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INTRODUCTION

This thesis attempts to unify within the same work two topics which are
central in the latest development of algebraic and arithmetic geometry.

The first topic is Grothendieck’s notion of topology.
This concept arose to by-pass the problem of the Zariski topology being too
coarse.
In fact, when we deal with complex algebraic varieties, the complex topology
is available. This provides us all the method of classical algebraic topology
and cohomology. When we consider an arbitrary base field, though, we just
have the Zariski topology. This has much less open sets, hence in many cases
cohomology groups fail to give interesting information.
The idea of Grothendieck was easy as much as brilliant: instead of consider-
ing coverings of open subsets we consider collection of morphisms with fixed
codomain.
Not only Grothendieck topologies generalize the notion of topological space.
They also allow, paralleling classical sheaf theory, to speak about sheaves
on rather general categories (fibered product being the natural substitute of
intersection).
Moreover Grothendieck proved that the category of sheaves for a Grothendieck
topology has enough injective objects. This allows to define the ¢-th coho-
mology group of an object U with values in a sheaf .#: this is Ry (%), the
image of .% via the right derived functors of the global section functor.
This is probably the most general approach to cohomology theory.

Galois Categories are the second topic.
This is the classical example of theory that bridges the gap among many
different situations.
It widely clarifies the notion of fundamental group, which appears in nearly
all fields of mathematics. For example the well known topological fundamen-
tal group and the absolute Galois group of a field are two manifestations of
it (see [21] for a comprehensive treatment about fundamental groups). In
both these situations we have a group (defined as the automorphism groups
of some object) classifying some object (covers of a topological space in the
first case, Galois extension of the field in the second).
This is brilliantly explained by the abstract theory of Galois categories: the
group is the automorphisms group of a functor with images in the category
of finite sets; the classification is given by an equivalence induced by this
functor.



We treat this topics in the abstract framework of categories.
This is not mere desire of generalization: dealing with general categories is
often easier then considering more concrete objects.
Just think about the definition of morphism of schemes: there are involved
two topological spaces Y and X, two sheaves of rings Oy and Ox which
locally looks like the spectrum of a ring, a continuous map f : Y — X, a
morphism of sheaves from Ox to the direct image of Oy via f.
In categorical language this is just an arrow between two objects.
It does sound easier.

In the last chapter we carry over the abstract theory to the category of
schemes.
Firstly we give a general method to construct Grothendieck topologies in this
category. The idea is that we relax the condition of being an open immersion
and we consider wider class of morphisms to form coverings.
Secondly we prove that the category of finite étale morphisms over a con-
nected scheme is a Galois category.
For example this gives a new insight into Galois cohomology: this is just
étale cohomology when we choose the base scheme to be the spectrum of a
field.
Finally we revisit a classical result, Hilbert theorem 90, and we state and
prove it in a much more general form using étale cohomology.
This is yet another example of an arithmetical result which has a deep geo-
metric interpretation.
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PREREQUISITES AND CONVENTION

The (real) basics of commutative algebra, scheme theory and category theory
are assumed to be known. Any classical books on the topic will do.

For example: for commutative algebra [2]; for scheme theory [7]; for category
theory [16].

We denote with Set, FSet, Ab and Rng the category of sets, finite sets,
abelian groups and rings respectively.

All rings are assumed to be commutative Noetherian with identity.
All schemes are assumed to be locally Noetherian.

il



1 GROTHENDIECK TOPOLOGIES

Roughly speaking a site on a category is a way to see its object as open
subsets of a topological space. In fact the prototype of a site is the category
O(X) of open subsets of a topological space X, with inclusions as arrows.
More precisely, instead of usual coverings {U; C U};e; of open subsets we
consider collection of arrows {U; — U };¢; with fixed codomain. A site on a
category consists of a collection of coverings for each object, satisfying some
axioms.

The point in doing so is that it allows to define (abelian) sheaves in a nat-
ural way, i.e. as presheaves satisfying the sheaf condition on any covering.
Of course, in order to state such a condition, we have to consider fibered
products instead of intersections (this make sense since the fibered product
in O(X) is intersection).

Clearly the collection of sheaves on a site with morphisms of presheaves as
arrows form a category. This turn out to have all the nice properties of the
usual category of sheaves on a topological space. In fact we will prove that
it is a Grothendieck category (see the Tohoku paper [§]).

In particular this implies it has enough injective object and this allows to
speak about cohomology groups of an object with value on a sheaf .%. These
are the images of .# via the right derived functors of the section functor on
U.

Finally we will introduce the canonical topology, which is the finer such that
all representable presheaves are sheaves. In particular we will consider the
category of sets endowed with a continuous action of a profinite group, which
will be of central importance in the rest of the thesis.

The notion of site was invented by Artin and Grothendieck to formalize
the latter’s intuition about étale cohomology.
Artin was probably the first teaching and writing about the topic in the
abstract categorical form ([I]). Afterwards the theory was systematically
treated in SGA IIT ([4]).
A modern book dealing with the categorical theory of sites, which approach
I will mostly follow here, is [22]; another precious source was [27].

1.1 Sites, sheaves, cohomology

In this section we define sites. The prototype of a site is the category O(X)
of open subsets of a given topological space, with the inclusions as arrows.
While we give the axioms defining sites we look at their meaning in this cat-
egory, to keep always clear in mind how they came from geometric intuition.



For simplicity, in the whole section we assume categories to have fibered
products.

Definition 1.1.1 We call covering of an object U € C a collection of mor-
phZSTTL {Uz — U}iGI'

We call coverage on C a collection of coverings for each object U € C satis-
fying the following condition

(T1) for any covering {U; — U}icr and any morphism
V — U, the collection {U; xy V. — V}ier is a covering for V.

If T is a coverage on a category, we will denote with Covy(U) (or simply
with Cov(U) if the coverage is clear from the context) the collection of
coverings of U in T.

Remark 1.1.2 In O(X) axiom (T1) means that if {U; C U };¢; is a covering
for U and V' C U, then {U; NV C V},¢s is a covering for V.
Of course usual coverings of open subsets define a coverage on O(X).

This definition is already enough to define sheaves:

Definition 1.1.3 Let T be a covering on a category C.

We say that a presheaf F (of set, abelian group, ring etc.) on C is a sheaf
for T (of set, abelian group, ring etc.) if for any U € C and any covering
{Ui = U}ier € T the following sequence is exact

FU)— [[Z2W0) —= [[ #U: xv V)
el i,j€l

(the arrows to be understood,).
We denote the category of (abelian, if not mentioned) sheaves for a coverage

(C,T) with S(T).

Of course applied to O(X) this correspond to the usual definition of sheaf.

To obtain the definition of site we need to add two axioms. These corre-
sponds to the idea that "composition" of coverings is again a covering and
that any isomorphism is itself a covering.

Definition 1.1.4 A site (or topology) on a category C is a coverage sat-
wsfying the following extra conditions

(T2) if {U; — U} is a covering and for all i {U;; — U;} is a covering, then
{Uij = U; = U} is a covering.



(T3) any isomorphism form a covering itself.

Remark 1.1.5 We rephrase these condition in O(X).

(T2) means that if {U; C U} is a covering for U and for all ¢ {U;; C U,} is
a covering for U;, then {U; ; C U} is a covering for U.

(T3) correspond to the fact that any open set cover itself.

Once again O(X) together with usual coverings satisfies (T2) and (T3).

Remark 1.1.6 Sometimes in literature this is called a pretopology. Actually
this was the name when it first appeared in Grothendieck’s and Demazure’s
work([4]). Here topologies are defined by means of sieves and not of coverings:
the reason in doing so is that it may happen that two different pretopologies
generate the same category of sheaf, while a topology is uniquely determined
by the associated sheaf category.

Nevertheless in our definition the geometric aspect is more evident, and it is
enough for our scope.

Of course we need a good definition of functor between topologies.

Definition 1.1.7 Let (C,T) and (C',T') be sites. We say that a functor
F :C — C' is continuous if it satisfies the following propeties

i) {U, — U} € Cov(C) = {F(U,) — F(U)} € Cov(C').

i) For any covering {U; — U} € Cov(C) and any arrow V. — U the
canonical morphism F(U; xy V') — F(U;) X rwy F(V) is an isomor-
phism for all 7.

We will say that F yields a morphism of site F : (C',T") = (C,T).

Remark 1.1.8 Consider a continuous map between topological spaces, say
f: X — Y. Then the functor [V — f~1(V)] : O(Y) — O(X) is a continuous
functor.

In fact ¢) means that if {V; C V} is an open covering of V' C Y then
{f~1(V;) C f~1(V)} is an open covering of f~!(V) C X and i) means that
fFAUNY) =F(U) nEV).

Remark 1.1.9 Let F: (C',7') — (C,T) be a morphism of sites and assume
that the underlying continuous functor F' : C — (C’ is an equivalence of
categories with continuous quasi inverse.

Then it is easy to see that S(7) is equivalent to S(7”) via the functor

Y — F.9:=9oF]:S(T")—S(T).



Finally we may use continuity to define the notion of finer topology:

Definition 1.1.10 Let T, T’ be sites on a category C. We say that T
is finer then T if the identical functor C — C yields a morphism of sites
(C, T)— (C,T.

This just means that any covering in T' is a covering in T .

The few notion introduced up to now are already enough to define coho-
mology groups.
Let [ +— Ty(ZF) := F(U)]: S(T) — Ab be the section functor on U.
Assume for a moment that the category of sheaves on a site is an abelian
category with enough injective objects (all of these will be proven in the next
sections).
Then we make the following definition:

Definition 1.1.11 Let .# € S(T) and U € C. We call
HYU, #) := RTy(F)

the ¢-th cohomology group of U with value in .7

1.2 Sheatfification

The aim of this section is to describe sheafification, i.e. the left adjoint to
the inclusion i : S(T) — P(T). The existence of such an adjunction is of
central importance for proving that categories of sheaves are abelian.

Throughout the section we fix a site 7 on a category C. All covering will be

in 7.

We sketch our strategy first.
Given an abelian presheaf .# and a covering Y = {U; — U} define

i irj
Consider the collection Jy of coverings of a fixed object U € C. We will
make this in a filtered preordered category, and show that H(—,.%#) can be
seen as a functor Jy — Ab. Finally we will define the presheaf

F(U) =limH(-, 7)
Ju

and prove that (F') is the sheafification of ..



First we define [J;. What we’re missing is a good notion for arrows.
Slightly more generally we can define maps between arbitrary coverings.

Definition 1.2.1 We call morphism of coverings fromV = {V; — V},c;
toU = {U; — Ulier an arrow V. — U together with a pair (¢, f) consisting

of :
e amape:J — 1

o a collection of morphisms f = {f; : V; = Ue;)}jes such that

 — Uy

;

< — =

_

commute for all j € J.

