, are mono-
tone. Hence the systemic utility maximization problem ITQ(A) with overall budget constraint
A reduces to the sum of n single agent maximization problems, where, however, the budget
constraint of each agents is assigned by ax = En[Yx] and the vector ax maximizes the
overall performance of the system. We will also recover this feature in the notion of a SORTE,
where the probability vector Q will be endogenously determined, instead of being a priori
assigned, as in this case.

3.3 Risk exchange equilibrium

We here formalize Biihlmann’s risk exchange equilibrium in a pure exchange economy,
[12,13], already mentioned in conditions (a’) and (b’), Item 1 of the Introduction. Let o' be
the set of vectors of probability measures having all components equal:

1 :{QGPN|QIZ'”:QN}_
To be consistent with Definition 3.3 we keep the same numbering for the corresponding
conditions.

Definition 3.5 Fix A € R, a € R such that ny:] a" = A. The pair (Yx, Qx) € £Lx Q! is
a risk exchange equilibrium (with budget A and allocation a € R") if:

1) for each n, Yy is optimal for U,?X (a),
3) Yx €Cr, Y0 Y =A P —as.

Theorem 3.6 (Biihlmann [13]) For twice differentiable, concave, strictly increasing utilities
Ui, ...,up : R — R such that their risk aversions are positive Lipschitz and for L =
(L®(P)HN, 2 = Q' and X € L, there exists a unique risk exchange equilibrium that is
Pareto optimal.
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Proof See [13]. o

In a risk exchange equilibrium with budget A, the vector a € R" such that lef:] a'=A
is exogenously assigned, while both the optimal exchange variable Yx and the equilibrium
price measure Qx are endogenously determined. On the contrary, in a Q—Optimal Alloca-
tion the pricing measure is assigned a priori, while the optimal allocation Yx and optimal
budget ax are endogenously determined. We shall now introduce a notion which requires to
endogenously recover the triple (Yx, Qx, ax) from the systemic budget A.

3.4 Systemic optimal risk transfer equilibrium (SORTE)

The novel equilibrium concept presented in Eqgs. (8), (9) and (10) can now be formalized as
follows. To this end, recall from (1) the definition of Cr and fix a convex cone

B CCr
of admissible allocations such that RN + B = B.

Definition 3.7 (SORTE) The triple (Yx, Qx, ax) € £Xx 9%xRN isa Systemic Optimal Risk
Transfer Equilibrium with budget A € R if:

1) for each n, Yy is optimal for U,lQX (ax),
2) ay is optimal for SQX(A),
3) YxeBCCr and YN  Yi = AP —as.

Remark 3.8 1t follows from the monotonicity of each u,, that Z;Izv=1 ay = Aand E 0% [Ygl=
ay. Hence

N N
Y Equlvgl=) dk = A,
n=1

n=1

and
N N
dvg=>" Egi[Yg] P-a.s. 2N
n=1 n=1

The main aim of the paper is to provide sufficient general assumptions that guarantee
existence and uniqueness as well as good properties of a SORTE.

Remark 3.9 We will show the existence of a triple (Yx, Qx, ax) € Lx 2 xRN verifying the
three conditions in Definition 3.7. Hence, we also obtain the existence of the SORTE in the
formulations given in (5), (6), (10) or in (8), (9), (10), for generic functional p" verifying the
conditions (i), (i) and (iii) stated in the Introduction (see also Remark 4.3).

In the sequel we will work under the following Assumption 3.10.

Assumption 3.10 (a) Utilities uy, ..., un : R — R are strictly concave, strictly increasing
differentiable functions with
im 9 o im0 foranyn e (1. N},
X——00 X xX—400 X
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Moreover we assume that the following property holds: for any n € {1,..., N} and
Qn < P

do” do"
E v, )\F <+ooforsome A >0 <— E|v, AW <4oo forall L > 0,

(22)

where v, (y) := sup, g {#s(x) — xy} denotes the convex conjugate of u,,.
(b) Constraints B C Cp is a convex cone, closed in probability, such that RN + B=58.

Remark 3.11 In particular, Assumptions 3.10 (b) implies that all constant vectors belong to
B. The condition (22) is related to the Reasonable Asymptotic Elasticity condition on utility
functions, which was introduced in [38]. This assumption, even though quite weak (see [8]
Sect. 2.2), is fundamental to guarantee the existence of the optimal solution to classical utility
maximization problems (see [8,38]).

Theorem 3.12 A Systemic Optimal Risk Transfer Equilibrium (Yx, Qx, ax) exists, with
Q;(, R Qg equivalent to P.

Theorem 3.13 Under the additional Assumption that B is closed under truncation (Definition
4.13) the Systemic Optimal Risk Transfer Equilibrium is unique and is a Pareto optimal
allocation.

The formal statements and proofs are postponed to Sect. 4, Theorems 4.12 and 4.17.

Remark 3.14 A priori there are no reasons why a Q-optimal allocation Yx in Definition 3.3
would also satisfy the constraint nyzl Yy € R. The existence of a SORTE is indeed the
consequence of the existence of a probability measure Qx such that the Qx-optimal allocation
Yx in Definition 3.3 satisfies also the additional risk transfer constraint Zf:/:l Yy = A
P—as..

Remark 3.15 Without the additional feature expressed by 2) in the Definition 3.7 , for all
choices of ax satisfying ZnN:I ay = A there exists an equilibrium (Yx, Qx) in the sense of
Definition 3.5 (see Theorem 3.6). The uniqueness of a SORTE is then a consequence of the
uniqueness of the optimal solution in condition 2).

Remark 3.16 Depending on which one of the three objects (Y, Q, a) € Lx 2 x RY we keep
a priori fixed, we get a different notion of equilibrium (see the various definitions above). The
characteristic features of the risk exchange equilibriums and of a SORTE, compared with the
more classical utility optimization problem in the systemic framework of Sect. 3.2, are the
condition Z,/:’:l Y§ = A P-a.s. and the existence of the equilibrium pricing vector Qx.
For both concepts of equilibrium (Definitions 3.5 and SORTE), each agent is behaving
rationally by maximizing his expected utility given a budget constraint. The two approaches
differ by the budget constraints. In Bithimann’s definition the vector a € RY that assigns the
budget constraint (E Q§[Y”] < ay) is prescribed a priori. On the contrary, in the SORTE

approach, the vector a € RY, with Z;V:l ap, = A, that assigns the budget constraint
Egu[Y"] < ay is determined by optimizing the problem in condition 2), hence by tak-
ing into account the optimal systemic utility SQX(A), which is (by definition) larger than the
systemic utility ZQ/: 1 U,,QX (a™) in Biihlmann’s equilibrium. The SORTE gives priority to
the systemic aspects of the problem in order to optimize the overall systemic performance.
A toy example showing the difference between a Biihlmann’s equilibrium and a SORTE is
provided in Sect. 5.2.
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Example 3.17 We now consider the example of a cluster of agents, already introduced in [7].

Forh € {1,---, N}, letI := (I,;)m=1,....» be some partition of {1, --- , N}. We introduce
the following family
BY =ty el®RY)| 3d=(d. - .dp) eR" : Y ¥i=dyform=1 htCCr (23)
iely
For a given I, the values (dy, - - - , dj) may change, but the elements in each of the 7 groups

I, is fixed by the partition I. It is then easily seen that B is a linear space containing RY and
closed with respect to convergence in probability. We point out that the family B admits
two extreme cases:

(i) the strongest restriction occurs when 4 = N, i.e., we consider exactly N groups, and in
this case BY = R corresponds to no risk sharing;

(ii) on the opposite side, we have only one group # = 1 and BV = Cg is the largest possible
class, corresponding to risk sharing among all agents in the system. This is the only case
considered in Biihlmann’s definition of equilibrium.

Remark 3.18 As already mentioned in the Introduction, one additional feature of a SORTE,
compared with the Biihlmann’s notion, is the possibility to require, in addition to Z;[:,:l Y" =
A that the optimal solution belongs to a pre-assigned set 3 of admissible allocations, satisfying
Assumption 3.10 (b). In particular, we allow for the selection of the sets B = RN or B = Cg.
The characteristics of the optimal probability Qx depend on the admissible set 5. For B = Cr,
all the components of Qx turn out to be equal. We also know (see Lemma 4.21) that for
B = B all the components Q% of Qx are equal for all i € I, for each group I,,.
Additional examples of sets 3 are provided in Sect. 4.5.

