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Abstract

Consider a dominated family Q of probability measures; we in-
vestigate the question of whether a single probability Q € Q equiv-
alent to the whole family Q exists. We show that for supermartin-
gale, quasimartingale and martingale laws the answer is positive. We
then provide a necessary and sufficient condition for the existence of
an equivalent (super, quasi) martingale measure and deduce an al-
ternative characterization of semimartingales. We further study this
problem in the context of security markets models and generalize the
well known fundamental theorem of asset pricing to cover the case of
markets with frictions.
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1 Introduction

Let £ = L(Q, F) be the set of probabilities defined on a measurable space
(92, F) and fix a probability measure (pr.m.) P € L. Let L°(Q, F, P) be the

space of P — a.s. finite random variables on (2, F) and, for any subset V' C



LoQ, F,P),setV, 2{fecV:f>0P—as}, Vi, 2{fecV, :P(f>0) >0},
and analogously for V_.

Let K be a convex subset of L°(Q, F, P) with 0 € K, and define:

K2{QeLl: Q< P, KCLYQF, Q) and supEglk] < +o0},  (e)
ek

Qfé{QGQf:QNP}.

A relevant role for our further analysis is played by the following property:

Definition 1 We say that a family Q@ C L is tamed if there exists a Qe

such that Q < Q for all Q € Q.

A first significant application of this property is provided in theorem 9,
where we prove that:

if the family QX is tamed, then
Qr #0 (A)

if and only if

Ve L® (,F,P), ¥ >0:Vr>¢ rf¢ K—LP(Q,F,P)", (C)

where 7T is a specific weak topology that we will introduce and explain later
(def. 6).
As we now show, the importance of this theorem is revealed from the

investigation of almost sure properties of stochastic processes.
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Let x be a finite or countable family of real adapted stochastic processes

on a filtered probability space (2, F, (F;)ier, P), where 7 = [0, +00).

Definition 2 We call a probability measure Q € L(Q,F) a quasimartin-
gale law for x if each process X € x is a (Fi)ier—quasimartingale under
the probability measure Q). Similar definitions apply for semimartingale, sub-

martingale, supermartingale and martingale laws for x.

Our first task is to show that the families of quasimartingale, supermartin-
gale, submartingale and martingale laws for y, that are absolutely continuous
with respect to P, may be represented in the form (e) for a suitable choice
of the set K (lemma 11).

Then, our second task is to show that the families of quasimartingale,
supermartingale, submartingale and martingale laws for y, absolutely con-
tinuous with respect to P, are all tamed families (theorem 13 and corollary
14).

So, we can apply theorem 9 above mentioned and conclude that (corollary
15):

condition (C'), with the appropriate choice of the set K, is necessary and
sufficient for the existence of a quasimartingale, supermartingale or martin-

gale law for x equivalent to P.

An important consequence of this result is an alternative characterization

of semimartingales (theorem 16):



a real adapted stochastic process X € x is a semimartingale if and only

if condition (C') holds, where

K = { / HdX : H is elementary predictable process, ||H ||, < 1} :
0

It is possible to interpret these results in the theory of stochastic mod-
els of security markets. The so called fundamental theorem of asset pricing
(informally) states that in frictionless markets there exists an equivalent mar-
tingale measure (also frequently called risk neutral measure) if and only if
the market admits "no arbitrage”.

Many authors ([1], [2], [3], [5], [6], [9], [12], [13], [14], [15]) have proposed
different models of frictionless security markets (essentially assuming differ-
ent hypotheses on the classes of admissible stochastic processes representing
deflated price processes and of admissible trading strategies) in order to give
the above theorem a precise and rigorous formulation.

An important step in this direction was formulated by Stricker (1990 [15])
who discovered the pertinence of a theorem of Yan [16] to this subject. Yan’s
theorem has become an important tool in most subsequent works in the area:
and indeed also proposition 8 is clearly inspired by Yan’s work.

In a former paper [6] Frittelli and Lakner studied this problem in the
context of frictionless market (the martingale case) and provided a new for-

mulation of the fundamental theorem of asset pricing. No one would expect
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the theorem to be true in frictional markets too (see for example Jouini &
Kallal [11]), but in this work we analyze to what extent and under what re-
strictions the theorem may be generalized to cover also the frictional markets
cases.