We will denote this loosely with (e, ).
In particular if V = U and V — U 1is the identity map, we say that V is a

refinement of U and we call (¢, f) refinement map.

This makes Cov(C) into a category.
Moreover notice that a morphism of coverings induces maps

[[7w) — ]2V,
(si) = (F fi(57))
7w xvUs) — H F(V; xu Vy)
(840r) —> ( (fi < fy )( ()e( J)))

making the following diagram commute



Hence we get a well defined group map H(f, #): HU,.F) — H(V,F) and
we see that H(—,.%) is a presheaf on Cov(C).

The following lemma is very important for many computation.

Lemma 1.2.2 Let f,g : V — U be morphisms of coverings inducing the
same map V — U. Then H(f, #) = H(g, %).

Proof
It will suffice to exhibit a map A such that the following diagram commutes

117w

H(f.7)

\\/

UXUU)

~

[[7wv)

Consider the product map f; x g; : U; — Ugy) Xv Uy;). This makes the
following diagram commute

Vi

fi 9j
fixgj

ety =57 Vet Xv Unts) =57 Unoy

J

Thus applying .# we see that

F(f; x gj) o F(m}) = F(f;)
F(f; x gj) o F(77) = F(g)
for all j.

Then it suffice to define the j-th component of A to be the map .7 (f; x g;)
precomposed with the projection [[ F(U; xy Uy) = F(Uejy xu Uygy) - O

Now we focus on the category Jy, the category Cov(U) with refinements
as arrows.
We can order Jy by saying that U < U’ (we’ll say that U’ is finer then U) if
there exists a refinement map (¢, f) : U’ — U.
Ju is a filtered partially ordered category, since for coverings U = {U; — U}
and U’ = {U] — U} we have that U, U’ < {U; xy U}

Now, thanks to [lemma 1.2.2) we can see H(—,.%) as a contravariant functor



Ju — Ab. For all U € C we just define .Z/(U) to be the direct limit of
groups

F(U) :=limH(—, )

—

Ju

This is indeed a presheaf:
for any map V' — U in C and any covering U = {U; — U}, there is a
natural morphism of coverings V = {U; x V. — V} — U, thus a group map
HU,Z)— H(V,.%). These maps, for varying U, give a morphism of direct
system of groups, thus a group map Z/(U) — Z1(V). This is easily verified
to be functorial in U and the following diagram commute by construction.

HV,F) —— FI(V)

Moreover notice that ( )l is a functor P(T) — P(T). In fact for any
presheaf morphism 7 : . % — ¢ and any covering U we get a commutative
diagram

[[70) == [[7Wixu )

i 0]

ﬂ(Ui)l J/U(UMUUJ')

H% ) ——= [[9WU: xv U))

2%

and thus group maps H(U,n) : HU, F) — HU,¥). Again for varying U
these give a morphism between direct system of groups, thus a group map
FIU) — 9'(U).

Remark 1.2.3 At this point it’s definitely worth to spend a couple of word
about Cech cohomology.

The groups H(U,.F) are usually denoted by H°(U, 7).
It is easy to see that the functor H°(U,—) : P(T) — Ab is left exact, thus
the right derived functor H°(U, —) are defined.

The groups HY(U,.F) are referred to as g-th Cech cohomology groups
of .# with respect to U.



There’s an alternative way, more technical but more concrete, to define these
groups.
For a covering U = {U; — U} define

where 7, is the projection U;y Xy -+ - Xy U, — Uiy Xy -+ XUU;, Xy XU, -
It can be shown that this yields a chain complex and that the groups H4(U, .7 )
are its g-th cohomology group (see [22] I 2.2 for details: in fact since C*(U, —)
coincide with H*(U, %) in degree 0, it is enough to show that it is a universal
O-functor).
The group .Z!(U) is usually denoted with H(U,.7).
We will see (proposition 1.2.7) that the functor H(U,—) : P(T) — Ab is
left exact and thus its right derived functors H9(U, —) are defined.
The groups H4(U,.%) are called g-th Cech cohomology groups of .7
over U.
Moreover one can actually prove (using the same technique we mentioned
before) that HI(U,.F) ~ lim (U, F).

u

Lemma 1.2.2| implies another result useful for computations.

Lemma 1.2.4 Let V,V' € Cov(V) and let V — U and V' — U be mor-
phisms of coverings inducing the same arrow V — U.

Then the images of (s;) € HU,.F) in HV,.F) and H(V', F) represent the
same element in F1(V).

Proof

Let V ={V; = V} and V' = {V;; — V} and let (¢, f) and (€, f’) be the
refinements map.

Form the covering W = {V; xy V;; — V'}. This is a common refinement for
VY and V', and we have naturally induced map of coverings W — V — U
and W — V' — U. These clearly induce the same arrow V' — U then by
they induce the same arrow H(U,.F) — HW,.F), i.e. there is

a commutative diagram



H(V, Z)
/ \
HU, F) HW,Z)
\ /
H(V,.F)

Then the images of (s;) € HU, F) in H(V,.#) and H(V',.%) map to the
same element in H (W, .%), which means they represent the same element in
FHV). O

Now we will prove that applying (—)' twice is actually left adjoint to the
inclusion S(7) — P(T).

By definition of adjunction this amount to prove that:
° (ﬁ*)* is a sheaf;

e for any .% € P(T) we have a map 0 : F — (ﬁ’*)f;

t

e any morphism from .# to a sheaf ¢ factors as F — (9*) — G.

First of all notice that we have natural maps functorial in U

FWU)=H{U - U}, Z) — limH(—,.7) = F'(U)
Ju
This gives a morphism 6 : .# — .Z!. Moreover if F — G is a morphism of
presheaves, this makes the following diagram commute

If moreover G is a sheaf then H(U,G) = G(U) for any U € Jy, and we see
at once that the map G — G' is an isomorphism.

Hence for any sheaf G, any morphism F — G factors as F — F = G.

This factorization is actually unique, since the 0 morphism F — G maps to
the 0 morphism F' — G' just by definition.

Applying twice this reasoning, we see that any morphism form F to a sheaf



G factors in a unique way as as F — (ﬁﬂf)T —G.

From now on we shall write .Z# = (35*)*.

So finally we just need to prove that .Z# is a sheaf.
The next proposition does the job

Proposition 1.2.5

i) F!is a separated presheaf, i.e. the map F'(U) — [[, F'(U,) is injec-
tive for any covering U = {U; — U}.

i) if F is separated then F! is a sheaf.

Proof

i) Take 5 € ker (F/(U) — [[.Z/(U;)). We have to show that 5 = 0.

Let 5 be represented by an element (s;) € H(V, #) with V = {V; — U}. We
have to exhibit a refinement g : W — V such that H(g, #)((s;)) = 0.
Applying[lemma 1.2.4] (take V = {V;y xy V; = V;};; and V' = {V; — V;}) we
see that 5|y, = 0(s;). Now consider a common refinement of 4 and V), say
W = {W, — U}, with refinement maps (¢, f) : W — U and (¢, f') : W — V.
We have that for all r

S =0

SlWr ( e(r)) — f Semy|w,.) = 0¢ tg&’)( WT
. ")
Slw, 9( )’Wr 9(56’(r)’WT)

This means there are coverings W, = {W,, — W,}, such that su(|w,
maps to 0 via the map #(W,) = H{W, — W, },.#) - HW,, %), ie.
(36’(7’)‘Wn>r =0.

Now consider the covering W = {W,; — W, — U}. This is a refinement of
V in a natural way and via the map H(V,.%) — H(W,.%) we have that

(Sj) = (56’(T) w,.) = 0.

We’re done.

ii) Let U = {U; — U} be a covering and take

(37) € ker (H FWU) = [[ (U % Uj)) .
Let 5; € Z!(U;) be represented by (si), € H(U;, F), where U = {U;, — Uy},

Once again (5;);, = 0(s}). Moreover we have the following commutative
diagram

10



Thus we find that

= (s
Ui,-XUth < J|Ui><UUj>

— 7
UirxuUje — 6(8T|UiT><Uth)

SilUiTXUth = (Si‘U,L'XUUj>
SilUierth - (Si‘Ui,.>
5 = (5

]lUirXUth < ]|th>

— 0(s'

T‘UirXUth)

= S;
UirxuUsjt ]‘Ui,,.xUth

Uir Xy Ujt - ‘9(8;)

UiwxuUje H(Si) UirxyUjs = Q(SiwﬁxUUﬁ)

0($i|th><Uth)
But # is a monomorphism. In fact if s € .#(U) maps to 0 € Z/(U) then
there exists a covering {U; — U} such that s, = 0 for all i. But .# is

separated, thus s = 0.
Then we get s

i _J
T|U,L-T.><Uth - St\U,L-7.xUth>

which means that
(5) € ker (H F(Uy) = [[ 7 U xu th)) — H{U, — U}, 7).
Denote with 5 the image of (s') in .Z(U). We claim that 5, =;. But this

is straight forward since we have a natural map of coverings Z{Uir — U}, —
{U; — U}, which gives the commutative diagram

H{Uy — UY, 7)) —— H{Uy, — U}, F)

| |

F(U) F(U;)

Now we readily see that (s}) — 5, via
H{Ui —» U}, F) » H{U; = U}, F) = FI(U;)
and (s) — 35; via
H{Uy — U}, F) —» ZI(U) —» ZI(U).
We're done. 0

11



Corollary 1.2.6 The functor # : F — F7 is left adjoint to the inclusion
S(T)— P(T). O

It is useful to study the exactness property of sheafification.
Proposition 1.2.7 (=)' is left ezact.

Proof
Let 0 - % — ¢ = € € P(T) be an exact sequence of presheaves, i.e.

0—FU)— g(U) — F(U) is exact for all U € C. We have to show that
0 — ZI(U) = 91(U) = €'(U) is exact for all U.
Let § € ker (Z1(U) — @(U)) be represented by (s;) € HU, 7), U = {U; —

U}.
Then there exists a refinement f : U’ = {U; — U} — U such that H(f,¥) o

HU,n)((s:)) = 0.
But the following diagram commute

HU, 7 ) HU,9)

)| l
H(VY

V. F) Gt HV.D)

so that H(V,n) o H(f,Z)((s:)) = H(f,¥) o HU,n)((s;)) = 0.

But recalling how H(V,n) is defined and using the fact that n(U;) is injective
for all ¢ we get that H(f,.%#)((s;)) = 0 which means that 5 = 0.

It is quite clear that im (ﬂ* — Sﬁ) C ker (54* — (ﬂ).

Finally let 5 € ker (¢! — €) be represented by (s;) € H(U,9).

