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Qubit pure dephasing

A. Smirne, N.Megier, B. Vacchini, Quantum 5, 439 (2021)

HI = gσz ⊗ B B = η ⋅ σ B̄ = η̄ ⋅ σ̄

ρE(0) =
1
2

(1 + α ⋅ σ) ρ̄E(0) =
1
2

(1 + ᾱ ⋅ σ̄)
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(1 + ᾱ ⋅ σ̄)

A. Smirne, N.Megier, B. Vacchini, Quantum 5, 439 (2021)



 11

Qubit pure dephasing

HI = gσz ⊗ B B = η ⋅ σ B̄ = η̄ ⋅ σ̄

ρE(0) =
1
2

(1 + α ⋅ σ) ρ̄E(0) =
1
2

(1 + ᾱ ⋅ σ̄)
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A. Smirne, N.Megier, B. Vacchini, Quantum 5, 439 (2021)



 13

Qubit pure dephasing
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Non-Markovianity

Heinz-Peter Breuer, Elsi-Mari Laine, Jyrki Piilo, and Bassano Vacchini Rev. Mod. Phys. 88, 021002  (2016)
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Quantum non-Markovianity

Heinz-Peter Breuer, Elsi-Mari Laine, Jyrki Piilo Phys. Rev.  Lett. 103, 210401 (2010) 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Trace distance

𝖣(ϱS(t), σS(t)) − 𝖣(ϱS(s), σS(s)) ⩽ 𝖣(ϱE(s), σE(s)) + 𝖣(ϱ(s), ϱS(s) ⊗ ϱE(s))

+𝖣(σ(s), σS(s) ⊗ σE(s))

Elsi-Mari Laine, Jyrki Piilo, Heinz-Peter Breuer EPL 92 60010 (2011)

𝖣(ϱ, σ) =
1
2

Tr |ϱ − σ |
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Quantum non-Markovianity
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+𝖣(σ(s), σS(s) ⊗ σE(s))
Elsi-Mari Laine, Jyrki Piilo, Heinz-Peter Breuer EPL 92 60010 (2011)



 23

�S
ISE

ISE

0.2 0.4 0.6 0.8 1.0 1.2 1.4
s

0.5

1.0

1.5

Qubit pure dephasing

A. Smirne, N.Megier, B. Vacchini, Quantum 5, 439 (2021)



 24

Quantum non-Markovianity

For the proof essential:

-  bounded

Nina Megier, Andrea Smirne, Bassano Vacchini, arXiv:2101.02720 

0 ≤ 𝖣 (ϱ, σ) ≤ 1
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Quantum relative entropy

-  bounded

- contractivity under complete positive maps

-  triangle inequality

𝖲 (ϕ (ϱ), ϕ (σ)) ≤ 𝖲(ϱ, σ)

𝖲 (ϱ, σ) ≤ 𝖲(ϱ, τ) + 𝖲(τ, σ)
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Nina Megier, Andrea Smirne, Bassano Vacchini, arXiv:2101.02720 

𝖲 (ϱ, σ) = ϱ(log(ϱ) − log(σ))
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Telescopic relative entropy

Koenraad M.R. Audenaert in Theory of Quantum Computation, Communication and Cryptography (2014)
Koenraad M.R. Audenaert, Journal of Mathematical Physics 55, 112202 (2014).

𝖲μ (ϱ, σ) =
1

log(1/μ)
𝖲 (ϱ, μϱ + (1 − μ)σ), 0 < μ < 1
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Telescopic relative entropy

Koenraad M.R. Audenaert in Theory of Quantum Computation, Communication and Cryptography (2014)
Koenraad M.R. Audenaert, Journal of Mathematical Physics 55, 112202 (2014).

-  quasi-triangle inequalities

𝖲μ (ϱ, σ) − 𝖲μ(ϱ, τ) ≤ 𝖣(ϱ, τ) − 𝖲μ(𝖣(ϱ, τ),1)

𝖲μ (σ, ϱ) − 𝖲μ(τ, ϱ) ≤ 1 − 𝖲μ(1,𝖣(σ, τ)),

0 < μ < 1𝖲μ (ϱ, σ) =
1

log(1/μ)
𝖲 (ϱ, μϱ + (1 − μ)σ),
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Telescopic relative entropy vs. 
trace distance

Nina Megier, Andrea Smirne, Bassano Vacchini, arXiv:2101.02720 

Jaynes-Cummings model

0.0 0.2 0.4 0.6 0.8 1.0
s/T

0.2

0.4

0.6

0.8

H = ωSσz ⊗ 𝕀 + g(σ+ ⊗ b + σ− ⊗ b†) + ωE𝕀 ⊗ b†b

TD

TRE



 39

Telescopic relative entropy vs. 
trace distance

Nina Megier, Andrea Smirne, Bassano Vacchini, arXiv:2101.02720 

Jaynes-Cummings model
H = ωSσz ⊗ 𝕀 + g(σ+ ⊗ b + σ− ⊗ b†) + ωE𝕀 ⊗ b†b

TD

TRE

0.2 0.4 0.6 0.8 1.0
s/T

0.5

1.0

1.5

2.0

2.5

3.0



 40

Telescopic relative entropy vs. 
trace distance

Nina Megier, Andrea Smirne, Bassano Vacchini, arXiv:2101.02720 

Nonunital qubit phase covariant dynamics
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Jensen-Shannon divergence

D. Virosztek, Advances in Mathematics 380, 107595 (2021)
S. Sra, Linear Algebra and its Applications 616, 125 (2021)

J (ϱ, σ) =
1
2 (𝖲1/2 (ϱ, σ) + 𝖲1/2 (σ, ϱ))

J (ϱ, σ) is a distance
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Outlook

• Measure of non-Markovianity: optimal states

• Use for detection of initial correlations
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