3.5 Explicit formulas in the exponential case
We believe it is now instructive to anticipate the explicit solution to the SORTE problem in

the exponential case for B = Cg. This is a particular case of a more general situation treated
in detail in Sect. 5.

Theorem 3.19 Take exponential utilities
uy,(x) :=1—exp(—ayx),n=1,...,.N for ai,...,ay >0.

Then the SORTE for B = Cr is given by

f’\k=—X"—l—i(%)+$[%+ln(ak)—ER[ln(a)]] k=1,....,N

X
a_ = F) _ ap k=1,...,N (24
d E[exﬁ(_%ﬂ ar AL
@t = EgilY*] k=1,...,
— Nl
where B = YN é X = YN X" Rn) = <+ forn = 1,...N, a :=

N
Zk:] 73

[a1,...,ay], Eg [In(@)] = YN, R(n) In(ay).
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4 Proof of Theorems 3.12 and 3.13

We need to introduce the following concepts and notations:

1. The utility functions in Assumption 3.10 induce an Orlicz Space structure: see “Appendix
A.1” for the details and the definitions of the functions ® and ®*, the Orlicz space L®
and the Orlicz Heart M ®. Here we just recall the following inclusions among the Banach
Spaces (L®°(P)Y € M® € L® € (L'(P))" and that 4 € L®" implies L® C L'(Q).
From now on we assume that X € M®.

2. Forany A € R we set

N
Ba:=BN{Ye @' (P | ¥" <AP-as).

n=1

Observe that By N M ?® is a convex cone.
3. We introduce the following problem for X € M® and for a vector of probability measures
Q< P, with§2 e L?,

N N

7Q(A) = sup {ZE[M,, (X" +Y")] | YeM® Y Eg[r"] < A} .29

n=1 n=1

Notice that in (25) the vector Y is not required to belong to Cr, but only to the vector
space M ®. In order to show the existence of the optimal solution to the problem 7Q(A),
it is necessary to enlarge the domain in (25).

4. Qs the set of vectors of probability measures defined by

! d .
{Q<<P|[d% Q] LY, Z]E[Y” ]50,VYeBomM¢}.

Identifying Radon-Nikodym derivatives and measures in the natural way, Q turns out to
be the set of normalized (i.e. with componentwise expectations equal to 1), non negative
vectors in the polar of By N M® in the dual system (M®, L*"). In our N-dimensional
systemic one-period setting, the set Q plays the same crucial role as the set of martingale
measures in multiperiod stochastic securities markets.

5. We introduce the following convex subset of Q:

B do! doV o dO"
QU—QH{[dT,,dT]EL |dTZOVn€{1,,N},
N n
’;E[vn (%)] < +oo}. (26)
6. Set
L= ﬂ LYY x --- x L'(oM), 2= Q,. (27)
QEQU

Note that M® C £ and that £ has the product structure £ = £ x --- x £N: let Proj,,
denote the projection on the n—th component, defined on Q,, and take the corresponding
image Q, := Proj,(Q,) (consisting of a family of probability measures, all absolutely
continuous with respect to P). Set L" := erQn L'(Q). Then £ =2 x -+ x CN.
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We will consider the optimization problems (16), (17) and (18) with the particular choice
of (£, 2) in (27) and will show that, with such choice, 72(A) = TT2(A). Observe that if all

utilities are bounded from above, the requirement Z,I:lz E [vn (%)] < +o00 is redundant,

but it becomes important if we allow utilities to be unbounded.
We also require some additional definitions and notations:

(a) By is the polar of the cone co(Q,) in the dual pair

Lo o L% () L'@Y x - x L'(QY) ],
QeQ,
that is

N
By:i={Ye () L'"QYx--xL'Q") | D Eg:[¥"]<0.¥QeQ,
QeQ, n=1

It is easy to verify that
By N M® - Bi()

(b) Forany A € R we define B4 as the set

N
By={Ye [ L'@"Yx--xL' Q") | D Ep[r"]<A VQeQ,
0e€Qy n=1

We will prove that By is the correct enlargement of the domain B4 N M ® in order to
obtain the existence of the optimal solution of the primal problem.
(c) {ej};—;.. n is the canonical base of RN,

Lemma 4.1 In the dual pair (M2, L‘D*), consider the polar (By N M) of BpN M®. Then
BoNnM®0N (L(}r)N is the cone generated by Q.

Proof From the definition of By and the fact that B contains all constant vectors, we may
conclude that all vectors in RN of the form e; — ej belong to By n M. Th;:n for all Z €
(Bo N M®)? and for all i,j € {l,..., N} we must have: E[Z’] - ]E[Z/] < 0.Asa

consequence, Z € (Bo N M®)° implies E[Z'] =--- = E[Z"] and so
BoN M N ADY =Ry - Q, (28)
where Ry :={b € R, b > 0}. O

Lemma4.2 Q% :={Q¢c Q,s.Q~ P} # 2.

Proof The condition B C Cp implies Bo N M® € (Cr " M® N {3, ¥" < 0}), so that the
polars satisfy the opposite inclusion: (Cr N M®N {2711\,:1 Y" < 0)0 < (Byn M®)0. Observe
now that any vector (Z, ..., Z), for Z € LS°, belongs to (Cr N M®N {Z,/y:l y" < opY.
In particular, (By N M ®)0 contains vectors in the form (HZ e+Z ) with ¢ > 0 and

I+e7 "7 14¢
Z € LY, E[Z] = 1. Each component of such a vector has expectation equal to 1, belongs
e=+Z o e
I+e — 14¢°

vector Q €Q such that g—g >0 P —a.s. with fo:l E [vn (‘{%)] < 00, hence Q% # @.0O

to LY and satisfies All these conditions imply that there exists a probability
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4.1 Scheme of the proof

The proof of Theorem 3.12 is inspired by the classical duality theory in utility maximization,
see for example [18,31] and by the minimax approach developed in [5]. More precisely, our
road map will be the following:

1. First we show, in Remark 4.4, how we may reduce the problem to the case A = 0.
2. We consider
N N
7(A) := sup {ZE [un (X" +Y")] | YeM®NB, Y Y"<AP-as.{. (29)
n=1 n=1
In Theorem 4.5 we specialize the duality, obtained in Theorem A.3 for a generic convex
cone C, for the maximization problem 7 (0) over the convex cone C =ByNM ® and prove:
(i) the existence of the optimizer Y of 7 (0), which belongs to By; (ii) the existence of the
optimizer (3 to the dual problem of 7 (0). Here we need all the assumptions on the utility
functions and on the set B and an auxiliary result stated in Theorem A.4 in “Appendix”.
3. Proposition 4.7 will show that also the elements in the closure of BNM® satisfy the key
condition "N | Egn [Y"] < SN Y eRforall Q € 2.
4. Theorem A.3isthen again applied, to adifferent setC = {Y e M?| Z,’lvzl Egn [Y”] < 0},

to derive Proposition 4.9, which establishes the duality for 72(0) and 72(A) in case a
fixed probability vector Q is assigned.
5. The minimax duality:

— min 7Q04) — ~Q
”(A)_érenélv” (A) =7~ (A),

is then a simple consequence of the above results (see Corollary 4.10). This duality is
the key tool to prove the existence of a SORTE (see Theorem 4.12).
6. Uniqueness and Pareto optimality are then proved in Theorem 4.17.

Remark 4.3 Notice that in the definition of 7 (A) there is no reference to a probability vector
Q. However, the optimizer of the dual formulation of 7 (A) is a probability vector (3 (that
will be the equilibrium pricing vector in the SORTE). Even if in the Egs. (8), (9), (10) we
do not a priori require pricing functional of the form p"(-) = Egn[-], this particular linear
expression naturally appears from the dual formulation.

