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Quantani Enzyme Tracker 
More buying choices 

£662.61 (1 new offer) 

QInvertaser 
More buying choices 

£1,054.57 

QuanTech BioModule 
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More buying choices 
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QInvertaser 
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£1,054.57 

QuanTech BioModule 

OVERVIEW

technology  
(source, efficiency, detectors, 
etc)

FUNDAMENTALS 
from lab to real operations 
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Outline

Multiparameter estimation

FUNCTION estimation

Parameter estimation 

Multiparameter estimation of a chiral solution

Estimation of the response function of a 
Liquid crystal 

Simulations



PARAMER ESTIMATION

Probe preparation
Probe interaction 

With system
Probe measurement



PARAMER ESTIMATION

k

Probability distribution

𝜆 parameter 

p(k|𝜆)

� = k1, k2...kM

<latexit sha1_base64="Ck4gtwPPFPcrfxRrU9+yFoB6oWQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQkKStrZZCEU3boQK9gFtCJPppB0yeTAzEUvpr7hxoYhbf8Sdf+P0IajogQuHc+7l3nv8lFEhTfNDy62srq1v5DcLW9s7u3v6frEtkoxj0sIJS3jXR4IwGpOWpJKRbsoJinxGOn54OfM7d4QLmsS3cpwSN0LDmAYUI6kkTy/28Yieh551Gnq2YRihd+3pJdOwKo5TdqBp2Fa1XrMVKVtlp3IGLcOcowSWaHr6e3+Q4CwiscQMCdGzzFS6E8QlxYxMC/1MkBThEA1JT9EYRUS4k/ntU3islAEMEq4qlnCufp+YoEiIceSrzgjJkfjtzcS/vF4mg7o7oXGaSRLjxaIgY1AmcBYEHFBOsGRjRRDmVN0K8QhxhKWKq6BC+PoU/k/atgrKqN5USo2LZRx5cAiOwAmwQA00wBVoghbA4B48gCfwrE21R+1Fe1205rTlzAH4Ae3tEz6Pk04=</latexit>

ESTIMATOR �̂(�)

<latexit sha1_base64="cVXX00BWDws1lirBWXRiOLqprYs=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBHqJiR92GZXdOOygn1AE8pkMmmHTh7MTIQQ6q+4caGIWz/EnX/j9CGo6IGBwzn3cO8cL2FUSNP80NbWNza3tgs7xd29/YND/ei4J+KUY9LFMYv5wEOCMBqRrqSSkUHCCQo9Rvre9Gru9+8IFzSObmWWEDdE44gGFCOppJFeciZI5g5TCR/NKg6e0PORXjYNq27bNRuaRtVqtJpVRWpWza5fQMswFyiDFToj/d3xY5yGJJKYISGGlplIN0dcUszIrOikgiQIT9GYDBWNUEiEmy+On8EzpfgwiLl6kYQL9XsiR6EQWeipyRDJifjtzcW/vGEqg5ab0yhJJYnwclGQMihjOG8C+pQTLFmmCMKcqlshniCOsFR9FVUJXz+F/5NeVRVlNG7q5fblqo4COAGnoAIs0ARtcA06oAswyMADeALP2r32qL1or8vRNW2VKYEf0N4+AejmlPY=</latexit>

k measurement outcome



PARAMER ESTIMATION

Fisher Information

Cramer-Rao Bound (CRB)

k

F [p(k|�)] =
X

k

p(k|�) (@� log p(k|�))2

<latexit sha1_base64="hojUFEYJpQHxmG4DF9ee/v8Ey1Q="></latexit>

E
h
(�̂� �)2

i
� 1

MF [p(k|�)]

