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Introduction

Shannon entropy first appeared in Claude Shannon’s article "A mathematical theory of
communication", as a measure of the uncertainty associated with a probability distribu-
tion on a finite set. Although it was introduced to provide an answer to an information
theoretic problem, namely to show that it is possible to send information through a chan-
nel at a positive rate with arbitrarily small probability of error, it has subsequently found
applications in various mathematical disciplines, including statistical mechanics, probabil-
ity theory, and portfolio theory [4]. More recently, D.Bennequin and P.Baudot |2] showed
that entropy appears spontaneously as a cohomological class in information cohomology,
which is an invariant associated with a finite statistical system. Finally, J.P. Vigneaux, in
his doctoral dissertation, extended these ideas in several directions, in particular he intro-
duced the notion of information structure, which is a category-theoretical formalization
of the mentioned statistical systems. The aim of this thesis is to present this new point
of view, mainly following Vigneaux’s article [13].

As a preliminary step, we have included a first section containing an introduction to
Shannon entropy. In this section we also define the functions S,, called a-entropies,



where o € (0, +00) \ {1}. These functions can be considered a generalization of entropy,
which we denote S; for a reason that will be made clear in section 1.

The second section is dedicated to introducing the category of information structures. We
begin by providing a precise definition of objects (Def. 2.2.) and morphisms (Def. 2.6).
After that, we prove the existence of products and coproducts.

Roughly speaking, information structures are pairs (S, &), where: S is a small category
(actually is a partially ordered set) whose set of objects represents a set of observables, and
arrows encode the refinement relations between them; & is a functor on S, that associated
with each observable the set of possible values it can assume. The definition of information
structure is sufficiently general and flexible to treat in a unified manner several different
cases, some of which are presented as examples. The fundamental example remains the one
in which observables are random variables that share the same sample space. However, we
will show that not all information structures are of this type, providing a characterization
of this behavior that relates to the phenomena of contextuality treated in [1] through a
sheaf-theoretical approach.

In the third section, we construct the framework necessary to define information coho-
mology as a derived functor. For this purpose, we define a presheaf of R-algebras on the
category S, which can therefore be seen as a ringed site with the trivial topology. Within
the abelian category of presheaves of .&/-modules, we consider Rg to be the constant
presheaf with value R, equipped with the trivial action of @/. Then, we construct the un-
normalized bar resolution [8] of Rg , which turns out to be a projective resolution fe(Rg).
Finally, we define the information cohomology associated with S, with coefficients in a
presheaf of &/-modules F as the cohomology of the complex Hom, (3. (Rs), F).

In the fourth and final section, we relate information cohomology and a-entropies. To
this end, we introduce on each information structure (S, &) a class of covariant functors
(probability functors) which associate each observable X with a subset of the probability
laws on &x. Given a probability functor 2, we consider the abelian presheaf which maps
each observable X to the abelian group of the real-valued measurable functions on 2.
For each a > 0 we define an .o/-module structure, dependent on «, on this presheaf,
obtaining in this way a familiy {%,}a>0 of presheaves of &/-modules.

Once these definitions are provided, we show that H*(S, .%#,), the information cohomology
with coefficients in .%,, is "functorial" in S (Proposition 4.2.). It follows that information
cohomology is an invariant for equivalent structures.

We then proceed to analyze the structure of the cocycles of the complex Hom (5, (Rs), Za)-
In particular, it turns out that the 1l-cocycles are uniquely determined by collections
(f[X])xeons), of elements in .%,(X) i.e. functions of probabilities distributions on &.
These collections must satisfy the cocycle condition, expressed by f[XY] = f[X]|+X.f[Y],
where X. indicates the action of &/xy. In this framework, for each o > 0 the function S,
yields a 1-cocycle (Definition 4.5.) of the corresponding chain complex, since the cocy-
cle condition coincides with the chain rule for a-entropies. This same fact enables us to



demonstrate the main result of this thesis, which we now present in detail.

Theorem 0.1. Let (S,&) be a finite information structure equipped with an adapted
probability functor 2 : S — Meas whose restriction maps (internal marginalizations) are
all surjective. Assume that for any object X € Ob(S), exists an arrow Z — X in S such
that Z is non-trivially reducible. Then, for each o > 0, there is an isomorphism of real
vector spaces

Xo H R — Z1(S, Z.(2)) given by
Cemo(Sty) (0.1)
X((AC)CGWO(SE))[X] = )\CSa[X] vV(C e Wo(s*), VX el

Under this isomorphism, the subgroup of 1-coboundaries is identified with the diagonal
subspace A =R - (1,...,1,...) if a« # 1, otherwise is the zero subspace. Therefore,

HWO(Sj@)R if a=1

. (0.2)
(s B) /A if a#1

Let us now explain notations and concepts we have not encountered so far. For instance,
S%, denotes the subcategory of S consisting of objects X such that 2(X) contains a
non-atomic probability. Moreover m(S?%,) is the set of the connected components of the
category S%. Finally, an observable Z is non-trivially reducible if there exist two distinct
observables X and Y such that Z = XY, and some conditions (Definition 4.7) on the
functors & and 2 are satisfied. These conditions allow us to use the functional equation
(4.53) to show the existence of a real constant A such that f[X] = AS,[X], f[Y] = ASa[Y]
and f[XY] = AS,[XY].

This theorem proves that every 1-cocycle is locally a real multiple of the cocycle defined
by entropy. This means that the conditions required for being a 1-cocycle, are enough
to derive the form of the functions S,. In this sense we can affirm that entropy appears
spontaneously in this theory.

1 Entropy

Consider a random variable X : (©,B,p) — &x', where & is a finite set. Let P be the
probability distribution of X, which means that

P(z) =p(X = 2) = p(X *({2})) Vo e éx. (1.1)

1(Q,%B,p) is a probability space. Hence €2 is the sample space, which is merely a non-empty set;
B C p(Q) is the o-algebra of events; p : B — [0,1] is a probability measure



The Shannon entropy of the random variable X is a real number S;(X)? that quantifies
how uncertain we are about the outcome of X before it is revealed. Its value is computed
by

Si1(X) ==Y P(x)log, P(x) (1.2)

z€bx

with the convention 0log, 0 := 0, justified by the fact that lim; ¢ log, ¢ = 0.
The following two observations are intended to provide some insights into the role of
entropy as a measure of uncertainty. First notice that if the distribution of X is an
atomic probability, i.e. there exists an element z € &y such that P(z) = 1, then the
outcome of X is known in advance, there is no uncertainty about it. The entropy takes
this into account, in fact from equation (1.2) we obtain S;(X) = 0. On the other hand,
is also true that if a random variable (taking values in a finite set) has zero entropy, then
its distribution must be atomic, because all the terms in the sum that defines the entropy
(1.2) have the same sign.
We then observe that, if the cardinality of the set of possible events is fixed, the maximum
entropy is reached in correspondence with uniformly distributed random variables. Is
possible to prove this fact looking for the maximum of the function

(P1,D2, -y Pn) > — Zpi log, p; constrained to the set

=1

A" = {(pl,pQ,...,pn) ER”|Zci:1andpiZOVi:1,...,n} C R,

=1

(1.3)

where n € N is the number of possible events. To make sense of how this argument works,
note that the points of A"! are in bijection with the probability distributions on a set of n
elements. Anyway, the case of uniformly distributed random variables corresponds also to
maximum uncertainty about what the outcome will be, since the probability distribution
does not give us any clues about it.

Remark 1.1. The definition of entropy we gave above can be extended, with no modifi-
cations, to discrete variables with values in an infinite set. However, the sum involved
could become a series that may not converge. An example of this behavior is given by a
random variable X taking values in N\ {1}, and distributed according to

1

nlog?n’

p(X =n):=c (1.4)

1 1
2 nEN\{1}> Z:Z
n>1

nlog“n

Is also possible to go further and define the entropy of continuous random variables as in
[4]. However, in the present thesis, only finite set valued random variables are involved.

2This notation was chosen for the sake of continuity with the article [13]. The subscript "1" is justified
by the existence of the a-entropies for any positive real number «, which will be introduced later.



For this reason, from now on, whenever we consider a random variable, it will be implied
that it can assume only a finite number of values.

As can be seen from (1.2), the entropy of a random variable depends only on its distribu-
tion. Thus the sample space € is not involved in its computation. Moreover, composing
a random variable X with a bijection yields another random variable with the same dis-
tribution. Hence, S;(X) does not depend on "the names" of elements in &x, but on their
number. In light of these remarks, entropy can be viewed, perhaps more appropriately,
as a function of probability laws defined on finite sets. In order to make this precise, we
pick a probability law P on a finite set X. Since the distribution of the random variable
idy : (X, p(X), P) — X is precisely P, we define

Si1(P) = Si(idy) = =Y P(z)log, P(2). (1.5)

zeX

We now introduce an important property of entropy, usually called chain rule, which will
also turn out to be fundamental within this thesis, since it allows us to see entropy as a
cocycle of a suitable chain complex.

Let us fix a sample space (§2,B,p) for a moment. Let X : Q@ — &x and Y : Q — &y be
random variables. We can always consider the random vector

(X,Y)iQ%(b@Xxédy

(1.6)
w— (X(w),Y(w)).

Denoted with P the joint distibution of (X, Y), it is known that for any y € &y such that
p(Y =y) #0, is defined on &y the conditional law Py, given by

Plr,y)  p({X =z} n{Y =y})
P(y) p(Y =y)

This assertion clearly holds true even when the roles of X and Y are exchanged. The
entropy of the random vector S;(X,Y) (computed with the joint distribution) is called

P\Y:y(m) =

x € Ex. (17)

joint entropy, while the quantity

SUXY) = S PWSi(Pyoy) = 3. Pley)logy Proy(e)  (18)
YyESy (z,y)EEX XSy
p(Y=y)#0
is known as conditional entropy [4]. This latter is a measure of how much uncertainty
remains about the outcome of the variable X after the variable Y has been measured,
averaged over the possible outcomes of Y. The joint entropy and the conditional entropy
are related by the chain rule, which can be formulated as:

S1(X) + 51(Y[X) = S1(X,Y) = 51(Y) 4+ S1(X[|Y). (1.9)



This property sounds quite natural for a measure of uncertainty, since it essentially states
that the uncertainty of a random vector (X, Y) is equal to the uncertainty of the outcome
of Y plus the remaining uncertainty about the outcome of X once the value of Y has been
revealed; and that the roles of X and Y can be exchanged. We will show later that the
chain rule is a characterizing property of entropy, but first, let us reintroduce entropy in
a more formal and structured way, even if it may be less evocative at first glance.

We already encountered the standard simplex A" in (1.3) and remarked its relation
with probabilities. Since we have restricted our focus to random variables with values in
finite sets, we can identify entropy with the function

Sll |_|An—>RZO

neN

n (1.10)
P = <p17p27 s 7pn) — SI(P) = _szlogQPZ
i=1

The chain rule can be restated as follows. For any n € N, for all P € A" and any
partition C' = {C1,...,Cy} of the set {1,2,... n}, we define the function

o :{1,2,....,n} — C

(1.11)
Then we can consider the marginalized law Pr;' on C' ~ {1,2,...,k} and the conditional
laws P, for each ¢ :1,2,..., k such that P(C;) # 0, which are given by
Prg'({i'}) == P(rg'({i'}) = P(Cy) = Y _p;  Vi'e{1,2,... K},
jeCy
, ' (1.12)
, P{i} NG :
P, = v 1,2,...,n}.
e, ({7}) P(C je{L.2,...,n}
With these notations, it holds that
Si(P) = 81(Prg")+ > P(C)Si(Pg,). (1.13)
C,eC
P(C;)#0

This equation can be readily verified substituting the S;’s with their explicit expressions

3From now on, to lighten the notation, we will write this sum as Zle P(C;)S1(Pc,), while keeping
in mind that the indices for which P(C;) = 0 should not be considered.



and carrying out the calculations:

-3 picn, i) - 3 rien 3o LG g, (A 0C)

:_ZP )log, P ;;P{]}HC Ing( ({j(}(;j)C))
:—ZP )log, P szloggpz—i-ZZP{J}mc logy P(C;) = S1(P).
P(Cy)

(1.14)

The equation (1.13) states that the entropy associated with the choice of a random number
between 1 and n is equal to the entropy associated with a first choice of a subset among
the elements of a partition of {1,2,...,n}, summed with the entropy of choosing the
number, knowing the subset in which it is located. From this we can see a strong analogy
with the chain rule stated by means of random variables. We claim that actually the two
formulations are equivalent. In fact, the equation (1.9) can be recovered by (1.13) letting
= [&x x & | and C = {7 (2)}res* or C := {7 (y)}yes, . Vice versa, choosing
(Q,8,p) := ({1,2,...,n},p{1,2,...,n}, P), X := Idg and Y := 7 the equation (1.9)
yields (1.13).
Let us now explain how entropy is characterized by the chain rule, as was previously
mentioned. We remark that C.Shannon, in his foundational paper [10], derived the ex-
pression for the entropy of a probability distribution (1.10) by imposing on a function
H :|],enA" — Ry some constraints that encode properties considered natural for a
measure of uncertainty. In particular, he required: that H be continuous in all its ar-
guments; that the function n — H (%, ey %) be monotonically increasing in n € N; and
that H satisfies the chain rule. However, these properties are not necessary to charac-
terize entropy, but it is enough to assume that H is measurable and satisfies the chain
rule. As a matter of fact, the chain rule for H (1.13), when applied on the partitions
{1,2} {3} ={1,2,3} = {1,3} U {2}, implies® that the function p — H(p,1— p) satisfies
the functional equation

1—=x

u(l—x)+(1—x)u< ):u(y)+(1—y)u <H—_y> (1.15)

1—y

for all (z,y) € [0,1)* such that z +y € [0,1]. In the subsection 4.3 we will prove,

4We have to choose a bijection {1,2,...,n} ~ & x & so that {ﬂ'(;i (2)}reex can be viewed as a
partition of {1,2,...,n}.

Sthis argument is presented in detail in Example 4.2 with the cocycle condition in place of the chain
rule. However it will be clear that the two conditions are equivalent.



following [12], [7] and [3], that every measurable solution of this functional equation is a
real multiple of the map p — Si(p,1 — p). This implies that H is equal to kSj, for some
real number k, at least on binary probability laws. But we can prove, by induction on the
number of arguments of H, that the function H is completely determined by the values
it assumes on binary probabilities. The inductive step is based on the equation

D2 Dn
)

e Y(p1,...,pn) € A"
1 —p 1 —pm P )

(1.16)
which is obtained applying the chain rule on the partition {1,2,...,n} = {1}1{2,...,n}.
In this way, for any probability distribution P, we arrive to an expression of H (P) involv-

H(p1,p2s.-.,pn) = H(p1,1—=p1)+(1—p1)H(

ing only terms like H(p, 1 —p) for some p € [0, 1]. Then, by substituting every occurrence
of H(p,1 — p) with kS;(p,1 — p) in such an expression, we get H(P) = S;(P) .

Finally, we present a generalization of Shannon entropy. Let a € (0,400) \ {1}, the
function

S, : |_|A"—>]R20

neN

] n (1.17)
P = (p1,p2,---pn) — Sa(P) := (1-a)ln2 (Zpia - 1) .

is called structural a-entropy, or Tsallis a-entropy, from the name of the physicist who
first used it in the field of statistical mechanics. The family of functions {S, }, generalizes
the entropy S; in the sense that lim,_,; S, = S;. Indeed, for all n € N, for all probability
law (p1,...,pn) € A" we have

(1.18)

We chose to introduce these functions because they admit a cohomological interpretation
too. Actually, the theory developed in Section 4 does not make much distinctions between
the case @ = 1 and the case a # 1. Just like Sy, also all the functions S, vanish on the
atomic probabilities, while they have a maximum, once the number of arguments is fixed,
in correspondence with the uniform distributions. However, if o > 1, the function

11 1 /n
ni Sa(Shi o) = (——1) neN (1.19)

n 1 —a \n®

is not monotonically increasing, but it is indeed decreasing. Therefore, the functions
S, cannot properly be seen as measures of the grade of uncertainty of probability laws.



Moreover, for any a € (0, 400), the function S, does not satisfy the chain rule, but rather
a modified version of it.

VneN, VP e A" VC ={C),...,Cy} partition of {1,...,n}

k 1.20
Sa(P) = Sa(Prg!) + ZP(Ci)QSa(PlOi)a 20

Similarly to what we have seen for the chain rule, we can express this property in an
equivalent way using the language of random variables: following notations of (1.9), it
holds that

Sa(X,Y) = S5a(Y) + Z P(y)*Sa(Py=y)

yESy

= Sa(X) + 3 P(#)Sa(Px=s).

TEEY

(1.21)

The proof consists, even in this case, in a quick verification: let P be the joint probability
distribution, then we have

S Pleyr-1- Y P (z axzx@)a) 1o

(z,y)EEX X Ey TESY YyESLy

(Z P()° (Z Plrcaly)” - 1) v P(x)a) 1= (122
TEEX yESy

S Pl (z Py 1) CY Pl 1

TEEX yESy rEEX

Hereafter, we will refer to this "deformed" version of the chain rule simply as chain rule
for a-entropies.

We conclude observing that the argument which led to equation (1.15) can be repeated
in the case o # 1, applying the chain rule for a-entropies in place of the standard chain
rule. This results in the functional equation

V (x,y) € [0, 1)2 such that = +y € [0,1]
—x— 1.23
U(l—:v)+(1—:v)au<1y )Zu(y)+(1—y)au<1 y) (1.23)

-z 1—y

In subsection 4.3 we prove, following [3], that every solution of this functional equation
is a real multiple of the function p — S,(p,1 — p). Therefore, also the a-entropies are
characterized by the chain rule.



2 The category of Information Structures

2.1 Definitions and examples

Definition 2.1. A conditional meet semilattice is a poset® S satisfying the additional
property that for any two elements x,y € S, if there exists a third element z € S such
that x < z and y < z, then the meet x A y exists in S. We will call a conditional meet
semilattice unital, if it admits a maximum T.

Recall that any poset S can be equivalently viewed as a small category, called again S, in
this way:

- Ob(8S) is the set of elements of the poset S;
{} ifz<y
0 if v £y.

In this description of a poset, the maximum corresponds to the terminal object and the

- for all z,y € S, Homg(x, y):= {

meet corresponds to the product.