Once again we find a refinement f : &’ — U such that H(V, p)oH(f, F)((s:)) =
0. Recalling how H(V,n) is defined and using exactness of % (U;) — 4 (U;) —

€ (U;), this time we get an element (t;) € H(U',.7) such that H(U', n)((t;)) =
H(f,Z)((s;)). Then the image of (¢;) in .#/(U) maps to s.

We're done. ]

Corollary 1.2.8 Sheafification is an exact functor.

Proof

Since it is a left adjoint, it is right exact.

Plus the composition i o # =1 o { (i being the inclusion S(T) — P(T)) is
left exact by what we have just proved. But since 7 is fully faithful # has to
be left exact as well. O

12



1.3 S(7) is abelian

It’s easy to prove that P(7) is an abelian category.

Since S(T) is a full subcategory of P(7T), it inherits from it the additive
structure.

Let o : % — ¢ be a morphism in S(7) and denote with £ and % its kernel
and cokernel in the category of presheaves.

The following proposition shows that S(7) is abelian.

Proposition 1.3.1 The following are true in S(T):
i) A = ker(a).
ii) €% = coker(a).
iii) ker (coker(a)) ~ coker(ker(a)).

Proof
i) First we show that J is in fact a sheaf.
Consider the following commutative diagram

0 0 0
H(U) —— [ (U) — =3 [14 (U xu Uj)

F(U) —— 17 (U) —= [1F (Ui xuv Uj)

GU) ——119(U,) — =117 (Ui xu Uy)

Since all the columns and the two bottom rows are exact, the first row is
exact as well, which means that J# is a sheaf.

Next we show that % = ker (ﬁ — %), ie. that 0 - % — .7 is exact in
S(T). But this is exact in P(7T) and since # is exact (Corollary 1.22) and
2 and . are sheaves, we get that 0 — # — .Z is exact in S(7).

We're done.

ii) This is true since sheafification is a left adjoint and thus it’s right exact.

iii) Let .# = ker (coker(a)) and _# = coker(ker(e)) in the category of
presheaves. Then there exist a unique isomorphism of presheaves @ such
that o factorize as F — 7 5 4 — 9.

13



Applying sheafification we get a factorization .# — ## % ¥ 5 4 where
a” is again an isomorphism.

Then we just need to show that .## = ker (coker(a)) and _## = coker( ker(a))
in the category of sheaves.

The assertion for ## follows from i) and ii).

For .## notice that we have an exact sequence of presheaves 0 — . — 4 —
% . Since sheafification is exact (Corollary 1.22) we get a sequence of sheaves
0 — % — 4 — €% which is exact in the category of presheaves.

Thus S# = ker (¢ — €#) = ker (coker()) in P(T). But kernel in the
category of sheaves are just kernels in the category of presheaves.

We’re done. O

Now that we proved that S(7) is abelian, we may wonder whether the
section functor is exact.

Lemma 1.3.2 The section functor is left exact.

Proof
Notice that I'y, factor as

S(T) — P(T) % Ab.

Now the inclusion S(7) — P(T) is a right adjoint and thus left exact and
the section functor is clearly exact on P(7). Thus I'y : S(7) — Ab is left
exact. n

In addition we show that S(7) satisfies axioms Ab3, Ab4 and Ab5 intro-
duced by Grothendieck in its Tohoku paper ([8]). We recall them here.

(Ab 1) C admits arbitrary direct sum.
(Ab 2) Direct sum of monomorphisms is a monomorphism.

(Ab 3) If {A;} is a direct system of subobject of A € C together with arrows
u; : A; — B for each 4, such that u; extend u; whenever A; C A;, then
there exists a unique arrow ), A; — B extending all the u,.

Lemma 1.3.3 S(7) satisfies Ab 3.

Proof
Let {.%;} be a collection of sheaves. Clearly the presheaf defined by



together with the natural injections .%; — % is the coproduct of the .%; in
the category of presheaves. But # is a left adjoint, thus it preserve colimit.
It follows that .Z 7 is the direct sum of the .%; in the category of sheaves. [

Lemma 1.3.4 S(T) satisfies Ab4.

Proof

Let {uw; : % — 9} be a collection of monomorphism in S(7). Then
Gu; : BF; — dY; is a monomorphism in P(T). Clearly the direct sum
of the u; in S(T) is (du;)*, which is a monomorphism since # is exact. [

Lemma 1.3.5 S(7) satisfies Ab 5.

Proof

First notice that the property hold in P(T).

In fact consider a direct system {.%;} of subobject of a given presheaf .Z#,
together with morphisms w; : .%;, — ¢ into another presheaf. Let ). . %
be the supremum of the .%; in the category of presheaves. By definition
> F = 1im(@P, F — F) is the presheaf U — >, . %, (U) (the subgroup of
Z (U) generated by the .%;(U)). Obviously there exists a unique morphism of
presheaves u : ) ..%; — ¢ extending the u; (define u(U) : >, a; — > ui(a;)).
Thus P(T) has property (Ab5).

Now consider a direct system {.%;} of subobject of a given sheaf .7, together
with morphisms u; : %#; — ¢ into another sheaf. By [proposition 1.3.1]

(> 54})# is the supremum of the .%; in the category of sheaves (as before
> ;i is the supremum in the category of presheaves).
Now in P(T) there exists a morphism w : ), . # — ¢ extending the u;, and

#
since ¢ is a sheaf this factors as Y., F — (>, 9i)# = 9.
Clearly u* is the unique morphism extending the u;. O]

1.4 Injective objects in S(T)

The last task we need to accomplish is proving that the category of sheaves
over a site has enough injective objects.
To do so we will use a theorem proven by Grothendieck in its Tohoku paper

(18])-
First we shall recall the definitions of subobjects and generators.

Consider two monomorphism v : B — A and v’ : B’ — A. We say that
B < B’ if there is a factorization

15



Define an equivalence relation ~ on the collection of monomorphisms with
codomain A by saying that u ~ «’ if and only if © <« and v < u.

Definition 1.4.1 We call subobject of A an equivalence class of ~.
Now we recall what a family of generator is:

Definition 1.4.2 We say that a collection {U;} of object in C is a family of
generators for C if for any subobject B C A we have

im(U; - A)CBYU, - A = B~A

We're ready to state the theorem:

Theorem 1.4.3 A Grothendieck category (i.e. an abelian category with gen-
erators satisfying axioms Ab 3, Ab 4 and Ab5) has enough injective objects.

Proof (sketch)

We briefly review the steps of the proof. For details see the original source
[8] or [17].

First of all is not difficult to see that if {U;} is a family of generators then
U=@,U, is a generator.

Next one can show that the lifting property for injective objects just need
to be checked on maps V' — U. Precisely an object [ is injective if for any
subobject V' — U, any map V — A extends to a map U — A. This is
analogous to the Baer’s criterion for injective modules (see [30] 2.3.1).

Now fix an object A. We want to prove it is a subobject of some injective
object.
Define

I={V = AV CU}

Bri—ax (DY)

el i€l

and consider the map

16



which (V; — A)-component is the the product of V; — A and the inclusion
Vi = @,c; U in the (V; — A)-component.

Define M;(A) to be the quotient of this map.

We clearly have a canonical map A — M;(A) and one can prove this is an
injection.

Now we define by induction M,1(A) :== M, (MQ(A)) for all o > 1.

Further using transfinite induction we can define M,, for a an ordinal number.
Finally one choose the smallest infinite ordinal {2 which cardinality is strictly
grater then the cardinality of the collection of subobject of U.

It can be proved that Mq(A) is injective and this conclude the proof. O

To apply the theorem we still need to prove that S(7) admit a family of
generators.
For doing so it suffices to show that the section functors are representable.
In fact assume that I'y is represented by a sheaf %y for all objects V. We
claim that {#y }ycc is a family of generator for P(T).
In fact if 4 C .7 is a proper subobject then ¥(V)) C .# (V) for some V € C
and by representability we have a commutative diagram

F (V) —— Homp)(Fv, F)

I I

g(V) — HOHl'p(T)(yv,g)
Thus the element in .Z (V) \¥ (V') correspond to a morphism %y, — .% which
does not factorize as %y, — ¥4 — Z.
The next lemma does the job.
Proposition 1.4.4 FEwvery section functor is representable.

Proof
Define %y, as follow. Let

F(U)= P z

Home (U,V)
and for any u : U’ — U define
Fvw): Pz— Pz
Home (U,V) Home (U',V)
to be the map whose h component (h € Home(U,V)) is the injection on

the h o u component (from now on if h : U — V, we will denote with

17



A @Driome(vv) Z the injection in the i component).
In other words %y (u) is the unique arrow such that the following diagram
commute for all h

@ 7
%Homc(U,V)
@ 7

Hom¢ (U',V)

V/

Clearly ¢(V) ~ Homap(Z,4(V)), thus it will suffice to construct an iso-
morphism
HOID&(Z, g(V)) ;> HOmp(T) (ﬁv, g)

functorial in ¥.

To any arrow v : Z — 4 (V) we associate a natural transformation 7, whose
component 7,(U) is the map Py,pyyZ — ¢(U) whose h component is
7 - 9v) W g

In other words 7,(U) is the unique arrow such that the following diagram
commute for all h

—>@Z

VA
Hom(U,V)
lﬁv(U)

GV) —m— 9 U)

Conversely to any natural transformation 7 : %, — ¢ we associate the 1y
component of the map n(V) : F, (V) — 4(V), i.e. the composition

w2 @ z-%

Hom(V,V)

(V)

This is easily seen to be functorial.

We show now that these are mutually inverse.

vy, is the 1y component of the map n,(V) : Fy(V) — 4(V), ie. the
composition

18



(V)

Z—" P z59(©V)

Hom(V,V)

But by definition of 7, the following diagram commute

—>@Z

7
Hom(U,V)
lnv(v)

GV) =7 9(V)

C9(ly)

and thus the composition above it’s just v.
On the other hand consider 7,, .
By definition of v, we obtain for all h : U — V the commutative diagram

7 —V @Z Pz

Hom(V,V) Hom(U,V)

Un
lﬁ(V) ln(U )

But the composition on the first row is the 1y component of %y (h), which
by definition is the injection Z — %y (U) in the h component.

By the uniqueness property in the definition of 7,, we see at once that 7, =
7. [

Then we obtain

Corollary 1.4.5 { %y }vec is a family of generator for P(T).
Furthermore we easily obtain

Corollary 1.4.6 {d‘#}vec is a family of generator for S(T).

Proof
By the adjoint property of sheafification we see that for any sheaf ¢

Homg ) (ﬁf, {4) ~ Homp(r) (ﬂv, %) ~ 94 (U).

The proof now runs as before. O
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1.5 The canonical topology

It is an interesting question whether representable presheaves are sheaves for
a given site.