<latexit sha1_base64="zz7nh2LxHwDg5n/0ESJLG4PrXZ8="></latexit>

� = k1, k2...kM

<latexit sha1_base64="Ck4gtwPPFPcrfxRrU9+yFoB6oWQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQkKStrZZCEU3boQK9gFtCJPppB0yeTAzEUvpr7hxoYhbf8Sdf+P0IajogQuHc+7l3nv8lFEhTfNDy62srq1v5DcLW9s7u3v6frEtkoxj0sIJS3jXR4IwGpOWpJKRbsoJinxGOn54OfM7d4QLmsS3cpwSN0LDmAYUI6kkTy/28Yieh551Gnq2YRihd+3pJdOwKo5TdqBp2Fa1XrMVKVtlp3IGLcOcowSWaHr6e3+Q4CwiscQMCdGzzFS6E8QlxYxMC/1MkBThEA1JT9EYRUS4k/ntU3islAEMEq4qlnCufp+YoEiIceSrzgjJkfjtzcS/vF4mg7o7oXGaSRLjxaIgY1AmcBYEHFBOsGRjRRDmVN0K8QhxhKWKq6BC+PoU/k/atgrKqN5USo2LZRx5cAiOwAmwQA00wBVoghbA4B48gCfwrE21R+1Fe1205rTlzAH4Ae3tEz6Pk04=</latexit>

�̂(�)

<latexit sha1_base64="cVXX00BWDws1lirBWXRiOLqprYs=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBHqJiR92GZXdOOygn1AE8pkMmmHTh7MTIQQ6q+4caGIWz/EnX/j9CGo6IGBwzn3cO8cL2FUSNP80NbWNza3tgs7xd29/YND/ei4J+KUY9LFMYv5wEOCMBqRrqSSkUHCCQo9Rvre9Gru9+8IFzSObmWWEDdE44gGFCOppJFeciZI5g5TCR/NKg6e0PORXjYNq27bNRuaRtVqtJpVRWpWza5fQMswFyiDFToj/d3xY5yGJJKYISGGlplIN0dcUszIrOikgiQIT9GYDBWNUEiEmy+On8EzpfgwiLl6kYQL9XsiR6EQWeipyRDJifjtzcW/vGEqg5ab0yhJJYnwclGQMihjOG8C+pQTLFmmCMKcqlshniCOsFR9FVUJXz+F/5NeVRVlNG7q5fblqo4COAGnoAIs0ARtcA06oAswyMADeALP2r32qL1or8vRNW2VKYEf0N4+AejmlPY=</latexit>

ESTIMATOR 

Probability distribution

parameter 

p(k|𝜆)

k measurement outcome

𝜆
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???

� = k1, k2...kM

<latexit sha1_base64="Ck4gtwPPFPcrfxRrU9+yFoB6oWQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQkKStrZZCEU3boQK9gFtCJPppB0yeTAzEUvpr7hxoYhbf8Sdf+P0IajogQuHc+7l3nv8lFEhTfNDy62srq1v5DcLW9s7u3v6frEtkoxj0sIJS3jXR4IwGpOWpJKRbsoJinxGOn54OfM7d4QLmsS3cpwSN0LDmAYUI6kkTy/28Yieh551Gnq2YRihd+3pJdOwKo5TdqBp2Fa1XrMVKVtlp3IGLcOcowSWaHr6e3+Q4CwiscQMCdGzzFS6E8QlxYxMC/1MkBThEA1JT9EYRUS4k/ntU3islAEMEq4qlnCufp+YoEiIceSrzgjJkfjtzcS/vF4mg7o7oXGaSRLjxaIgY1AmcBYEHFBOsGRjRRDmVN0K8QhxhKWKq6BC+PoU/k/atgrKqN5USo2LZRx5cAiOwAmwQA00wBVoghbA4B48gCfwrE21R+1Fe1205rTlzAH4Ae3tEz6Pk04=</latexit>

�̂(�)

<latexit sha1_base64="cVXX00BWDws1lirBWXRiOLqprYs=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBHqJiR92GZXdOOygn1AE8pkMmmHTh7MTIQQ6q+4caGIWz/EnX/j9CGo6IGBwzn3cO8cL2FUSNP80NbWNza3tgs7xd29/YND/ei4J+KUY9LFMYv5wEOCMBqRrqSSkUHCCQo9Rvre9Gru9+8IFzSObmWWEDdE44gGFCOppJFeciZI5g5TCR/NKg6e0PORXjYNq27bNRuaRtVqtJpVRWpWza5fQMswFyiDFToj/d3xY5yGJJKYISGGlplIN0dcUszIrOikgiQIT9GYDBWNUEiEmy+On8EzpfgwiLl6kYQL9XsiR6EQWeipyRDJifjtzcW/vGEqg5ab0yhJJYnwclGQMihjOG8C+pQTLFmmCMKcqlshniCOsFR9FVUJXz+F/5NeVRVlNG7q5fblqo4COAGnoAIs0ARtcA06oAswyMADeALP2r32qL1or8vRNW2VKYEf0N4+AejmlPY=</latexit>

p(�|�) =
MY

j=1

p(kj |�)