Definition 2.2. An information structure is the datum of an unital conditional meet
semilattice S equipped with a functor .Z : S — Meas’ (denote . (X) := (é"X, %X)
for each X € Ob(S)) that satisfies :

1. & = {x}, with the trivial o -algebra;
2. VX €8S, Vx € &, the singleton {z} is an element of the o-algebra B x;
3. for any arrow in S, say f, the restriction morphism . (f) is surjective;

4. for every diagram X <=~ X x Y =5 Y the canonical measurable map

Li.ﬂxxy%%){xvﬁ}’

(2.1)
2 (M (7x)(Z), M (7y)(2))

is a monomorphism.

In the introduction, we have already indicated how the category S and the functor .#
should be interpreted. We only note that, since we have not imposed any restrictions
on the cardinality of the sets of possible outcomes, it is necessary that they be equipped
with a measurable space structure in order to introduce probability measures. We can
then add that, given two observables X and Y, the product XY := X AY, if it exists,

6A partially ordered set.
"The category of measurable spaces and measurable functions between them.

10



represents the observable quantity obtained by measuring X and Y together. Therefore,
the absence of certain products encodes the impossibility of performing some joint mea-
surements. However, it is possible to conduct the joint measurement of X and Y if there
exists an observable Z which determines both the outcomes of X and Y. In fact, Z also
determines the outcome of the joint measurement. Finally, the terminal object represents
the observable whose value is known with certainty before measuring it.

Definition 2.3. An information structure is said finite if VX € S, &y is a finite set,
while it is bounded if the poset S has finite height.?

Observe that if (S,.#) is a finite information structure, for each observable X € Ob(S),
the o-algebra B x coincide with p(&x) because of condition 2. in Definition 2.2. Therefore,
the structure of measurable space on &x can be forgotten without losing any information.
For these reason we will denote (S, .#) := (S, &) in these cases, where & : S — Sets is
the functor obtained composing .# with the forgetful functor U : Meas — Sets.

Example 2.1. Rather than being a single example, this is a family of examples.
Let I be a finite set. Consider the abstract simplex A(/) = p(I). It can be seen as a
poset assigning

VA BCl A<B <= BCA. (2.2)

Note that AA B = AU B, hence A(/) admits all finite products. We call K C A(]) a
subsimplicial complex of A(7) if it is a full subcategory, and for any given element C' € K
all its subset are elements of K too. Given a collection of measurable spaces {(&;,B;)}
consider the functor

el

AL (ITica &is Qica Bi)
M A(l) — Meas, |aoB lprojection

B A) (HiGB éaiv ®i€B %1>

where ), B; denotes the product o-algebra, i.e. the smallest o-algebra on [[,_, &
which makes all the canonical projections measurable. By restricting the functor .# to
K, we obtain an information structure: indeed it is a poset admitting all meets and with a
maximum, given by the empty set. Moreover the condition 1. of Definition 2.2. is clearly
verified; for 2. we need to assume that for all i € K, B; contains all the singletons of &;;
3. is also clear because the canonical projections are all surjective; as for the condition 4.
we just note that the map ¢ : &4y — &4 X & is an isomorphism. The structures arising
in this way are called simplicial information structures.

Example 2.2. Another fundamental family of examples is constituted by concrete in-
formation structures. Consider a set €2, and denote Obsg,(£2) the set of all its finite

8The height of a poset is the cardinality of its longest chain.

11



partitions. Each random variable X defined on €2 with values in a finite set yields a finite
partition of Q, given by {X(z1),..., X ' (2,,)}, where & = {z1,...,x,,} is the target
of X. Moreover, given any bijection h : & — &£, the random variable h o X induces the
same partition as X. Hence, the set of finite partition of {2 can be identified with the set
of all random variables on €2 with values in a finite set, modulo the relation ~ such that,
for any two random variables X : 2 — &x and Y : Q — &y, we have X ~ Y iff there
exists a bijection h : & — &y such that Y = ho X.

For this reason, we will use the same notation for a random variable and the induced
finite partition. Consider X,Y as above, we say that X refines Y if is possible to write
any element of Y as a disjoint union of elements of X (as partitions) or equivalently if
o(Y) C 0(X)? (as random variables). This defines a partial order relation on Obsg,(f2),
such that X < Y iff X refines Y. In the resulting poset, the trivial partition {Q} is
the top element. The product between two partition is the coarsest partition that refines
both. Explicitly, for any two partitions/random variables X, Y, their product is the finite
partition XY = {zNy|z € x,y € Y}, which can be seen also as the partition induced by
the random vector (X,Y’). In order to construct an information structure, we consider
the functor

o : Obsg,(2) — Sets

_ (2.3)
X — X seen as a finite set,

and whenever there is an arrow X — Y, o(f) is the function which maps any element of X

to the unique element of Y which contains it. This functor clearly satisfies the conditions

1. and 3.; the condition 2. does not require any verification since the structure is finite;

for 4. just note that

L:oXY — oX x oY is injective.
(2.4)
rNy— (x,y)

We remark that in Baudot and Bennequin’s article 2], an information structure is defined
to be a full subcategory S C Obsg,(£2) that is itself a unital conditional meet semilattice.
This means that {2} = T € S and that for any X,Y € S, if exists a partition Z that
refines both X and Y, then XY belong to S. Observe that restricting the functor ¢ to S
yields an information structure according to Definition 2.2.

Definition 2.4. Let Q be a set. A concrete information structure on €2 is a pair (S, <),
where

- S is a full subcategory of Obsg,(€2) such that {Q} =T € S and, for any X, Y € S,
if exists a partition Z that refines both X and Y, then XY belong to S

9For any random variable X : (Q,§, P) — (&x,Bx), 0(X) C § is the sigma-algebra generated by the
sets like X ~}(B) for B € Bx

12



- ¢ is the restriction to S of the functor defined in (2.3).

Remark 2.1. Let Q be a set. Consider ¥ :={ X3, Xs,..., X,,} € Obsg, ().

There is a unique product preserving functor o : A(n) — Obsg,(2)!° such that o(i) =
X; foralli:1,...,n. In fact we can write any J C {1,...,n} as a union of singletons
J = U,nes{m}. But since the union coincides the product in A(n), it must hold o(.J) =
[L.cs Xm- Moreover, the action of o on arrows is determined by the universal property
of the product. The image of ¢ is a full subcategory of Obsg,(£2). It is also a conditional
meet semilattice because it admits all the products. Hence it gives rise, together with the
restriction of ¢, to an information structure (S(X), o).

If we try to repeat the same construction with a subcomplex K C A(n) in place of A(n),
some problems may occur. As an example, let Q = {0,1} x {0,1}; let X; and X, be
the partitions induced by the projections on the first and second component respectively
,while X3 = {(0,0)} U {(0,1),(1,0),(1,1)}. Let K be the subcomplex of A(3) whose
maximal faces are {1,2} and {3}.

{1}
T
{1,2) — {2} —3 0

Observe that o({1,2}) = X; X5 is the atomic partition, which is initial and in particular
refines X3. Nevertheless the product X;X3 does not belong to the image of o, which
therefore is not a conditional meet semilattice.

Definition 2.5. A morphism of conditional meet semilattices is a functor ¢ : S; — Ss
that preserves all finite products in S; i.e.

H(X xY) = (X) x ¢(Y) VX,Y €Ob(S)) (2.5)

Definition 2.6. A morphism of information structures is a pair (¢,¢) : (Sy,.#,) —
(Sq, A5), where ¢ is a morphism of conditional meet semilattices, and ¢ : A4 = Mr0¢
is a natural transformation.

S:[L)SQ

N | (2.6)

Meas

Given (¥, 1)) : (Sa, Ms) — (Ss,.#s), the composition (1), 1) o (¢, ¢) is defined as the pair
(1/} o ¢, (idg X @Z) o gg) 1 More explicitly, we are considering the natural transformation

YAM) = p{1,... ,n}) =A({1,...,n})

"the notation id, x ¢ indicates the horizontal composition of natural transformations
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whose X component is given by the composition

LX) B (0(X)) Dty (6 (6(X)) 2.7)

Finally, for every information structure, the identity map is given by (ids,id z).

The fact that (idg,id_,) is actually a neutral element for the composition defined above
is clear. That composition is associative is a consequence of the properties of horizontal
composition, but can be seen also as follows. Recall that we have a functor

(_0¢): Fun(Sy,Meas) — Fun(S;, Meas),
M —— Mo

lﬁ l(_mﬁ)(n) 28)
N —— N oo

also denoted with ¢*.'> The natural transformation ¢*(n) is defined on components by
¢*(n)x = ngx) for X in S;, so it coincides with idy x ). Now for any sequence of
morphisms

g, Wi g Wi g € o

The equality
(1) () o(¢" (V) 0 & = ¢* (¥ (§) o)) 0 6
¢*9*(€)
holds true, and associativity follows. This implies that information structures form a
category, which we denote InfoStr.

Once the category is built, we proceed studying its limits and colimits. It turns out that
Proposition 2.1. InfoStr admits a zero object, the countable products and all coproducts.

Proof. The zero object is the pair made up of: the category 1, which has only one object
T and only one arrow, or equivalently the poset that contains only the terminal object;
the functor .#, that sends T to ({x},{0,{+}}) which is terminal in Meas. This pair
satisfies trivially all properties required to be an information structure. Moreover, for
any information structure (S, .#"), there is a unique morphism of information structures
(S’,.#) — 1, which sends all objects of S’ to T. On the other hand, a morphism of
information structures 1 — (S, .#) in forced to map T — T, and then in unique.
Coproducts: let Z be a set and {(S;, .#;)}
Consider the category S such that:

Ob(S) =| | Ob(s;)/ ~ (2.9)

1€T

.c; be a family of information structures.

12¢his functor takes the name ¢, between categories of presheaves
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where ~ is the equivalence relation that identifies all terminal objects. Denote T the
equivalence class of them.

Homg, (X,Y) if X, Y €S;orY =T

(2.10)
0 if X €8, YeES; i#]

VX,Y € 0b(S) Homg(X,Y):= {

This category is a conditional meet semilattice because all S; are. Then we define a
functor .# : S — Meas by

(X) = {///”(X) HXeS v eons). (2.11)

(e {0, 5}}) X =T

The pair (S,.#) is an information structure because the axioms are verified locally on
each S;. Furthermore for any index 7, we have a morphism of posets j; : S; — S which
maps any elements to itself, but seen in the disjoint union. In order to obtain morphisms
in InfoStr, we define natural transformations j; by :

Gi( X)) =idgixy Vi€, VX, €S, (2.12)

Now we are left to prove that (S,.#) has the universal property of the coproduct. To
achieve this, consider a cocone {(¢;,¢;) : (S;, #;) — (R, A )}icz. A morphism (¢, )
making all the triangles

A)

(R,
T / (2.13)

(Si, )

commutative, is completely determined. Indeed, for any i € Z and any Y; € Ob(S;), v(Y;)
must be equal to 1;(Y;). The same holds for the maps 1/)1/ and szy since 7; is the identity
map.

Countable products: let T be a countable set and {(S;,.#;)},., a family of information
structures. Define S to be the product in Cat!? of the categories S;. This means that
Ob(S) := [L,c; Ob(S;) and

YV (Xi)ier, (Yi)ier € Ob(S)  Homg ((X;)ier, (Yi)ier) HHoms (X5, Y). (2.14)

el

13The category of all small categories.
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We endow S with the functor

M S — Meas
(Xi)ier — H%(Xz) = (H &i(Xa), ®%i,Xi) (2.15)

iel il il

such that given (f;)icr : (X;)ier — (Y3)ier, the measurable function .4 ((f;)icr) := [Lic; fi
is induced by the universal property of the product and is clearly surjective. The pair
(S, ) just defined satisfies the conditions 1....4. of Definition 2.2:

1. Follows once noting that the terminal object in S is the collection of terminal objects
of the S,.

2. Since [ is countable, all the singletons {(z;)ier} € &((X;)ier) can be written as a count-
able intersection of elements in the product o-algebra. Denoted me(x,) : [[;c; €(Xi) —
&(X;) the canonical projection,

{(zi)ier} = nﬂ' {xz (2.16)

el

Thus it is itself an element of the product o-algebra.
3. Already verified
4. For any two objects (X;)ier,(Yi)ier in S, the measurable map

v [[ (X x Yy — [ (X0) < J[#:(Y) (2.17)
i€l i€l i€l
is the product of the injective maps ¢; : A (X; X Y;) — A (X;) x #(Y;) and hence it is
injective too.

For any i € I, the projection p; : S — S; (from the product in Cat ) becomes a morphism
of information structures (p;, p;) defining

) (Xi)i * (H &i(X; ®%1X gza%zX) (Xi)ier €S (2.18)

i€l i€l

as the projection from the product in Meas. We claim that (S,.#) together with the

morphisms (p;, p;), has the universal property of the product in InfoStr. To prove this,
consider an I-cone {(t;,t; : (R,.#) — (S;,.#;)} on the discrete diagram {(S;,.#;)}
Since S is the product in Cat of the S;’s, there is a unique functor

iel”

< >z€] R — S such that P; © <ti>i€] =1 Viel. (219)

Furthermore, for any object U in R, there exists only one measurable map making the
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diagrams

) 9.20
£(U) l i(0) (2:20)

commutative for all ¢ € I. Thus, (t;>26 ; is also uniquely determined to be the natural
transformation whose component in U is (£;(U)). O

2.2 Representations

Throughout this subsection we consider only finite information structures. Removing the
reference to a fixed sample space lent a more natural definition of morphisms between
information structures. Nevertheless, there are information structures whose objects can
be seen as partitions of some fixed set, although they are not necessarily concrete in the
sense of Definition 2.4. This is made precise by the following

Definition 2.7. Let (S, &) be a finite information structure. A classical representation of
(S, &) in a set ) is a morphism of information structures (p, p) : (S, &) — (Obsg,(2),0)
such that px is a bijection for any X € S.

Using the bijectivity of p, we can associate to any X € Ob(S) a simple random variable
X : Q — & defined by X~1(z) := px(x) for all 2 € &. Tt is possible to characterize the
structures that admit a representation in some space by means of the properties of the
functor &. This is actually what we are going to do now.

The functor & : S — Set is a diagram in Sets, which is a complete category. Hence the
limit exist, and is explicitly described by:

liéné’ = {(tx)xeons) € H &x | for any arrow ¢ : X =Y, &(p)(tx) = (ty)} (2.21)
X€eOon(s)

The functions that constitute the universal cone are the restrictions to limg & of the
projections from the product mg, : []ycops) &x — €z, where Z € Ob(S). In fact, for any
other cone (D, {dx }xcons)) over the diagram &, we have a unique function (dx)xcoun(s)
induced by the universal property of the product. But since for any arrow f : X — Y in S
we have dy = fodx (being D a cone), the image of the function (dx)xcons) is contained
in limg & C HXEQb(S) &x. Thus, there exists a unique map d : D — limg & such that
dy = mg, od for all Z € Ob(S).

We remind that the elements of limg & are usually called compatible families, or global
sections of &.

Definition 2.8. An information structure (S, &) is called noncontextual if for all X €
Ob(S) and for all z € &, there exists § € limg & such that mg, (5) = .
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We can reformulate this definition saying that for all X € Ob(S), every element in &
belongs to a compatible family.

Theorem 2.1. Let (S, &) be a finite information structure. It holds that
(S, &) has a classical representation <= (S, &) is noncontextual. (2.22)

Proof. =) Suppose that (p, p) is a classical representation of (S, &) in some set €.
For any map f: X — Y in S we have the commutative diagram

(QJEERIES <>p(X —> Ex

W e

Op(Y —) (o(oy

where vy maps w € Q to the element of ¢op(X) to which it belongs. We can see that 2 is
the vertex of a cone over the diagram &. Therefore exists a unique map ¥ : ) — limg &
such that VX € S, mg, oW = p' oyx. Consider an element y € &, for some Y € Ob(S).
Is always possible to take an element w, in the preimage of y via py' o 7y, because this
map is surjective. We claim that ¥(w,) is the compatible family we were looking for. In
fact 75, (W(wy)) = py' 0y (wy) = y.

<) We define a classical representation of S in limg&. Let p : S — Obsg,(limg &)
be the functor that associates to and object X the partition induced by mg,, which is
{mzi(x)|z € &}. Given an arrow f: X — Y, we have the comutative triangle

hms &

Trgxl ng (2.23)

From this we deduce

e = U e (2.24)
ze&(f)~1({y})

which means that p(X) refines p(Y). We define p(f) as this refinement. To obtain a
morphism in InfoStr, consider the natural transformation p: & — ¢ o p given by

lg(f) lo,;(f) l l (2.25)

Observe that py is surjective by definition of p(X), and is also injective. In fact for
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z,z € &x such that 7 (z) = W;;(Z), applying mg,, we get x = z. Thus (p,p) is a
classical representation of (S, &). O

Remark 2.2. A measurement scenario is defined in [1] as a triple (X', M, O), where:
- X is a finite set of variables.

- M = {C;}ics is a family of subsets of X, that represent the maximal possible
measurement contexts.

- O is a finite set which represents the set of possible values or outcomes that each of
the variables in X' can assume.

The power set p(X) can be ordered by inclusion, obtaining in this way a poset which in
turn can be seen as a category. It is worth noting that this category is the opposite of the
category A(X) defined in Example 2.1.

On the category p(X) is defined the presheaf £ : U — OY =[] ., O, with restriction
morphisms £(U C U’) given by the projections [[,.,» O — ],y O. This presheaf is
called the sheaf of events: it is indeed a sheaf if we see X’ as a discrete topological space.
Furthermore, for any C' € M, suppose given a probability law pc on the set £(C), such
that the resulting family (pc)cen is compatible, in the sense that for any C,C" € M the
marginalizations of pc and por to E(C'NC") are equal. This defines a subpresheaf S of &
that can be interpreted as the presheaf of events which are actually possible according to
the family (pc)cenm. Specifically

S(U) = {s € OY|V C € M, s|lunc € supp(pclunc)} (2.26)

where s|ync denotes the projection of s in OY"¢ and polunc denotes the marginalization.
Let K be the subcomplex of A(X') whose maximal faces are the measurement context C' €
M. 1t is possible to prove that (K,S) is an information structure according to Definition
2.2. We then follow the notation of [1] saying that an finite information structure (S, &)
is:

- logically contextual at a value x € &y if x belongs to no compatible families in
hms &

- strongly contextual if & does not admit any global section, i.e. limg & = ().
We conclude the discussion with some examples.

Example 2.3. Let K be the subcomplex of A(2) whose minimal faces are: {0, 1}, {0, 2}, {1, 2}.
We want to build a simplicial information structure on K. For this purpose, we introduce
a functor & : K — Sets defining it directly on all objects and arrows in K. We start
setting &({i}) := {a, b} fori = 0,1,2. Note that a and b are just "names" for the elements

19



of a two-elements set. Usually these two elements are denoted 0 and 1 but we choose to
not adopt this notations here to avoid confusion with the elements 0,1 € A(2). Since
the functor & must satisfy the condition 4. in the definition of information structure, the
set &({i,7}) can be identified with a subset of &({i}) x &({j}), thus it makes sense to
define &({i,5}) = {(a,b), (b,a)} for any {i,j} € K. Moreover, & transforms arrows in
K (reversed inclusions) into restrictions of the canonical projections from the product in
Sets.