Actually there is a topology, called canonical, which is the finer such that all
representable presheaves are sheaves.

We're going to construct this now.

From now on we write Z(U) for Home (U, Z).

Definition 1.5.1 We say that a covering {U; — U},c; is surjective if

Z2(v) — 1]z

s injective for all Z € C.
We say that it is universally surjective if for any arrow V — U the covering
{U; xy V= V'} is surjective.

Remark 1.5.2 This generalizes the notion of (universal) epimorphism: in
fact a (universal) epimorphism is just a (universally) surjective covering con-
sisting of a single arrow.

Remark 1.5.3 If C has arbitrary coproduct this condition can be stated in
a nicer way. In fact [[, Z(U;) ~ Z(IL;U;) so that {U; — U},e; is surjective if
and only if II,U; — U is an epimorphism.

In many concrete category this means that U = |J, im(U; — U).

Definition 1.5.4 We say that a covering {U; — U}c; is effectively
surjective (or strictly surjective) if
ZU) —— [[2) —= [[ 2WU: xv U))
i irj
s exact for all Z € C.

Remark 1.5.5 When we consider coverings consisting of a single arrow, this
time we get the notion of strict epimorphism.
Precisely this is an arrow U’ — U such that the sequence

U xpU =U —-U

is exact.
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Example 1.5.6 We claim that {y; : U; — U},es is effectively surjective in
Set if and only if U = U;p;(U;).

We already proved the only if implication.

Conversely assume that U = |, ¢:(U;).

We already know that Z(U) — [[, Z(U;) is injective and it’s quite clear that
im(Z(U) = I[; 2(U:)) C ker (I1, Z(U:) = 11, Z(Us xu Uy)).

We're just left to prove that a map h : I;,U; — Z on which the last two arrow
agree come from a map h' : U — Z.

But for any x € U, = = ¢;(x;) for some z; € U;, so we may define h'(z) :=
h(z;). Tt is straight forward to see that this doesn’t depend from the choice
of x;, thus everything work.

Clearly every covering in the canonical topology must satisfy these con-
ditions. Thus the set of coverings of an object U must be a subset of its
effectively surjective coverings.

Since in addition we need the condition (T1) to be satisfied, we make the
following definition:

Definition 1.5.7 We say that an effectively surjective covering {U; — U }icr
is universal if for any arrow V- — U the covering {U; xyV — V }ier is again
effectively surjective.

Example 1.5.8 Again universal effective surjective coverings in Set are the
one such that U = U;p;(U;).

In fact let ¢ : V' — U. For any x € V we have that ¢(z) = ¢;(z;) € U for
some x; € U;. Thus (z;,z) € U; Xy V maps to x € V', which means that
V=, im{U; xpg V= V).

We just define Cov(U) to be the collection of all universal effectively
surjective covering of U.
It is quite clear, provided this is a topology, that it is the finest such that all
representable presheaves are sheaves.
We just need to prove that this defines indeed a topology.

Proposition 1.5.9 Taking coverings as above define a topology.

Proof

(T1) is clearly satisfied.

(T3) is fulfilled as well, since if U" — U is an isomorphism then U’ x,U" ~ U’
and for any arrow V' — U we have that U’ xy V ~ V.

Finally we need to prove that (T2) holds true.

Let {U; = U}ier and {U;; — U;}jes, be universal effectively surjective cov-
erings.
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First of all we easily see that {U;; — U; — U} is universally surjective. In
fact for any V' — U we have a factorization

the diagonal arrows being injective by hypothesis, and for any arrow V' — U
we have that U;; xy V ~ Uy %y, (U; xp V).

Secondly we show that {U;; — U; — U} is effectively surjective.

Form the following commutative diagram:

U<—HUi<—(HUiXUUj
i ij

T T

IV =111V xv Us

i, st

i

H H Uis xu, U
st

)

(the arrows to be understood).

In it the first row is exact by hypothesis and the first column is exact since
it is product of sequences exact by hypothesis.

Then we get the following commutative diagram

X(U) — HX(UZ-) — = [[xWixu Uy

i3

| |

HHX(UZS) :; HHX(UZS XU th)

i, st

U

T X xu, Ui)

i st
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in which the first row and column are exact.
The proof now follows by diagram chasing.

Take an element (a;;) € ker (H [I, X(Uis) = 11, 1., X (Ui xv Ust)).
Since the triangle commute, (a;;) € ker <H [L.XWUs) =1L 1L p X(Uis xu Uzt)>

as well.
Thus there is an element («;) € [[, X (U;) mapping to (o;).
But since the square commute, («;) is in the kernel of

HX >HX U XU —>HHX Uzs Xu ]t)
i,

2,7 St

If we prove that the second arrow is injective, it will follow that («;) €
ker (H X(U) =1, X(U; xUU))

Then we would find an element o € X (U) mapping to (), and thus to (),
and we would be done.

Since the map [, ; X(U xp Uj) = 1;; I1,, X (Uis xv Uy) is the product of
the maps X (U; ><U U;) — HStX(UZS X Uzt) the following lemma does the
job.

Lemma 1.5.10 {U;s xy U;y = U; Xy U} is a surjective covering.
Proof

It is easy to see that the following squares are cartesian

Us ——U;

T T

Uis Xu th — U; Xu th — U XU Uj

| l

Uy ——— U,

Thus the coverings {U; xy Ujy = U; xy U}y and {Uis ¥ Ujp — U X Uji ks
for all t are surjective by hypothesis.

Finally {U;sxyUj: — U;x U, } is surjective (being “composition” of surjective
coverings). O

We're just left to show that {U;; — U; — U} is a universal effective
surjective covering, i.e. that for any arrow V' — U the covering {U;; xy V —
U; xy V. — V} is effectively surjective.
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But U;; xy V >~ U;; xy, (U; xy V') and by hypothesis {U;; xy, (U; xpy V) —
U; xy V}jand {U; xy V — V'} are effectively surjective.
We’re done. O]

1.6 Profinite groups

Profinite groups will play a central role in what follows and this seems a
suitable place to introduce them.

They are a special kind of topological groups, and the category G-Set of fi-
nite sets (or modules) equipped with a continuous action of a profinite group
G has nice topological properties.

In particular the main result we shall prove is that every sheaf for the canoni-
cal topology on G-Set is representable. This means that G-Set is equivalent
to the category of sheaves on its canonical topology.

Consider an inverse system of finite groups {G,};cr, each group endowed
with the discrete topology. Then we can consider the inverse limit G = lim G|

—
as a topological group, with the topology induced by the product topology.

Definition 1.6.1 We say that a topological group is profinite if it is obtained
by the above construction.

Let’s state some topological property of profinite groups.

e G is a closed subset of the product [[, G;.
In fact it is easy to see that

G= (U (ﬂﬂ}luﬁl(g)»

i€l \geG; \j>i

(m; being the projections and p;; the maps in the inverse system). Thus
G is an intersection of closed subsets.

e (7 is Hausdorff and compact.
This is true since both properties are stable under product and remains
true for closed subsets.

e [t is totally disconnected, i.e. its only connected components are its
points.
First note that an arbitrary product of finite discrete groups is totally
disconnected.
Indeed consider U C G which is not a singleton. Then there exists
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(9:) # (gi) € U. So it will be g; # g} for some j. Thus for varying
g € G; the sets U, := U N7 '(g) are open disjoint subset of U such
that U = ,cq, Us-

Now just note that closed subsets of totally disconnected spaces are
totally disconnected.

e The open normal subgroup of GG form a fundamental system of neigh-
borhood of 1.
To see this notice that the subgroups H; := ker(w;) are normal and
open, being the kernel of continuous maps, and intersect trivially.
As a consequence we see that G ~ liHm G/H, where the limit is taken

over all open normal subgroups of G.

e The open subgroups of G are exactly the closed subgroups of finite
index.
In fact if U C G is open, then the corresponding cosets are open (for
the map [u — gu] : U — gU is a homeomorphism) and the complement
of U is the union of such cosets. Plus these are in finite number since
they cover G and G is compact.
Conversely the complement of a closed subgroup of finite index is the fi-
nite union of the corresponding cosets (once again being homeomorphic
to the subgroup itself).

Actually some of this properties characterize profinite groups. Namely:

Proposition 1.6.2 A topological group is profinite if and only if it is com-
pact, Hausdorff and totally disconnected

Proof
See [19] T 1.1.3 .

Next define a category which objects are finite sets endowed with the
discrete topology on which G act continuously from the left, and which arrows
are G-equivariant maps. We shall call it the category of continuous left G-set
and denote it with G-Set .

As we mentioned before, an interesting result holds for the category of
sheaves over the canonical topology on G-Set | namely that all sheaves are
representable.

Precisely:

Proposition 1.6.3 Denote with T the canonical topology on G-Set .
The functor Z — Z(—) is an equivalence G-Set — S(T¢) (sheaves of set).
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Proof

We define the quasi-inverse.

Let # € S(T¢) be a sheaf for the canonical topology. Notice that for any
H < G open and normal the group G/H is naturally a left G-set. Define a
G-action on .% (G/H) as follows:

gs = Z(-9)(s) Vge G,s e F(G/H)

(-g : G/H — G/H denotes multiplication by g).

The collection . (G/H) form a direct system of left G-set, the maps being
F(G/H — G/H') for all H C H'. We may then consider the direct limit
li_n} Z(G/H). This have a natural structure of left G-set.

We claim that the functor . — lim .%#(G/H) is the quasi-inverse.
—
One composition is the functor

Z — limHomg(G/H, 7).
—

It is easy to see that Homg(G/H, Z) ~ Z* (send a map ¢ € Homg(G/H, Z)
to ¢(1g i) and conversely an element z € Z to the map ¢, : gH — gz.)
Thus we have

hmHomg(G/H Z) —hmZH UZH

We claim this is Z, i.e. that any element z € Z is fixed by some open normal
subgroup of GG. But this is true since these subgroup form a fundamental
system of neighborhood of 1, thus z is fixed by a normal subgroup contained
in the stabilizer GG,.

Verifying that the other composition is isomorphic to the identity is more
involved.

We need to exhibit a natural isomorphism .# — Homg (—, 1i_n>1 9(G/H))
functorial in .%.

First we show that it suffices to exhibit such an isomorphism for transitive
G-sets.

In fact consider a G-set U and write it as the disjoint union of its orbits, say
U = IIU;. This is the coproduct in the category of G-set, thus we have

Homg (HUi, lim 32(0/1{)) ~ [ Home (U lim 9((;/1{)) .

Moreover {U; < U} is a covering for the canonical topology. In fact {U; —
U} is a covering for the canonical topology if and only if IIU; — U is surjective

(compare [example 1.5.8]).