4.2 Minimax approach

Remark 4.4 Only in this Remark, we need to change the notation a bit: we make the depen-
dence of our maximization problems on the initial point explicit. To this end we will write

N
mx(A) i=sup S E[u; (X +¥/)] | YeBanmM® L,
j=1

N N
al(A) i=sup | Y E [u‘,- (Xf + Yf)] | YeM® Y Ey [Yj] <A
j=1 j=1

It is possible to reduce the maximization problem expressed by 7x(A) (and similarly by
n)? (A)) to the problem related to .(0) (respectively, 7? (0)) by using the following simple
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observation: for any ag € RY with Z;-V:l aé = A consider

N N
x(A) = sup Z]E[uj(xf+yf)]|YeBmM“’,ZYf§A
j=1 j=1
=sup { Y Elu; (X +af + T —a)) | I Y eBAM® Y (v —af) 0
j=1 j=1
N i ) )
— sup ZIE[M.,-<X]+a(J)+ZJ)]|ZeBOOM¢ ,

where last equality holds as we are assuming that RN + B = B. The last line represents the
original problem, but with A = 0 and a different initial point. This fact will be used in the
conclusion of the proof of Theorem 4.5.

In the following Theorem we follow a minimax procedure inspired by the technique
adopted in [8].

Theorem 4.5 Under Assumption 3.10 we have

7(A) = sup ZIE[ (Xf+yf)]—max ZE[W (XJ+YJ)] (30)

YEBAQMCD j=1 YEBA
= min min | X ZE -[Xj]—i-A —l—ZE v Adgj 3D
QeQ reR4 4 =1 o’ =1 J dpP ’

The minimization problem in (31) admits a unique optimum (/)\; Q) € Ryt x Qwith 6 ~ P.
The maximization problem in (30) admits a unique optimum'Y € By, given by

. . - dO/
Yf:—xf—v;(xd%>,j:1,...,1v, (32)

which belongs to Ba. In addition,

XN: Eg/[V/]=4 and ZN: Eg[V]=4 vQea. (33)
j=1

j=1

Proof We first prove the result for the case A = 0.
Step 1
We first show that

N

sup DB [u; (X7 +77)] < ZUJ(O) Zu,(+oo) VXe M® (34

BoﬁMq’j 1 j=1

so that we will be able to apply Theorem A.3 with the choice C := By N M®. We distinguish
two possible cases: Z]/-V:] u j(4+00) = 400 or ZJ/-V:] uj(+00) < +o0.
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For Z?’zl u j(+00) = +400: observe that for any Q € Q, (which is nonempty by Lemma

4.2) and A > 0 we have
N N .

. . do’ do’
ZE[uj(XJ+YJ)] [(X’+YJ)< )]+}§E|: ( — )}

oo (4] e (2]

We exploited above Fenchel’s Inequahty and the definition of Q,. Observing that the last line
does not depend on Y and is finite, and using the well known relation v; (0) = u ;(4+00), j =
1,..., N, we conclude that

IA

N

sup ZE[MJ (Xj + Yj)] < 400 = iv,(O).

BonM® j=1

For Zyz 1 uj(+00) < +o0: if the inequality in (34) were not strict, for any maximizing
sequence (Y,,)» we would have, by monotone convergence, that

N N N
S B [uj 600)] =Y E[u; (X7 +vi) =B || (wi¢+o0) —uy (X +¥iD) | | = 0.
j=1 j=1 j=1
Up to taking a subsequence we can assume the convergence is also almost sure. Since
all the terms in ZNZ (u j(H00) —u; (X7 + Ynﬁ)) are non negative, we also see that

u J(X + Y,,) —m uj(+00) almost surely for every j =1,..., N. By strict monotonicity

of the utilities, this would imply that, for each j, Y}, —,, +oo. This clearly contradicts the
constraint Y,, € By.

Step 2

We will prove Egs. (30) and (31), with a supremum over B4 in place of a maximum, since
we will show in later steps (STEP 4) that this supremum is in fact a maximum.

We observe that since By N M® C By
N . . N . .

sup ZEI:MJ (X" + Y")] < supZIE[uj (XJ + YJ)].

BonM® 5 By j=1I

Moreover, by the Fenchel inequality

w o (e = o (12 e (] 2 (4]

BOJI

Equations (30) and (31) follow from Theorem A.3 replacing there the convex cone C with
BoN M® and using Eq. (28), which shows that (C?)"' =Q

Step 3 ~

We prove that if  and Q are optima in Eq. (31), then Yii=—Xx/ - v;. (X%) defines an

element in By. Observe that A minimizes the function

Rit 3y > Y(y) i= i (VE@' [X'i] +E [”f < dd%)D

j=1
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which is real valued and convex. Also we have by Monotone Convergence Theorem and
Lemma A.2.1. that the right and left derivatives, which exist by convexity, satisfy

o-Belo LS9 2]

hence the function is differentiable. Since A is a minimum for Y, this implies W’(’):) =0,

which can be rephrased as
~dQ/\ d0’
Nr— ) —1|) =0, 35
E ( dP) P D 2

Il
N
=
| —
o)
o
SIS
I_Iv
+
&=
| —|

ie.,

XN: Egi[V7]=0. (36)

Now consider minimizing

ZI::(AEQ, [X’] +E [u, ( ddQPjﬂ)

for fixed % and Q varying in Qv Let again Q with 7 := %, be an optimum and consider
another Q € Q,, with n := dP By Assumption 3.10, the expression ZJ E [v] ( 540/ )]
is finite for all choices of A. Observe that by convexity and differentiability of v; we have

an’ v} (3:7?) <y v} (/}:7]7> +v; </):nj) —vj (/):7]7> )
Hence by Lemma A.2.1. and 6 Q € 9, we conclude that
D~ T 1
(r]]vj (An/)) e L'(P). 37)

To prove that also the negative part is integrable, we take a convex combination of Q.Q¢eQ,,
which still belongs to Q,. By optimality of 77 the function

X @(x) = ﬁ: (/)TIE [Xj ((1 -0 —I—xnj)]

=1
+E[v; (2 (0 =0 +x07))]) 0= x <1,

has a minimum at 0, thus the right derivative of ¢ at 0 must be non negative, so that:

zN: % ‘0 (0 =B [ X777 | + AE[x797])

Jj=1

> —id‘olﬂl[vj ((1 — O +x3:nj)]. (38)
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Define H;(x) := v; (1 — )+ x/):nf) and observe that as x | 0 by convexity
1
0< (-; (Hj(x) — H;(0)) + H;(1) — Hj(0)>
4 (—XU} (Xﬁ/) 0/ + ) (Xﬁ/) W+ Hj(1) - H; (0)) . (39)

Write now explicitly Eq. (38) in terms of incremental ratios and add and subtract the real
number E [ (H; (1) = H; (0)] to get

=

lim GC [((1—;;)11}3 [Xfﬁf]ﬂm [xfnf])—m [Xfﬁf]]HE [H;(1) — Hj(O)]>
=1

: (40)

> lim (E [—% (H;(x) — H;(0)) + H; (1) — H,-(O)D . (41)

The first limit is trivial. Observe that by (39) and Monotone Convergence Theorem we also
may compute the second limit and then deduce:

> ([ (/=) 5ln - 0)

j=1
N

= Y E[ R (7)ol + 3] (7)) W + H; (1) — H;(0)]
j=1

and therefore

N N
oo LT[ (0 )] 2 | K (0 (7)o 470 () )
j=1 j=1
N : -\ T . A+ . .
= (5 6 35 6)) 3 o))
j=1

. . . A+
Since "0, v} (R77) 7/ € L'(P) by Lemma A.2.1, and 3, (U;. o) ,71) e LI(P)

by Eq. (37), we deduce that Zjv:l (v; ():'177) nj)_ e L'(P) so that

N
0< (v; (’):717) nj> < Z (U; (3:5’) nj) e L'(P).
j=1
We conclude that v/ @ﬁ/) n/ defines a vector in L' (P) x --- x L'(P) , hence

Yerl(@hx---xL'(QY) vQe g, (42)

Moreover Eq. (38) can be rewritten as:
0= Y [x (v =) |+ YR [v; () (v - 7)) (43)
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Now rearrange the terms in (43)

o5 L (e[v] 2l (7)7) « 3 (elow] -2l (7))

and use (35):

This proves that

XNJ Eo/[V/]=0 vQeo, (44)

j=1

and then Y € By.