(2.27)

—
N T
—

—
= §mmmmmmm e @ T
—

O dmm e oo O

~=
—

The triangle at the ground floor is a picture of K, the side with vertices {i} and {j}
represents the object {i,j}. Above each vertex {i} of this triangle lies &({i}), and above
each side {i, j} there is &({i,j}): every segment that connects an element of &({i}) with
an element of &({j}) specifies a pair in &({i}) x &({j}). We can now observe that an
element s € []y g &x corresponds to a family of points an dashes indexed by objects of
K. This family forms a closed path if and only if s € limg &. Looking at the picture we
deduce that in this case limg & = (), so the structure is strongly conteztual.
Alternatively, one could notice that the shape of & models the constraint that for any
measurement involving two observables together, they yield different outcomes. Thus,
no joint measurement of the three observables can satisfy the constraint, in fact, it’s
impossible for three elements taken from {a,b} to be pairwise different. Observing that
an element in the limit specifies a possible outcome of such a joint measurement, we
conclude that limg & = 0.

Example 2.4. Here is a variation of the previous example. We only modify the value &
on the two-element objects.
Specifically, &({i,j}) := {(a, a), (b,b)} for any {7, j} C {0,1,2}. In this setting the picture
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becomes

-

(2.28)

o
N §---=mm=ofmmm -

—
—

[ LT T —— S

[

——

o §mmm e ) - O

—

We see that any point or dash is part of a closed path. Hence the structure is noncontex-
tual. Moreover limg & ~ {a, b} since any component of an element of the limit determines
all others. In this case the three observables are constrained to be identical.

Example 2.5. We present another variation. Again we modify only the definition of
& on objects, according to: &({0,2}) := {a,b} x {a,b}; &£({0,1}) = {(a,b),(b,a)};
¢({1,2}) :={(a,a),(b;b)}.

\

(2.29)

S
N e YR Y

[N T TS S

~=
—

[

S

—
—
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In this case limg & # (), indeed (a, b, b, (a,b), (a,b), (b, b)) € lim, &. However there is no
closed path that includes the segment (b, b) over {0, 2}.
Thus the structure is logically contextual at (b,b) € &({0,2}) but not strongly conteztual.

Example 2.6. Given a concrete structure (S, ¢) on a set {2, it may happen that limg ¢ #
2. Recall that there exists a map 1 : {2 — limg ¢ induced by universal property of the
limit. Hence any element in €2 specifies an element in limg ©.

Let © := {1,2,3,4} and consider the finite partitions partitions X; = {{i}, {i}°} for
1 =1,2,3,4. Let S be the concrete structure whose underlying poset is represented by

X1X X5 X3

X X, X (2.30)

Applying the functor ¢ we get

{1} {2}. {3.4}} {{23, 3}, {1,4}}

{{1}, {13} {{2}, {23} {{3}, {33}

|

{{1,2,3,4}}

(2.31)
Observe that ({1}, {3}, {1}, {2}, {3},{1,2,3,4}) € limg ¢ but this compatible family can
not be the image of any w € (), simply because such an w would be both 1 and 3.
Thus limgo # Q. Notice that by including X;X3 in S, the observables X; and X3
can be measured together, and the outcom of such a measurement belongs to the set
{{1},{3},{2,4} }. Thus the presence of elements like the one above is no longer possible.
With this modification we have limg ¢ ~ ).

3 Information cohomology

In this section we introduce the information cohomology following [13]. The reader is
supposed to be familiar with abelian categories and derived functors. We refer to [14] for
notations and definitions related with these topics.

Let S be a unital conditional meet semilattice with terminal object T. For any object
X € Ob(S) the categorical product in S induces a monoid structure on the set .y =
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{Y € Ob(S)| 3f : X — Y} of the objects which are coarser than X. In fact, for any Y7, Y, €
Sx, the object X provides a common lower bound, thus the product Y;Y; exists. This
defines a binary operation on the set .%, which is shown to be associative, commutative,
and with neutral element given by T. Whenever there is an arrow f : Z — X in S, the

inclusion .y C .¥7 is an homomorphism of monoids. Therefore we obtain a presheaf of
monoids . : S°* — Mon such that .#(f) is the inclusion ./x C .%7.

Definition 3.1. Given a monoid M, the monoid R-algebra associated to M, denoted
R[M], is the free R-module on the underlying set of M endowed with the product

n

k n k
(Z T [ml]) : (Z r; [mS]) = (Z Z rir; [mZMm;]> where 7, 75 € R and m;, m; € M
j=1

=1 i=1 j=1
which is associative and admits [1,/] as a neutral element.

Definition 3.2. Let S be a unital conditional meet semilattice.
o/ : S°? — Rings is the presheaf of rings described by

l@ () | extension of . () by R—linarity (3 1)

Definition 3.3. Let S as above. We denote with Rg : S°®» — Ab the constant presheaf
of &7-modules which maps all X € Ob(S) to (R, +,0), equipped with the trivial action of
gx. Y-r=rvVY edx,reR)

The functor Hom, (Rg, ) : PMod(«/) — Ab is left exact. Moreover, the category
PMod(¢/) is abelian and has enough injective objects. Hence the right derived functors
R"Hom, (Rg, )= Ext"(Rg, ) are well defined and form a universal o-functor [14].

Definition 3.4. The information cohomology of S with coefficients in the 7-module F
is

H*(S,F):= R*Hom,(Rg, )(F)=Ext*(Rg, F) (3.2)
Recall that properties of PMod(.«/) listed above, ensure that F has an injective resolution

d? d?
0=-F>J" L g Lg% ..,

and the group (actually a real vector space) Ext"(Rg, F) is the n-th cohomology group of
the complex obtained applying the functor Hom, (Rg, ) to the complex [J°.

It is, however, more convenient to fix a projective resolution P, — Rg — 0 and use it to
compute the information cohomology with every presheaf of coefficients. This is possible
because of the following
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Proposition 3.1.
H"(Homy(Rs, J*)) ~ H"(Homy (P., F)) VneN, (3.3)

Proof. Homy(_, ): PMod(«)°® x PMod(&) — Ab is a bifunctor, such that if J is
injective, Hom,,(_,J) is exact, and if P is projective (iff it is injective in PMod (%))
the functor Hom, (P, ) is exact.

Y

0 0 0

~ ~ ~

0 —— Hom%(Rs,jl) e HOHIJZ/(,PQ,jl) E— HOHIM(

In this bicomplex, the vertical differential is given by d :== d’ o _ for n > 0 and d,;' :=
¢ o . Similarly, the horizontal differential is given by df := o d] for n > 0 and
dgl = _oe. Thus, based on the definitions of injective and projective objects, we ca infer
that all rows and columns are exact except for the first row and the first column.

This implies that the cohomology of the first row is isomorphic to the cohomology of the
first column, which is (3.3). We only quote the construction of the isomorphism, omitting
all the necessary verifications.

Let fr—1 € Homy (Rs, J%) for some k € N, which is a cocycle for the vertical differential,
ie. d’; o fr_1 = 0. Consider fro = d;'(fr_1): it is a cocycle for d, because d*(fro) =
dp, o dy(fr,—1) = 0. Therefore, since the first column is exact, there exists an element
fe_10 € Homy(Py, J¥71) such that d,(fx_10) = fro. We then move again to the right
along dp: fr—11 := d}(fr—10) is again a cocycle w.r.t. the vertical differential, because
do(d(fr-10)) = dn(fr0) = dn(dn(fx,—1)) = 0. This allows us to find fy_o;. Iterating this
argument results in a "ladder" path on the bicomplex (3.4), starting at the spot (k, —1)
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and arriving at (—1, k), as displayed in the following diagram

faar —0

1 !
==\

fr=10 —> fro — 0

Tl 1l
fr—11 0
~=A
Jie—2 — fap—2 (3.5)
SRR
for—1 — fl,k—l
oy 8 l
Je1 — fro —— 0
{ {
0 ——0

The element f_;; € Hom, (Px, F) is a cocycle w.r.t the horizontal differential, since

sodp(fo1k) = dn(for) = de(dp(for-1)) = 0. (3.6)

It is worth noting that f_; j is not determined by fj _1. Indeed, every time the row index
decreases, a choice has to be made. Therefore, f; 1 — f_1; is not even a function.
However, it can be verified that

H*(Hom,,(Rg, J*)) = H*(Hom,(P,, F))

[fro1] — [fo14] (3.7)

is well defined and is an isomorphism of R-vector spaces. O

It remains to find a projective resolution of Rg that allows for explicit calculations with
cocycles. For this purpose we will use the unnormalized bar resolution, which is presented
in Appendix B.

Let R, : S — Rings be the presheaf which is constant at the ring (R, +,-,0,1). For any
X € 0b(S), we have a ring homomorphism R — &7x, ¢ — ¢[T]| that induces a structure
of R-algebra on o7x. Moreover, &/ maps the morphisms in S to morphisms of R-algebras,
which means that the just defined ring homomorphisms join into a natural transformation
LR, = .

We now apply the construction in Example B.2 to the natural trasformation ¢ : R, — o7,
obtaining a relatively free allowable resolution f,(Rg) —» Rg. In particular, for any n > 0
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and any X € Ob(S), we have

Bn(X) = Ba(Rs)(X) = Fx®r( - Br(FxOrR)...) ~ Fx Qr - Or Fx Or '+ Or Fx .

n+1 times

(3.8)
And

0,(X) : Bo(X) — By1(X)

n , 3.9
Y0®...Yn;—>Z(_1)ZYO®Y1@...@3/1.3%1@...@3/”‘ (3.9)

i=0
Moreover, letting f : X — Y to be an arrow in S, we have %,(f) = (& Qg _o©

O)" ™ (Rg)(f) = «/(f) Qg - - @r (f). The differentials are natural in X, as can be
seen through a simple check.

We will show that the functors 4, are free .o7-modules. We first recall the definition:

Definition 3.5. Let C be a small category. O : C°® — Rings is a presheaf of rings, and
G is a presheaf of sets with the same source. The free O-module on G is the functor

O[G] € — Ab
X 0x[6(X)] = P Ox-a (3.10)

z€G(X)

Each Ox[G(X)] is clearly an Ox-module. Given an arrow f: X — Y, O[G](f) is defined
as a path from the top left to the bottom right in the commutative square

Oy[G(Y)] —2— Oy[G(X)]

Ox[G(X)] — Ox[G(X)]

Where the horizontal arrows are specified by the function G(f) on the bases, while the
vertical ones are induced canonically by the universal property of the coproduct in Ab.
The abelian presheaf just defined makes the diagram A.1 commutative, so it is actu-
ally a presheaf of O-modules. This construction yelds a functor O[ | : Psh(C, Sets) —
PMod(O), because, given a natural transformation ¢ : G — G’, for any object X, there
is a unique Ox-linear map O[(]x : Ox[G(X)] — Ox[G'(X)], such that O[(]x([y]) =
[(x(y)] Vy e G(X). The naturality of O[] follows from the naturality of (.
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For each n € Ny there is a natural isomorphism %, ~ &[.%"]' whose X component is

n—+1 times
7\

Bo(X) =y @ pdy = P AxNiVal.. Vo] = Sy [FF]

(3.11)
YOVI® - @Y, —s Y[Yi|...[V]

Remark 3.1. If n = 0, the functor .#" becomes constant at {*} and the isomorphism *
still holds, in fact it turns into the identity map on .@7x. In this case we will replace the
notation @y [{*}] with /x| ]. Actually, what should be included in square brackets is an
element of R, since the starting .o/-module was Rg, but because of R-linearity we have
omitted it.

By means of x, the differental 0,,(X) : £,(X) — B,-1(X) , for n > 1, takes the form

n—1

OuX)NAIVal .- 1Y) = VilYal o YValt SO YiYasa o Yol 4= AL Vo]
k=1

(3.12)

If n =1 we have 01(X)([Y]) = Y[] =[], and for n = 0, the augmentation morphism

ex : @x| ] — R is determined an the only .&x-linear map such that ex([ ]) = 1.
Our aim now is to prove that %, is indeed a projective resolution of Rg.

Proposition 3.2. Keep notations from the Definition 3.5. Let U : PMod(O) — Psh(C, Sets)
be the forgetful functor. There is a free-forgetful adjunction O | 4 U.

Proof. The adjunction in this proposition is built upon the free-forgetful adjunction be-
tween the categories of sets and of modules over a ring. Details are omitted . O]

Proposition 3.3. For each n > 0, the presheaf B, is a projective object in PMod (/).
Proof. We have to show that for any diagram in PMod (%) like
la (3.13)
N —25 M

there exists a morphism o’ : &7[.¥"] — N such that « = 0 o o/. Because of Proposition
3.2 it suffices to prove the existence of a map of presheaves ¢ : " — UN such that
a = Uoo(. Indeed, provided such a ¢, we would have 0o = Uo o { = & = a and setting

4Here, with .#" we mean the presheaf of sets defined by the rule X ~ %, and, on arrows, by

SO = (S )
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o' := ( the proof would be concluded.

s
/
/

- S
/ l“ (3.14)
AF—”» M

NN
\

Since for all X € Ob(S) the function ox is surjective, we can construct functions (y such
that ox o(x = ax, but they don’t need to join in a natural transformation. But using the
additional properties of the category S as a conditional meet semilattice we can choose
functions that are compatible with restrictions. If n = 0, choose (r(*) € o7 (ap(x)). For
any object X in S | exists a unique arrow 7y : X — T. Defining (x (%) := N (7x)((r(*))

we obtain a compatible family of UN i.e. an element of Hompg, ({*}'°, UN).

For n > 0, as above we define first ¢ choosing an element (7 (T, ..., T)) € o7 (ap(T, ..., T)).
Next, for any X € Ob(S), we define (x recursively:

Cx (Y1, Ya, 0 Y0)) = (e, v (Y1, Yo, Y0))

if the product is not isomorphic to X, otherwise we choose an element in
ox (ax(Y1,Ys, ..., Yy,)). m

Let F be an «/-module, the Proposition 3.3 implies that can we compute the groups
Ext*(Rg, F) as the n-th cohomology groups of (Hom (%, F),d*). The differential of
this complex is given by precomposition with 0, the differential of %. Explicitly, given
f € Homy(%,,F) and X in S

0" f)x Ml Yol = fx (0 (X)) Yagr)) =
Vi fx([Yel. . Vo] +Z (Y] VY [Yan]) + (5" (Y] - YD)
(3.15)

Just to simplify notations, we will write fx[Yi|...|Y,] in place of fx([Yi|...|Yn]). The nat-
ural transformations in C™(S, F) := Hom (4%, F) are called n-cochains; the n-cocycles
are the elements of Ker(6"), denoted Z™(S, F); the group of n-coboundaries is the image
of 8"~ which is a subgroup of Z"(S,F) since §"0"~! = 0. With these notations, we
find the familiar relation H™(S,F) = Z"(S,F)/6"*(C™(S,F)). The &-module F in
question, is called presheaf of coefficients.

Let us conclude this section on information cohomology by presenting a property of funto-
riality in the category S of observables. This could draw an analogy between information
cohomology and other theories involving cohomology, such as the singular cohomology of

15if A is a set, we denote A the presheaf of sets constant at A
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a topological space. Moreover, the functoriality will allow us to state that probabilistic
information cohomology (Sec. 4) is invariant for equivalent information structures.

Proposition 3.4. Let ¢ : S — S’ be a morphism of unital conditional meet semilattices.
Then is defined a morphism of presheaves of rings ¢* : o — P/, which induces a
functor ¢, : PMod(«") — PMod(&). Moreover, ¢* yields a chain map

U, : Hom/ (4., F') — Hom (P, ¢ F') (3.16)

and hence a map of graded vector spaces H*(V) : H*(S', F') — H*(S, ¢.F").

Proof. Since ¢ preserves finite products, the functions .y — LS”Q’S(X),Y — oY) are
homomorphisms of monoids for all X € Ob(S). They clearly define a natural transfor-
mation ¢* : .7 — ¢P.%’, which uniquely determines a morphism of presheaves of rings
o/ — ¢P</’, that we rename ¢#. Now, given (F', ') an «/’-module, we consider the
&/-module structure given by

w%l % (bpf/ PP (1) (bpf/
¢#xidT (3.17)
o X pPF'

This yields a functor ¢, : PMod(%’) — PMod (&), because if a : (F',p/) — (G', V') is
&/'-linear, then it must be also .27-linear.

o x pF S oy s gpF P g

lidxqbp( ) lidxw’(a) lqw (3.18)
of x grg L ## xid ot x oG LY, #P (V')

Thus, applying ¢, to the complex of «7’-modules Z,, we get a complex in PMod (7).
Let n > 0. Having the morphisms &y — 527 50 and x — 5’ ) it s natural to define
Q%+ B(X) — B (p(X)) as the unique Zx-linear map such that

xS — Ax[S(x)]

(3.19)
Y. . Ya] — [o(V1)]. .- [6(Yn)]-

These maps are clearly compatible with restriction morphisms. Thus we can consider, for
any n € N, the natural transformation ®" : %, — ¢.(%,,), which turns out to be also
o/-linear. We now claim that the just defined ®° is a chain map. We check this on a
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generic X, let n > 1,
Oy 0 (X ) (1] [Va]) = @5 (VilYal .. [Yal+
+ nz_1<_)k[Yl’ VY] Y] + ()" Yaa)
= Z%)W(Yﬂ o (Ya)l+
+ :ZI(—)’%(Yl)\ YY)l [o(Ya)] 4 (=) [e(Y1)] - [o(Yaa)]

= $.0,(X)(% (1] ... [Ya]))-
(3.20)

We now define for each n >0

v, : Homg{/(%;l,.rl> — Hom%(%na (b*f/)

f— ¢ (f) 0" (320)

These homomorphisms of abelian groups commute with the differential §°, as can be seen
from

Ui 1 (0"(f) = 0 (6" () 0 @™ = 6(f') © $u(0)41) 0 @™H
= ¢u(f") 0 " 0 (Dns1) = 0" (W (["))-

It is known that any cochain map induces a morphism of graded vector spaces in coho-

(3.22)

mology, therefore we conclude the proof considering the one induced by ¥, O

4 Probabilistic Information Cohomology

In this section we construct a family of presheaves indexed by a positive parameter a;, and
then we focus on information cohomology with coefficients in these presheaves. Within
this framework the a-entropies arise as the only possible 1-cocycles.