Hence we have an exact sequence

U) = [ZW0) = Z U xu Uy),
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But U; xy U; = U; N Uj, hence we find #(U) = [[ . #(U;).
Thus consider a transitive G-set U.
We are going to prove the following chain of isomorphisms:

Z(U) ¥ lm F(U")
2 hmHomg/H (U, Z(G/H))

2 lim Homg (UH, hmﬁ(G/H/))
—

) Homg (lim U lim E(G/H/))
— —

2 Homg (U, 121 ﬁ(G/H/)>

(here H runs through all open subgroup of G and H’ runs through all open
subgroup of H).

(1) Since U = |JU#, {U — U} is a covering for the canonical topology.
Thus we have an exact sequence

—>H o —= [[ zw"nv™)
H,H'

(again U x,; UH" = UH nU).
As a consequence we obtain

F(U) =lim F (U™,

(2) Since H < G is an open subgroup, G/H is finite and thus discrete. This
implies that all action are continuous.

Hence we just need to show that for a generic group G, every sheaf .# for
the canonical topology on G-Set is represented by 7 (G).

For this consider a transitive G-sets U and fix an element v € U. Then the
map [g — gu] : G — U form a covering itself, and we have an exact sequence

F(U) = Z(G) = F(G xy G).
But
GxyG={(9.9) € GxGlgu=gu} ={(g.9h)lge G heS}=]] ¢

heSy
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(here S, is the stabilizer of u in G).
Hence the exact sequence above becomes:

FU) > F(G) = [[ 26,

hesSy

where the rightmost arrows send an element s € .7 (G) respectively to (s)pes,
and to (ﬂ('h)s)hesu.
Then we finally find

F(U) = ker (ﬁ’(G) = H ﬁ(G)) = Z(G)% = Homg (U, Z(@)).

hES,y,
(3) It suffices to show that .#(G/H) ~ (limﬁ(G/H’))H.

Notice that for H' C H normal subgroup the quotient map G/H' — G/H
form a covering itself, thus e have an exact sequence

F(G/H) —» F(G/H') = Z(G/H' x¢/u G/H').
But just as before G/H' x¢/y G/H' = lpeu(G/H'). Hence we see that
F(G/H) ~ F(G/H"/H" and the natural injective map .# (G/H) — lim .Z (G/H’)
—_
identifies . (G/H) with (lim.Z(G/H"))".
—
(4) This is true by a formal categorical argument.

(5) lim U" = UU# = U, again because open normal subgroups form a fun-
_>

damental system of neighborhood of 1. O

Remark 1.6.4 Similarly one may define the category G-mod of discrete G-
modules, i.e. the category of finite abelian groups endowed with the discrete
topology on which G-act continuously.

Repeating step by step the proof of the proposition above we find that every
abelian sheaf for the canonical topology on G-mod is representable.

To conclude this interlude, we want to evidence how cohomology theory
on T gives an alternative point of view on classical profinite groups coho-
mology theory.

We recall some definition.
Let G be a profinite group and consider the functor

[A — A%]: G—mod — G—mod
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where AY := {a € A|ga = aVg € G} is the subgroup of G-invariant. This is
easily verified to be a left exact functor.
Moreover the category of G-modules has enough injective objects (this actu-

ally follows from the remark above and ftheorem 1.4.3]).

Thus we can give the following definition:

Definition 1.6.5 We call ¢-th cohomology group of G with values in
A € G-mod the G-module

H9(G, A) = R1((-)°)(A).

We will see (proposition 3.3.3)) that Galois groups of fields are profinite.
When this is the case we speak about Galois cohomology groups of the base
field. The study of these cohomology groups gives information about the
arithmetic of the field, and it is the central tool in class field theory.

For a comprehensive treatment about cohomology of profinite groups see [20].

Now fix a one-element GG-set e with the unique possible G-action defined
on it (clearly this is a G-module too). Since every sheaf .# on Tg is repre-
sented by some G module A, for the section functor on e we get

I.:.7% — Z(e) ~ Homg(e, A) = AC.
Hence we have O-functorial isomorphisms
Hie, 7)~ HY(G, A),

which is to say that the cohomology groups of e with value in .% ~ Hom(—, A)
for the canonical topology on G-mod are just the cohomology groups of G
with values in A.

Conversely we can study the cohomology groups of an arbitrary G-module
U with value in .% ~ Hom(—, A) by using classical group cohomology theory.
First write U ~ IIU; as the finite disjoint union of its orbits (this is the
coproduct in the category of G-modules).
Then we have % (U) ~ Homg(I1U;, A) ~ [[ Homg(U;, G) and thus we obtain

H'(U,.#) ~ H(ILU;, Homg(—, A)) ~ [ [ H (Ui, Home(—, A)).

For being a transitive G-module, each U; is isomorphic to some left coset
space G/H;, where H; is an open subgroup of G.
Moreover for the section functor on G/H; we find

T¢/m, (Homg(—, A4)) = Homeg(G/H;, A) = A™.
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Hence we obtain

H(U,.7) ~ | [ H*(U;, Homg(—, A)) ~ [ [ H*(G/H;, Home(—, A)) ~

~ [[H(H;, A).
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2 GALOIS CATEGORIES

Fundamental groups arise in many different fields of mathematics.
We want to give two meaningful example.

Example 2.0.6 Let S be a topological space. Define a cover of S to be
a topological space X together with a continuous map X — S that locally
looks like the projection S x I — S for some discrete set I. We say that the
cover is finite if [ is finite.

We define a morphism of coverings X — X’ to be an homeomorphism making
the following diagram commute

X —X

N

S

This makes the collection of (finite) covers of S in a category.

Now define the universal cover X of S (if it exists) to be a cover satisfying
the following universal property:

for all connected cover X — S there exists a unique covering X — X such
that the following diagram commute

N

It can be proved, assuming sufficiently nice properties for S, that the uni-
versal cover exists and that its group of automorphism is isomorphic to the
usual fundamental group of S.

Moreover this group classifies covers of S, meaning that there is a biunivocal
correspondence between covers and sets equipped with a continuous action
of the group.

See for example [12] for a comprehensive treatment about topological funda-
mental group.

X

Example 2.0.7 Consider a field k& and fix a separable closure k;/k.
For any separable extension K/k there exists an inclusion K — kg making
the following diagram commute

31



K—k,

k
Moreover the group Gy of k-automorphisms of ks (the absolute Galois group
of k) classifies finite separable extensions of k, meaning that there is a biuni-
vocal correspondence K +— Auty(K) between finite separable extensions of

k and transitive sets on which G} acts continuously.
We will deal with this particular case in chapter three.

These two situations are manifestly analogous: covers correspond to fi-
nite separable extensions; the universal cover corresponds to the separable
closure; the fundamental group corresponds to the absolute Galois group.
The theory of Galois category succeeds to a great degree in unifying them.

Strictly speaking Galois categories axiomatize the categories of finite dis-
crete sets on which a fixed profinite group acts continuously.
A Galois category is given by the datum of a category C together with a
functor F : C — FSet satisfying some axioms.
To any such category we can associate (in a non-canonical way) a fundamen-
tal group, which is defined to be 7, (C, F) = Autpet(F). The main theorem of
Galois categories, to which proof we devote this section, states that m(C, F)
is a profinite group and that F factors through an equivalence of categories
F :C — m(C, F)-set.

The original source for these topics is SGAI (|11]).
The sources I followed mostly are the course notes [3| and in some case [28].
A really nice treatment can be found in [15] too.

2.1 Definition and first properties

In order to define Galois categories we need the notion of group action on an
object in a category.

Definition 2.1.1 We say that a group G acts on an object X € C if there

exists a group map
a: G — Aute(X, X).

We will say that X is a G-object.

Then we can define the notion of quotient by a group action.
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Definition 2.1.2 Let X be a G-object. We say that an object X together
with an arrow X — X9 is the quotient of X by the action of G, if any
arrow u : X =Y fized by G (meaning that uwo o(g) = u Vg € G) factors as
X —=>X/G-=Y.

It is easy to see that in the category of sets, these correspond to the usual
notions of group action and quotient by a group action.

We may give now the definition of Galois category.

Definition 2.1.3 We call Galois category a category C together with a
functor F : C — FSet (called fiber functor or fundamental functor) satisfying
the following conditions

(G1) C has a final object and finite fibered products.
(G2) C has finite coproducts and quotients by finite group actions.

(G3) Any morphism X — Y in C facors as X = Y' =Y ~Y'IIY” where
X — Y’ is a strict epimorphism and Y' — Y is a monomorphism
inducing an isomorphism into a direct summand of Y.

(G4) F preserves the final object and commute with fibered product.

(G5) F commutes with finite coproducts and quotients by finite group action.

(G6) F sends strict epimorphisms (see fremark 1.5.5|) to surjective maps.

(G7) F reflects isomorphisms.

Remark 2.1.4 We want to stress the fact that the fundamental functor is
not unique in general.

It can be proved, but it is beyond the scope of this work, that different
fundamental functors on the same Galois category are isomorphic. See [I5]
3.19 for details.

It’s worth to be precise on what “commutes with quotients” means.
Just notice that if G act on an object X, then it act naturally on F(X).
Moreover if X — X/G is the quotient map then we have an induced map
F(f): F(X) — F(X/G).
(Gb) just states that F(X/G) ~ F(X)/G and that F(f) is the quotient map
F(X)— F(X)/G.
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Example 2.1.5 (example 2.0.6| revised)

It can be shown that the category of finite covers of a “sufficiently nice” topo-
logical space is a Galois category.

In fact for each point s € S we can define a fundamental functor by assigning
to each finite cover the fiber over s.

It can be shown (see [15] theorem 1.15) that it suffices that S is connected
for this machinery to work. Nevertheless in order to talk about homotopy
classes of closed loops and universal cover we need to make stronger assump-
tion. Moreover this has the advantage that infinite covers can be considered.

Example 2.1.6 (example 2.0.7| revised)

Consider the full subcategory of Gch, which objects are spectrum of finite
separable field extension of k.

This fails to be a Galois category because it does not have finite coproduct.
Still we can bypass this problem by considering the category which objects
are disjoint union of spectrum of finite separable field extensions of k.

It can be shown that this is a Galois category, the fundamental functor being

[ISpec k; — Spec ks Xspeck (LISpeck;).
We will study this case in details in chapter 3.
Some immediate consequences follow at once from the definition:
Remark 2.1.7
e C has initial object, since the coproduct over the empty set is initial.

e F preserves monomorphisms. This follows from (G4) and the fact that
an arrow X — Y is a monomorphism if and only if X xy X ~ X with
the identity maps as projections.

With few more effort we see that the fiber functor has many nice preser-
vation properties.