We model a fairly general class of restrictions by requiring the trading
strategies to belong to a convex set ©. The selection of this set determines the
class of admissible trading strategies. The generality of the specification of ©
provides sufficient flexibility in order to treat different forms of constraints.
Moreover, in our model any real adapted stochastic process may be selected
for representing the (deflated) price process of an available asset.

In section 4 we interpret condition (C') as a no extreme arbitrage oppor-
tunity condition and we then deduce that there exists an equivalent quasi-
martingale measure if and only if no extreme arbitrage opportunity exists
(corollary 18). This may also be rephrased by saying that a real adapted
process s a semimartingale if and only if no extreme arbitrage opportunity

exists. The special case of shortsale constraints is also considered (corollary

18).



2 Tamed families of probabilities

2.1 Properties and examples

We recall that two families R,Q C L of probabilities are equivalent (R ~ Q)
iff VAe F(R(A)=0VReR) < (Q(A) =0VQ € Q) and that a family
of probabilities Q is dominated by a probability Q if Q <« Q V@ € Q. So, a
family O is tamed if and only if it is dominated by a single measure QeQ.
Clearly, a single probability Q € Q dominates the family Q if and only if

~

Q~ Q.

Lemma 3 A dominated family Q C L s tamed if, for any countable family
{Qn},cn € Q, there exists a sequence {ay}, ., of positive real numbers such

that > a,Q, € Q.
n=1

Proof. The Halmos-Savage lemma [8] guarantees that any dominated family
of probabilities @ contains a countable equivalent family. Thus, to show
that a dominated family Q is tamed it is sufficient to prove that any given

countable family {Q, }nen € Q is dominated by some measure in Q. B

Remark 1 A dominated family Q is tamed if and only if for any given

countable family {Q,}, ., € Q, there exists a sequence {ay}, ., of set func-

neN eN

tions a, : F — (0,400) such that > a,Q, € Q (we defer the proof to the
n=1

Appendiz).



Recall the notation (e) given in the Introduction for QX. Note that if K
is positively homogeneous (k € K,A >0 = M € K ) then QX = {Q € L :
Q< P, KCLYQ F,Q)and sup Eqlk] = 0} while if K is homogeneous (k €
K,AER:>>\I<:EK)thenQEE{QEE:Q<<P, K C LY(Q,F,Q) and
Eglkl =0VEk € K}.

Here are two trivial examples of tamed families (we defer the proofs to

the Appendix):

Example 4 Let K C L>(Q, F, P) be such that QX is not empty, then QK

18 tamed.
Example 5 Let K C L°(Q, F, P) be countable, then QX is tamed.

Note that from a well known theorem of C. Dellacherie ([4] Ch.VII, Th.
57) one may deduce that, for K countable, there always exists a probability
measure () equivalent to P such that K C L'(Q, F, Q) and supyex Eglk] <

+o00. This implies that QF is not empty and QF is tamed.
2.2 The topology

We denote with 3(€2, F) the space of finite signed measures on (2, F). Let

K C L°(Q,F, P) be an arbitrary set. Define:

Sk 2 Lin {K U L®(Q, F, P)},



S = ,uEZ(Q,f):u<<Pand/|s|d|,u|<—i—ooVsESK
Q

= {§ e LY (Q,F,P): Ep[ls's]] < +oo Vs € Sk} .

Note that S} is a subspace of the algebraic dual of Sk and so (Sk,Sk)

defines a dual system.

Definition 6 Let 7 be any topology on Sk compatible with the dual system
(Sk, Sk)-

(Sk,Tk) is a locally convex topological vector space (see Grothendieck
[7], Ch. II, Sec. 8 & 13) that, in general, is not metrizable (see Frittelli &
Lakner [6], [13], for further details on this topology).

One example of a topology compatible with (Sg, S’ ) is the weakest topol-
ogy 7 on Sk which is stronger than each L!(§, F, Q)—norm topology, for all
Q ~ P such that K C LY(Q, F,Q) (again see [6] for more details).

Note also that if one requires K C L>*(Q2, F, P) then Sk = L>*(Q, F, P),
St = LY(Q, F, P) and one may, for instance, choose as 7x the more familiar

weak* topology o(L>, L') on L>®(, F, P).