We begin introducing the probabilities as a covariant functor on a finite information
structure. By the way, all information structures throughout this section are supposed to
be finite.

Definition 4.1. Let (S, &) be an information structure. & : S — Sets is the functor
that associates to each X € Ob(S) the set

P(X) = {P L& [0,1]] Y Pla) = 1} (4.1)

TEEY

of all probability laws on &x. And to each arrow ¢ : X — Y associates the marginalization
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of probabilities performed with respect to &(f). This means that Z(f) : P — P(&(f)7*(-))
or equivalently

VPeP(X),Vye& 2EHP)y)= >, Pl (4.2)

zeé ()~ (y)
Sometimes we will write Y, P in place of Z(f)(P)

Let us fix some preliminary notations. Consider any arrow f: X — Y in S, P € Z(X) and
y € & . We will adopt the notation P(Y = y) = P({Y = y}) := P(&(f)" (y)), which is
very common in probability theory. Similarly, given a diagram Y Lxtz , the with the
expression P(Y =y, Z = 2) = P{Y =y} N{Z = z}) we mean P(&(f)"}(y)N&(g)(2)),
which is also equal to P(&({f,g)) " (w(y, 2))), where w(y, z) is the unique element of &
mapped to (y, z) by the canonical injection of Definition 2.2.

Furthermore, if A C &x is a subset such that P(A) > 0, the conditional law P, € Z(X)

is defined by
P(AN{z})

Pa(r) = TP (4.3)

The two conventions explained above may be combined, e.g. if P(Y = y) > 0, we have

Py —y(z)

_PAY =gy {a)) _ {P<x>/P<Y =y TeEOTW

P(Y =y) 0 z ¢ &) (y).

We remark that conditioning commutes with marginalization, meaning that for any dia-
gram like X Lylkz , and given any probability law P on &y, we have

_YPUZ=20{)) _ PEO " EW )N 1)
N Y L R GURC I
P(6(ho 5 (2) N £ ) |
B P(Z = 2) = ¥-Pz-)

for all y € & and z € &5.

Definition 4.2. An adapted probability functor 2 on an information structure (S, &) is
a subfunctor of &2 that is stable under conditioning. This means that whenever there is
an arrow f: X — Y in S, for any P € 2(X), and every y € &y such that P(Y =y) > 0,
the conditional probability Py—, belongs to 2(X).

Remark 4.1. The set of all probabilities on a finite set of n elements is in bijection with
the n — 1-dimensional standard simplex

Anfl = {(017627"-7cn) ERH‘ch_landCZEOVZl,,n} c R™ (46)

i=1

31



Thus, it can be identified with a closed subspace of R™ equipped with the usual topology,
and inherits from (R™, Bg~)!® the structure of a measurable space. In this way, for any
object X of a finite information structure, (X ) becomes a measurable space, as well as
2(X) for any probability functor 2.

Moreover, if for all X € Ob(S), the set 2(X) is a simplicial subcomplex'” of Z2(X),
then 2 is adpted. To see this, take P € 2(X), and let (z1,xs,...,x,) be the simplex of
smallest dimension in which P is contained. Given f: X — Y, for any y € &y, the law
Py, belongs to the boundary of (1,2, ...,z,), unless &(f) ' (y) = &x, but in this case
we would have P = Py—,. Thus, since 2(X) is itself a simplicial complex, Py_, € 2(X).
Consider a finite information structure (S, &) and an adapted probability functor defined
on it, say 2. Because of to the previous remark, for any X in S, we are allowed to
consider the set Hompseas(Z(X),R). Is possible to endow this set with a structure of
R-vector space, such that the operations are defined pointwise, using the operations in R.

(v1 4+ v2)(P) 1= v1(P) + vo( P) vy, vy € Hompyeas(2(X),R), P € 2(X) (4.7)
(r-v)(P) := rv(P) v € Hompeas(2,R), 7 € R

Now let v be a positive real number, we give to the vector space Hompseqs(2(X),R) an
/x-module structure depending on the parameter «. First, we assign to each Y € .¥x an
endomorphism Y. € End(Hompseqas(2(X), R)), which operates in the following manner:

YoovmYw,  Yu:Pe > PY =y)"v(Py-) (4.8)
yEby
P(Y=y)7#0
It can be readily verified that Y. is R-linear. Another aspect to verify is whether Y.v
is measurable, a fact that becomes evident once we demonstrate the measurability of
P — Py-, for every y € & . To see this, consider P as a point (p1,pa,...,pn), Where
n = |&x| and name f the function that testifies to Y € Ax. Conditioning with respect to
{Y =y} maps (p1,ps,...,pn) to the point whose i-th component is: 52— if &(f)(x;) =

P(Y=y)
y; otherwise is zero. This function is certainly measurable because it is rational in the

variables py, po, ..., Pn-

Proposition 4.1. Suppose given a finite information structure (S, &) together with an
adapted probability functor 2 : S — Meas. Then, for any X € Ob(S), the function

yX — End(HomMeas(Q,R))

v (4.9)

is a morphism of monoids for all the possible values of the parameter c.

16We refer to the Borel o-algebra
1"Let X be a simplicial complex [6]. A simplicial subcomplex of X is a simplicial complex made up of
simplices that belong to X.
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Proof. Observe first that T.(-) = id, in fact Vv € Hompseas(2(X), R) it holds that
Tw(P) = P(T = {+})"0(Pr=) =v(P) VP e 2(X). (4.10)

Now, pick Y, Z € #x. Then there is a diagram like Y & X 5 7. We have to show that
(YZ).(-) =Y. 0 Z.(-) as functions on Hompseas(2(X),R). Let P and v vary as above,

(YZ).v(P) = Z PY =y,Z =2)"v(Pyz=(y,>)

(y,2)E8y 2
P(Y=y,Z=2)#0

= > Y P(Y =) Pyo,({Z = 2)*0(Pyz—(y)

YESy 2EEy
P(Y )0 Py, ({722})#0

Z Z P(Y =9)*Py—,({Z = 2})*v((Py=y)|z=-) (4.11)

yELy 2EEy
P(Y=y)#0 Py_,({Z=2})7#0

= E P(Y = y)aZ.U<Hy:y)
yESy
P(Y=y)#0

= Y.(Z2)(P)

[| &2

In 1) we used the familiar relation P(Y = y,Z = 2) = P(Y = y)Py-,({Z = 2})
deduced directly from the definition of conditional probability. For 2), just note that
PYY =y,Z = z) # 0 implies that Py_,({Z = 2}) # 0 and P(Y = y) # 0, and in this
case, for every B C &, we have

PBOLY =y} {Z=2)) _ Ar-y(BN{Z=2)
PV=y}niZ=2p  Rr{Z=2)

By z=(y.2)(B) = = (Py—y)jz==(B).

(4.12)
This concludes the proof. O

Extending by R-linearity the homomorphism of Proposition 4.1, we obtain an homo-
morphism of R-algebras o/x — End(Hompseas(2(X),R)). This yields the stucture of
o/x-module we were looking for. The /x-module Hom pe.s(2(X), R) will be denoted by
Fo(X) or Z,(Z2x), to underline the dependence on the probability functor.

Definition 4.3. Let (S, &) be a finite information structure together with an adapted
probability functor 2 : S — Meas. For each o > 0, .Z, = %#,(2) is the presheaf of
o/-modules defined by X — .#,(X) on objects, and such that .Z,(f) = o 2(f) for any
arrow f: X =Y in S.
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The maps _ o 2(f) are R-linear, as we can see by a direct verification

(r1vy + 1mv9) 0 Z(f)(P) = (rv1 + ro2v9) (Y, P)
= r101(YaP) + 1o (Y, P) (4.13)
= r1v; 0 2(f)(P) + rovg 0 2(f)(P),

where r1,r9 € R, v1,v9 € Z,(X), P € 2(X).
To ensure that %, fulfills the definition A.1, we must check the commutativity of all the
squares like
Gy X Fo(Y) —— Fo(Y)
l,sz{(f)xﬂa(f) Falf) (4.14)
D X Fo(X) — Fo(X)

Take (Z,w) in the top left object, and P € 2(X).

Zw(2H(P) = Y ViP(Z = 2 w((YuP)—.)

2EEy
Y. P(Z=z)#0

= > P(Z =2 w(2()(Pz-.)) = Z.(wo 2(f))(P).

Z2EEy
P(Z=2)#0

(4.15)

Definition 4.4. The probabilistic information cohomology of (S, &) with respect to the
adapted probability functor 2 : S — Sets and the parameter «a is H*(S, %,(2)).

Recall that H*(S,.%,(<2)) is the cohomology of the complex
C*(S, Z#,(2)) := (Homy (A, Fu(2)),06°). (4.16)

We will describe explicitly the cocycles of this complex and, under suitable assumptions
we will compute the first cohomology group.

However, before doing that, let us revisit the discussion of section 3 about the functoriality
in S of information cohomology, specializing it to the case of probabilistic information
cohomology.

Consider a morphism (¢, ) : (S,&) — (S,&") in InfoStr together with two adapted
probability functors 2, 2’, each defined respectively over S and S’. Let X be a generic
object in S; using gzgx, a probability law on &x uniquely determines a probability law on
gdg(X) through marginalization. We will call this operation external marginalization, in
contrast to the term internal marginalization, which we will use to indicate the restriction
morphisms of probability functors on an information structure. We remark that it is
not guaranteed that if P € 2(X) then the marginalized Poy' belongs to 2/(X), but
assuming this yields a function 2(¢x) : 2(X) — ¢*2/(X).
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The notation 2(¢x) can be misleading since in 4.1 we defined & as a functor on S.
However, in general, we can define the functor & : Setsy;,, — Meas which associates
to each finite set A the simplex of all probabilities on A. Given g : A — B a function,
P(g) is defined to be the marginalization of probabilities performed with respect to g as
in definition 4.1. Then, provided A = {ay, as,...,a,} and B = {by, bs, ..., by}, we have

@(g):(pl,...,pn)H( Z Diy - Z pz) (4.17)

CLiEA a; €A
g(ai)=b1 g(ai)=bm
From this explicit expression of Z(g) as a function of the variables py, ..., p,, it becomes

evident that 2(g) is measurable. So when we write 2 (¢x), we are actually referring to
the measurable map obtained by applying the functor & : Setsy;, — Meas to ¢x.
Let f: X — Y be any arrow in S, the following square

2(x) 2 9/(p(x))

l@(f) A lg'w(f)) (4.18)
2(v) 2% 2(4(v))

is commutative because the naturality of gZA) entails
P (&) g3t = Poyt (8'¢(f)"1 VP e 2(X). (4.19)

Then, provided that 2 (¢x)(2x) C 2% for each X € Ob(S), the maps (‘@(QEX))XeOb(S)
join into a natural transformation 2 — ¢*2’. The commutativity of the square (4.18)
also shows that the operations of external and internal marginalization commute with
each other.

Applying the functor Hompsees(_, R) : Meas — Modg!® to the maps @(QASX), we obtain
a map of presheaves of R-modules © : Hom/eus(¢0* 2", R) — Hompreas (2, R), whose X
component is

Ox : Hompjeas (2 (6(X)), R) — Hompreas(2(X), R) (4.20)

v — v o P(dx) '
As we will see in the next proposition, under certain assumptions on gg and on the prob-
ability functors, © turns out to be .@7-linear and allows us to define a map of graded
vector spaces between the information cohomology of S with coefficients in .%,(2) and
the information cohomology of S’ with coefficients in .#,(2’), for each o > 0.

Proposition 4.2. Let (¢,¢) : (S,&) — (S',&") a morphism of information structures.

¥ Modp is the category of R-modules and R-linear functions
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Let 2 (resp. 2') be an adapted probability functor on S (resp S’). Suppose that
1. for all X € Ob(S), the map bx is a bijection,
2. for all X € Ob(S) and all P € 2(X), the law P(dx)(P) belongs to 2'(X).

Then, for every o > 0 there exists a cochain map
re: (C’(S',ﬁa(c@’)),é) — (C'(S,ﬁa(,@))) (4.21)
such that the image of f' € C*(S', #,(2')) is given by

(L f)x il Y (P) = foo [l [0(Y)l(Pox') (4.22)

This cochain map induces a morphism of graded vector spaces in cohomology
I*: H* (S, Z#,(2")) - H*(S, Z,(2)) (4.23)

Proof. Fix a > 0. We refer to the notations of Proposition 3.4, specialized to the case
F' = Z,(2"). Recall that we have the chain maps ®, : Z — ¢, %' and ¥,, whose n-th
graded is

U,, : Hom (B, #o(2')) — Homy (B, 0+ Fu(2'))

f— ¢.(f) 0 ®". 424

Once we have shown that © is &7-linear, we can just post-compose ¥, (f’) with © to
obtain a morphism of &/-modules %, — %,(<). Notice that indeed ¢..#,(2’') and
Hom pjeqs(¢0*2', R) coincide as abelian presheaves.

Therefore, we need to prove that the square A.1 with reference to © : ¢..%,(2') —
Fo(2), is commutative. This holds true if and only if for any object X in S,

Y.(v' 0 P(dx)) = (6(Y) ) o P(bx) VY € Fu(2), VY € Fx. (4.25)

Let f: X — Y be the arrow that makes Y an element of .y, and pick any P € 2(X).
Since all the components of ¢ are assumed to be bijective, qb;l(y’ ) is an element of &y,
for all ¥ € &} In this case the equation (4.19) implies

P(Y = ¢! (y) = Pox'({o(Y) = y'}) Yy € &, (4.26)
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which in turn implies

(POX) o(v)=dy () (&) =

N)NEE) " (v) (4.27)

= Py—y(d%'(2")) Vy € & Vo' € E)x.

These observation entails

Y.('o2(@x)(P)= )  P(Y =y (Pyo,oy")

YyESyY

P(Y=y)#0
2% POGY) = by (9 (PSR )by )
YyESy (428)
P(Y=y)#0
SN PE YY) =y D (POR ) sr—y) = (6(Y) ) (PR

y'es)(Y)
Po (o(Y)=y)#0

and thus 4.25 is proved. We are now allowed to define

. HOHIM/(:@;L, ya(e@/)) — HOInM(‘%m ya(g))

(4.29)
f'—00¢.(f)0®" =00 ¥(f),
which is in agreement with (4.22). In fact
(Ox 0 ¢:(f)x 0 O (V4] ... [Va])) (P) = Ox (fix [0(YD)] - - [6(Ya) ) (P) (4.30)

= fio 0] 10(Ya)|(PY)

just using the the definitions of the objects involved. Observe that I'* is a cochain map
because ¥, is. This concludes the proof as in Proposition 3.4. O

The next corollary states that the probabilistic information cohomology is invariant for
equivalent information structures.

Corollary 4.1. If (¢, gzg) :(S,&) — (S, &) is an isomorphism in InfoStr and for every
X € Ob(S), the map P (dx) : 2(X) — 2(4(X)) is surjective, then IT'* is an isomorphism
of cochain complezxes.

Proof. There exists a morphism (¢ 1, gb:1) : S’ — S such that

po¢ =1y ¢ lop=1s

(0 od=ids () (9) 00! =ide
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Thus, for any X in S we have ¢:1¢(X) o éx = idg, and ¢2X o ¢:1¢(X) = idéad/)(x). This
implies that all dx are bijective, but also all ng:lX, for X’ € Ob(S’) are bijective, since ¢ is
bijective as a function between the object of S and those of §’. Therefore, we can apply the
previous Proposition 4.2 to both ¢ and ¢!, so as to find two cochain maps I'* and ~'I"*.
We still have to verify that these two maps are inverses of each other. Before proceeding
with the proof, we note that the map 2(dyx) : 2x — 2 x) is actually bijective: it
is surjective by assumption, and it is injective because marginalizing a probability with
respect to a bijective function (like qEX) does not change the law but only the names of
possible outcomes. Therefore, P(ﬁ}l uniquely determines P.

Now take any n € Ny and any f’ € Hom (%), Fo(2'));
(DT )y [0 [6(Y)I (PR =
= (") g1 g0 [0 YD |67 S (VNP6 )
= (") ] VIP)
= I [o(V)] - |6Vl (PR
VX eObS) V(Yi,...,Y,) e S VPe2X)

Since both ¢ : Ob(S) — Ob(S’) and f@(gbzx) are bijective, the quantifiers on X, (Y7,...,Y,),
and P in (4.32) work as if they were quantifiers on X’ € Ob(S'), (Y1,...,Y,) € " and
P’ € 2/(X") respectively. Hence (4.32) shows that ~'I'*oT'* = id. The other equality can
be proven analogously. O]

(4.32)

4.1 HO(S, 7,

Let (S, &) be a finite information structure equipped with an adapted probability functor
2 :S — Meas.

A 0-cochain of C*(S, #,(2)) is a map of &/-modules f : @[ | — Z,(2). As we saw in
Proposition 3.3, such a map is uniquely determined by a morphism of presheaves of sets
[ Al = Uo Z,(2), where U denotes the forgetful functor. So it can be viewed as a
compatible family (fx[])xcops) € lims U 0%, (£2), and since S admits a terminal object

T, the whole family is determined by fr[ ].
X 5T, fx[IP) = fr[(2x)(P) = fr[]1) =K eR VPe2y, (433

where 1 indicates the only possible probability law on the set & = {*}. The constant
K is independent of both X and P, and fully specifies the 0-cochain f. This implies the
existence of an isomorphism of abelian groups

C%S, Z.(2)) ~ (R,+,0) Ya>0 (4.34)
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A 0-cochain f, represented by the constant K according to (4.34), is a O-cocycle if §°(f) =
fod =0. Let X be an object of S, we compute the value §°(f)x on P € 2x:

(fx o O(X)Y](P) = fx(Y[]=[](P)
=Y. [x([D(P) = fx[1(P)
=) PV =y)"fx[](Fy—y) - K (4.35)
:K(ZP(Y:W —1) Yesx, Pe2

fa=1,then ¥ X € Ob(S), VY € %, ¥ P € 2 we have (2%& P(Y = y)* — 1) —0,
so the last term in (4.35) vanishes with K free to vary in R, or equivalently 6°(f) = 0
for any O-cochain f. This can be expressed also as H°(S,.%1(2)) = Z°(S, #1(2)) =
CY(S, 71(2)).

In the case of o # 1, we have to distinguish between two cases:

-if the probability functor satisfies

34X € Ob(S) ,Ip € 2(X) that is not an atomic probability (4.36)

then for such a p, it holds that (3, ., p(X =2)* —1) # 0. This implies that 0°(f)x
vanishes if and only if K = 0. Hence in this case Z°(S,.%(2)) = 0.