<latexit sha1_base64="tqUgSIxCYEse0os7Gc6+YTDz1Os="></latexit>

P (�|�) = p(�|�)p(�)
p(�)

<latexit sha1_base64="thlBSyhk+1+gCShR0VLjN6bam2w="></latexit>

A-posteriori  probability

Bayesian estimator

Measurements Estimator
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???

Bayesian estimator

� = k1, k2...kM

<latexit sha1_base64="Ck4gtwPPFPcrfxRrU9+yFoB6oWQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQkKStrZZCEU3boQK9gFtCJPppB0yeTAzEUvpr7hxoYhbf8Sdf+P0IajogQuHc+7l3nv8lFEhTfNDy62srq1v5DcLW9s7u3v6frEtkoxj0sIJS3jXR4IwGpOWpJKRbsoJinxGOn54OfM7d4QLmsS3cpwSN0LDmAYUI6kkTy/28Yieh551Gnq2YRihd+3pJdOwKo5TdqBp2Fa1XrMVKVtlp3IGLcOcowSWaHr6e3+Q4CwiscQMCdGzzFS6E8QlxYxMC/1MkBThEA1JT9EYRUS4k/ntU3islAEMEq4qlnCufp+YoEiIceSrzgjJkfjtzcS/vF4mg7o7oXGaSRLjxaIgY1AmcBYEHFBOsGRjRRDmVN0K8QhxhKWKq6BC+PoU/k/atgrKqN5USo2LZRx5cAiOwAmwQA00wBVoghbA4B48gCfwrE21R+1Fe1205rTlzAH4Ae3tEz6Pk04=</latexit>

�̂(�)

<latexit sha1_base64="cVXX00BWDws1lirBWXRiOLqprYs=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBHqJiR92GZXdOOygn1AE8pkMmmHTh7MTIQQ6q+4caGIWz/EnX/j9CGo6IGBwzn3cO8cL2FUSNP80NbWNza3tgs7xd29/YND/ei4J+KUY9LFMYv5wEOCMBqRrqSSkUHCCQo9Rvre9Gru9+8IFzSObmWWEDdE44gGFCOppJFeciZI5g5TCR/NKg6e0PORXjYNq27bNRuaRtVqtJpVRWpWza5fQMswFyiDFToj/d3xY5yGJJKYISGGlplIN0dcUszIrOikgiQIT9GYDBWNUEiEmy+On8EzpfgwiLl6kYQL9XsiR6EQWeipyRDJifjtzcW/vGEqg5ab0yhJJYnwclGQMihjOG8C+pQTLFmmCMKcqlshniCOsFR9FVUJXz+F/5NeVRVlNG7q5fblqo4COAGnoAIs0ARtcA06oAswyMADeALP2r32qL1or8vRNW2VKYEf0N4+AejmlPY=</latexit>

V ar(�) =

Z
(�� �̂B(�))

2P (�|�)d�

<latexit sha1_base64="/Z1mfMXDkY1RWeEoXR8jUGmzBe8="></latexit>

�̂B(�) = [�] =

Z
�P (�|�)d�

<latexit sha1_base64="3GrV8D/4WRDKby2JXrZa1yYtWMU="></latexit>

�̂B(�) = [�] =

Z
�P (�|�)d�

<latexit sha1_base64="3GrV8D/4WRDKby2JXrZa1yYtWMU="></latexit>

Measurements Estimator



MULTIPARAMER ESTIMATION

in t e r e st in g  pa r a m e t e rs N u is a n c e  pa r a m e t e rs
Mu lt i p l e  ph as e s

Ph as e  -  d e ph asin g

T h in g s  w e  d o  n ot  
c a r e  a b o u t  b u t  i f  w e  
d on ’ t  t he y  a f f e ct  
o u r  e st i m at ion

M  va l e r i  e t  a l ,  n pj qi  6 , 9 6  (2 0 2 0)