Remark 2 Sy, S% and Tk are invariant under substitution of P with an
equivalent probability measure: this implies that also the geometric condition

(C) will have this remarkable property.



2.3 A basic theorem

Let K C L%, F,P). For any V C Sk we denote with V'° its closure in

the 7k topology. Consider the following conditions:

(A) QK #0.

(B) VAGf:P(A)>OE|QAEQ(If:QA(A)>0.

(C) Vf e LX (Q,F,P), I3 >0:Vr>7¢ rf¢ K—LO(Q,F,P) "

(C1) L (0, F,P)NK — LY(Q, F,P) "~ =0.
(T) QF is tamed (ie. 3Q € QX : Q < Q VQ € QF).

Proposition 7 If the family QX is tamed, then (A) and (B) are equivalent.

If the set K is positively homogeneous then (C) and (C1) are equivalent.

Proof. It is straightforward to check that: (A) = (B); (A) = (T); (B) and

(T) = (A). The second statement is obvious.

Proposition 8 Let K C LY(Q, F, P). Then (A) implies (C). If K is convex

and 0 € K, then (C) implies QX # 0 and (B).

A

Proof. (4) = (C): Let Q € QX and ¢ £ supy E[k] < +oo where E[k] £
Epljk] and § 2 9@ € Si.. Define G 2 {3 € Sk : B8] <

yiE ¢r. G is closed

in (Sk,Tx) since § € Sy . If g € (K — L) then E[g] < ¢ and therefore



(K — Lf)TK C G. Let f € LY,; then E[f] > 0 (since Q ~ P) and we may

select 7 = E(Ef]' For 7 >  we have: E[rf] > #E[f] = ¢ hence rf ¢ G.

(C) = (B) : This part of the proof, which is inspired by Yan [16], is a
simple application of the separation theorem in locally convex T.V.S. Fix
A € F such that P(A) > 0 so that 14 € L, . Fix also r > 7. Since the
compact set {rl,} is disjoint from the closed convex set (K——Ljr‘o)TK the

separation theorem (Grothendieck, [7] , Ch. II, Sec. 7, Prop. 10) guarantees

the existence of a non trivial functional s’ € S, such that

sup FEpls'(k—h)] < Ep[s'rla] < +oc.
keK,he L

Take k = 0; then sup Ep[—s'h] < 400 implies s’ > 0 P — a.s.. Define Q4

heLy

dQa _ &
by d—I;“—HSfTLl,sothenQA<<P.

Take h = 0; then sup Eg,[k] < Eg,[rla] = rQa(A). Hence Q4 € QX
keK

and QF is not empty. Now, 0 € K implies Q4(A4) > 0. W

From propositions 7 and 8 we deduce:

Theorem 9 If QX is a tamed family and K C L°(Q), F, P) is a convex set

with 0 € K then conditions (A), (B) and (C) are equivalent.

Remark 3 Note that one may replace L, with (Sk)++ and L with (Sk)+

in condition (C').
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Furthermore, let f € LY, and let the set U(f) C [0, +o00] be defined by:

R —< _ JfE 0 A
U(f):{az{ Tég z; Eiﬂi() , for Q € QX andcz:g}gEQ[k]<—l—oo}.

Set: r(f) = infU(f) < +oo. Clearly (B) holds if and only if 7(14) <
+oo VA € F : P(A) > 0. Moreover one may select r(f) to replace © in
condition (C). Indeed: (A) = (C) with 7 = r(f) (we defer the proof to the

Appendiz).

3 Almost sure properties of stochastic
processes

3.1 Quasimartingale, supermartingale and martingale
laws

Let T £ [0,+00), ( F,(Fi)ier, P) be a filtered probability space with
Fo trivial and complete, x = (X7);ey be a family of real adapted stochas-
tic processes X7/ = (X}),., on (Q,F, (F)ier, P), where the index set J =
{1,2,...} € N may be finite or countable. Set J = sup {J} < +oc.