Lemma 2.1.8
i) F(X) is initial if and only if X is initial.
it) F(X) is final if and only if X is final.
iii) uw: X =Y is a strict epimorphism if and only if F(u) is surjective.

i) u: X =Y is a monomorphism if and only if F(u) is injective.

34



v) u: X =Y is an isomorphism if and only if it is a monomorphism and
a strict epimorphism.

Proof

i) If X is initial then X 1Y ~ Y for any Y € C, then F(XIIY) =
FX)OF(Y)~F() and then F(X) = 0.

Conversely let F(X) = () and consider the unique arrow u : ) — X. Then
F(u) : 0 — 0 is the identity map and thus u is an isomorphism by axiom
(G7).

ii) The “if” implication is just axiom (G4).

Conversely assume that F(X) = {*}. Denote with e the final object in C and
consider the unique arrow u : X — e. Then again F(u) is an isomorphism
and w is an isomorphism by (G7).

iii) The “only if” implication is axiom (G6).

Conversely consider a factorization of u as in (G3), say X LY S Y =
Y'I1Y”.

F(u") is injective by the remark above and surjective since F(u) is surjective.
Then F(u") is an isomorphism and by (G7) u” is an isomorphism too.

But then w is a strict epimorphism, being the composition of a strict epimor-
phism and an isomorphism.

iv) The “only if” implication is the remark above.

u//

Conversely consider a decomposition X My Y — Y/ ITY” as before.
F(u') is surjective by part iii) and injective since F(u) is injective. Then
F(u') is an isomorphism and by (G7) « is an isomorphism too.

But then «' is a monomorphism, being the composition of an isomorphism
and a monomorphism.

v) This follows immediately by i) and ii). O
Another important result is the uniqueness of the decomposition in (G3).
Lemma 2.1.9 Let X — Y’ — Y be a decomposition as in (G3). Then Y’

1s unique up to a unique isomorphism.
Proof

Consider two such decompositions X A Y; Ny = Y1 Y] and X X Y, “
Y =Y, 1Y) and denote with p;, i = 1,2 the projections X xy, X = X.
Since u), is a strict epimorphism there is a coequalizer diagram

V(Y1) = Ya(X) = Ya(X xy, X).

First we claim that u) € ker (Y2(X) =2 V(X Xy, X)).
In fact

upepr = uyopy = (uzouy)opy = (uyou;)opy = (uyous)opy = (uous)op;
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= ubop; = uHopy (since uy is a monomorphism).

Thus there exists a unique arrow ¢ : Y; — Y5 such that ¢ o u}] = u}. This is
an isomorphism by (G7): indeed F(¢) is surjective (since F(uj) is) and thus
bijective (since #F (Y1) = #F(Ya) = #F (u)(X)). O

Finally Galois categories satisfy the following important property:

Lemma 2.1.10 Any Galois category is Artinian, i.e. any chain of monomor-
phism - - - Xo & X, &Y X stabilizes.

Proof

From we know that the maps F(u;) : F(X;) — F(X;_1) are
injective, and so #F(X;) < #F(X;_1). But #£F(X) is finite, thus it must
be #F(X,) = #F(X,—1) for n big enough. Then F(u,) is bijective and u,
is an isomorphism by (G7). O

2.2 The main theorem

Roughly speaking the main theorem states that all Galois category reduce
to the following example:

Example 2.2.1 The category G-Set (see [section 1.6)) is a Galois category
with the forgetful functor G-Set — F'Set as fiber functor.

The first natural question arising is which profinite group we should
choose for a given Galois category (C, F).
This definition answers the question:

Definition 2.2.2 We call m(C, F) := Autg(F) the fundamental group
of C relative to F.

Remark 2.2.3 It can be shown that fundamental groups relative to different
fundamental functors differ by a canonical inner automorphism.
See [15] 3.19 for a reference.

Remark 2.2.4 This was the point of the new insight into fundamental
groups.
These are not seen anymore as automorphism groups of some object (the

universal cover in example 2.0.6|and a separable closure of a field in fexample]
2.0.7), but rather as the automorphism groups of some functor.

The fundamental group obviously act on the left on any F(X). Actually
the following proposition holds:
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Proposition 2.2.5 7,(C,F) is a profinite group acting continuously on any
F(X).

Proof
First we prove that 7 (C, F) is profinite.
It will suffice to show that

G =[] Autpset (F(X))

XeC

is a profinite group and then show that 7w (C, F) C G is a closed subgroup
(since being compact, Hausdorff and totally disconnected are properties sta-
ble under taking closed subsets).

In fact if G = [[, G, is an arbitrary product of finite group endowed with
the discrete topology, it is a profinite group if endowed with the product
topology.

It is compact since arbitrary product of compact spaces is compact (Ty-
chonoft’s theorem).

It is Hausdorff since arbitrary product of Hausdorff spaces is Hausdorff.

It is totally disconnected (this was already proven in [section 1.6)).
Now we prove that m,(C, F) C G is closed.
In fact it is naturally injected into G by the map 6 +— (Q(X))XeC' Moreover
define for any w: Y’ — Y the set U, := {(6x)xec|F(u) o Oy = Oy o F(u)}.
It is easy to see that

m(CF)= () U

Y'\YeC
wY' =Y

But the U, are closed. In fact we have that

U= J (m(0) Ny (9)

(6",9)

where the union is taken over all (¢,6) € Autpset (F(Y’)) X Autpget (F(Y))
such that F(u) o0 = 0o F(u) (these are clearly finitely many).
This proves that m(C, F) C G is closed and thus profinite.

It remains to prove that the action is continuous.

Since we consider discrete topology on F(X) we just need to prove that the
stabilizer of any element ( € F(X) is open. But G acts on F(X) too and
Stabm(af)(C) = Stabg(<> N 7T1(C, .F) Finally

StabG(C) = 77_)_(1 (StabAut@(}—(x)) (C))

is open in G.
We're done. 0
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Thus the fiber functor factors through a functor F : C — m1(C, F)-FSet.
The main theorem states that this is an equivalence.

Theorem 2.2.6 (Main theorem of Galois Category) Let (C,F) be a Galois
category. Then F : C — m(C, F)-set is an equivalence of category.

Remark 2.2.7 This clarifies the concept that the fundamental groups clas-
sifies "covers” any cover (i.e. object in the category) correspond biunivocally
to a continuous set together with an action of the fundamental group.

We begin by sketching the proof.
The main point is that the fundamental functor and the fundamental group
may be described as limits.
To understand how fix an object X € C and an element ¢ € F(X) and define
a natural transformation as follows:

Definition 2.2.8 We call evaluation on ( the natural transformation v,
defined on component as

Uc(Y) : HomC(X, Y) — F(Y)
u— F(u)(C)

We will see that there are certain object, the Galois object, for which v,
is an isomorphism (if restricted to some full subcategory of C).
Moreover we will make the full subcategory of Galois object into a filtered
inverse system of object and arrows. This will allows us in turn to describe
F as a direct limit of the representable functors Home (X, —) and 7 (C, F)
as the inverse limit of the groups Aute(X).
These descriptions are actually the central part of the proof.

Finally we introduce a terminology we shall use from now on.

Definition 2.2.9 Let C be a category and F : C — Set a functor.

We call pointed category associated to C the category CP* which objects are
pairs (X, () with X € C, ¢ € F(X) and which arrows (X,() — (X', () are
morphisms u : X — X' in C such that F(u)(() = (.

Moreover for two object Y, X 1in a category we will write Y > X if there
exists an arrow Y — X.
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2.3 Connected objects
Definition 2.3.1 We say that an object X € C is connected if

X=X1IX" = X' =0V X"=0.
We write Co C C for the full subcategory of connected object.
First of all we notice a couple of fact:
Remark 2.3.2

e An arrow X — Y is a monomorphism if and only if Y ~ X II X'.
In fact if X — Y is a monomorphism then by uniqueness of the factor-
ization in (G3) it must be Y ~ X IT X',
Conversely if Y ~ X IT X’ then F(Y) = F(X) I F(X’) by (G5), thus
F(X) — F(Y) is injective and X — Y is a monomorphism by
2. 1.8

e Morphism with connected codomain and non-initial domain are strict
epimorphism.
In fact let ) # Xy € Cy, X — X be an arrow and X i) X u—/; Xp be
the factorization of u as in (G3). By the remark above and the fact
that X is connected we see that u” is an isomorphism and thus u is a
strict epimorphism.

e Epimorphism with connected domain have connected codomain.
In fact let Xy € Cp and let u : Xg — X be a strict epimorphism. Write
X = X' I X” with X’ # () and form the cartesian square

X, —2— X,

[

X e—s X

p is both a monomorphism (since monomorphisms are stable under
pullback) and a strict epimorphism (by the previous remark). Thus it
is an isomorphism (lemma 2.1.8) and X, — X’ — X is a factorization
of u as in (G3).

But since u is an epimorphism, X, — X Y X is another factorization
as in (G3).

Hence, by uniqueness of such factorization, it must be X ~ X’ and
thus X" = 0.
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The first remarkable result we shall prove is that any object can be written
uniquely as a coproduct of finitely many connected object.
The proof uses the Artinian property together with the characterization of
monomorphisms we gave above.

Proposition 2.3.3 For any object X € C there is a unique (up to isomor-
phisms and reordering) decomposition

X=XI---1Ix,
with the X; connected.

Proof
First we prove the existence.
If X is connected we’re done.
Otherwise we claim that X ~ X IT X’ for some X, connected. In fact write
X = X IO X7 with X7, X} # 0. If X7 is connected we're done. If not we
repeat the argument and write X| = X} II XJ. We then get a chain of
monomorphism --- X} < X| — X. Since C is Artinian this must stabilize,
thus there exist a connected object X such that X ~ X; IT'Y (this could
eventually be the final object).
Now we repeat the argument for Y and at each step we obtain
X ~ X II---IIX,ITY, where the X; are connected and non-empty. Moreover
dOIF(XG)| < |F(X)], thus this process must terminate in a finite number of
step and we find

X~XII---1IX,.

It remains to prove uniqueness.

Assume that Y # () is a connected component of ILXj.

By the previous remark there is a monomorphism Y — I1.X; and thus F(Y)
may be identified with a subset of F(I1X;) = ILF(X;). Since F(Y) # 0
(lemma 2.1.8), there exists some j such that F(Y) N F(X;) # 0.

Now form the cartesian square

Y —— X

|

Y —— 1IX,

Since F preserve fibered product, we have that F(Y') = F(X)NF(X;) # 0
and thus F(Y’) # (. Hence Y’ # () and by the remark above we have
that both Y/ — X, and Y/ — Y are strict epimorphisms. But these are
monomorphism too since monomorphisms are stable under pull back. Thus
they are isomorphisms and we get that ¥ >~ Y’ ~ X,. O]
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As a consequence we obtain an important lemma, saying that repre-
sentable covariant functors preserve finite coproducts:

Lemma 2.3.4 Let X, X4,...,X,, € Cy. Then
Home (X, 11, X;) ~ I;Home (X, X;).