Step 4 (Optimality of ’Y\)

Under our standing Assumption 3.10 it is well known that u(—v’(y)) = v(y) —yv'(y), Vy >
0. As a consequence we get by direct substitution

/ /7
uj(XJ—I—YJ)_— uj (—vj <k—d )) = —A—d v; <)L—d + v k—d

and
N . N . N d@j ) Ad@j N Adaj
;E[uj(x1+yf)]zx —;E[dpvj(kd}))} +]Z=;E[vj<xdp>].

Use now the expression in (35) to substitute in the first RHS term:

The optimality of Y follows then by optimality of (/):, 6) in (31).
Using now our findings in STEP 2 together with optimality of Y, the proof of Eq. (30) is
complete.
Step 5 (Y € By)
By Lemma 4.2 there exists a Q € Qf := {Q € Q, s.t. Q ~ P} and from (42) we know

that v//. (Add—%/) e L'(Q%), » > 0. Also, forevery j = 1,..., N, v;.(O—I—) = —00, SO

that Q/ (‘L—ij = O) = 0. As Q ~ P, this in turn implies P (dd—QPj = 0) = 0, for every
j=1,...,N.Hence 6 ~ P. Theorem A.4 now can be applied to K := (Byp N M®) and

Q¢ to get

() clo ((BonM®) - L} Q)
QeQf

N
=1zZe () L'@ st Y Ep [2/] s0vQeast. (45)
QeQf j=l1
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As Y € By and By is included in the RHS of (45), we deduce that Y belongs to the LHS of
(45). Now by Eq. (36) we see that Y satisfies Z;V:l E [?j dd—QP'/] = 0, and this implies that:

Y e cl@ (BO N MCD) , (46)

the L! (@1) X oo x L1 (@1)—(norm) closure of By " M?®. In particular Yisa 6 (hence P)-
a.s. limit of elements in By which is closed in probability P, so that Y € By.

Step 6

The conditions in (33) are proved in (36) and (44). We conclude with uniqueness. By the strict
concavity of the utilities and the convexity of By, it is evident that the maximization problem
given by supg; Z;V L E[u; (X7 + v7)] admits at most one optimum. Now clearly if (i, Q)
and (A Q) are optima for the minimax expression (31), they both give rise to two optima
Y Y _as in the previous steps. Uniqueness of the solution for the primal problem implies
Y = Y. Under Assumptlon 3.10.(a) the functions v}, ..., v} are injective and therefore we
conclude that Ag—g = Ag—g. Taking expectations we get/): =% and then (’):, Q) = (3:, (NJ).
Conclusion

The more general case A # 0 can be obtained using Remark 4.4. We just sketch one step of
the proof, as the other steps follows similarly. Using ag as in Remark 4.4, in STEP 3 we see
that

which yields that Y € By. O

Remark 4.6 Notice that Y € BN M implies that Z € By, where Z is defined by Zl =
Y/ — x/ Y, Y for any x € RY such that Z;V:l x/ = 1. To see this, recall that we

are assuming that RV 4+ B = B. As Zﬁ'\;l Y/ e R, then Z € B and, since also trivially
integrability is preserved and Z?’:l ZJ =0, we conclude that Z € By.

Proposition4.7 ForallY e BN M® and Q € Q
Y Eg) [Yf] <Y v 47)
j=1 j=1

Moreover, denoting by clg (B N MCD) the LY(QY) x - - - x LY(QN)-norm closure of BAM?®,

inequality (47) holds for all Y € clg (B N MCI’) and Q € Q, Q ~ P. In particular, (47)
holds for Q ~ P andY € cl@ (Bo N Mq’) defined in Theorem 4.5.

Proof Take Y € BN M® and argue as in Remark 4.6, with the notation introduced there. By
the definition of the polar, Z;y=1 E[Z/¢/] <0forall’ € (BN M®)°, and in particular for

allQe Q9
Ao/ a dQ/ al (& v\ 40’
E[Z’w]—gE[Y’w]—ZE[X’(ZY ar
N
Y.
=1

Egj [Yj] -

J

=
v

M= 1M=

~.
Il
—_
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As to the second claim, take a sequence (k,), in BN M @ converging both Q-almost surely
(hence P-a.s.) and in norm to Y and apply (47) to k,, to get

N N N N
i . i1 Pas .. . i | P-as. i
> Egi [Y] =1im Y Eg [K] = timinf ( Yok T2 v ws)
= j=1

Jj=1 Jj=1

o
Remark 4.8 In particular (47) shows that VQ € Q
YeBnM® | ¥/ <A c YeM‘D|ZEQj[YJ]§A
j=1 j=1
and therefore 7(A) < 7Q(A).
4.3 Utility maximization with a fixed probability measure
The following represents a counterpart to Theorem 4.5, once a measure is fixed a priori.
Proposition 4.9 Fix Q € Q,. If 1Q(A) < 400, then
N . . N '
7Q(4) = 1%(4) =sup { S E [uj (Xf + Yf)] | YeL' Q). Y Ey [Yf] <A
j=1 j=1
— min | A XN:E -[xf]+A +2N:1E o (192 (49)
ARy =1 o = J dpP '

If additionally any of the two expressions is strictly less than Z;V:l uj(+00), then
72(A) = min ZEQ, [XJ]+A +Z]E[v,( )} ) (50)
AeR; 4

Proof Again, we prove the case A = 0 since Remark 4.4 can be used to obtain the general
case A # 0. From M®crclL! (Q) we obtain:

72(0) := sup ZE[ (x+7))] 1 Yem®, éEQf [v/]=0f =m0

j=1

< sup ]Z:JE[W (x/+v))] 1 ver'@, JZ:EQ_,- [v/] =0
< min AiE [Xf]+§:E[ ( dQJ)] 1)
reky T o/ =

by the Fenchel inequality. Define the convex cone

N
Ci=1YeM®| Y Ey [Yf]go
=
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The hypotheses on C of Theorem A.3 hold true and inequality (51) shows that 72(0) < 400

forall X € M®. The finite dimensional cone {k [dd%l, e %Q—;V] , A > 0} C L% isclosed,
and then by the Bipolar Theorem Y = {k [%, R %] , A > 0}. Hence the set (C?)+
in the statement of Theorem A.3 is exactly { [dd—QPl, R %] } and Theorem A.3 proves that
JTQ(O) is equal to the RHS of (51). We can similarly argue to prove (50). O

To conclude, we provide the minimax duality between the maximization problems with
and without a fixed measure

Corollary 4.10 The following holds:

7(A) = min 72A) = 7Q(A) < 400,
Qe

where 6 is the minimax measure from Theorem 4.5.
Proof It is an immediate consequence of Theorem 4.5 and Proposition 4.9. O

Lemma4.11 For all Q € 2 we have HQ(A) = SQ(A) and, lfﬁ is the minimax measure
from Theorem 4.5, then

7(A) = 7Q(4) = MR(4) = 59(4). (52)

Proof LetY € £,Q € 2,a" := Egn[Y"] and Z" :=Y" —a". As L+RN =, 7" e
and

N N
n%A) = sup [IE [Z un (X" + Y"):| | ZEQn[Y”] = A]
Yel =1 =
N N
= sup (E| D un(X"+Z"+a") || EgrlZ"]=0.) a"=A
aERN,ZE,C n=1 n=1
N
= sup sup ZE [un(X" + Z" +a™")]
aERN’ZnN:NIn:A ZEﬁZ]EQn[Z”J:On=1
N
= sup Z sup {E[un(X" 4+ Z" +4a")] | Egn[Z"] = 0}
acRN YN an=p =y Z"EL"
N
= sup Z sup {E [un(X" +Y"] | Egn[Y"] =a"}
acRN YN qn=4 p—1 Y'EL
N
= sup Z UnQn @") = SQ(A) .
acRN ZnN:1 a"=A p=1
The first equality in (52) follows from Corollary 4.10 and the second one from (49). O

4.4 Main results

Theorem 4.12 Take 2 = Q, and set L = erQv L' (Q). Under Assumption 3.10, for any
X e M® and any A € R a SORTE exists, namely (?, 6) €Bj x Q, defined in Theorem 4.5
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and
@' :=Ez[Y"], n=1,....N, (53)
satisfy:
1. Y"isan optimum for UnQ @"), foreachn € {1, ..., N},
2. aisan optlmumfor sQ (A),
3. YeBandZ 1Y” A P-as.
Proof
(1) We h én N n vn —
: prove that U,” (@") = E [u, (X" +Y")] < up(+00), foralln = 1,..., N, thus
showing that yn isAan optimum for U,lQn (@". As Y" e £" forall n = 1,..., N, then

by definition of UnQn (@") we obtain:

sup [E[un (X" + 2)]|Z € £7, Egul2) <@} = U2 @) 2 B uy (X" +77)].