-However if 2 does not satisfies (4.36), we obtain again <Zy€éay P(Y =y)* — 1) =0
independent of X € Ob(S), Y € /x, P € 2. Whence we conclude as before that
7S, #,(2)) = C°S, #(2)). This may be considered a degenerate case, but the
definitions we provided do not forbid it.

4.2 1-cocycles

Keeping the same setting of the previous subsection, the 1-cochain are the elements of
Hom (%1, #.(2)). According to Proposition 3.2. a 1-cochain f is in 1:1 correspondence
with the map of presheaves of sets . — U o .%,(2) obtained by restricting f to .7.
Moreover, the naturality of f implies that for any diagram like X — Y — Z in S the
equality

Ix|Z](P) = fy[Z](Y.P) VPe2(X) (4.37)

holds. Using (4.37), we see that the map fy[Y] fully specifies the map fx[Y] any time
there is an arrow X — Y is S. For this reason we will often adopt the notation f[Y] :=
fr[Y]. Note that f is uniquely determined by the collection of measurable functions
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(f1X)) xeon(s): Which is clearly determined by f itself. This defines a bijection

C'(8,.7.(2)~ [ Zul2(X)). (4.38)

X€Ob(s)
The a-entropy can be used to define an element of C'(S,.%,(2)).

Definition 4.5. Given « > 0, we define S, : 8, — %, to be the 1-cochain such that
VX €0bS), VP e 2(X) S.X|(P):=S.(P) (4.39)

This particular type of 1-cochains will play a crucial role in this section. A first instance
of this claim is given by the structure of the 1-coboundaries. In the previous subsection
we saw that if & = 1 all O-cochains are also cocycles, thus 6°C°(S, .%1(2)) = 0. The same
happens if 2 contains only atomic probabilities. Otherwise, named K the 0-cochain such
that Kr[ (1) = K € R, we proved that

(O°(K))[Y]: P K <Z P(Y =y)* — 1) — KS,(P) Y eObS),  (440)

yedy

which means that 0°(K) = K - S, as 1-cochains. Therefore, we have §°C°(S, .Z,(2)) =
R-S, >~ R, i.e. the real vector space of the 1-coboundaries is 1-dimensional and generated
by S,.

As for 1-cocycles, we consider f € C°(S,.Z,(2)) and compute the X component of §°( f)

0" () V12 = fx (Y[Z] - [V Z] + [Y]) =

(4.41)
Y.fX Z]—fx[YZ]+fX[Y] VY,Zny.

The 1-cochain f belongs to Ker(d') if and only if for any object X in S, (6'(f)), = 0.
Representing f as an element of J [y o) Fa(2(X)), the cocycle condition becomes

VX,Y € Ob(S) such that the product XY exists

(4.42)
fIX]+ X fIY] = fIXY] = fY] + Y. f[X]

The symmetry of the equation is due to the fact that the product in .#xy is commutative.

Proposition 4.3. Let f € Z1(S, Z,(2)), then for any X € Ob(S) it holds that
f1X](0,) =0 Vzeéx. (4.43)

Where §, denotes the atomic probability with support in {z}.
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Proof. From the cocycle condition (4.42) we obtain
fIX]=fIX - X]=X.f[X]+ f[X] = X.f[X]=0. (4.44)

On the other hand X. f[X](0,) = f[X](d.) because x is the only element of &y such that
0.(X =) # 0. Hence (4.43) follows. O

Observe that for every X € Ob(S) such that &y is a singleton, we can apply the proposition
and conclude that f[X]| = 0 for all 1-coycles, since the only possible probability law on
&x 1s atomic.

Example 4.1. We consider a very simple information structure

T

1l —>T
S: 1‘0 l‘ﬂ (4.45)
{a,0) 2% (%)

In this example, we consider the probabilistic information cohomology constructed using
the probability functor &2 : S — Meas. In this setting, a 1-cocycle f is determined by
the measurable function f[Ll] : #({a,b}) — R, in fact f[T] = 0 by Proposition 4.43.
Being f a cocycle, f[L] must satisfy the equation L .f[L] = 0 which holds if and only
if f[L](0,1) = 0 = f[L](1,0). Note that (1,0) and (0,1) are the atomic probabilities
with support respectively in {a} and {b}. All the other relations derived by the cocycle
condition become tautological. Therefore, f[Ll] is free to vary among the measurable
functions between A(1) = {(pa, py) € R?*|ps + pp = 1} and the real number. This means
that there is an isomorphism of R-vector spaces Z'(S,.Z,(Z?)) ~ Hompreas(A(1), R).
Then

Hl(S,ﬁa(@)) ~ HomMEﬁ(‘iu)vR)

is an infinite dimensional vector space, since Hompeqs(A(1), R) is.

(4.46)

Proposition 4.4. Let (S, &) be a finite information structure and let 2 : S — Meas
be an adapted probability functor. Then for any positive real number a, the 1-cochain S,

(def.4.5) is a cocycle.

Proof. Consider a generic diagram in S of the form X <& XY 25 Y. The cocycle

condition reads S,[XY]| = S,[Y] + Y.S5,[X] which means that, for any P € 2(XY),
Sa(P) = Sa(YoP) + Y P(Y = 4)Sa(X.(By=y))- (4.47)

YyESy

This equation holds because it is exactly the chain rule of a-entropy.

However, if o # 1, this proposition follows immediately because S, is even a 1-coboundary
(4.40). O
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Example 4.2. Here is another simple but much more interesting example. Let (S, &) be
the information structure pictured as

X
XY T
x V
Y
We set &x = &y = {0,1} and &xy = {(0,0),(1,0),(0,1)}; the restriction morphisms
are defined to be the projections from the cartesian product. As in the previous ex-

ample, we take & : S — Meas as the adapted probability functor. Consider now
feZYS, Z,(2)), the equation (4.42) implies that

(4.48)

V(p1,p2,p3) € R? such that p; + ps + p3 = 1,

X fxy[Y](p1,p2,p3) + fIX](p1 + p3,p2) = Y. fxy [X](P1, 3, p2) + fIY](p1 + P2, p3),
(4.49)

where the triple (pi, p2, p3) represents the probability distribution P on &xy such that
P({(0,0)}) = p1, P({(1,0)}) = p2 and P({(0,1)}) = ps. Following this notation, the
marginalized probabilities are represented as Z(nx)(P) = X.P = (p1 + ps,p2) and
P(ny)(P) = Yi.P = (p1 + p2,p3). Similarly, we can compute the triples representing
the conditioned probabilities which appear in equation (4.49) because of the action of &7/
on .%,. Note that Px—; = (0,1,0) and Py—; = (0,0,1) are atomic, thus we know, by
Proposition 4.43, that both fxy[X](Py=1) and fxy[Y](Px=1) are equal to 0. Further-
more, whenever P is an atomic probability, the equation (4.49) results trivially satisfied.
Assuming this is not the case, i.e assuming there is no p; = 1 for 7 : 1,2, 3, the equation
(4.49) becomes

D1 P3
+p3)* f1Y , + f1X + p3,
(p1 +p3)*fl ](pl T s 1 +p3) X1 (p1 + p3,p2) (450)
P1 P2 )
= + po) fIX , + flIY + P2, P3).
(p1 + p2) f] ](p1+p2 p1+p2) fIY](p1 + p2,p3)
Observe that setting p; = 0 in the last equation, we obtain

FIX](ps;p2) = fIY](p2,p3) Wwith p3=1—ps. (4.51)

Therefore, defining the measurable function w : [0,1) — R by u(p) = f[X](p,1 — p),
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equation (4.51) implies that f[Y](p,1 —p) = u(1l — p) and (4.50) becomes

v (anp?)) € [07 1)2 ;SUCh that P2 +p3 € [07 1]

(1= p2)*u ( bs ) +u(l —pa) = (1 —ps)u (w) + u(ps) (4.52)

1—po 1 —p3

The equation (4.52) is strictly related with the so called "fundamental equation of infor-
mation theory"(FEITH). In the next subsection we will prove that the only measurable
solution of (4.52) is the a-entropy, following the proofs in [12] and [7] for the case a = 1,
and in [3] for a # 1.

4.3 Functional equation

This entire subsection is devoted to solving the functional equation displayed in the next
theorem.

Theorem 4.1. Let a > 0 and u : [0,1] — R be a measurable' function which satisfies

V (z,9) € [0,1)* such that x+y € [0,1]

u(l—z) + (1 —x)u (1 Y ) )+ (1 - )% <l—x——y) (4.53)

- 1—y

Then ezists a real number \ such that ¥V € [0,1],

() = {)\ (—zlogy(z) — (1 — z)log,(1 — 2)) = ASy(z,1 — ) ifa=1 (.54

Mz (2 + (1 —2)* = 1)) = ASa(z,1 — ) ifa#1

With the conventions 0log, 0 := lim,_,o zlogy,x =0

The proof is based on the two propositions presented below, and each of them is achieved
through several steps and lemmas.

Proposition 4.5 (Regularity). Any measurable solution of (4.53) belongs to C*°((0,1)).
We start the proof of this first proposition with the following

Lemma 4.1. Any measurable solution of (4.53) is locally bounded *° on (0,1).

Proof. Let yo € (0,1), we are going to prove that

dN=N(y) €N, 3U >y and U C (0,1) st. Vye U Jz=x(y) € (0,1) s.t.

y l—-xz—y € u (=N, N)). (4.55)

1l—=x

"1—-2 1-—y

9Measurable with respect to the Lebesgue measure on R and on [0, 1)

20A function u : (0,1) — R is called locally bounded if for every x € (0,1), there exists an open
neighborhood U of z such that u is bounded on U. This is equivalent to saying that w is bounded on
every compact subset of (0, 1).
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This would imply that u is locally bounded, because, using (4.53), we would have

Y
1—z

)] < el )]+ el =)+ ()| <3V vyeU  (@56)

From now on, we will denote the Lebesgue measure by pu.

Let A, := u~!([—n,n]); since u is measurable, { A, }.en is a sequence of measurable subsets
of (0,1) which is increasing to (0,1). The o-additivity of u implies that lim,, . p(A4,) =
1((0,1)) =1, thus

Ve>0,dN =N(e) s.t. Vn > N, p((0,1)\ 4,) <e. (4.57)

Let us fix some useful notations: given a real number z and a measurable subset C' C R,
we define

24+ C:={z4+ceR|ceC}
2C :={zc e R|c e C} (4.58)
Chi={c'eR|ceC}

With these notations for all x,y € R we have:

l—x€eAy < x€ 1— Ay,

-1
l—2z—y

=y €Ay <= z€(1—y)(1-Ay).

We can ensure that 1 — Ay N 1 —yAy' N (1 —y)(1 — Ay) # 0 by proving that it has a
positive measure. Let zo := min(yo, 1 —yo). Using simple set operations and the additivity
of u, we can estimate

pw(l— Ay N1 —yAy N (1 —yo)(1 — Ay))
>p(l— Ay N 1—yoAy N (1 —yo)(1— An) N
> zo — pu((0,20) \ 1 — An) = pl((0,20) \ 1 — o Ay') —

N J N

O,Zo))
((0,20) \ (1 —y)(1 — Ay))

7
) i 111

(4.60)

We proceed by providing a lower estimate for i), i), and #iz). To do this, we use a very

44



special case of [5] Thm. 11.25.

. F(t)=1—t
) [ Toenimao@dn@ "= [ a1 = 701 ) d
~ M (4.61)

=1(1—zganay (D)

= pu((1 = 20,1) \ An) < pu((0,1) \ An)

ii)  p((0,20) \ 1= goAR") £ (1= 20, D\ oAz "= pon((—=2, )\ AR
(H=} .
" e Tl T2\ ) < (0.0 Ax)
(4.62)
i) (0, 20) \ (1= g0)(1 = An)) "= (0. 7750\ 1 Ay)
Yo (4.63)

£ 0((0,1)\ Ay)

If we choose N big enough to have ¢ < , then (4.61), (4.62) and (4.63) lead to

2+1/

MI—ANﬂl—MA;rWﬂ—y@ﬂ—Am)z%—Qs—§c>0 (4.64)
0

Notice that the choice of ¢ affects the value of N according to (4.57).

Since the map

yr p(l=Ay N1—yAy N (1-y)(1-Ay)), yeR (4.65)

is continuous |7], there exists an open neighborhood U 3 y, such that Vy € U,
p(l—Ay N 1—yAy' N (1 —y)(1— Ay)) > 0, so the initial claim (4.55) follows. O

We have shown that u is locally bounded on (0, 1), this implies that it is also integrable on
any compact subset of (0,1). Consider as above 3y € (0, 1) arbitrary but fixed, and § > 0
such that (yo — d,y0 +9) C (0,1). If we choose s,t € R such that 0 < s <t < 1—yy— 9,
then

Yy Yy
-9 ) <1
Vye(yo ,y0—|—) O<1—82<1—t
1l—y—t 1—vy—
Y < Yy—3s

I—y -y

(4.66)

0< <1

Integrating (4.53) with respect to z from s to ¢, we get

l—y—s

(t — s)u(y) = y*** /H %dz —/1 h u(z)dz — (1 —y)** ﬁl_y u(z)dz  (4.67)

y _ y—t
1—s t 1—y
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The right side of (4.67) is continuous at yo as a function of y, then u is continuous at
Yo too. Since yo was arbitrary, it follows that u is continuous on (0,1). But this implies
that the right side of (4.67) is differentiable at yy and hence also w is. Iteration of this
argument shows that u is differentiable infinitely many times on (0, 1).

Proposition 4.6 (Simmetry). Any measurable solution of (4.53) satisfies u(zx) = u(1 —
z)Vx e (0,1)

To prove this second proposition, we will adopt a more algebraic approach, following [3].
Let RP! be the projective line on R. Recall that its points are in bijective correspondence
with the 1-dimensional vector subspaces of R%. In particular, the homogeneous coordinates
(x : y) € RP', where x,y € R, represent the line joining the origin with the point
(r,y) € R?. Therefore the homogeneous coordinates are defined up to a multiplicative
real constant: (z:y) = (cx :cy), Ve e R.

Definition 4.6 (Modular Group). Consider the action of the group SL,(Z) on RP! given
by

0: SLy(Z) — End(RP")
(4.68)

a;; a
A= ( 1 12) — A (e y) e (e + agy : aer + axy)
Q21 A22

Since Ker(p) = {—1d,1d}, is defined a canonical action of the modular group G :=
SLo(Z)/{~1d,1d} on RP!,

Theorem 4.2. The group G admits the presentation G ~ (S, T|S? = 1,(ST)? = 1),

where
0 —1 1 1
S = (1 0 ) and T = (0 1) (4.69)

We omit the proof, which can be found in [9].
Define the function

h:[0,1] — R

4.70
x+— u(zr) —u(l —x) (4.70)

Observe that for any = € [0, 1], h(z) = —h(1 — x), which means that h is antisymmetric
around 1/2. Then we immediately obtain h(1/2) = 0. Now let z € (1/2,1), so that we
can substitute z = y = 1 — z in (4.53); using antisymmetry we get:

z

h(z) = 2°h (2’2 — 1) = 2N (1%2) for1/2<2<1 (4.71)

Moreover, setting = = 0 in (4.53) we get u(1) (1 — (1 — y)®) = 0, then u(1) = 0. Similarly,
setting y = 0, we get u(0) = 0. Therefore, the function A is subject to the conditions
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h(0) = h(1) = h(1/2) = 0. Our goal is proving
h(g) =0, YqeQn]o,1] (4.72)

because once we have shown this, the proposition follows because h is continuous and Q
is dense in R. In order to achieve (4.72), we extend the domain of h to the whole real line
imposing;:

h(z) =h(l+2z) Ve (—oo0,+00). (4.73)
Lemma 4.2. For all x € R, h(z) = —h(1 — )

Proof. We have already observed that h(x) = —h(1 — z) holds for z € [1/2, 1] (and hence
for z € [0,1/2]).

Let z € [1,2],
hiz) =h(z —1) = —h(l — (- 1)) = —h(2 — 2) = —h(1 — 2). .
(x) =h(zx—1) h(l —(z—1)) h(2 — x) h(1l —x) (4.74)
€[0,1]
Proceed by induction: suppose that h(x) = —h(1 — z) holds for x € [n — 1,n|. If

x € [n,n + 1], then

h(zx) = —1)=-h(2—2)=—-h(1—2x). :
(x)=h(x—1) h(2 —x) h(1 — x) (4.75)
€[n—1,n]
O
Lemma 4.3. The extended function h : R — R, satisfies the following equation for all
r € R. ) . .
T — 4.2 -
h(x) = |x|*h = —|z|*h 4.76
(@) = laln (220) 2 papen (1) (1.76)
Proof. Equation (4.76) holds for x € [1,2]:
1 1\ a7 1\ 1
hi-—-1)=h(—-) =—(—-) hz—1)=-— h 4.77
)= (B)2-C) =g
——
€l1/2,1]

Equation (4.76) holds for z € [2, +00):
By induction; the base case has just been proven. Suppose that (4.76) holds on [n — 1,7/,
then for any = € [n,n + 1] we have

(o) () () = () ()
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Combining these two equations yields h(x) = z“h ( — —).
Equation (4.76) holds for z € [0,1/2):

h (% - 1) —h (é) _ (i)a Bz —1) = —#h(x) (4.79)
-

€[2,+00)

Equation (4.76) holds for z € (—o0,0):
It turns out that h is also an odd function, in fact h(z) = —h(1l —x) = —h(—=z). Then
we easily compute

hz) = —h(—z) = +(—2)*h (_i - 1) ~ lel*h (2 - i) (4.80)

This concludes the proof. O

Recall that R can be seen as a topological subspace of the real projective line, through
the section

j:R — RP!

r— (x:1) (4.81)

whose image is RP!\ {(1: 0)}, the point left is said point at infinity. We called the map j
a section because there is also a retraction e : (z : y) — %. In this way, any point (z : y) of
the projective line can be represented either with a real number % or with the additional
symbol oo, if happens that y = 0. Observe that the matrices

2 -1 -1 1
A= B = 4.82
G o) e=(0 ) s
are elements of PG Ls(R), which is the group of automorphisms of the projective line.
Moreover, composing with j and e, we get

o @) Q-1 e 2L Lm0}
o (4.83)
g (m: 1) (—x+1:2) z € R\ {0}
Thus,
h(z) =|z|*h(A-(z:1)) = —|z|*R(B-(z:1)) x€R\{0}. (4.84)

Lemma 4.4. The matrices A and B? generate the group G.
For the proof we refer to [3].

Lemma 4.5.
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The orbit of (1/2 : 1) under the action of G is RPN Q :={(p: q) € RP|p,q € Z}.