Let © = (©7);cy, be a family of subsets ©/ C L°(Q, F, P) such that
0 € ©7. Denote by E the space of bounded elementary predictable processes
on (Q, F, (Fi)ier, P) (see Dellacherie & Meyer, [4], Ch. VIII, 2.) and by E®’

the class of processes H € F that have the following representation:

H=> Hly.y,, where H;€L™(Q,F, P)Ne

1=0

and 0 <ty < ... < t,y1 is a finite sequence of time indices t; € 7.
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For any j € J and X7 € y we may define the elementary integral appli-
cation
I;: B9 — L°Q,F,P), H—> H(X]

tit1
1=0

Let us denote the image I;(E®) of E®’ by I;[07).

-1,

Define:
J

HCIESYPAC

j=1
Note that f € I[O] if and only if f = f; + ... + f;, is any finite sum of

elements f;, where each f;, belongs to a different set 1;,[©7i]. Notice also that
0 € I;[©7] and that if © are all convex sets then I;[©7] and I[0] are convex
as well. We now select four specific sets of special interest; we defer their

financial interpretation to section 4.
Definition 10

M = I10] when © = L°(Q, F,P)Vj el
M_ £ [[0] when © = L°(Q, F,P)Vje€]
M, £ 1[0] when © = LY (Q,F,P)Vj€]

M, 2 I[0] where © =0, 2 {H € L™(Q, F,P) : |H||oo <1} Vj €.

Similar definitions apply for each component (for example M: i £ [;[09] when

e = L9(Q, F, P).

In the following we will replace the set K appearing in sections 1 and 2
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by the convex sets M, M_, M, M,. Note that 0 belongs to all the above sets,

M is a linear space, M_ and M, are positively homogeneous.

Lemma 11 If x is a finite family, then QM represents the set of quasi-
martingale laws for x that are absolutely continuous w.r.to P. For a countable
family x, QM= QM+ OM represent respectively the sets of submartingale, su-

permartingale and martingale laws for x that are absolutely continuous w.r.to

P.

Proof. First note that the integrability requirements are satisfied for all the
pr.m. we are considering (note also that if Fy was not suppose to be trivial,
an integrability condition on X, should have been assumed). Let ) < P.

Define:

n

=0

[}

where the sup is taken over all finite partitions 7(t) of [0,¢]N7. By definition
X7 is a Q—quasimartingale if Varg[X7] £ Varg[X/]. < +oo. If f € M],
then:

n

Eqlf] = Eol) | HI(X].,—X{)] = Eq[Y_ HIEq[X{,,,—X]|F]] < Varg[X]
=0

=0

and one gets the equality sup Eg[f] = Varg[X?] from considering H! =
femd

sgn(Eq[X] - ng_ | F1.]). Therefore @ is a quasimartingale law for X7 if and

tit1

only if sup Eg[f] < +oc.
femi
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J .
For a finite family x, sup Eg[f] = Y. Varg[X’], and so @ is a quasi-
fEM1 jZl
martingale measure for x if and only if sup Eg[f] < +oc.

M

() is a submartingale (resp. superrifartingale) law for X/ if and only
if Eg[f] < 0Vf € M (resp. Mi) and hence, if and only if @ € Qi\/[i
(resp. QMZr) since M’ and Mi are positively homogeneous. Therefore () is
a submartingale (resp. supermartingale) law for y if and only if Q € QM-
(resp. QM+).

@ is martingale law for X7 if and only if Eg[f] = 0Vf € M7 and hence, if
and only if Q) € Qg/ﬂ, since M7 is homogeneous. Therefore Q is a martingale
law for y if and only if Q € QY. m
3.2 The taming property of (super, quasi) martingale

laws
We consider now a well known result (due to J.Jacod, [10], Ch.7, Th.42).
The probability measures in theorems 12 and 13 are assumed to be absolutely

continuous w.r.to P.

Theorem 12 (countable convexity of semimartingale laws). Let {Q,}, . be

neN

semimartingale laws for a process X € x, a, positive constants such that

Sa,=1and Q= Y a,Q,. Then Q is a semimartingale law for X.

n=1 n=1
From this theorem and lemma 3 we deduce that the family of dominated

semimartingale laws is tamed. We now show that also the families of domi-
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nated quasimartingale, submartingale, supermartingale and martingale laws,

for the countable family y, are tamed:

Theorem 13 Let {Q,} be quasimartingale laws (resp. submartingale,

neN
supermartingale, martingale laws) for x. Then there exist positive constants
a, such that il an =1 and Q = il a,Q, s a quasimartingale law (resp.
submartingale,_supermartmgale, ma;tingale law) for x.