If, for some index, the last inequality were strict we would obtain the contradiction
) 4.5 a AP 0 0
7QA) = 71(4) M S E fu, (X" +7")] < Y U@ < 5%4) = 2%4)

n=l1 n=1

(54)

where we used (52) in the first and last equality.
In particular then E [un (X” + ?")] < uy(+00), foralln = 1,..., N . Indeed, if the
latter were equal to u, (4-00), then u,, would attain its maximum over a compact subset
of R, which is not the case.

(2): From (33) we know that A = 25:1 Egn [Y"] = Zflv:l a". From (52) we have

N
$QA) = m(a) Ttd ZIE (x"+Y")] =Y v @ < sa.
n=1 n=1
(3): We already know that Y eBa:=BN{Y e (LO(P)N | 2;11\;1 Y" < A}. From Propo-
sition 4.7 we deduce
N N
A=) Ea[Y"] <) V" <A
n=1 n=1

m}

We now turn our attention to uniqueness and Pareto optimality, but we will need an
additional property and an auxiliary result.

Definition 4.13 (Def. 4.18 in [7]) We say that 5 C (LO(P))N is closed under truncation if

for each Y € B there exists my € N and ¢y = (c)l,, e, cl))') € RY such that ZYZL\’:I cy =
2,11\7:1 Y" :=cy € Rand forall m > my
Y, = Ylﬂle{lY"Km} + CYIUQI:l{'Y"‘Zm} € B. (55)

Remark 4.14 We stress the fact that all the sets introduced in Example 3.17 satisfy closedness
under truncation.
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Lemma 4.15 Let B be closed under truncation. Then for every A € R
BaNLCBy.

Proof Fix any Q € Q, and argue as in Proposition 4.20 in [7]: letY € B4 N L C L'(Q)
and consider Y,, for m € N as defined in (55), where w.l.o.g. we assume my = 1. Note
that Z,’,V:l Y =cy(= Z,’lvzl Y" < A) for all m € N. By boundedness of Y,, and (55), we
have Y,, € BN M® forall m € N . Further, Y,, — Y P-a.s. form — oo, and thus, since
IY,,| < max{|Y], ley|} € L'(Q) forall m € N, also Y,, — Y in L'(Q) for m — oo by
dominated convergence.

Now, if Q ~ P we can directly apply Proposition 4.7 to get that Z _1Eon[Y"] <
anl Y" < A.If we only have Q < P we can see that (48) still holds, with the particular
choice of (Y,,)n in place of (ky),, because the construction of Y,, is made P-almost surely.

O

Define

N N
I1(A) ::sup[IE|:Zun(X"+Y")i| |Ye£ﬂB,ZY"§A}. (56)

n=1 n=1

Lemma 4.16 Let B be closed under truncation. If 6 is the minimax measure from Theorem
4.5, then

T(A) = TI(A) = 7Q(A) = T(A) = 5Q(A). (57)

Proof 1tis clear that since B4 NM® C BoNL wehavew(A) < T1(A) justby deﬁnitioni 29)
and (56). Now observe that by Lemma 4.15 we have B4 N £ C By, so that TT(A) < (A).
The chain of equalities then follows by Lemma 4.11. O

Theorem 4.17 Let B be closed under truncation. Under the same assumptions of Theorem
4.12, for any X € M® and A € R the SORTE is unique and is a Pareto optimal allocation
for both the sets

N
“V:{YeﬁﬂBlZY"fAP-a.s.} and “//:{YEEIZEQH ” <A

n=1 n=1

(58)
Proof Use Proposition 4.9 and Corollary 4.10 to get that for any Q € Q,
n%4) = 7%A) = 7 (4). (59)

Let (i‘( 6 a) be a SORTE and (? 6 ) be the one from Theorem 4.12.

By 1) and 2) in the definition of SORTE, together with Lemma 4.11, we see that Y is an
optimum for l'IQ(A) = SQ(A) Also, Y e B4 N By by Lemma 4.15. We can conclude by
Eq. (30) that

Cor. 4.10

B9 Q) 2 ra),

7(A) = Y Efu, (X" +77)] = 18(a)

n=1

which tells us that 7 (A) = na(A) = Zfl\’:] E [Mn (X" + ?n)] )

@ Springer



260 Mathematics and Financial Economics (2021) 15:233-274

By Theorem 4.5, we also have 7(A4) = 2111\[:1 E [un (X" + ?”)]. Then Y,Y € Ba
(Lemma4.15) and [1(A) = 7 (A) (Lemma 4.16 ) imply that both ?, Y are optima for IT(A).
By strict concavity of the utilities u1, ..., uy, [1(A) has at most one optimum. F{QIIL this,
together with uniqueness of the minimax measure (see Theorem 4.5), we get (Y, Q) =
(Y, Q). We infer from Eq. (53) and Remark 3.8 that also a = a.

To prove the Pareto optimality observe that Theorem 4.5 proves that Y e BaC L is the
unique optimum for IT(A) (see Lemma 4.16) and so it is also the unique optimum for nA).
Pareto optimality then follows from Proposition 3.2, noticing that TI(’) for the two sets in

(58) are I1(A) and HQ(A) respectively. O

4.5 Dependence of the SORTE on X and on 13

We see from the proof of Theorem 4.12 that the triple defining the SORTE (obviously)
depends on the choice of A. We now focus on the study of how such triple depends on X. To
this end, we first specialize to the case B = Cg.

PropOSItlon 4.18 Under the hypotheses of Theorem 4.12 and for B = Cp, the variables ¢ ar P
and X + Y are o X'+ 4 xM (essentially) measurable.

Proof By Theorems 4.12 and 4.17 we have that (/):, 6) is an optimum of the RHS of Eq.
(31). Notice that in this specific case Y := ejlq —ejla € BN M? for all i, j and all
measurable sets A € F.Let Q € Q. Then from a7 Zn (Egn[Y"] —Y") < 0 and
s0 O(A) — 14 — Q/(A) + 14 < 0, 1e Q'(A) — Q/(A) < 0. Similarly taking Y :=
—ejla +e514 € B, we get 0/ (A) — Q' (A) < 0. Hence all the components of vectors in Q
areequal. Let G := o (X' +---+XV). Thenforany A € Ry andanyQ =[Q,..., Q] € Q
we have:

A (i Egi [X"]+ A) + éE [”" (Add%ﬂ

n=1 1

(e [(Er) 2] ) el (22)]
<o (e[(S ) [22f]] o) + e o[ (42 ]

n=1

do Y
>A<ZIE|:X”IE[dP H+A)+Z}E[vn (ME[dP QD} :
n=1 n=1
where in the last inequality we exploited the tower property and Jensen inequality, as

V1, ..., vy are convex. Notice now that E [ ‘g] defines again a probability measure (on

the whole F, the initial sigma algebra) and that this measure still belongs to Q since all its
components are equal. As a consequence, the minimum in Eq. (31) can be equivalently taken

over A € Ry, (as before)and Q € 9N (LO(Q, g, P))N. The claim for Y follows from (32).
O

It is interesting to notice that this dependence on the componentwise sum of X also holds
in the case of Biihlmann’s equilibrium (see [13] page 16 and [11]).
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Remark 4.19 In the case a cluster of agents, see the Example 3.17, the above result can be
clearly generalized: the i-th component of the vector Q. fori belonging to the m-th group,
only depends on the sum of those components of X whose corresponding indexes belong to
the m-th group itself. It is also worth mentioning that if we took B = RV we would see
that each component of Q and of Y is a measurable function of the corresponding component
of X. This is reasonable since, in this case, at the final time each agent would be only allowed
to share and exchange risk with herself/himself and the systemic features of the model we
are considering would be lost.