E .  RO CC I A  e t  A L ,  q st  3  (2 018 )  
m .  V i d r ig h in  e t  a l ,  n at  co m  5 ,  3 5 3 2  (2 014)

E .  RO CC I A  e t  A L ,  o pt ic a  5 ,10  (2 018 )  
V.  c i m in i  e t  a l ,  o p.  e x . ,  2 7,  24  (2 019)



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

CHIRAL STUFF 𝛟?
PHASE BETWEEN 

CIRCULAR POLARIZATION 



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

𝜑

𝜑

|𝜓⟩ =
1

2
( |𝑁0⟩ + |0𝑁⟩)

HEISENBERG LIMIT

∆ 𝜑 ≥
1
𝑁

SHOT NOISE LIMIT

∆ 𝜑 ≥
1

𝑁

Cl as sic a l  l ig h t

Qua n t u m  stat e

�



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

𝜑
V=1 



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

Measure phase AND visibility At the same time

𝜑
V=1 

V=0.5

Bias! 



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

Measure phase AND visibility At the same time

𝜑

Fisher Information

Cramer-Rao Bound (CRB)

Fµ⌫ =
X

k

p(k|', v)(@µ log p(k|', v)(@⌫ log p(k|', v)

<latexit sha1_base64="/qfUUeQdV+QrhqEqVzp9isUDk3k="></latexit>

V ar[v] �
F�1

v,v

M

<latexit sha1_base64="z9Z/Wwypw9/SMC2Vt5VtJXtR5pA="></latexit>

V ar['] �
F�1

','

M

<latexit sha1_base64="esm/9wuJbQJV/IZQoDX30BRuqVk="></latexit>

V=1 

V=0.5

Bias! 
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N u is a n c e  pa r a m e t e rs

CHIRAL STUFF

𝛟?



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

CHIRAL STUFF

𝛟?
POLARIZATION INTERFEROMETER

Prepare  
pol R+L

Measure pol
ADD A PHASE BETWEEN R 

AND L 



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

Probe preparation



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

𝑣

|𝜓⟩ = |𝐻⟩ |𝑉 ⟩

Probe preparation



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

|𝜓⟩ =
1

2 ( |2𝑅0𝐿⟩ − |0𝑅2𝐿⟩)

Probe preparation

N00N state in the 
circular 

polarisation



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

|𝜓⟩ =
1

2 ( |2𝑅0𝐿⟩ − 𝑒2𝑖𝜑 |0𝑅2𝐿⟩)

Probe interaction 

With system

2'

<latexit sha1_base64="NSt2nNdHNw7Z99kz2eL/+v94Rhk=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiQxVbsrunFZwT6gDWUynbRDJ5M4MymU0p9w40IRt/6OO//G6UNQ0QMXDufcy733hClnSjvOh5VbWV1b38hvFra2d3b3ivsHDZVkktA6SXgiWyFWlDNB65ppTluppDgOOW2Gw+uZ3xxRqVgi7vQ4pUGM+4JFjGBtpJbXGWGZDli3WHLsSqXilc/Rgni+IY7vOs4Zcm1njhIsUesW3zu9hGQxFZpwrFTbdVIdTLDUjHA6LXQyRVNMhrhP24YKHFMVTOb3TtGJUXooSqQpodFc/T4xwbFS4zg0nTHWA/Xbm4l/ee1MR5fBhIk001SQxaIo40gnaPY86jFJieZjQzCRzNyKyABLTLSJqGBC+PoU/U8anu36dvnWL1WvlnHk4QiO4RRcuIAq3EAN6kCAwwM8wbN1bz1aL9brojVnLWcO4Qest09pcZA9</latexit>