Proof. First assume that y consists only of a single process X7. Vn € N,
V0 < s < t the inequality [X7| < |Eq, [X]|F| + [X] — Eq,[X]|F]| <
Eq,[|X7 |7+ Bq,[X] — X]|F]| holds and we get Eq,[|X]|] < Eq,[|X7[] +
Eq,[|Eq.[X] — XI|F|] < Eq,[|X][] + Varg,[X7];. Define:

A 27"

14 Eo, [| XA + Varg, [X7],

n

so that for each s € 7, and for n sufficiently large (n > max(s, j)) we have:
bnEQnHXgH < bn(EQnHX%H + VarQn [Xj]n) < 27",

Assume that each @, is a quasimartingale law for X7. Set

by _ -
a, = al Varg, X7’ where o € R is such that Zan =1.

n=1
Clearly 0 < b, < 27 and 0 < a, < ab,. Since @ is a probability
measure, we need only to show that Varg[X’] < +oo. For each s € T,

S

the series > b, Eq, [|X?|] converges and so does > a,Fo,[|f]] for any f €
n=1 n=1
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M. The monotone convergence theorem and the dominated convergence

theorem now imply that Varg[X’] = sup Eglf] = sup Y. a,Fg,[f] <
femd femi n=1

13

a,Varg, [(X7] <

n=1 n

Assume now that @), are submartingale laws for X7. Let

ab,, < a.
1

a _bn

>~ bm
m=1

Qn

&)
Then, by the same argument as above, > a,FEq,[|f|] converges for each
n=1

fe M and we get Eg[f] = . anEo,[f] <OVf e M.
n=1
If Q,, are supermartingale laws for X/ then Q,, are submartingale laws
for —X7. Q £ 3" a,Q, is therefore a submartingale law for —X7 and hence

n=1

a supermartingale law for X7.

If ,, are martingale laws for X7 then (), are submartingale and super-

o0

martingale laws for X7 and therefore so is Q = Y a,Q,. Being both a

n=1

submartingale and a supermartingale law, @ is a martingale law for X7,
To prove the theorem when Y is a finite or countable family, just replace
b,, with
2—n
14+ max {EQnHX%H + Varg, [Xj]n}

1<5<nAJ

-1
and, for the quasimartingale case, a,, with ab,, (1 + max {Varg,[X’ ]}> .m
1<j<nAJ

From theorem 13, lemma 3 and lemma 11 we immediately get:
Corollary 14 Each (not empty) family Q¥ QM- QM+ QM s tamed.
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3.3 A semimartingale characterization

Theorem 9, proposition 7 and corollary 14 now yield:

Corollary 15 If the family x s finite, then there exists a quasimartingale
law Q for x equivalent to P if and only if (C') holds with K replaced by Mj .
For a countable family x, there exists a martingale (resp. submartingale,
supermartingale) law Q for x equivalent to P if and only if (C1) holds with

K replaced by M (resp. M_, M, ).

Remark 4 Conditions (C) and (C1) are invariant under substitution of the
reference measure P with an equivalent one; therefore, the statements in
corollary 15 may be interpreted as an almost sure characterization of quasi-
martingales, supermartingales and martingales. We note that (only) the mar-

tingale case was considered in a previous work (Frittelli & Lakner [6]).

Since a real adapted process X = (Xy)ier is a (0, F, (Fi)ier, P) semi-
martingale up to infinity if and only if there exists a probability measure
() equivalent to P under which X is a quasimartingale (see for example
Dellacherie & Meyer [4] Ch. VII, Th. 58 and also Remark 58 for the general-

ization to vector valued process), from corollary 15 we deduce the following:

Theorem 16 A vector valued adapted process x = (X}, ..., X )ier is a
(Q, F, (Fi)ier, P)-semimartingale up to infinity if and only if condition (C)

holds with K replaced by M.
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Remark 5 We have chosen the index set T = [0, +00) in order to simplify
the notation. However, any subset of [0,+00) (containing 0) would also be

appropriate (we defer the proof to the Appendix).

4 Security Markets models

We apply the results of previous sections to the study of stochastic security
markets models.