We provide now some additional examples, to the ones in Example 3.17, of possible
feasible sets B and study the dependence of the probability measures from B.

Example 4.20 Consider a measurable partition A1, ..., Ag of € and a collection of partitions
... IX of {1, ..., N}asin Example 3.17. Take the associated clusterings B(Il), RV B(IK)
defined as in (23). Then the set

K
B:= (Z B<I’>1A,.) NCr (60)

i=1
satisfies Assumptions 3.10 and is closed under truncation, as it can be checked directly.

The set in (60) can be seen as a scenario-dependent clustering. A particular simple case
of (60) is the following. For a measurable set A; € F take A, = Q \ Aj. Then the set
Crla, + RM1 A, is of the form (60) and consists of all the Y € (LYY such that (i) there
exists a real number o € R with 2;11\,:1 Y" = o0 P—a.s. on Ay, (ii) there exists a vector
b € RY suchthat Y = b P—a.s. on A; and (iii) 0 = Z,]lvzl b" (recall that Y € Cr by (60)).

Let us motivate Example 4.20 with the following practical example. Suppose for each
bank i a regulator establishes an excessive exposure threshold D' . If the position of bank i
falls below such threshold, we can think that it is too dangerous for the system to let that
bank take part to the risk exchange. As a consequence, in the clustering example, on the
event {X! < D'} we can require the bank to be left alone. Also the symmetric situation can
be considered: a bank j whose position is too good, say exceeding a value A/, will not be
willing to share risk with all others, thus entering the game only as isolated individual or
as a member of the groups of “safer”banks. Both these requirements, and many others (say
considering random thresholds) can be modelled with the constraints introduced in Example
4.20.

It is interesting to notice that, as in Example 3.17, assuming a constraint set of the form
given in Example 4.20 forces a particular behavior on the probability vectors in Q,,.

Lemma 4.21 Let B be as in 'Examp'le 4.20 and let Q €Q,. Fix any i € {1,... ; K} and any
group I, of the partition I' = (I,),,. Then all the components Q7, j € I, , agree on
Fla, ={FNA;, FeF}

Proof We think it is more illuminating to prove the statement in a simplified case, rather than

providing a fully formal proof (which would require unnecessairly complicated notation).
This is “without loss of generality” in the sense that it is clear how to generalize the method.

To this end, let us consider the case K = 2 (i.e. A, = A{) and B .= CRr, B(Iz) =RV,
Forany F € Fandi, j e {l,..., N} wecantake Y := (lp(ei — ej)) 14, + 014, to obtain
Y € Crla, +RV1y,,, ZL Y/ = 0. By definition of Q, we get for any Q € Q, that
Q' (ANF)— Q/(AN F) <0, and interchanging i, j yields Q'(A N F) = Q/(A N F) for
anyi,j=1..., N, FeF. O
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5 Exponential case

We now specialize our analysis to the exponential setup, where
up(x) :=1—exp(—apx),n=1,...,.N for «j,...,ay > 0. (61)

This allows us to provide explicit formulas for a wide range of constraint sets 3 (namely, all
those introduced in Example 3.17) and so the stability properties of SORTE, with respect to
a different weighting of utilities, will be evident.

5.1 Explicit formulas

We consider a set of constraints of the form B = B® as given in Example 3.17. Given
XeM®andm e {l,...,h}, we set:

N

1 1 —
P = — = — Xy = X"
=Y L gyl mmy
nely, n=1 nely,
1 N
Qpn
R := —"—.n=1,...Na=[a,. .. ayl, Eg[in@)] = > R(m) In(ay).
k=1a n=1

Theorem 5.1 Take uy, ..., uy as given by (61) and B = BV as in Example 3.17. For £ and
2 defined in Theorem 4.12, the SORTE is given by

Pk = —xk 4 L (% - dm(X)) + L [% +1n(ax) — Eg [ln(a)]] kel,

ag
aY _Yirn Am
TR
@t = Egp (Y] k=1,...,N

o [ ()] )

Proof The utilities in (61) satisfy Assumption 3.10 (a) and B satisfies Asssumption 3.10
(b) and closedness under truncation, hence Theorems 4.12 and 4.17 guarantee existence
and uniqueness. Recall that from this choice of B we have that for each Q € Q,, all the
components of Q are equal in each index subset /,,.

It is easy to check that
Ay . A A A
—lnf—i-fylny—afy—i-l. (63)

n n (xl'l n

Un()‘-y) =

Substitute now y = %—%" € Q, in the above expressions and take expectations to get

dQn . A dQn dQl’l _i i_i
E|:Un<)\ dP >i|—¢n()¥)+a7nE|:dP 1n<dP ):|7 ¢n()¥)—an1nan Oln+1'
(64)
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263
Let K (A, dg) be the functional to be optimized in (31). Set
Vo
= —1 A A)=A Alnd — A N.
£ ;a I‘(an) o) = gm )= 2§+ Brlnd —if+
Then from (64) we deduce

dQ B N . N A dQn dQn
K(A ﬁ) _A<n§:1 Egn [X ]+A> +¢(A)+”§:1 @E[ 1P ln<dP )} (65)
Set

N ~ ~ N
1 don do"
M::Z;E[ d% ln(d% )]+A+ZE@,[X”]. (66)
n=1 " n=1
From (65) and (66)
K<A£> =Au+rE+BIn(A)—B)+N.

The associated first order condition obtained differentiating in A yields the unique solution

e

which can be substituted in K (~, %) yielding

K (% dQ) _ AB+ N
"dr) '
We now guess that the vector of measures 6 defined via (62) is optimal and compute the
associated u:
Qn dQl’l
Ea[X"1+ A =A E
n= HZ; o[ X"+ A+ Z [ T + Z
h 40/ 4o/ 1
+2ﬂjIE d—Pln exp +ZﬁJ —l _
j:

2lew (-7)]
Hence

n=A— Zﬁ,ln( |:exp< ;}’)D (68)

and substituting (67) in the explicit formula for ) we get

. dQ 1 h X;
K(A,ﬁ>:—ﬂexp _E A+$+;ﬂjln<1[*]|:exp<—ﬂ]>i|> +N.

(69)

(67)
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Using Eq. (32) we define, for the measure given in (62),
~ ~d
Yk = —x* - A—Q k=1,....N
dpP

By (63) (with A = 1) we obtain, for k € I, v,/( (y) = ln ( ) and

~ X _ At
~d 1 1 1 P\~ B, — B
v,i()\—Q>=—ln(f>+fln ( P ,ﬁ )
“ o\ Elew(-52)]
1 1 1 (X, A 1 Y
=—ln(—>—— LU e — —In[E|[exp Eq(68)
o oy ok \ Bm B o B
1 1 1 (X A 1
=—ln<—)—— m ATE) L.
079 073 ar \ Bm B Ok
Hence for k € I, we have

?_—xk+1(x AtE dm(X))—lln(1>.

Brm B ok ok
A simple computation yields Y € M® s D kel Y% € R and Z = A, sothat Y €
BsNM®.
Moreover
~ 1 (X, +E 1 1
_(xk L 7%)) = _ Am  AT+SE I
exp( (X +Y )) exp< ak< </3m + B dm(X)> ” In <Olk>)>
1 X
= —exp| -2 ) exp (—j> exp (dn (X))
(275 Bm

R )
= -~ "/ - inlE S—h
Olk]E[exp (_%)] exp B exp JX:; B n exp ,3j
As a consequence

N

D E[1—exp (—on (X" +77))]

n=1

A 1 " X;
:_Zaexp _E A+$+Zﬂjln<E|:exp<—ﬁ'.’>:|)

J=1

Eq.(09) dQ
N "="K|(r — 70
+ ( dp 70
which implies
N o~
-~ - d
> Eluy (X" +7Y")] =K <x, d—g) : (71)
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To sum up we have

K(k —) Eqm)ZE (X" +77)]

YeByNM® N d . dO
L su E [u, (X" + Y")] 5 i k(10 99) < & (7, 99)
p apP dP
YeBanM® ;) Q’\ggv

Consequently Y is the (unique) optimum for the optimization problem in LHS of (30), and
(’):, 6) is the (unique) optimum to the minimization problem in (31).