Sample imparts 
Phase between r 

and l polarisation



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

𝜃

)𝑝(𝜃; 𝜑, 𝑣

Probe measurement

Perform 
measurements for 
different values  

of 𝜃 



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

✓

<latexit sha1_base64="R1sK6uSq2IOQiHuda2MOJ/2CxNQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaymMwt6MVjBLNAMoSeTidp09MzdNcIYcg/ePGgiFf/x5t/Y2cRVPRBweO9KqrqBbHgGhznw8qsrW9sbmW3czu7e/sH+cOjlo4SRVmTRiJSnYBoJrhkTeAgWCdWjISBYO1gcjX32/dMaR7JW5jGzA/JSPIhpwSM1OrBmAHp5wuO7ZY9r+Rhxy66lVq1aEjJLXnlC+zazgIFtEKjn3/vDSKahEwCFUTrruvE4KdEAaeCzXK9RLOY0AkZsa6hkoRM++ni2hk+M8oADyNlSgJeqN8nUhJqPQ0D0xkSGOvf3lz8y+smMKz5KZdxAkzS5aJhIjBEeP46HnDFKIipIYQqbm7FdEwUoWACypkQvj7F/5NW0QRlV27KhfrlKo4sOkGn6By5qIrq6Bo1UBNRdIce0BN6tiLr0XqxXpetGWs1c4x+wHr7BCM6j4Y=</latexit>

p(✓|', v) = 1

4
[1 + v cos (8✓ + 2')]

<latexit sha1_base64="AMHKdlnIDMpBJzBpvskkI/buAh0="></latexit>

PB(', v|n) = N
Y

✓

p(✓|', v)n✓p(', v)

<latexit sha1_base64="j7oeD6vZ3Mg3UB/fZarxvBXVxDE="></latexit>

n✓

<latexit sha1_base64="ssEgbIwUq8CStXNByFFVQ7V43Gs=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuQlLSx7LoxmUF+4A2lMl00g6dTOLMjVBCf8KNC0Xc+jvu/BsnbQUVPXDhcM693HtPkAiuwXE+rLX1jc2t7cJOcXdv/+CwdHTc0XGqKGvTWMSqFxDNBJesDRwE6yWKkSgQrBtMr3K/e8+U5rG8hVnC/IiMJQ85JWCknhwOYMKADEtlx3bq9ZpbxY5dcxperZKTSsOreNi1nQXKaIXWsPQ+GMU0jZgEKojWfddJwM+IAk4FmxcHqWYJoVMyZn1DJYmY9rPFvXN8bpQRDmNlSgJeqN8nMhJpPYsC0xkRmOjfXi7+5fVTCBt+xmWSApN0uShMBYYY58/jEVeMgpgZQqji5lZMJ0QRCiaiognh61P8P+lUbNezqzdeuXm5iqOATtEZukAuqqMmukYt1EYUCfSAntCzdWc9Wi/W67J1zVrNnKAfsN4+AZ1lkF8=</latexit>

From each:  

Bayesian probability



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

✓

<latexit sha1_base64="R1sK6uSq2IOQiHuda2MOJ/2CxNQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaymMwt6MVjBLNAMoSeTidp09MzdNcIYcg/ePGgiFf/x5t/Y2cRVPRBweO9KqrqBbHgGhznw8qsrW9sbmW3czu7e/sH+cOjlo4SRVmTRiJSnYBoJrhkTeAgWCdWjISBYO1gcjX32/dMaR7JW5jGzA/JSPIhpwSM1OrBmAHp5wuO7ZY9r+Rhxy66lVq1aEjJLXnlC+zazgIFtEKjn3/vDSKahEwCFUTrruvE4KdEAaeCzXK9RLOY0AkZsa6hkoRM++ni2hk+M8oADyNlSgJeqN8nUhJqPQ0D0xkSGOvf3lz8y+smMKz5KZdxAkzS5aJhIjBEeP46HnDFKIipIYQqbm7FdEwUoWACypkQvj7F/5NW0QRlV27KhfrlKo4sOkGn6By5qIrq6Bo1UBNRdIce0BN6tiLr0XqxXpetGWs1c4x+wHr7BCM6j4Y=</latexit>

'B =

Z
'PB(', v|n)d'dv

<latexit sha1_base64="TZOSUKdsUfNEBel9JKQ9f9T4DZE="></latexit>

vB =

Z
vPB(', v|n)d'dv

<latexit sha1_base64="1qdxaHGtgzfaXPTnP5lF5DXIxHQ="></latexit>

�2vB =

Z
(v � vB)

2PB(', v|n)d'dv

<latexit sha1_base64="QDhn/HHzDpJ8N+l+eAqPMavJ7HQ="></latexit>

�2'B =

Z
('� 'B)