Let 7 = [0,7] and let now the finite family x = (X}, ..., X/ )er of
real adapted processes on (2, F, (F;)ier, P) represents the (deflated) price
processes of J securities available for trading in the market. The set of
cumulative gains resulting from trading in the available assets is 1[0©] where
O now determines the class of admissible strategies:

J
HEIRE {Z ki k€ L[©)Vj=1, N}
j=1

ki = Lo(H) 2y HI(X], —X]) for H € B
=0

We see that a trading strategy consists of the selection of a finite number of
trading dates 0 <ty < ... < t,,11, t; € T and a finite number of a.s. bounded,
F,,—measurable r.v. H] € ©7 which determine the amount invested in asset
J between date ¢; and ;1.

If © (for all j) coincides with the whole space L°(€, F, P) then no re-

strictions are imposed on the class of trading strategies and the set M of
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cumulative gains (or the set of contingent claims replicable with admissible
trading strategies with zero initial cost) is a linear space. The limitation of
no short selling is modeled by requiring ©/ = L% (Q, F, P) and in this case
M, is a convex cone. Further (convex) constraints on trading strategies may
be imposed simply by requiring that ©7 is a (convex) set, as in the case of
©; and M;.

It has been already pointed out by many authors (see for example Jouini
& Kallal [11]) that, when one allows frictions in security markets models, one
may not expect to identify the appropriate pricing functionals with equivalent
martingale measures (or risk neutral measures). For example when there
are shortsale constraints it is reasonable to look, for the purpose of super-
replication and no arbitrage pricing for equivalent supermartingale measures:
indeed one would like to bet the supermartingale goes down, but one is unable
to do so because of the constraint.

In the sequel we will denote with K C L°(Q, F, P) an arbitrary convex
set that is to be interpreted as the set I[0] of cumulative gains. We will then
replace the generic set K with sets of the form I[©] for specific selections of
the convex sets ©7.

From the previous sections we know that (A) is the condition of the
existence of a quasimartingale (resp. submartingale, supermartingale, mar-

tingale) law @) equivalent to P, when K is replaced with M; (resp. with
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M_, M., M). From corollary 14 and proposition 7 we know that (A) and
(B) are equivalent.

We say that a random variable k € K is an arbitrage opportunity if
k>0 P —a.s.and P(k > 0) > 0.

Remark 6 If the set K is positively homogeneous, then, (B) implies that
there are no arbitrage opportunities. Indeed, suppose k is an arbitrage oppor-
tunity and let A = {k > 0}. Then there exists a Q4 € QX : Q(k > 0) > 0
and Qa(k < 0) = 0 (since P(k < 0) = 0). Therefore Eq,[k] > 0 which

contradicts the requirement that sup,e Eq k] = 0.

Definition 17 We say that (K, Tx) admits no extreme arbitrage opportu-
nity if condition (C') holds.

We say that (K, Tk) admits no global free lunch if condition (C1) holds.

Note that by definition there exists an extreme arbitrage opportunity if

and only if

f € L., I{an}, ey € Ry st a, — +oo and (a,f) € K — L2 “ ¥n € N.

Here is an (informal) interpretation of these definitions; (we will suppose, in
order to simplify the notations, that x = {X}).
A global free lunch (for M, ) consists of a P — a.s. non negative and non

zero random variable f which may be ”approximated” by a random variable
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. N
f=9g—heM, - LY Whereg:;)Hi(Xt

by a bounded trading strategy (H;);—o..n such that H; € L>(, F,, P) and

w1 — Xi) € My is replicable
H; > 0 P—a.s. (prohibition of shortselling). Note that, even though each H;
is bounded, the approximation of f may eventually require arbitrarily large
investments.

An extreme arbitrage opportunity (for M) consists of a P —a.s. non neg-
ative and non zero random variable f and a diverging sequence «,, of positive
real numbers such that each (arbitrarily large) (., f) may be ”approximated”
by random variables fn = gn — hy € My — LY where g, = g%)Hf(Xti+1 —
X:,) € M is replicable by a bounded trading strategy (H{L)izo,_m, ~ such that
H € L>*(Q,F;,, P) and ||H"||co < 1 Vn € N . This means that in order to
approximate each «, f only investments that do not exceed a limited amount

are admitted.