Proof

We clearly have a map II;Hom¢ (X, X;) — Home (X, I1; X;) sending X — X;
to X — X; — I, X,.

Conversely take a map X — IL;X;. By (G4) this factorizes as X — X' —
ILX; = X'IIX”. But X' is connected by thus by uniqueness of
the decomposition it must be X’ ~ X, for some i. This means that any map
X — II; X; factors through some X;, thus we obtain a map Home (X, 11, X;) —
II;Home (X, X;).

It is easy to see that these maps are mutually inverse. O

The evaluation maps relative to connected objects has nice properties.

Lemma 2.3.5 Let Xy € Cy, Xp 7é @, (o € F(Xg) Then V¢ HOIIlc(Xo, —) —
F is a monomorphism.

Proof

This just means that ve,(X) is injective for all X € C.

This is true if X = (). In fact Hom¢(X,, ) = (0, since any arrow X — () give
a map F(Xo) = F(0) = 0, which forces Xy to be the initial object.

Thus let X # () and take u,u' : Xo — X such that F(u)(¢p) = F(u)({p). This
imply that ¢ € ker (F(u), F(u')) = F(ker(u,u’)) and thus that ker(u,u’) #
(). But then, since ker(u,u’) — X is a monomorphism and Xj is connected,
by remark we get that ker(u,u’) — X, is an isomorphism, i.e. that
u=1u O

Lemma 2.3.6 For any (X1,(1), ..., (Xn, Ca) € CP! there exists (Xo, () € CY
such that (Xo, (o) > (X3, ) Vi=1,...,n.

Proof
Define X := X x --- x X, and let ( := ({1, ...,() € F(X) = F(Xy) X -+ X
F(X,).
Clearly (X,() > (X;,¢) Vi = 1,...,n via the projections X — X;. Now
let Xy be the connected component of X such that ( € F(Xj). Clearly
(Xo,¢) > (X;, ;) via m; 0o ¢ (¢ being the monomorphism Xy — X). O

Corollary 2.3.7 For any X € C there exists Xo € Cy such that
Ve, (X) : Home (X0, X) — F(X) is bijective.
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Proof
Let F(X) = {C,...,¢.} and chose X; = X fori =1,...,n. O

Finally a really important property is that endomorphisms of connected
object are automatically automorphisms.

Lemma 2.3.8 If X, € C is connected then Home(Xg, Xo) = Aute(Xo).

Proof

We need to prove that any arrow u : X — Xj is an isomorphism, i.e. that
F(u) is an isomorphism, i.e. (since F(Xp) is finite) that F(u) is surjective.
But this is true since any arrow X, — Xj is a strict epimorphism by
2.3.2 O

2.4 Galois objects

We have seen in the last section that for any connected object Xy and any
(o € F(Xp) there is an injective map

V¢o (Xo) : AutC(Xo) — .F(Xo)
We make the following definition.

Definition 2.4.1 We say that a connected object Xy is a Galois object if
v, (Xo) is bijective for some (and thus for all) (o € F(Xo).
We write G C Cy for the full subcategory of Galois object.

We can rephrase this definition in different ways.
Notice that X, is naturally an Aute(Xy)-object and F(Xj) in an Aute(Xp)-
set via the map Aute(Xo) — Autpset (F(Xo)).
We have:
Lemma 2.4.2 The following are equivalent
i) Xo is a Galois object.
ii) Aute(Xo) act simply transitively on F(Xo).
i) #F(Xo) = #Aute(Xo).
iv) Xo/Aute(Xo) is final in C.

Proof

The only non immediate part is the equivalence of the last condition.

But Xy/Aute(Xp) is final if and only if F(Xo/Aute(Xo)) = F(Xo)/Aute(Xo) =
{*} and this is clearly equivalent to ii).
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Galois object are important because their associated evaluation maps are
isomorphisms under certain condition:

Proposition 2.4.3 Let X be a Galois object and Y < X connected. Then
ve(Y) : HomC(X,Y) — F(Y) is a bijection for all { € F(X).

Proof

We already know by lemma 2.3.5 that v, is injective.

It just remain to prove surjectivity. For any u : X — Y we have a commu-
tative diagram

Aute(X) Y F(x)

uo(—)l F(u)

Hom¢(X,Y) —— F(Y)
ve(Y)

But since X is connected, u is a strict epimorphism by [remark 2.3.2] thus
F(u) is surjective by (G6). Moreover v (X) is an isomorphism since X is

Galois. Surjectivity of v.(Y") follows at once. O

Corollary 2.4.4 Let X be a Galois object and let C* be the full subcategory
of C whose family of object is {I1X;|X > X; connected}.
Then Flecx ~ Homex (X, —), i.e. Flex is represented by X.

Proof
This follow at once by the previous proposition and [lemma 2.3.4] O

For this reason, given an object X € C, is important to ask whether there
exists a Galois object dominating it.

Proposition 2.4.5 (Galois closure) For every X € C there exists a Galois
object X dominating X .

Proof

Choose X € Cy such that ve,(X) is bijective.

Furthermore let 7 : Xo — X™ be the arrow induced by uy, ..., u,, € Home (X, X)
and let Xo 5 X 5 X" = X II X’ be the factorization of  as in (G4).

We claim that X is a Galois object, which is to say that vg()_() is surjective
for some ¢ € F(X).

Let ¢ := F(7')(() and let ¢ € F(X).

First of all X is connected by [remark 2.3.2

By [proposition 2.3.6| we may assume the existence of an arrow p : (Xo, (y) —
(X, ¢). Thus if we prove that there exists w : X — X such that wo 7' = p,
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we would have ¢ = F(p)(¢) = F(w) o F(7')(¢) = F(w)(() and thus we
would be done.

To prove the existence of such a w it will suffice to prove that the m;on’op, 1 =
1,...,n are up to a permutation the wu;.

In fact this would imply (by universal property of product) the existence of
an isomorphism o : X™ — X" such that m; o’ o p = m; 00 o7’ ox” for all
i. Thus we would get that 7' o p = o o7’ o 7" and by we would
obtain the w we are looking for.

So finally we're left to prove that {m; o7’ o p,....m o7’ o p} = {uy, ..., u,}
The C inclusion is obvious.

To prove the converse inclusion it suffices to prove that the 7o’ op are all dis-
tinct. But p is a strict epimorphism by [remark 2.3.2] thus m;on’0p = mjon’0
p = mon' =mjor’ = mon'on” =mjor’on” = u;=u; = i=].
We’re done. O

2.5 Fundamental functor and fundamental group

In this section we will give descriptions of F and 7 (C, F) as limits. This is
the central point in the proof of the main theorem.

First fix ( = (Cx) € [[xeg F(X) and let G¢ be the collection

By lemma 2.3.5|for any Y > X we have a unique morphism uy x : (Y,¢y) —
(X,Cx). This make G¢ in a filtered preordered category. Moreover the mor-
phisms uy x induce naturally the structure of a direct system of object on
{Home (X, —)|X € G}. The following result holds.

Proposition 2.5.1
F ~ lim Hom¢ (X, —).
—

Proof
We clearly have natural transformations v, : Home(X, —) — F. Compati-
bility with the direct system means that if (X, (x) < (Y, {y), i.e. there exists

u: (Y, ¢y) — (X, (x), then for any Z € C the following diagram commute

UCX/ \
Y

Home (X, Z) —)> Home (Y, Z)

44



Butif h: X = Z then

vey (Z)(hou) = F(hou)(Cy) = F(h)(Cx) = vex (Z)(h).

It remains to prove universal property.

So suppose we have a functor G : C — FSet, together with natural trans-
formations Home (X, —) — G for all X € G, compatible with the morphisms
in the direct system. We need to define a natural transformation n : ¥ — G
making the following diagram commute for all X € G and for all Z € C

Home (X, Z)

Using lemma [lemma 2.3.4] we may assume that Z € Cy is connected . By
[proposition 2.4.5| there exists a Galois object X dominating Z and by

F(Z) ~ Home(X, Z). Thus we clearly have a unique arrow F(Z) —
G(Z) making the diagram above commute.
We're done. N

Next we will make the collection {Aute(X)}xeg in an inverse system of
groups and prove that the fundamental group is its limit.

Lemma 2.5.2 For any uyx : (Y,(y) > (X,(x) there exists a surjective
group map ¢y x : Aute(Y) — Aute(X).
These maps make {Aute(X)}xeg in an inverse system of groups.

Proof
This follows at once since Aute(Y) ~ F(Y), Aute(X) ~ F(X) and F(Y) —
F(X) is surjective (since Y — X is a strict epimorphism by [remark 2.3.2]).

Then we can define ¢y x to be the unique map making the following diagram
commute:

Aute(Y) —X F(Y

<

Autc(X) — f(X

)
Py, X i l]:(uy,x)
s FY)

]

Remark 2.5.3 Let w € Aute(Y). We claim that ¢y x(w) is the unique
arrow such that uy x ow = ¢y x(w) o uy x.
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Write u = uy x. First notice that (=) ou : Aute(X) = Home(Y, X) is an
isomorphism. In fact it is injective since u is a strict epimorphism (again

and thus it is an isomorphism since |Aute(X)| = |F(X)| =
|Home (Y, X)|.

Hence there exists a unique o,, € Aute(X) such that o, o u = u o w.

But the function [w +— o,] : Aute(Y) — Aute(X) makes the above diagram
commute, thus it must be ¢y x(w) = oy,.

We can give now the promised description of the fundamental group.
Proposition 2.5.4 There is an isomorphism of profinite groups
m1(C, F) =~ lim Aute(X).
G<

Proof

First we need to define for all X € G group maps Aut(F) — Aute(X) com-
patible with the maps in the inverse system.

Take 6 € Aute(F). Since Aute(X) ~ F(X), 0(X)((x) correspond to a
unique automorphism wy x : X — X, precisely the one such that F(wy x)((x) =
0(X)(Cx). We define wy x to be the image of 6 in Aute(X).