2PB(', v|n)d'dv

<latexit sha1_base64="NI565xGUAtlQxrV1KSAiSdXTX0A="></latexit>

p(✓|', v) = 1

4
[1 + v cos (8✓ + 2')]

<latexit sha1_base64="AMHKdlnIDMpBJzBpvskkI/buAh0="></latexit>

PB(', v|n) = N
Y

✓

p(✓|', v)n✓p(', v)

<latexit sha1_base64="j7oeD6vZ3Mg3UB/fZarxvBXVxDE="></latexit>

n✓

<latexit sha1_base64="ssEgbIwUq8CStXNByFFVQ7V43Gs=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuQlLSx7LoxmUF+4A2lMl00g6dTOLMjVBCf8KNC0Xc+jvu/BsnbQUVPXDhcM693HtPkAiuwXE+rLX1jc2t7cJOcXdv/+CwdHTc0XGqKGvTWMSqFxDNBJesDRwE6yWKkSgQrBtMr3K/e8+U5rG8hVnC/IiMJQ85JWCknhwOYMKADEtlx3bq9ZpbxY5dcxperZKTSsOreNi1nQXKaIXWsPQ+GMU0jZgEKojWfddJwM+IAk4FmxcHqWYJoVMyZn1DJYmY9rPFvXN8bpQRDmNlSgJeqN8nMhJpPYsC0xkRmOjfXi7+5fVTCBt+xmWSApN0uShMBYYY58/jEVeMgpgZQqji5lZMJ0QRCiaiognh61P8P+lUbNezqzdeuXm5iqOATtEZukAuqqMmukYt1EYUCfSAntCzdWc9Wi/W67J1zVrNnKAfsN4+AZ1lkF8=</latexit>

From each:  

Bayesian probability



MULTIPARAMER ESTIMATION

N u is a n c e  pa r a m e t e rs

✓

<latexit sha1_base64="R1sK6uSq2IOQiHuda2MOJ/2CxNQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaymMwt6MVjBLNAMoSeTidp09MzdNcIYcg/ePGgiFf/x5t/Y2cRVPRBweO9KqrqBbHgGhznw8qsrW9sbmW3czu7e/sH+cOjlo4SRVmTRiJSnYBoJrhkTeAgWCdWjISBYO1gcjX32/dMaR7JW5jGzA/JSPIhpwSM1OrBmAHp5wuO7ZY9r+Rhxy66lVq1aEjJLXnlC+zazgIFtEKjn3/vDSKahEwCFUTrruvE4KdEAaeCzXK9RLOY0AkZsa6hkoRM++ni2hk+M8oADyNlSgJeqN8nUhJqPQ0D0xkSGOvf3lz8y+smMKz5KZdxAkzS5aJhIjBEeP46HnDFKIipIYQqbm7FdEwUoWACypkQvj7F/5NW0QRlV27KhfrlKo4sOkGn6By5qIrq6Bo1UBNRdIce0BN6tiLr0XqxXpetGWs1c4x+wHr7BCM6j4Y=</latexit>

p(✓|', v) = 1

4
[1 + v cos (8✓ + 2')]

<latexit sha1_base64="AMHKdlnIDMpBJzBpvskkI/buAh0="></latexit>

PB(', v|n) = N
Y

✓

p(✓|', v)n✓p(', v)

<latexit sha1_base64="j7oeD6vZ3Mg3UB/fZarxvBXVxDE="></latexit>

'B =

Z
'PB(', v|n)d'dv

<latexit sha1_base64="TZOSUKdsUfNEBel9JKQ9f9T4DZE="></latexit>

vB =

Z
vPB(', v|n)d'dv

<latexit sha1_base64="1qdxaHGtgzfaXPTnP5lF5DXIxHQ="></latexit>

Glucose solution 
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FUNCTION ESTIMATION

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )

E ac h  p oin t:   
Ph as e  e st i m at ion



FUNCTION ESTIMATION

�20 =
1

L
E
Z

|'(x)� '̃(x)|2dx
�

<latexit sha1_base64="YqmjWzjG6mTdlJh+PFig3GfXHvs="></latexit>

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )

E ac h  p oin t:   
Ph as e  e st i m at ion



FUNCTION ESTIMATION

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )

N S  =  #  o f  p oint s

N R  =  R E S  p e r  p OIN T ->  𝛿 0 2

Cl as sic a l  v s  qua n t u m  



FUNCTION ESTIMATION

�20 =
1

L

LX

x=0

E
⇥
|'ref (x)� '̃(x)|2

⇤
�xref

<latexit sha1_base64="Ab8QAxD+zXXkJTVgnbV+xhqO+y8="></latexit>

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )



FUNCTION ESTIMATION
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FUNCTION ESTIMATION

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )

R e f e r e n c e
N r = 6 0k

N s = 5 0 0

E ac h  p oin t:  
mu lt i pa r a m e t e r  
Ph as e  e st i m at ion



FUNCTION ESTIMATION

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )

R e f e r e n c e

N r =3 8 0 0N r  =  8 0 0

N r = 6 0k

N s = 5 0 0

N 0 0N

SP
E ac h  p oin t:  
mu lt i pa r a m e t e r  
Ph as e  e st i m at ion

1o o  p oin t s

1o o  p oin t s



FUNCTION ESTIMATION

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )

N s=  5

N R=  3 8 0 0

Va ry in g  N s= 5-10 0

In t e r p o l at e  to  N s= 5 0 0  ( r e f )

( L in e a r  in t e r p o l at ion )

�'̃(x) = 'ref (x)� '̃(x)

<latexit sha1_base64="Tff76/Rc+EyAACgqS0lG1owINl8="></latexit>



FUNCTION ESTIMATION

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )

N s=  5

N s=  5

N R=  3 8 0 0

Va ry in g  N s= 5-10 0

In t e r p o l at e  to  N s= 5 0 0  ( r e f )

( L in e a r  in t e r p o l at ion )

�'̃(x) = 'ref (x)� '̃(x)

<latexit sha1_base64="Tff76/Rc+EyAACgqS0lG1owINl8="></latexit>



FUNCTION ESTIMATION

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )

N s=  5

N s=  10

N s=  10 0

N s=  5

N R=  3 8 0 0

Va ry in g  N s= 5-10 0

In t e r p o l at e  to  N s= 5 0 0  ( r e f )

( L in e a r  in t e r p o l at ion )

�'̃(x) = 'ref (x)� '̃(x)

<latexit sha1_base64="Tff76/Rc+EyAACgqS0lG1owINl8="></latexit>



FUNCTION ESTIMATION

�20 =
1

L

LX

x=0

E
⇥
|'ref (x)� '̃(x)|2

⇤
�xref

<latexit sha1_base64="Ab8QAxD+zXXkJTVgnbV+xhqO+y8="></latexit>

L inear
Nearest  ne ighbour

N R=  8 0 0 N R=3 8 0 0

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )

F IXE D F IXE D



FUNCTION ESTIMATION

T W O  SO U RC E S  O F  E R RO R

STAT IST IC A L IN T E R P O L AT ION

In c r e as e  r e so u rc e s  p e r  p oin t

N r

In c r e as e  n u m b e r  o f  p oin t s

N s

TOTA L  N U M B E R  O F  R E SO U RC E S

N =N rN s

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 )



FUNCTION ESTIMATION

N =  1k

N =  10k

N =  2 0k

N =  5 0k

F IXE D  TOTA L  N U M B E R  O F  R E SO U RC E S  N =N rN s

L in e a r N e a r e st  n e ig h b o u r



FUNCTION ESTIMATION
F IXE D  N R=3 0 0 0 N s= 5-10 0

L in e a r N e a r e st  n e ig h b o u r

N o  a dva n tag e

So m e  a dva n tag e

Yay  a dva n tag e



CONCLUSIONS
Estimation of multiple parameters

Quantani Enzyme Tracker 
More buying choices 

£662.61 (1 new offer) 

QInvertaser 
More buying choices 

£1,054.57 

QuanTech BioModule 

N e c e s s a ry  st e p



CONCLUSIONS

RESOLUTION IS AN ISSUE
R e so u rc e s  s ho u l d  b e  e m p loy e d  c a r e f u lly

N =N rN s

i .  G i a n a n i  e t  a l ,  P R A  103  (2 0 21 ) V.  C I M IN I  e t  a l ,  P RL  12 3  (2 019)
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