Moreover, setting a" := E o [?”], n = 1,...,N, the SORTE (which, as already
argued, exists and is unique) is given by (?, 6, 'ﬁ). O
Remark 5.2 'We observe that in the terminal part of the proof above we also got an explicit
formula for the maximum systemic utility:

N

~ dQ
sup D E[u, (x4 y1) "L g (k, —Q) (72)
YEBAﬁM(I> =1 dp

e

where K ( , dP) is given in (70).

5.2 A toy example

In the following two examples we compare a Biihlmann’s Equilibrium with a SORTE in the
simplest case where X = 0 := [0, ..., 0] and A = 0. In the formula below we use the well
known fact:

sup {E[uy (V]| EglY] < x} =1— e =M@
YeLl(Q)

where H(Q, P) = E|[ dIQJ ln( )] is the relative entropy, for Q < P.

Example 5.3 (Biihlmann’s equilibrium solution) As X := 0 then Xy = Z,ivzl Xk =0and
therefore the optimal probability measure Qx defined in Biihlmann is:

= =1, (73)

iie. Ox = P. Takea =0 =0, ..., 0]. We compute
ULX(0) = UF (0) := sup (E[un (0O + )] | Ep[¥] <0} =1 —e 0 HPP =1 _1=0,
as H(P, P) =0, so that

N
Y ufo =o.
n=1

As a consequence, and as u,(0) = 0, the optimal solution for each single n is obviously

Yg =0.

X
Conclusion The Biihlmann’s equilibrium solution associated to X := 0 (and A = 0) is the
couple (Yx, Qx) = (0, P). Here the vector a is taken a priori to be equal to [0, ..., 0].
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Example 5.4 (SORTE) From Theorem 5.1 with X := 0 and A = 0 we obtain for the SORTE
that: the optimal probability measure Q coincides again with P; the optimal Y is:

-~ 1
Y" = — [In(ap) — Eg [In(a)]] :=a". (74)
qp
Recalling that 6 is in fact a minimax measure for the optimization problem o (0) (see the
proof of Theorem 4.12), we can say that

Lemma.4.16 - (70L(72)

s7©) = s%(a) 00 = ""N- /36_% (75)

Notice that if the o, are equal for all , then S P (0) = 0, but in general

o

SPO)y=N—Be 7 >0.

Indeed, by Jensen inequality:

3 N LOln N
e B = ERIN@] < pro[e@) = Epla] = Z 720;\’/’ T = 3
n=1 k=1 oy
From (74) we deduce that the o, are equal for all n if and only if @" = 0 for all n, but in
general @" may differ from 0. As Y" = @", the same holds also for the optimal solution Y.
When a” < 0 a violation of Individual Rationality occurs.
Conclusion The SORTE solution associated to X := 0 (and A = 0) is the triplet (Y, P, Q)
where Y =@ is assigned in Eq. ( 74).

The above comparison shows that a SORTE is not a Biihlmann equilibrium, even when
X :=0and A = 0. When the «,, are all equal, then the Biihlmann and the SORTE solution
coincide, as all agents are assumed to have the same risk aversion.

Remark 5.5 In this example, notice that we may control the risk sharing components Y" of
agent n in the SORTE by:

|Y"| <

[In(ormax) — In(emin)]

min

Suppose that amin < Omax and consider the expression for Y" = 3" in (74). If o; = amin
then the corresponding Y/ < 0 is in absolute value relatively large (divide by amin), while if
o) = Omax the corresponding Y k'~ 01is in absolute value relatively small (divide by amax)-

5.3 Dependence on weights and stability

We now provide a detailed study of the dependence on weights, as introduced in Remark
1.3, in the exponential case. Given y,, € (0, +00), n =1,..., N and uy, ..., uy satisfying
Assumption 3.10 (a), we recall that ul (x) = Yaun(x), n = 1,..., N and we denote by
v} () their convex conjugates. These functions ul satisfy Assumption 3.10 (a).

In our exponential setup and under closedness under truncation, a different weighting only
results in a translation of both allocations at initial and terminal time of a SORTE, without

affecting the optimal measure:
Proposition 5.6 Consideruy, ..., uy as given in (61) and take the associated ”)1/’ R u}/\, as

above. Suppose B satisfies Assumption 3.10 (b) and is closed under truncation. Call (?, 6, 5)

@ Springer



Mathematics and Financial Economics (2021) 15:233-274 267

the unique SORTE associatedtouy, ..., uy, and similarly define (?y , Qy , ﬁy) as the unique
SORTE associated to u}l/, o, u}/\,. Then

YE=Yi+a(y) k=1....N
d@k dék

T;:F kZI,...,N
@ =a"+aly) k=1..N

where

N 1 1
1 Zn:l o, In Y 1 1 1
au(y) = Nl(y) ——n (—) = — (n(y) — Exn()]) k=1,....N.
o Vi Ok

Zn:l a, ®k

Proof For a general set 3, we here provide only a sketch of the proof. Using the formulas for
vy, ..., Uy, after some computations one can write explicitly the minimax expression (31).
Then use the gradient formula (32) to deduce (76). A more direct proof, that works only for
sets 3 in the form described in Example 3.17, is based on the observation that

n

Ul (x) := Yntn(X) = Y — Y eXp(—ayX) = ¥y — €Xp (—an [x L ln(yn)D .

Hence, (?7,, Qy,ﬁy) can be obtained by a straightforward computation from the solution
(Y, Q,ﬁ), which is explicitly given in Theorem 5.1, using X" — é In(y,), n=1,...,Nin
place of X. O
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A Appendix
A.1 Orlicz spaces and utility functions

We consider the utility maximization problem defined on Orlicz spaces, see [36] for further
details on Orlicz spaces. This presents several advantages. From a mathematical point of
view, it is a more general setting than L°°, but at the same time it simplifies the analysis,
since the topology is order continuous and there are no singular elements in the dual space.
Furthermore, it has been shown in [9] that the Orlicz setting is the natural one to embed utility
maximization problems, as the natural integrability condition E[u(X)] > —oo is implied by
El¢(X)] < +o0.

Letu : R — R be a concave and increasing function satisfying limy_, _ @ = +4o00.
Consider ¢(x) := —u(—|x|) + #(0). Then ¢ : R — [0, +00) is a strict Young function,
i.e., it is finite valued, even and convex on R with ¢ (0) = 0 and lim,_, d’ix) = +00. The

@ Springer


http://creativecommons.org/licenses/by/4.0/

268 Mathematics and Financial Economics (2021) 15:233-274

Orlicz space L? and Orlicz Heart M? are respectively defined by
L?:={Xe L°(R) | E[¢(X)] < +00 for some o > 0}. (76)
M? = {X e L°(R) | E[¢(aX)] < +oo forall & > 0}, (77

and they are Banach spaces when endowed with the Luxemburg norm. The topological dual
of M? is the Orlicz space L?", where the convex conjugate ¢* of ¢, defined by

¢*(y) :=sup {xy — ()}, y €R,

xeR

is also a strict Young function. Note that
Elu(X)] > —o0 if E[¢(X)] < +o0. (78)

Remark A.1 Tt is well known that L®(P; R) € M? C L? C L'(P;R). In addition, from
the Fenchel inequality xy < ¢ (x) + ¢™(y) we obtain

Q do
(a IXI)(?»*><¢( 1X]) + ¢* ( dP)

for some probability measure O < P, and we immediately deduce that % € LY implies
L? € L'(Q:R).

Given the utility functions uy, --- ,uy : R — R, satisfying the above conditions, with
associated Young functions @1, --- , ®n, we define
M® =M® x .o x MOV, L® =L% x...x L®V. (79)

A.2 Auxiliary results

LemmaA.2 Let v : [0,400) — R U {400} be a convex function, and suppose that its
restriction to (0, +00) is real valued and differentiable. Let Q < P be a given probability

measure with v ( dQ) elL! (P) forall » > 0. Then

1. V' is defined on (0, +00) and real valued there and extendable to [0, +00) by taking
lim, .0 v/(x) € R U {—o00). Also, $3v' (15%) € L'(P) for ail 3. > 0.