Proof. Is known that if p,and ¢ are relatively prime numbers, exist integers n, m € Z such
that pn + gm = 1. Thus,

_1 _1 1
det(n p 3”)21 and (” p 3”) ();(P) (4.85)
m. q—sm moq—3m 1 q

This proves that a generic (p : ¢) belongs to the orbit of (1/2: 1) O

From (4.84), we deduce that h(z) = 0 if (z : 1) can be written as (z: 1) =w - (1/2: 1),
where w is a finite string of symbols from the alphabet {A, A™', B, B~'} such that neither
0 nor oo occur in the process of computation of (z : 1) starting from (1/2: 1).

Lemma 4.6.
For any nonzero rational number r, exists a finite sequence wywy,_1...wy in the free
monoid over {A, A=Y, B, B™'}, such that:

o Wy 1...wp-(1/2:1)=(r:1)
o T = ww;_1...w1-(1/2:1) is neither 0 nor oo, for alli:1,...,n

Proof. Lemma 4.5 implies the existence of a matrix M € G such that (r: 1) = M- (1/2:
1), and by lemma 4.4 we can write M = w,w,_1 ...w1, for some n € N and with the w;’s
in {A, A~!, B, B7'}. However, it is not excluded that some z; may be 0 or co. In this
case, it is possible to eliminate the occurrences of 0 and oo by modifying the sequence
without affecting the result. Let ¢ be the greatest index with the property: z; € {0,00}.
Notice that ¢+ < n because x,, = r.

If x; = 0:

1/2 if wiy =A™

4.86
1 if wp =B (450

Lip1 = Wi - T = {
In the first case, it is enough to delete from the sequence all the w;’s up to i + 1, and thus
arrive at an expression r = wy, ... wj - (1/2 : 0) which fulfills the conditions in Lemma 4.6.
While in the second case, we can write r = wy, ... wj 0B - (1/2 : 0). The cases w;;; = A
and w;,; = B are not possible because 7 is maximal and both A and B map 0 to cc.
If x; = o0:
2 if wipn=A4A

(4.87)
-1 ifwi1 =B

Lip1 = Wigr - Ty = {
In the first case, write r = w,, ... w2 BAB™'B~1.(1/2 : 0), while in the second one, write

r=wp.. . wi sAABTIB71 . (1/2:0). As above, the cases w;, = A™! and w;,; = B! are
not allowed by maximality of . ]
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This lemma concludes the proof of h(r) = 0, Vr € Q. As we have already argued,
this implies that u(xz) = u(1 — z) for every x € [0, 1], so the proof of Proposition 4.5 is
concluded.

By now, we have shown that any measurable solution u of (4.53) satisfies the conditions:

— u € C*((0,1))
— u(0) =0=mu(1) (4.88)
— u(x) =u(l —z) Yz €0,1]

In particular the third conditions implies that the functional equation in (4.53) coincides
with

u(z) + (1 —x)% (

which is the (FEITH).
We are ready to solve the functional equation. Consider first the case a = 1, so we start

) =t + - (72 (4.8

11—z 1—y

from

u(l—x)+(1—x)u( ):u(y)+(1—y)u<1—1fy). (4.90)

Suppose z,y € (0,1),z +y € (0,1). Differentiating with respect to x, we get

- e (P ) e () = e (-5

Differentiating (4.91) with respect to y we arrive to

(1—yx)2“"<1%x) - (1:Uy)2u" (1— 12)- (4.92)

1—=x

—~

4.91)

T y = ts
1—x T—t+is
s=1— = L — 0=t0-9) (4.93)
N -y — 1—t+ts -

As we can see, these substitutions are bijective between the sets
{(z,9) € (0,1)’lr +y € (0,1)} and (0,1)% (4.94)
Therefore, performing the substitutions, (4.92) becomes

t(1—t)u"(t) = s(1 —s)u"(s)  V(s,t) € (0,1) x (0,1) (4.95)
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which means that both members are constant, i.e
t(1—t)"(t) =%k te(0,1),keR. (4.96)

We can easily solve the Cauchy problem given by (4.96) together with the boundary
conditions u(0) = u(1) = 0. In fact by a double integration of (4.96), we obtain

u(t) =k(tnt+ (1 —t)In(1—t)) +ct+d c,deR (4.97)
and u(0) = u(1) = 0 imply that ¢ = d = 0, then

=k
~ log, e

u(t) S1(t) Vtel0,1]. (4.98)
We turn now to the case a # 1. Repeating the steps followed in the previous case leads
to the differential equation

(1= s)u(s) + (o — Dl (s)] = (1 — )27 [tu"(5) + (1 — )/ ()] ¥ (s,1) € (0,1)?
(4.99)
Unlike the previous case, the two sides of this equality do not have the same form. How-
ever, fixing s = 5 and letting ¢ vary, we note that the second side is constant in ¢, to the
real number k = 527 [(1 — 5)u”(5) + (a — 1)u/(5)]. Thereafter, letting s vary, we see that
the first side is also constant with value k. Hence (4.99) is equivalent to the system

{S“ (1= s)u"(s) + (@ =D'(s)] =k Vs €(0,1) (4.100)

A=t tu"(t)+ (1 —a)/ ()] =k Vte(0,1)

Nevertheless, if we perform the bijective substitution ¢ = 1 — s in the first equation, we
obtain the second one, and vice versa. It follows that these two equations are equivalent
to each other, so we can consider only one of them and solve it.

t"(t)+(1—a)/(t) =k(1-t)*% keR,Vte(0,1) (4.101)

Through an integration, using in particular integration by parts on the first term, we
arrive to a linear ordinary differential equation of the first order.

u'(t) — %u(t) = % (a ﬁ o1 - )t 4 c) ceR (4.102)
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The general solution of this equation is given by

R R e e (e i ]

tAa—l (4.103)
=t —|—L(1—t)a—E cqeR
" ala—1) a ! '
Imposing the boundary conditions u(0) = u(1) = 0, we obtain
k k k k
u(t) = t+ (1—t)*— = Sa(t) Vte (0,1). (4.104)

ala—1) ala—1) ala—1) ala—1)

4.4 Local structure of 1-cocycles

Let us come back to Example (4.2). We saw that if f is a 1-cocycle, then f[X](p,1—p) =
fIY](1—=p,p) is a measurable function in the variable p € [0, 1] which satisfies a functional
equation like (4.53). Thus there exists a real number A such that f[X] = AS,[X] and
fIY] = AS,[Y]. Moreover, the chain rule for a-entropies entails

FIXY](P) = ASL[X](X,P) + XAS,[Y](P) = AS,[XY](P) VPe Pxy, (4.105)

then f = AS,. Since f was arbitrary, we obtain Z!(S, #,(£?)) = R-S,. In the next
two subsections we try to generalize these results to a generic finite information structure
(S, &) equipped with a generic probability functor 2. In particular, in this subsection we
will prove that, given a diagram X <X XY =5 Y in S, and under certain conditions on
& and 2, the cocycle condition and the functional equation (4.53) determine the form
of the components in XY and XY of the 1-cocycles, up to a multiplicative constant.
Some nontrivial additional conditions are needed, in fact in Example 4.1 we could have
considered the product of L with itself, but, as we have shown, the component in L of
1-cocycles is free to vary among all the measurable functions A(1) — R. On the other
hand, the conditions &xy = &x X & and £ = & turn out to be too restrictive. We
present here a weakened version but still sufficient to prevent the degeneration of the
cocycle condition. In order to simplify notation, we will identify the set &xy with a
subset of & x &y through the canonical injection mentioned in Definition 2.2.

Definition 4.7. Consider (S, &) a finite information structure and 2 : S — Meas an
adapted probability functor. Let X,Y € Ob(S) such that S admits the product XVY.
Denote k := |&x| and [ := |&y|. The product XY is said nondegenerate if k,l > 2, and
exist numerations {xy,...,x;} and {y1,...,y} of & and &y together with a north-east
lattice path?' (v;)%*/=3 on 72, starting from (1,1) to (k — 1,1 — 1) such that:

2115 a sequence of points of Z? such that v; = (1,1), yx41-3 = (k—1,1—1) and v;11 —7; € {(1,0),(0,1)}
foreveryi:1,...,k+1—3
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1. If, for some i € {1,2,...,k+1—4}, v; = (a,b) and 7,41 = (a + 1,b), then for every
P € 2x with support in {z;|la < j < k} there exists a probability P € Zxy such
that 2(rx)(P) = P and

supp(P) C {(2a, o) } U{(25, p11)|a +1 < j <k} (4.1006)

or

supp(P) C {(za, yp11)} U {(zj, m)la +1 < j < k} (4.107)

2. If, for some i € {1,2,... . k+1—4}, v = (a,b) and v;41 = (a,b+ 1), then for every
P € 2y with support in {z;|b < j < I}, there exists a probability P € 9yy such
that 2(my)(P) = P and

supp(P) C {(za, yp)} U {(Tar1,y)|b+1 <5 <1} (4.108)

or

supp(P) C {(zar1,y)} U{(2a,y)|b+1 <5 <1} (4.109)

3. If, for some i € {1,2,...,k+1— 3}, 7 = (a,b), then exist at least three elements
{21, 22, 23} In {xa, Tas1} X {Yp, Yp+1} such that Zxy contains all the possible proba-
bility laws with support in {21, 22, z3}. Or equivalently, the convex hull [0,,,6.,, J..]
is a subset of 2xy

According to this definition, the product of any object with itself is always degenerate:
as an instance, the third condition can not be verified since &xxy = &x ~ {(z,x)|z €
Ex} C Ex x Ex, so for any (a,b), the set {x,, za11} X {yp, ypr1} has only two elements.
We remark also that if a product is nondegenerate, then both 2(7wx) and 2(piy) must
be surjective because of the first and the second condition.

Theorem 4.3. Let (S,&) be a finite information structure with 2 : S — Meas, an
adapted probability functor. Consider a generic f € Z1(S, #,(2)), where a can be any
positive real number. Let XY € Ob(S) such that XY is a nondegenerate product. Then

there exist X € R such that

FIXT=AS[XT fIY]=AS[Y] fIXY] = AS,[XY] (4.110)
Proof. We introduce firstly a notation for probability laws. Le P be a probability on a
finite set A = {ay,as,...,a,}. Then we will denote
P= <“1 @2 - “”) if Pla;)=p;Vi:l,....,n (4.111)
b1 P2 .- Dn

with the convention that if some element of A does not appear in the matrix, then its
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probability of occurrence is zero. The cocycle condition (4.42) entails
FIX] = Y-fIX] = fIY] - VoIY) (4.112)

Consider now the enumerations {z1,...,zx}, {y1,...,y} of & and & and the lattice
path (v;); given by Definition 4.36. There must exist an index ¢; and an integer b; between
1 and [ — 1, such that ~;, = (1,b1) and ~;,+1 = (2,b1). Thus for any

P:<$1 $k> EQX,
b1 .- Dk

the first point of Definition 4.36 provides a probability law P € 2yy such that

supp(P) C{ (21, y5,)} U{(), yp,11)[2 < j <k} (4.113)

or

Supp(P> - {(xlvybﬁrl)} U {(mjvyh)p <J< k}? (4114)
and X,P = P. The equation (4.112), when applied to P reads:

R A Yoy Ybi+1
Xl (pl pk) =/l (pl 1—p1)

(4.115)
+u—mwﬂm(

i) T
p2/(L—=p1) ... pe/(1—p1)

where ¢ is an element of the symmetric group ¥,. The permutation o acts on the position
of the symbols p; and 1 — p; in the bottom row of the matrix. Its presence is due to the
fact that it is not known a priori in which of the two possible sets the support of P is
contained. Observe that for all x € &, the conditional probability f’| X—z 1S atomic, thus
the term —X.f[Y](P) vanishes. The same holds for one of the two probabilities ]5|y:yb1
and ﬁy:ybl .- Which one depends on the support of P, however this does not affect the
form of (4.115). Furthermore, by point 3. of Definition 4.36, we can find a probability
p € Zxy, with support contained in {x1, 241} X {¥s,, b, +1} and such that

X*p:(xl = > (4.116)

P 1—p

Now applying point 2., we obtain a probability X;p € Zxy which, once inserted in

(4.112), yields
T T2 _ Yoy Ybi+1
f1X] (p1 ] —pl) = flY]o (pl ) _p1> . (4.117)
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Combining with (4.115) we get

ry ... Tk I T2 T T
MGy ) =G e ( )
= pro-oo Dk = o l—p (1=p)" /1) p2/(L=p1) - pe/(1—p1)
(4.118)
The computations that led to this equation can be repeated for each increase in the x-

coordinate of the point 7; in the north-east lattice path. The formula corresponding to
the passage from (a,b) to (a + 1,b), for a generic 1 < a < k — 2, would be

(e )= G )

+ (1 — pa)* fIX] (paﬂ/(afl_ Da) - /(1 — pa)

(4.119)

Ty

for any probability law in 2y whose support is contained in {z; € x|a < j < k}. Then
we substitute sequentially these equations in (4.118) so that f[X] results determined by
the value it takes on probabilities with support in a couple of consecutive points (according
to the fixed ordering) of &x. We present e.g. the first step of this process: using (4.119)
with a = 2, we get

) e T T2 T3
fIX] (P_2 P_k) =f1X] (P_2 l_pl_PQ)
l=p1 """ 1-m; 1-p1 1-p1

(4.120)
1—p1—p2, T3 Ty
+(1_—) f[X]< ps Pi )7
p1 l-pi—p2 """ 1-pi—p2
thus after the substitution, (4.118) becomes
ryr ... T I T2 i) T3
1 Jomma(t Ve
b1 ... Dk b b T—p1 1—p1 (4 121)
1_p1_p2a T3 T .
()X ( p3 P )
P1 l-pi—p2 """ 1-pi—p2

When a = k — 1 is reached, the process terminates, and f[X] is expressed by

fix (:1:1 xk> = <1 -y pr) FIX] ( . 1f§§fp> (4.122)

1 e k - -1 -1
D p = =7 pr 1= pr

Observe that the definition of nondegenerate product remains the same if the roles of X
and Y are reversed. Therefore, we can compute the value of f[Y] on Q € 2y in complete
analogy to what was done for f[X].
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We are left to determinate the functions
0o :[0,1] > R Wy ]0,1] > R (4.123)

Lo Ta+1 Y Yb+1
pr[X]<p 1—+p) pr[Y](P 1—+p>'

If the north-east lattice path passes through the point (a,b), then condition 3. ensures
the existence of all probabilities p € Zxy whose support is contained in a certain subset
{21, 29, 23} of {xe,Zar1} X {Up, ypr1}. Among these three elements, there must be one,
say zx, whose first component is different from that of the other two. Similarly, another
element zy, different from zx, must have the second component different from that of the
other two. Denote px := p(zx) and py := p(zy). The equation (4.42) reads

vﬂX?HY € [07 1) s.t. X + My € [07 1]

f[X]O' (l’a Tg41 ) + (1 i ,UX)af[Y]U/ ( gfi 1zl}>{+luy> _

px 1 —px Tpw  lopx (4.124)
Yp Yp @ x La+1

f[Y]U, ( 1 _+1 ) + (1 = py)* f[X]o ( AL;: l—u?j—w>
Ly Hy 1—py 1—py

where 0,0’ € ¥5 account the missing knowledge about which element among {x,, .1}
(respectively among {yp, yp11}) appears only once. This equation is equivalent to (4.50),
thus we can conclude that exists a real number A« ) such that

it (B T ) =g () = danSa(-p) Ype ] (@)

Since the a-entropy is symmetric in its arguments, we can drop the symbols ¢ and o'
Therefore, for any pair (a,b) € Z* that belongs to the north east lattice path, we found

©a(p) = Vo(p) = AapySalp, 1 —p) Vpe[0,1]. (4.126)

It is important to prove that A, is constant in (a,b), i.e. along the lattice path. To
achieve this, suppose v; = (a,b); If v;41 = (a + 1,b), then

((xa+17yb) (xa'l"'Q;berl)) - o@XY; vp S [07 1]
p p (4.127)

or ((xa+1>yb+1) <x“+2’yb>> € Dxy, Vp e [0,1]
p L=»p

by point 3. of Definition 4.7. Applying the cocycle condition (4.42) to these probabilities,
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we get, Vp € [0, 1]

Ty Tq
)\(a+1,b)Soc<pa 1- p) = f[X] ( p+1 1 j;) = f[Y]U (Zb 1yb_+1p) = )‘(a,b)Sa(pa 1 - p)
(4.128)

This implies that A11) = A@ap). Moreover, A p41) = A(ap) 1S proven in the same way.
Hence, we can define A := A1) = -+ = Ag_1,-1). Combining equations (4.122) and
(4.126), we arrive to

x x — N D; 1-7_.p
f X ( 1 o e k) — 1 _ pr )\Sa j_ ’ Tfl T
W ) m ) S e

AT pilogy(p) if a=1
AN ps =1 if a1

The last equality can be proven by a direct calculation, but it is also a consequence of the
chain rule.

This shows that for any o > 0, there exist a multiplicative constant A such that f[X] =
AS,[X] and f[Y] = AS,[Y], so the proof can be concluded as in (4.105). O

Remark 4.2. The proof suggests that having enumerations of &x and &y such that there
exists a north-east lattice path (with the properties described in Definition 4.7) which
reaches k — 1 on the coordinate x, is enough to infer f[X] = AS,[X], for some A € R.
The determination of f[Y] can be carried out similarly, with enumerations that may be
different from those used for f[X], but such that there exists a north-east lattice path
that reaches & — 1 on the y-axis. However, the multiplicative constant )\ such that
fIY] = NS,[Y] is in general different from A. This problem can be overcome for example
assuming that there exists (a,b) € {1,...k — 1} x {1,...,l — 1} such that

2xy 2 P{(wa, 1), (Tar1, 4p41)}) or Lxy O P{ (w0, v411), (Tarr, 4p)}),  (4.130)

where x, denotes the a-th element in the numeration of &x related to f[X] and y; denotes
the b-th element in the numeration of &y related to f[Y]. Indeed, with this hypothesis ,
we can use (4.42) to derive

FIX] (“”; f"aj;):f[w (?ﬁ 1y;’_+1p > Vpeo1]. (4.131)

Then A = X follows. Therefore, these modified hypotheses can replace the condition " XY
is nondegenerate" in Theorem 4.3.
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4.5 H'(S, Z.(2))

As previously mentioned, in this subsection we will prove that, under suitable assump-
tions, every l-cocycle of the complex C*(S,.%#,(£2)) is locally a multiple of the cocycle
defined by the a-entropy, and consequently we will determine the first cohomology group.