Corollary 15 and theorem 16 may now be restated as:

Corollary 18 There exists a quasimartingale law Q) for x equivalent to P if
and only if (My,Ty,) admits no extreme arbitrage opportunity.

There exists a submartingale (resp. supermartingale, martingale) law Q
for x equivalent to P if and only if (M_, 7y ) (resp. (My,7a.), (M, 7n))
admits no global free lunch.

A wvector valued adapted stochastic process x is a vector semimartingale

if and only if (My,7y,) admits no extreme arbitrage opportunity.
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5 Appendix

Proof. Remark 1. We show that if Q € Q dominates Q and hence any

countable family {@,} ., € Q then it is possible to determine set functions

n>1
o0

a, with positive values so that Q(A) = 3 a,(A)Qn(A), A € F. Assume

n=1

that @ ~ {Qu},>; ~ Q, Q and Q, € Q and fix a set A € F. Given
A and {Qy},>, one uniquely determines the strictly increasing subsequence
{hA}j: v €N, N < +o0, such that QhJA(A) >0 (if Qu(A) =0¥n >1

then a,(A) =1Vn >1). Define

1 .
1 i O, (A) =0 v if N < +o0
an(A) £ { QA i v (A) 0 where , £ ¢ 277 if N =400, n=hi.
Ing,@y 1 Qn(4) > 1 otherwise
oo N ~ N ~
Thens 3° 0,(4)Q(4) = 3 app(A)Qus(4) = QA) 3. 15 = Q). m
n= J= J=

Proof. Example 4. Assume that QF £ (. Let {Q.}nen € QF and
cn = supgex Eo, [k] > 0 (since 0 € K). Define:

e}

~1
2—n 2—n
A A
an—al e where o = (E ] Cn> )

n=1

Clearly a < 400, 0 < a, < a2 and Y a, =1. Let Q = 3" a,Q,. Since

n=1 n=1
anEq,[|k|] < a27"||k||, for each k € K ) a,Eq,[|k|] is convergent and we

n=1

get: Eglk] = Y. anFo, k] < S anc, <ad 2" =a,s0Q € QK.
n=1

n=1 n=1

Proof. Example 5. Let {Q, }nen € OF, K = {k;},y and ¢, = sup,ey Eo, [ki] >
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0 (since 0 € K). Define

-1
27" b = b
b, & ,an = a———, where a£ = .
1+ maxy<i<n (Eq, [|Kil]) 1+c, 2 L+c,

n=1

Clearly 0 < b, < 2™ , a < 400, 0 < a, < ab, and Z:cznzl.LetQé

n=1
(o, ¢]

> a,Qn. From b, Eg, [|ki|]] < 27" for n > i, we deduce that Y a,FEq, [ kil]
n=1

n=1

is convergent for each i € N and we get Eglk;| = > a,Eg, [ki] < D ancy, <
n=1

n=1

ad 2m=a,s0Q€ QK. m
n=1
Proof. Remark 3. Let f € LS, . Then, since Q € QX E[f] > 0and r(f) <

+00. Take any r > r(f) and let ¢ > 0 such that r = r(f)+¢. By definition of

£

r(f) there exists a® € U(f) : r(f) < af <r(f)+e. Let Q° € QF : o° = Vo3l
where ¢ = supcx E°[k] < +oo, E°[k] £ Ep[y°k] and y° £ 2L € S} since
@Q° € QK. Define G° = {s € Sk : E°[s] < }. G° is closed in (Sk, Tx) since
y* € Sk. If g € (K — L) then E¢[g] < ¢ and therefore (K——L‘jﬂw C G-
However, E¢[rf] = (r(f) + ) E°[f] > a®E°[f] = ¢ so that (rf) ¢ G°. W

Proof. Remark 5. Let 7 be an arbitrary subset of [0, +00) such that 0 € 7
and set T = sup {7 }. Replace, in the proof of lemma 11, Varg[X’]. with
Varg[X’]r. Soonly the proof of theorem 13 must be modified. Let {7,}, .y €
7T such that 7, T 7. Then Vs € 7 3m = m(s) € N such that s < 7,,. The

sequence b, is then given by b, = 27" {1+ Eg, [| X! ||+ Varg, [Xj]Tn}_l. |
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