2. If g is such that g + E € LY(P), then v (g%) e L (P).

3. If v (0+) = —o0, V/(+00) = +00 and v is strictly convex F(y) := E [%v’ (y %)]
is a well defined bijection between (0, +00) and R.

Proof Lemma 2 of [8]. ]

The following dual representation holds:

Theorem A3 Let uy...,u, : R — R be strictly increasing and concave functions. Let
C € M® be a convex cone such that for every i, j = 1,..., N, ¢ — ¢j € C. Denote by co

the polar of the cone C in the dual pair (M®, L®")

N
. =1zeL® st ZE[YJ’ZJ’] <0vYec
=1
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Set
fi={zec® st B2 ]|= =E[2V] =1}, )" ={zec) st 2 = 0fora j

and suppose that

N
sup ZIE[uj(X-i+Yj)] <400 VX e M®.
j=1

Then

ot (Rl £l (42

reRy, Qe(C)H+ = iz
If any of the two expressions above is strictly smaller than Z;v:l u j(+00), then
N

sup Z]E[u,(Xj—f-Yj)]
vee \i5 '

o (e S ()]

reRy 4, Qe(ChHt =1

Proof Observe first that X — p(X) = —supycc (Z;V:l E[uj (Xj + Yj)]) is a non

increasing, finite valued, convex functional on the Fréchet lattice M®. Only convexity is
non-evident: to show it, consider X, Z € M® and Y, W € C. For any 0 < A < 1, we have

by concavity

,\iﬂz[uj (x/+v))]+a —k)iE[uj (27 +w)]

j=1

i Bu (MX7 +7) + (=02 +Wh)]

i [uj (AXj (=07 + (AYj F(— A)Wj))] < —pOX+ (1 —NZ)

as AY + (1 — A)W e C. Thus taking suprema over Y, W € C we get
AM=—pX) + A =V (=p(D) = —p(AX+ (1 = 1)Z).

Now the Extended Namioka-Klee Theorem (see [10] Theorem A.3) can be applied and we
obtain

p(X) = max ZEP[X’( Z’)]—a(Z),

0<ZeL®*
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where
a(2)i= s (i [XM—Z/’)]—p(X))
g (Bt e el ()
- (M (Z ezl Z[ o ”)))
(Bt (St (b))

(80)

Observe now that —U (z) := Z;\Iz 1 —Uj (z/) forz € RY defines a continuous, convex, proper
function whose Fenchel transform is

(=U)*(w) := sup ({z, w) — (=U(2))) = sup ({z, w)+U(z))

zeRN zeRN

N
= sup (U(z) — (z, —w)) = Zvj(_w./‘).

zeRN

Now we apply Corollary on page 534 of [37] with L = M®, L* = L®", F(x) = —U(x) to
see that

N N N
sup ZEP[Wj(—Zj)]+ZIE[uj (Wj)] =Ep Zvj(Zj)
WeM® \ i =1 =1
and replacing this in (80) we get:
@(Z) = sup Z Ep [Yfzf] + Ep Z v;(Z9)
vec \ [ 5 s
Now observe that there are two possibilities:

o cither Z € C°, and in this case a(Z) = Ep [Z -1 Vj (Zf)] since 0 € C

e or «(Z) = +o0, since vy, ..., vy are bounded from below.
Hence
N
— sup Elu; (X +Y/ = max Ep|X/ (- Zf) —a(Z)
YeC Z [ J ( )] OSZELCD* Z [

N N
= — Jzi (7]
[ (feteoteaffo])

N N
- _osnéienco (':1 Ep [XJZI] +Ep |:Z vj(zj):|) :

J Jj=1
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Moreover, since for every i, j = 1,..., N ¢j — e¢j € C we can argue as in Lemma 4.1 to
deduce that ¢° N (L(j_)N =Ry - (C?)"‘. Replacing this in the expression (81) we get

sup ZIE[ (Xf + Yj>]

YeC j=1
N N
; 40’ do/
e 2] o ()]
reRy, Qe \ T -

To prove the last claim, observe that if the optimum A in the right hand side was 0, we would
have

sup Z]E[ (Xj—i—Yj)] =ivj(0)=§:”j(+00)»
j=1 j=1

YeC j=1
which contradicts our hypotheses. O
Theorem A4 Letuy, ..., uy satisfy Assumption 3.10. Let K C M® be a convex cone such

that foralli, j € {1,..., N} ¢; — &j € K and suppose that Q, # (), where

. dQ/ o dQ/ *
Q=1Q~ P 5 e LJ,IE|:vj<dP>]<+oo ZEQ,[k/]<OVkeK cL?.

Then denoting by clq(. . .) the closure in L' (Q]) X - x L1 (QN) with respect to the norm
IXllg := 3001 [ X7 1o we have

N
N co(k-1L@)={We M L' @) Eg [W/]=0vQeqs
QeQs QeQe j=1

Proof We modify the procedure in [8] Theorem 4. The inclusion (LHS C RHS) can be
checked directly. As to the opposite one (RHS € LHS), suppose we had ak € RH S and
aQ e 9 withk ¢ clg (K — L_l‘_ (Q)), thatis k ¢ LH S. We stress that by construction

N
> Eg[K]=0vQeqs. (82)
j=1

In the dual system
(L'Q. L*Q)

the set clq (K — Li_ (Q)) is convex and o (L1 Q), LOO(Q)) -closed by compatibility of the
latter topologl with the norm topology. Thus we can use Hahn-Banach Separation Theorem
to get a class & € L*°(Q) with

N

0= sup ZE[E’W’ ] Z]E[’k’ } (83)
1

We(K-LL@Q) \ j=
We now work componentwise. First observe that

[—1g o)l €0- LY Q S K - L} (Q),

@ Springer



272 Mathematics and Financial Economics (2021) 15:233-274

so that gj >0 Qj-a‘s. for every j = 1,..., N. Hence ?jdd—%j > 0 P-as. for every j =
1,...,N.
Moreover, since forall 7, j € {1,..., N} ¢; — ¢; € K, we have
., dQ! ~ydoV
Elg' = |=...=E|eVN=—]|. 84
10 e[ <>

It follows that forevery j =1,..., N

~,dQJ
P&/ 40’ >0)>0
dp
since if this were not the case all the terms in Eq. (84) would be null, which would yield
o~ 1 o~ N
E190 — ... =EN 48T — 0, a contradiction with (83).
Hence the vector

dof _ L5 do/
dP = g [g,- a0 ] dp
is well defined and identifies a vector of probability measures [Q}, ey QllV 1. We trivially
have that
' Ao o
1« P, —LelL®,
01 <P

and by Eq. (83), together with (84)

N j N J
.d -d
sup E|wide <0<) E w991 (85)
Wek \ % dpP - dpP
j=1 j=1
We observe that if we could prove Q; € Qf, we would get a contradiction with (82). However
this needs not to be true, since we cannot guarantee Q{, o Q{V ~ P.

k
As Q € Qf, we have Q ~ P, and for Q; above we have Q; <« Q, % e L®(0% =

L% (P). Take A € (0, 1] and define Q;, via

d k k d k
&::)\.£+(l_)\.)&.
dpP dpP dpP

We now prove that Q- € Q. It is easy to check that
k
doj

d k
Qk<(1—)\)—+x,

0<a< 2k
=M= 4ok = a0k

K . do¥
d—QQ, together with E [vk (W)] < +ooVk =
I,..., N (Q € Q¢ by construction), yields

P8

d k
:E[uk<g’<—>] <400, Yke{l,...,N}, »€(0,1].

so that Lemma A.2.2. with g = g := d0
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Moreover Q € Qf and A > 0 imply Q’/{ ~ Pforallk =1,..., N. This, together with Eq.
(85), yields

N do’
ZIE Wfd—PA <0VWeK,Vre(,1].
=1

We can conclude that Q; € Q¢, YA € (0, 1]. At the same time

N

N j P
.d .do/

ZE kJ& =)‘ZE[H£]

o dpP = dP

N j N j
-dQ .dQ1 | Eq.(85)
1—2 Elk—=L| — S E|&/=L 0,
+ ); aP | =0 /Z] ar | 7

which gives a contradiction with Eq. (82). We conclude that RHS € LHS. O
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