Definition 4.8. Let (S,&) be a finite information structure. An object Z is called
reducible if there exist objects X, Y € Ob(S), such that Z = XY, otherwise Z is said to
be irreducible. Moreover, we will use the term non-trivially reducible to indicate that the
product XY is non-degenerate (with reference to a previously fixed probability functor).

Definition 4.9. Given an information structure (S, &) and an adapted probability functor
2 : S — Meas, we define S¥, as the full subcategory of S, such that

Ob(S%) ={X € Ob(S)| 3P € 2(X) non atomic}.

Recall that a category is connected if for every two objects there is a finite sequence
of arrows ( not necessarily composable) which connects them. Moreover, any category
C is a disjoint union (the coproduct in Cat) of connected categories, called connected
components. Denote my(C) the set of connected components of C.

Theorem 4.4. Let (S,&) be a finite information structure equipped with an adapted
probability functor 2 : S — Meas whose restriction maps (internal marginalizations) are
all surjective. Assume that for any object X € Ob(S), exists an arrow Z — X in S such
that Z 1s non-trivially reducible. Then, for each o > 0, there is an isomorphism of real
vector spaces

Xa : H R — Z1(S, Z,(2)) given by
Cemo(S%y) (4.132)
X(()‘C)CEWO(STQ))[X] = ACSQ[X] VC e Wo(s*), vX el

Under this isomorphism, the subgroup of 1-coboundaries is identified with the diagonal
subspace A =R - (1,...,1,...) if « # 1, otherwise is the zero subspace. Therefore,

H(S,.Z7.(2)) = <HWO(S§)2)R) /A if a#1

(4.133)

Proof. Observe first that if W € Ob(S) \ Ob(S%), then for any 1-cocycle f, it holds that
f[W] = 0. Hence to characterize a 1-cocycle f, is sufficient to specify the functions f[X]
for all X € Ob(S%,). Now pick one of those objects X, by hypothesis there exist ¢ : Z — X

with Z non-trivially reducible. Consider the diagram Z Lzx L x ; since XZ = Z, the
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cocycle condition (4.42) entails
f1X] = f12] - X.f12). (4.134)

In Theorem 4.3 we proved that exists a real number, say Az, such that f[Z] = A\zS,[Z].
Moreover, our assumptions on 2 ensure that for any P € 2(X) there is a probability
P € 2(7) such that X,P = P. Applying the equation 4.134 to P we get

FIXI(P) = AzSa[Z](P) = ) P(2)Az54[Z)(Px-.)

TEEY

= \z (sa(P) -> X*P(x)sa(a“)> = AzS4(X,P) = M\;S,[X](P)

TEEY

(4.135)

for all P € 2(X). This implies f[X] = AzS,[X]. In case there is another non-trivially
reducible object Z" with a map on X, then exists another constant Az such that

AzSalX] = fIX] = Az SalX]. (4.136)

Since X is an object in S%,, is possible to find a probability P € 2(X) with nonzero
entropy, then equation (4.136) yields Az = Az. Now consider two objects X;, Xy €
Ob(S%) lying in the same connected component C. This means that there is a zig-zag
diagram in S7%, like

X, y Y] < Y, b4 Y, » Xo. (4.137)
Any object of this sequence is the target of a map from a non-trivially reducible object.

X4 > Y] < Ys S LK Y, s X,

1T ] P ew

Z H, Hy H, Zy

This diagram can be read as

A

Al > Y] < H,; > Y] < H, H, > X1 < Zo

from which becomes clear that Ay, = Ay, = Ay, = -+ = Ay, = Az,. Thus we can
define A¢ to be the constant such that f[X]| = A\cS,[X] for all X in C. Observe that
if two objects X, X5 lie in different connected components C, Cs, it is not possible to
use the cocycle condition to derive relations between f[X;] and f[X5], so A¢, and A\, are
independent. Then the function y is actually a bijection. n
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Corollary 4.2. Let {(S;,&)},c; be a family of information structures, each of them
equipped with an adapted probability functor 2; so that the hypotheses of the previous
theorem are verified separately for all i € I. Denote | |,.; 2 : | |,c; Si — Meas the func-
tor that coincides with 2; on S;. Then this functor is an adapted probability functor on
the coproduct of the (S;, &;) in InfoStr and

ZHSi Za(| |2) =[] Z' (81, Zu(22) (4.139)

el el el

Proof. The pair (|_|ZEI Si, ier 32) satisfies the hypotheses of Theorem 4.4 because they
are satisfied by each pair (S;, 2;). Moreover, the category (J,.; Si)* is the disjoint union
of (S;)*. Now (4.139) follows applying Theorem 4.4. ]

Let us now examine the case in which the hypotheses of the Theorem 4.4 are not satisfied.
If the structure (S, &) is bounded, asking that any object is the target of an arrow starting
from a non-trivially reducible object, is equivalent to asking that all the minimal objects
of the poset S are non-trivially reducible. In the next theorem we will prove that if one
of them is irreducible, then H'(S,.%,) has infinite dimensions as a vector space on R.

Theorem 4.5. Let (S, &) be a bounded, finite information structure such that & is con-
servative. If there exists an object in S which is irreducible and minimal , then

dimgH' (S, Z,(P)) = 00 (4.140)

Proof. Call M the irreducible minimal object in question. We claim that the subcategory
of S whose set of objects is

T={XecObS)3n: M = X, M #X} =Sy \{M} (4.141)

has a minimum X. By contradiction, if there were two distinct minimal objects X;
and Xy, then the product X;X5, which of course exists in S, could not belong to T,
so we would have M = X;X,, in contradiction with the irreducibility of M. Consider
[ € ZYS, Z,(2)) such that f[Y] =0 for all Y € Ob(S), Y # M. Note that if M was
reducible, the cocycle condition (4.42) would entail f[M] = 0. But in this case, the only
nontrivial relation that we can derive from (4.42) is

fIM] = fIX)+X.fM], (4.142)
—~—

=0

obtained applying (4.42) to the product MX = M. Thus, for every P € 2,

fIM](P) = P(X = ) f[M](Px_,)- (4.143)

zeé}
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Since & is conservative, the map &(t : M — X) : & —» &% is not an isomorphism.
Then exists at least one z € &g such that m := |£(t)"'(z)] > 1. The conditional
probability F_; is an element of A(m) seen as a face of A(|&y[). Thus we can choose
any measurable function g : A(m) — R that vanishes on the vertices (because of the

condition M.f[M] = 0) and define f[M](P|X::7:) = g(P‘X:i). This yields infintely many
linearly independent cocycles. O

We close this section with some examples concerning information structure where all
minimal objects are reducible, but not necessarily can be written as a non-degenerate
product.

Example 4.3. Let (S, &) be an information structure whose underlying poset is
X
XY T
\YJ V
Y

as in Example 4.2. The functor & is specified by &y = {1, xo, x3, 24}, & = {y1, Y2, Y3, Vs }

(4.144)

and
Exy = {I1,1‘2} X {yhyz} U {$37$4} X {y37y4}‘ (4-145)

The restriction maps of & are the canonical projections. Consider the probability functor
such that

Zxy = P (@, 22} X {y1,901) U P ({23, 24} X {Y3, Ya})
2x = P({z1,22}) U P ({3, 24}), (4.146)

Dy = P({y1,92}) U Z({y3, ya})-

Note that 2 is adapted and its marginalization morphisms are surjective. In this setting,
the product XY does not satisfy the Definition 4.7 since neither (2, 1) nor (1,2) can be
a point of the north-east lattice path because of condition 3. This argument is relative to
the enumerations displayed before, but a similar problem arises in any case. To specify a
1-cocycle f are sufficient the following functions of the variable p € [0, 1]

Ty X2 T3 Xg Y1 Y2 Ys  Ya
X X X X 4.147
d ](p l—p) d ](p l—p) d ](p 1—p> d ](p l—p) ( )
because f[XY] is determined by (4.42). Moreover, applying again (4.42) to the probabil-
ities

(z1,91) (w2,91) (21, 902)
( h D2 D3 ) (pl’pz’p?’) € A(Q) (4148)
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we obtain, as in Example 4.2 that

T T2 n Y2
X = f|X = MSa(p, 1 — 4.149
(0 = () = xS (1.149)
for some real number \;. Similarly exists Ay such that
T3 T4 Ys Y4
X = f|X = XaSa(p, 1 — 4.150
()= (M) =1 - ) (1.150)

Then any 1-cocycle is determined by the pair (A, A2). Note that the structure of 2
prevents both A\; and A\, from appearing in the equations derived from the cocycle condi-

tion, so they are independent. These considerations outline an isomorphism of real vector
spaces R? ~ Z1(S, .Z,(2)).

Example 4.4. This is a variation of the previous example. The information structure
remains the same but we consider &2 as probability functor. Consider f as above and
apply (4.42) to the probability

((xl,y1) (z2,91) (x3,93) (954793))6(@)(% (4.151)
h b2 b3 P4
We have

f1X] ( e "”“4)=<p1+p2>“f[X] ( o )

Pr P2 Ps P4 pi+p2  1+p2

p3+ps  p3+pa

A1Sa( b1 )+/\2Sa( 2 )+f[Y] (p Y Ys )

N T3 T4 (1 Y3 _ 4.152
(p3+p4) f[X] (P_3 P4 >+f[Y] (p1_|_p2 p3+p4) ( )

P11+ P2 D3+ Pa 1+ P2 P3+Ds

But the function of p

f1X] (ml " ) = f[Y] (yl Y3 ) (4.153)

p 1—p p 1—p

can not be determined using the (FEITH) because &xy N {x1, 23} x {y1,y3} has only 2
elements. Thus, any choice of a measurable function g : A(1) — R such that g(0,1) =
g(1,0) = 0, yields a 1-cocycle defining

(0" )= et -, (4.154)
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Hence in this case the vector space of 1-cocycles, is infinite dimensional.

Example 4.5. We present another variation of Example 4.3, which shows that the con-
ditions of Theorem 4.4 are only sufficient. Compared to the previous example, we only
change the value of & on XY.

Exy = {(x1,01), (21, 92), (1,93), (T2, Y2), (23, Y3), (¥4,Y3), (T4, ys) } (4.155)

In this case, we have at our disposal all the probability laws with support in
{<I17 y1)7 (‘rh 93)7 (1}'3, Z/3)}7 thus we can deduce

(0 Y= (M) = s (1156)

p l—p p 1—p

for some real number A\3. Analogously, using respectively the 2-simplex of the probabilities
on {(3717 y1)7 (xb y2)7 ('TQa 92)} and {(.73'3, y3>7 (1’4, y3)7 (I47 y4)} we obtain

fIX] (9“” " )zfm (yl 1yjp) = XiSa(p)

pl-p b (4.157)
(0 = (M) = s

for some Aq, A\s € R.
All the equalities presented below are achieved by applying the cocycle condition to the
appropriate probability law (or are direct consequence of the previous ones).

fix] (11:?1 19121?) =V (?ﬁ 1y—3p) =l (9;1 ljigp) (4158)

This equation implies A3 = A;.

i) (if 1y—4p> =l (9;1 1%29) = (?;1 1y—3p) (4159)
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This implies A3 = A\y. We are ready to determine f[X] and f[Y]:
Ty Ty T3 X N T T T
el Gl I o1 G R B Ao S ] (A
P1 P2 D3 DPa p2 1 —po Tops Tops Tom

a (1 — P2 — pl) “ T3 Ty n Y3
= (1-p2) [(1_— f1X] ps Pa +YT o 1piem
D2 1-p1—p2  1-p1—p2 1—p2 1—p2

+ fIY] (y1 Ys ) — s (Sa(pQ) +(1—po—p1)*Sa (p—3_p3> + (1= p2)°S. ( P

p2 1 —po 1 —po
= A3Sa[X] (5’31 T2 “).
P1 P2 P3 P4

(4.160)

() g (0 “)+<1—p4>afm(%i o %3)

b1 P2 P3 Pa 1 —ps pa T—ps T1-ps T—pa

=A35a<p4>+<1—p4—p3>“fm< S )+(1—p4)°‘f[X] (””” x_)

1-ps—p3 1—pa—p3 1—p4 1—p4

— s (Sa(m) + (1 = pa — ps)*Sa (L_p?)) (=P ( = ))

1 —py 1 —ps
s (n B )
b1 P2 P3 P4

(4.161)

Moreover, f[X] and f[Y] determine f[XY] as we saw in (4.105). Therefore any 1-cocycle
is a multiple of S,: Z1(S, #,(Z?)) ~ R. Nevertheless, the product XY is degenerate. In
fact, if the probability functor involved is &, one can verify that in order for a lattice
path to exist that satisfies Definition 4.7, the set &xy must contain at least 8 elements.
Observe that the method used to determine f[X] and f[Y] is an instance of the Remark
4.2: for f[X] we used the enumerations {xs, x1,x3, 24}, {¥2, Y3, Y1, ys}; while for f[Y] we
used the enumerations {x4, x1, 22, x3} and {y4, ys, y1, Y2}

A Presheaves of modules

The aim of this section is to prove that, given any presheaf of rings O, the category
PMod(O) of presheaves of O-modules is abelian and has enough injective objects. First,
we recall what a presheaf of modules is.

Definition A.1. Let C be a small category and O : C°? — Rings be a presheaf of rings.
A presheaf of O-modules is an abelian presheaf F, together with a map p: O x F — F
of presheaves of sets such that for any object X in C, the map uy defines on F(X) a
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structure of O(X)-module.
A morphism « : (F, u) — (G,v) of O-modules, is a natural transformation such that
the diagram
OxF L= F

idxcxl la (A1)

OxGg—2>5¢G

is commutative.
Notation. Hompyseq0)(F,G) := Home(F,G)
Proposition A.1. PMod(O) is an abelian category.

Proof. We demonstrate first that the category is pre-additive.

Given two morphisms F % G of presheaves of modules, we consider the sum o + (8
as morphisms of abelian presheaves. This natural transformation, as well as the zero
morphism 0 : F — G, makes the diagram A.1 commutative. Hence, Homp(F, G) inherits
the structure of abelian group from Hompgy(c ap)(F, G), and becomes a subgroup.

We now claim that PMod(O) is also additive. The constant presheaf associated to the
abelian group (0), is the zero object in Psh(C, Ab). But, if equipped with the trivial
action of O, it can be seen as a presheaf of O-modules which is clearly both initial and
terminal in PMod(0O). Let (F, p), (G, v) be presheaves of O-modules. On the biproduct
of (F,u) and (G,v) as abelian presheaves, is defined an action p @ v described by

(@ v)x : O(X) x (F(X) ©G(X)) — (F(X) @ G(X))

(A.2)
(av (S’ t)) = (:uX(a’ S)v VX(aa t))a

for any X € Ob(C). The naturality in X of u @ v follows by the naturality in X of x4 and
v. Therefore, (F & G, @ v) is a presheaf of -modules. It is possible to check that it is
actually the biproduct in in PMod(O), but we omit the details.

Now we prove that any map in PMod(O) has a kernel end a cokernel. Consider a map
a: (F,pu) — (G,v). In the category of abelian presheaves we have

Ker(a) LFrsgSs Coker(a)

Since «v is O-linear, i.e. makes the corresponding diagram (A.1) commutative, the action
of O on F induces an action of O on ker(a) such that the map d turns out to be O-linear,
and then ker(a) with this action satisfies the universal property of kernel in PMod(O).
Similarly, the action of O on G induces an action on Coker(a) which makes the map e
O-linear.

Finally, we remind that in Psh(C, Ab) there is a canonical isomorphism 1 : Colm(a) =
Im(a). We claim that ¢ is an isomorphism also in PMod(O). Notice that Im(«) and
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Colm(«) are defined by means of kernels and cokernels. Thus, by the above discussion,
Im(a) and Colm(«) are the image and coimage of o as abelian presheaves, and their
O-modules structures are induced by v and u respectively. Recall how 1) is obtained:

Ker(a) d / - » Coker(a)
Colm(a) Coker TW Im(a) = Ker(e)

The map ¢ is induced by the universal property of the cokernel, thus is O-linear, analo-
gously ¢ is induced by the universal property of the kernel, thus is O-linear too. Hence
the category is abelian. O

Let us recall some useful concepts concerning the functoriality between presheaves cate-
gories.

Definition A.2. Let u : C — D be a functor between small categories.

u? : Psh(D, Sets) — Psh(C, Sets)

(A.3)
F— uP(F):= Fou,

and for any arrow « : F — F', uP(«) is the natural transformation defined by u?(a)x :=

x) for all X € Ob(C).
Proposition A.2. The functor u?P has a left adjoint.

Proof. The proof is by construction. Let F be a presheaf on C. Let A be an object
in D. Define the category aZ whose objects are pairs (V,¢), where V € Ob(C) and
¢ :u(V) — A. A morphism (Vi,¢1) — (Va, ¢) is given by a morphism ¢ : V; — Vj in C
such that ¢y o u(t) = ¢1. On this category we consider the diagram s F : 4Z°° — Sets,
defined on objects by 4 F((V,¢)) := F(V), and if ¢ is an arrow, 4 F(t) := F(t). Define

JUF(A) == lim 4 F. (A.4)

AT°P

This construction in functorial in A, indeed, given f: A — B in D, we have that ,uF(B)
is a cone over the diagram 4 F. We take as yu(F)(f) the unique map ,uF(B) — ,uF(A)
induced by the universal property of the limit.

V'l fogpy
’\N

~
V2 fopa
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P(vy,¢1)
lim , o0 0 F ——— F(V}

3 pu(F) (fT % o (A.6)

hmBIop BJT"

Furthermore, we claim that the construction is also functorial in F. Given a natural
transformation « : F — F’, we obtain, for any object A, a map between the diagrams
4F and 4F’, which in turn induces a map ,u(F)(A) — ,u(F')(A). These maps join
to form a natural transformation ,u(a) : yu(F) — ,u(F’). Once pu : Psh(C, Sets) —
Psh(D, Sets) is defined, we proceed to prove the adjunction. We have to show that there
exist isomorphisms

~: Hompgn(c) (v (G), F) ~ Hompgn(p) (G, puF) (A.7)

functorial both in F and G.

For any A € Ob(D), G(A) is a cone over 4(uPG), hence there exists a unique map 7g(A4) :
G(A) = ,uuPG(A) such that for every (V, ¢) € Ob(4T), it holds that G(¢) = pv,¢)0ng(A).
ng : G — 4uPG is a natural transformation: pick f: A — B

G(B) 2% uurG(B)

lg(ﬂ lpuupN“” (A.8)
(

G(4) — yuG(A) 5 G(u(V))

P(v,¢)

The triangle on the right is commutative, then ,uu?G(f) o ng(B) is the unique map

g : G(B) — puuPG(A) such that for every (V, ¢), it holds that py.4) 0 g = G(f 0 ¢). Since
ng(A) o G(f) has this property too, they coincide.

1 : Lpspp) — puul is natural: consider an arrow  : G — G', we have that

g 9, puuPG
lé lpuuf'(a) (A.9)

g’ SN puuPG’
is commutative iff, for any A € Ob(D), the left square of

g(A) oA, wrG(A) LYY Glu(V))
5(A lpuufﬂ(&)m) ls(u(vn (A.10)
g’(A) S G (A) = G(u(V)

is commutative. The right hand square commutes by definition of ,u. Using the naturality
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of & we get

Pv.g) © putt’ (0)(A) 0 ng(A) = 6(u(V)) 0 G(¢) =

(A.11)
G'(¢) 0 0(A) = plyg omgr(A) 06(4)  V(V,9).

As above we conclude that the square is commutative.
The arrow 7 just defined will serve as the unit of the adjunction. We now turn to find a
counit. Let X € Ob(C) and F be a presheaf on C, and consider the map

p(u(X),idu(X))

uP puF (X) F(X). (A.12)
It is maybe convenient introduce the notation pﬁ,’ #) for the projections from the limit, to
keep track of the diagram involved. We define ¢ : uP,u — Lpg,c) by setting er(X) =
p@ (X)sida )" The naturality of € in both X and F follows directly from the definitions.
At this point we can prove the adjunction. Given a : u?G — F, we define & := ,u(«a) ong,
as if 7 were the unit. Vice versa, given 8 : G — F, we define 3 := 7 o u?(3). These
assignments are mutual inverse. In fact for any X € Ob(C)

ax = p{X,z‘du(x)) 0 Qy(x) = ax 0 G(idy(x)) = . (A.13)

G(u(X)) ——— F(X)

e v )| (A.14)

P
G(u(X)) agny »uer X)) S

And for any A € Ob(D) and any (V, ¢) in 4Z, we have

Pl © Ba = By 0G(6) = plyia) © Butv) © G(0) = plysay © puF () © Ba = Pl © Ba (A.15)

This concludes the proof, because the naturality in F and G of the bijections is a conse-
quence of the naturality of € and 7, and of the functoriality of ,u and u?. n

Remark A.1. Let (A, U) be a type of algebraic structure. [11] We can define, keeping the
notations of proposition A.2, u? : Psh(D, A) — Psh(C,.A) by u?(G)(X) := G(u(X)). We
can also define ,u between categories of presheaves on A, using the same limit used for
Sets. This is possible since A admits all limits. Given a presheaf of algebraic structures,
either defined on C or D, we can compose it with U and obtain its underlying presheaf
of sets. Moreover, this operation, commutes with both u” and pu: it is clear for u?;
while for ,u it follows from the fact that U commutes with limits in \A. Observe that
the previous proof would still hold even if, in place of the category of sets, we had any
algebraic structure. Indeed, the only property of Sets used in the proof, is completeness.
Hence there is an adjunction u” - ,u even between presheaves of algebraic structures.
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Examples of types of algebraic structures are (Ab,U) and (Ring, U), where U denotes
the forgetful functor in both situations.

This last remark enables us to define the functors v and ,u even between categories of
presheaves of modules.

Let u : C — D a covariant functor between small categories. Let O € Psh(D, Ring).
Suppose that G is a presheaf of O-modules, this amounts to say that it is an abelian
presheaf with a natural transformation v : Uo O x U o G — U o G, satisfying properties
in Definition A.1. We can compute u’G as an abelian presheaf, and endow it with the
action

WU oOxUoG) 2y ywr(Uog)

H H (A.16)
U o (uPO) x U o (uPG) Uo (uG)

Here we used that U commutes with «”, and u? commutes with limits. This last property
can be checked directly, but it is also a consequence of the fact that u” has a left adjoint u,,
[11]. Observe that, for any X € Ob(C), this new action actually turns u?G(X) = G(u(X))
into an O(X) module, simply because u”(u)x = pucx). Furthermore, for any arrow
d € Homp(G,G’), the diagram

uPO x uPG M g
lidxup(é) lup(é) (A17)

wO x wg Y g
is commutative, because it is obtained applying u? to the diagram encoding the O-linarity
of 0. Hence u”(v) is O-linear.
This discussion yields a functor PMod(O) — PMod(u”O), which we call again u?, since
it is compatible with the definition of u? on abelian presheaves.
Now, we move to definition of ,u : PMod(u?O) — PMod(O).
Pick an u?O-module (F, i), the abelian presheaf ,uF can be endowed with a structure
of O-module in this way :

U o (yuu®) x U o (yuF) — ,u(U o (wPO) x Uo F) 2 (U o F)
Utno)id] |
UoO xU o (yuF) U o (uF)
(A.18)
This was possible since also ,u preserves limits, being a right adjoint. For any A € Ob(G),

pu(p)a defines a structure of ,uu?O(A)-module on ,uF(A), which in turn becomes a O-
module by restriction of scalars, trough no(A). As before, we consider an arrow 7 : F —
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F' in PMod(u?Q), the commutative diagram

O x ,uF Joxid, u?O X JuF RN F
lidxpu('y) lidxpu('y) lpu(V) (A]'g)

xid u(p)
O x yuF' Jo7 yu?O X JuF —=5 F'

reveals that ,u(y) is O-linear.

Proposition A.3.

uP

/\
PMod(®) |  PMod(u”0) (A.20)

\_/

pU

Proof. Let (F, 1) be an vPO-module and (G, v) be an O-module. Since Homp (G, ,uF) C
Hom pgpp,ab) (G, puF) and Homro (uPG, F) C Hompgpc,ap) (PG, F), it is enough to show

a:uPG = Fisu’O —linear <= & :G — ,uFisO — linear.

It is all about writing down the suitable diagrams.
=) We have to prove the commutativity of the external rectangle of

Oxg z > g
wdXng ng
O x ,uu’G » puuPG
w pt(v)
idxa Ly’ O X uuPG a
lidxpu(a) pu(a)
P
Lyut?O X ,uF

O x puF > pUF

The upper rectangle commutes by naturality of n as the unit of the adjunction v? 4 ,u
within presheaves of sets, while the lower commutes because of the hypothesis on a.
The proof of <) is analogous. ]

Proposition A.4. Let C be a small category and O : C — Rings a presheaf of rings.
Then PMod(O) has enough injective objects.

Proof. Consider the discrete category Ob(C). There is a canonical functor ¢ : Ob(C) —
C,X — i(X) = X. Because of the discussion above, we have i 4 ,i : PMod(O) —
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PMod(:?O). Let us provide an explicit description of i, 1, € in relation to this specific
situation. Let F an ?O-module,

piF(X) =lim x F = I o). (A.21)
dom(p)=Y
p€Ehx

22 on X. The limit coincides with the product

Where hx denotes the maximal sieve
because xZ is discrete, since in Ob(C) there are no maps except for the identities. The

counit € : 17pi = Lpyoquro) is specified by:

vFEVXeone), [[ Fv Domax (0. (A.22)

dom(p)=Y
pEhX

For G in PMod(O), the component X of ng is induced by universal property of the

product.
G(X) 2%, Mooy G(Y)
o) “Deh] (A.23)
Gg(y)

Observe for later use that ng(X) is a monomorphism (in the category of O(X )-modules).
To see this, suppose the existence of y : A — G(X) such that ng(X) o x = 0, then
G(p)ox =0V p € hy. In particular if ¢ = idy, we have y = 0.

An object F in PMod(i*O) is just a collection (]—"(X))XGOb ¢y Where F(X)is an O(X)-
module. Similarly, a morphism F — F’ is a collection of morphisms of O(X)-modules,
indexed by X € Ob(C). Hence, a presheaf of ?O-modules H is injective iff H(X) is
injective as O(X)-module, for all X € Ob(C). Suppose for a moment that for any F as
above we have a monomorphism vz : F — I(F) into an injective object. Since ,i has a
left adjoint which is exact, ,i(I(F)) is still an injective object [14], and of course ,i(7)
remains a monomorphism. Now, for any G in PMod(Q), we follow the previous argument
with #*G, so that we obtain the monomorphism ,i(7;»g). Then

g 1 Liirg 009 i (1(i7G)) (A.24)

is a monomorphism from G into an injective object.
So we are left to find vx. Recall that if R is any ring, and M is an R-module, we have an
injection
ev:M— ]  Homan(R,Q/2Z), (A.25)
Homap (M,Q/Z)

22Tt means that hx is the set of all the functions with codomain X
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and the target is an injective R-module. Thus, we can define v#(X) := erx) and
[(F)(X) = HHomAb(f(X),Q/Z) Homap(O(X),Q/Z) [

B Relative bar resolution

Definition B.1. A relative abelian category consists in a pair of abelian categories
(A, M) together with a functor O : A — M which is additive, exact and faithful.

Definition B.2. A short exact sequence 0 — K % B % C' — 01in A, also denoted x||o,
is said relatively split, or [J-split if the sequence Ox||Oo splits in M.

A monomorphism Yy is said allowable, or -allowable, if x||coker(x) is relatively split.
Dually, an epimorphism o is said allowable if ker(c)||o is relatively split.

In general, a morphism « is said allowable if: I'm(«) is an allowable monomorphism and
Coim(«a) is an allowable epimorphism.

Recall that an exact sequence 0 — M L N & L - 0in an abelian category, is split if
and only if g has a right inverse (section) or f has a left inverse (retraction). In light of
this, we show that a morphism « : B — C' in A is [-allowable if exists s : JC' — B
such that Oa = Oa o Us o La. Consider an epi-mono factorization of a:

B = > C
k} % (B.1)
Im(a)

We have d(moe) = O(moe)osold(moe). Since O is exact, e is an epimorphism

and [m is a monomorphism. Then we obtain id = [Cle o s o [Im. Therefore, e has a right
inverse and m has a left inverse, which implies that e = Coim(a) and m = Im(a) are
allowable.

Definition B.3. A resolvent pair is a relative abelian category such that [ has a left
adjoint.

We fix some notations for later use: Denote F' the left adjoint of [J; n : 1y — OF the
unit of the adjunction; € : FI — 14 is the counit.

Example B.1. Let ¢ : S — R an homomorphism of rings. An R-module M, can be
seen as an S-module by restriction of scalars, i.e. defining s-m = «(s) -m for s € S
and m € M. Moreover any morphism f : M — N between R-modules, is also S-
linear since f(s - m) = f(u(s) - m) = u(s) - f(m) = s - f(m). Is then defined a functor
t* : Mod(R) — Mod(S) which is clearly additive and faithful. The functor ¢* is also exact
because the kernel and the cokernel of a morphism between R-modules are unchanged if
it is viewed as a morphism between S-modules. Therefore, +* defines a relative abelian
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category.
Now consider the functor

v : Mod(S) — Mod(R)

(B.2)
B— R ®S B,

where the R-module structure on «(B) is defined by 7, - (r®0b) = (rr;) ®b, for all r,r € R
and b € B. For any arrow g : B — A, 4(g) := idg ® g. We have an adjunction ¢ — ¢*,
witnessed by the functorial isomorphism

Homg(B, " (M)) ~ Homg(R ®s B, M)
fesfir®@b e r-f(b) (B.3)
(@: b= ab®1R)) < «

Therefore (Mod(R), Mod(S), ", v) is a resolvent pair.

Definition B.4. A relative projective object P, is an object in A such that for any
allowable epimorphism ¢ : B — (' and any morphism f : P — C, there exists a morphism
f": P — B such that g o f’ = f.

Proposition B.1. All object of the form F(M), for some M in M, are relative projective.

Proof. For any f : F(M) — C and any allowable epimorphism ¢ : B — C, we have to
find an arrow ' : (M) — B such that f = o of’.

M s OF(M)
lDf (B.4)

0B —22 .+ Oc¢
v

Here, s is a right inverse of o, since o is an allowable epimorphism. Moreover, by
the universal property of unit, there exist a unique map f' : F(M) — B such that
soOf omy = 0Of onyy.

M —2 s OF(M)

SODfOT”w
ll:l(f’)

(B.5)

The external diagram commutes, then both f and o of’ fit in () ony, = Of onyy, hence
they must coincide, again by the universal property of 7.
[
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Definition B.5. Let A be an object of A. A relatively projective resolution of A is a
complex --- — P, — P, — F, in A together with a map ¢ : Py — A such that all the P,’s
are relative projective and --- — P, — P, — Py = A is a long exact sequence. Besides, a
resolution is said allowable if both € and all differentials of the complex P, are allowable
morphisms. Finally, a resolution is said relatively free if P, = F(M,) VYn € N for some
M,, in M.

We claim that any object in A has a relatively free (and hence relatively projective)
resolution.

Let C in Ob(A). Define

C n=—1

Bn(C) = {(FD)nH(G) nso (B.6)

where (FO)" indicates the (n+1)-fold iteration of the functor FO : A — A. The image of
these objects trough U can be arranged in a sequence, setting s_; := noc and s,, := 1o, ()
for n > 0.

0C — OBy(C) —2= OB(C) —2 ... (B.7)

Proposition B.2. There are unique A-morphisms
e: Bo(C)—C O+ Bn(C) = Br—1(C)  forn €N, (B.8)

which make Bo(C) a relatively free allowable resolution of C' with se as a contracting
homotopy in M. This resolution, with its contracting homotopy, is a covariant functor of

C.

Proof. se is a contracting homotopy if idmg, ) = H0p41 © 5, + Sp—1 0 110, holds for all
n > —1, with 0_, = 0. For n = —1, it has to be e o ngc = idpe, thus, by universal
property of the unit, € must be equal to ¢¢. From this we deduce also that €¢ is allowable,
since it has a right inverse. The successive differentials are now defined by recursion, so
that s will be a contracting homotopy: assume that 0y, 0y, ...,0, have already been
defined, 0,41 must be the unique arrow such that (10,41 0 nog, () = idog, () — Sn—1 00,
holds.

D@n 1 n Dan—l
3 0B (C) — 0Bu(C) —2— DB
id / id - id (B.9)
Elan+1 Da’n—l

——— OFOB,(C) 05,(C) —=— OBur

We prove by induction on n that 9,100, =0, Vn > 0.
n = —1). We have e 0 001 0 59 = Oeg — Heg 0 51 0 e = e — Hee = 0, thus
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ec o 01 = 0 again by the universal property of 7.

— 5 0B(C) —2 OBy (C) —<— OC

D ey (310
0o U

—— 04(C) —2— 0By (C) —<— 0OC

n=n+1). 00, 000,11 0s, =00, — 00, 0 s,_1 0009, = s,_2 000, 1009, =0. We
deduce that [0, o (10, +1 = 0 since s, is a component of the unit of the adjunction.
Furthermore, all differentials are allowable, in fact, Vn € Ny, it holds that

Dan+1 oS, O Dan+1 = Dan+1 — Sp O D@n e} Dan+1 = Dan+1. (Bll)

Finally we prove functoriality. Given f: C'— D in A, we have to define f.(f). A natural
choice is f,(f) := (FO)™(f) for n > 0. We now check that these maps yield a morphism
of resolutions, which means that

(FO)"(f) 09S¢ = 0P o (FO)"(f) Vn €N, and Of oeq = ep o FO(f). (B.12)

The last equality in (B.12) is just a consequence of naturality of e.
Let n = 1 for simplicity, all the equalities with n # 1 can be proved in an analogous way.
The adjunction F' - [J provides the following commutative diagram:

Homyp (O50(C),06(C)) —— Homa (51(C), Bo(C))

l[lﬁo(f)o_ lﬁl(f)o_

Hompng (OB(C), 0Bu(D)) —— Homp(B1(C), Bo(D)) (B.13)

_omomT o8, (f)T

Homp (B0(D), 06(D)) —— Homm(B81(D), Bo(D))

Using the naturality of both 1 and € we get (15, (f) o (id — 5%, 0 Oec) = (id — s?, o Oep) o
OBo(f). This implies that

Bi(f) 0 0F =i (f) o (id — s, 0 Oec) =
OBo(f) o (id — 8¢, 0o Oec) =(id — sP; o Oep) o Ofy(f) = (B.14)
(id — sP, 0 Oep) o B1(f) = AP o B (f)

The relatively free resolution just presented, is named unnormalized bar resolution.

Example B.2. We present a particular resolvent pair that is relevant to our initial pur-
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pose. Let C be a small category, and ¢ : O — R a morphism of presheaves of rings.
Take A := PMod(R) and M := PMod(O). A relative abelian category arises con-
sidering the functor 00 : PMod(R) — PMod(O) described by OF(X) = % (F(X)),
whenever F is an R-module and X is an object of C. Similarly to ¢* of the Example
B.1, the functor [J has a left adjoint F', which associates to N in PMod(O) the presheaf
RR@o N X = R(X) ®o(x) N(X).[11]

In order to construct relatively free resolutions, it will be necessary to have a description
of the unit and counit of the adjunction. The (N, X)-component of the unit is

v (X))t N(X) = R(X) ®ox) N(X)

(B.15)
b—1®b
while the (F, X)-component of the counit is
er(X) : R(X) ®ox) F(X) = F(X) (B.16)

redec—r-c

Once N, F are fixed, also the isomorphism ~: Homp(N,OF) ~ Homgz(R Qo N, F)
can be described using Example B.1. Indeed, given a : N' — OF, we have ax = (ax),
where the second bar is referred to the adjunction (¢x); - (¢x)*. Fix an R-module F. We

compute the differentials of 3,(F) in this specific resolvent pair.

2 By(F) —25 R @0 (O(R 80 OF)) —2 ReoOF —Z4 F — 0

We have shown that 0, = idg, ) — nor o Uex. Therefore, for X a generic object in C

A (X) : R(X) ®ox) (B(R(X) ®ox) UF(X))) = B(R(X) ®ox) UF(X))

(B.17)
re(ri®c)—=rrc—rerc
The higher differentials are determined by induction; assume that the form of 0, is

n—1
an—1(X)27‘®T1®"'®7”n—1®0'—>Z(—l)iT@)-“@mrHl@-“®Tn—1®c

1=0

Observe that 0;(X) actually has this form, whence the basic step is true.
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Using 0, = idg,_,(7) — Sp—2 © J0,—1, we obtain

(X)rerm®---r, ®c)

=r: (7’1®"'®Tn®0—5n—1(2(—1)i7”1®"'®7’i7‘z’+1®"'®7‘n®0))
i=1

- , B.18
:7"7'1®-~~®TH®C—Z(—1)’T®T1®~--®riri+1®---®rn®c ( )

i=1

=D ()r®@ne@ - @rrm @@, Qc
1=0
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