In one formula
0 = (v (0(X)(Cx))) corea

We need to prove compatibility with the inverse system, i.e. that for u :
(Y, ¢y) — (X, (x) the following diagram commute

Aut(F

PN

Autc (Y) e Autc (X)

Take 6 € Aut(F). By [remark 2.5.3| the image of wpy in Aute(X) is the

unique automorphism w : X — X making the following diagram commute

wey

Y —Y

We need to prove that w = wp x and to do so it will suffice to prove that
F(w)(Cx) = 0(X)((x). From the diagram above

Fw)(Cx) = F(w)F(u)(Cy) = F(u)F(woy)(Cy) = Fu)f(Y)(Cr)-
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Moreover we have a commutative diagram

Fv) 2 Fy)
F(u) lF (u)

F(X) <5 F(X)
thus we obtain F(u)0(Y)((y) = 0(X)F(u)(¢y) = 0(X)((x).
This proves compatibility with the inverse system of groups.
Thus we obtain a group map ¢ : Aut(F) — lim Aute(X). We just need to
«—
prove it is an isomorphism, i.e. that for any w = (wx) € lim Aute(X) there
H

exists a unique 6 € Aut(F) mapping to w.

By [proposition 2.5.1|to give an automorphism 6 : F — F it is enough to give
natural transformations Home (X, —) — Home (X, —) for all X € G.
Moreover take Y € C and let X be a Galois object dominating all the com-
ponents of Y.

By [corollary 2.4.4] and Yoneda lemma we have the commutative diagram

Fy) —20

_
vg;l T”cx
Home(X,Y) v Home(X,Y)
for some w : X — X.
Writing down things explicitly one sees that for any ( € F(Y) we have
6(Y)(() = F(we ow)(Cx), where w¢ is the unique morphism X — Y such
that F(WC>(CX) = C
In particular if Y is itself Galois, so that we may choose X =Y and ( = (y,
we see that we = idy. Thus 6(X)((x) = F(w)((x) and wy x is the unique
arrow X — X such that F(wp x)((x) =0(X)((x) = F(w)((x).
Then we readily see that choosing w = wx yields the unique automorphism
6 mapping to w = (wx) € lim Aute(X).
(—
This proves that
m1(C, F) =~ lim Aute(X)
G¢
as groups. Finally we need to prove that ¢ is an homeomorphism.
Denote with 7y : lim Aute(X) — Aute(Y) the projection on the Y compo-
(—

nent. Since the open subsets Uy, := 7y ' (w) for varying Y and w € Aute(Y)
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form a basis for the topology on lim Aute(X), it will suffice to prove that the
—
o) 1(Uy7w) are open. But

¢ (Uyw) = {6’ € Autpet(F)|woy = w} =
= {0 € Autpet(F)O(Y)(&y) = Fw)(&)} =
=py' ({0 € Autgset(F(YV))|o(&r) = F(w)(Gr)})

which is clearly open in 7 (C, F) (we wrote py : m1(C,F) — Autpget(F(Y))
for the projection on the Autpget(F(Y)) factor).
Finally ¢~ is continuous as well by the closed map lemma. O]

We have now all the ingredients to prove the main theorem.

2.6 Proof of the main theorem

We are ready to prove theorem 2.2.6|

Essential surjectivity.

Consider a finite continuous m(C, F)-set E.

It is easy to see that in the category of G-Set connected means transitive.
Then, since F commutes with coproducts, we may assume that E is transi-
tive.

Denote with S, the stabilizer of an element e € E. This is open in m(C, F)
since the action is continuous. Thus the finite intersection Ne.c S, is open too
and thus of finite index. This implies it is non trivial, and using the descrip-
tion of m1(C, F) given in [proposition 2.5.4] we see that there exists a normal
open subgroup H C NeepS, of m1(C, F) such that m (C,F)/H ~ Autc(X).
Moreover, by definition of H, the action of m;(C, F) on E factors through an
action of Autc(X) on E.

We claim that F(X/S.) ~ E as Aute(X)-set (here we consider S, as a sub-
group of Autq(X)).

But being transitive F is isomorphic to the left coset space Aute(X)/Se.
Moreover for X being Galois we have that Aute(X) ~ F(X) as Aute(X)-
sets. Then

E ~ Aute(X)/S. ~ F(X)/S. ~ F(X/S.)

(the last isomorphism follows by (G5)).
Now this isomorphism of Aute(X)-set clearly lift to an isomorphism of 7 (C, F)-
set. Thus £ ~ F(X/S,) and F is essentially surjective. O

Faithfulness.

Consider two object XY € C, which we may again suppose to be connected
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by [lemma 2.3.4}
First of all if u,u’ : X — Y are such that F(u) = F(u'), then vc(u) = ve(u)

for any ¢ € F(X). But v, is injective by [lemma 2.3.5|, thus u = «’ and this

prove faithfulness. [

Fullness.

Take a m(C, F)-equivariant map «' : F(X) — F(Y) and consider a Galois
object Z dominating both X and Y. Moreover let f : Z — X be an arrow.
By bijectivity of v¢, (Y) there exists a unique f' : Z — Y such that F(f')((z) =
uw o F(f)(Cz). Moreover F(f") and u' o F(f) are equivariant maps between

transitive sets. Thus they are uniquely determined by the image of a single
element and we get that F(f') = v’ o F(f).

If we show that [’ factors as Z Iy X % Y it will follow that F(u)oF(f)(¢z) =
F(f)(Cz) = o F(f)((z). But then it would be F(u) = «’ (once again be-
cause they are equivariant maps between transitive sets) and we would be
done.

We need a lemma.

Lemma 2.6.1 Let Z be Galois and X connected. Consider an arrow f :
Z — X and let Hf = {h € Aut(Z)|f oh = f}.
Then X ~ Z/Hy.

Proof

By the definition of H; we see that f factors as Z — Z/H 5 x.
By [remark 2.3.2| we see that f is a strict epimorphism, thus f’ is a strict

epimorphism too.

We just need to prove that f’is a monomorphism, i.e. that F(f’) is injective.
By (Gb5) F(f') is the quotient map F(Z)/H — F(X), so this amount to
prove that F(f)(¢) = F(f)(¢") = F(h)(() = ¢’ for some h € H.

But Aute(Z) act transitively on F(Z), thus there exists h € Aute(Z) such
that F(1)(C) = ¢'. Moreover F(f) o F(h)(C) = F(F)(C') = F(/)(C) and by
injectivity of v¢(Z) this implies that foh = f.

Thus h € H and this conclude the proof. O

Thus to show that f’ factors as Z L X % v it suffices to prove that f’
is fixed by the action of Hy.
But by (G5) F(f) is the quotient map F(Z) — F(Z)/H, thus we get that
forall he H

F(f) o F(h) =u'o F(f) e F(h) = u' o F(f) = F(f").

By faithfulness we get f'oh = f'.
This conclude the proof. n

49



3 ETALE TOPOLOGY AND
ETALE FUNDAMENTAL GROUP

The aim of this final chapter is to apply the general theory we studied so far
to the category of schemes.

In the first part of the chapter we deal with Gothendieck topologies in
such a category.
This brought outstanding result. The reason is that the Zariski topology is
too coarse for many purposes: for example it does not usually give useful in-
formations when computing cohomology groups. The general theory of sites
is a smart generalization, which allows in some sense to refine the Zariski
topology.
To begin with, we describe a general procedure to construct Grothendieck
topologies in the category of schemes. In few words we equip with a site
structure a full subcategory C C Gchg, defining coverings to be surjective
families of morphisms belonging to some class £.
The most important example is étale topology, in which C is the category
of étale S-schemes of finite type, and & is the class of étale morphisms of
finite type. Etale is a French word used to describe the condition of the sea
when it’s completely calm. In fact the conditions defining étale morphisms,
flatness and unramifiedness, imply a certain regularity of their fibers.

The second part of the chapter deals with the étale fundamental group
of a scheme.
We will show that the category of schemes finite and étale over a connected
base scheme is a Galois category. Then the theory developed in the second
chapter yields a powerful dictionary between geometry and algebra.

To conclude the thesis we give two examples of how this geometric theory
has deep implication in purely arithmetic problems.
The first one deal with the case in which the base scheme is the spectrum of
a field.
This is an easy but already interesting situation. In fact we will see that in
this case the étale fundamental group is just the absolute Galois group of the
field and that étale cohomology is just a geometric reformulation of classical
Galois cohomology.
In the second example we revise and generalize a classical arithmetic theo-
rem, Hilbert Theorem 90.
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The notion of étale cohomology first appeared in [9]; the subject was
treated again in deeper details in SGA IV ([3]).
There are mainly three modern books on this topic: [6], [I8] and [22]. An-
other reliable source is the Stacks Project (see [24], [25] and [26]). A really
nice treatment about Galois theory for schemes, with emphasis on arithmetic
implications is [14].

3.1 Etale topology

Topologies in the category of scheme

We're going to describe a general procedure to construct topologies on the
category of schemes.

Consider a class € of morphisms satisfying the following properties (*):

e All isomorphism are in £.
e Composition of morphisms in £ is again in £.

e Base change of morphisms in £ is again in £.

We call £-morphism a morphism belonging to £.

Now fix a subcategory Cs C Gchg satisfying the following property (**):

e for any object X — S in Cs and any &-morphism Y — X, the com-
posite Y — X — S belongs to Cg.

For example we can consider the categories £ and LFTg respectively of
E-morphisms and of morphisms locally of finite type over S.

This set up allows some definition.

Definition 3.1.1 We call £-covering of an object X € Cg a surjective
covering {X; — X} consisting of E-morphisms.

We call E-topology (or E-site) on Cs the topology given by the € covering.
We call small E-site the E-topology on Eg.

We call big E-site the E-topology over LFTg.

Remark 3.1.2 All of these are well defined because of the conditions (*)
and (**) and the fact that surjectivity is stable under base change.
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In the following sections we will introduce some possible choices for £.
We anticipate them here.

Choosing £ to be the class of open immersions, we get the usual Zariski
topology. In fact all the other topologies we will consider are finer then
this, meaning that the class of open immersion is contained in £.

The most important case we will deal with is the étale topology, which
is the small £-site obtained choosing £ to be the class of étale morphism
(definition 3.1.24) of finite type.

This is the most used Grothendieck topology on the category of schemes.
In fact étale morphisms are the algebraic analogous of local isomorphisms
in differential geometry and étale topology is the natural substitute of the
euclidean topology on complex varieties.

For some purpose one may need an even finer topology. A commonly used
one is the flat topology, which is the big £-site, where £ is the collection
of flat morphism (definition 3.1.10) locally of finite type.

These are just some examples, but many other topologies may be defined
using the same technique.

Flat morphisms

For simplicity all rings are Noetherian and all schemes are locally Noetherian.

We start by recalling the definition of flat modules and algebras.

Definition 3.1.3 An A-module M is said to be flat if ()4 M is an exact
functor A-mod— A-mod.
An A-algebra f : A — B is said to be flat (or f is said to be flat) if B is flat

as an A-module.

We want to give a couple examples to clarify the geometric intuition about
flatness.
This in some sense correspond to the idea that fibers of a morphism should
vary continuously.

Example 3.1.4 Let k£ be an algebraically closed field and consider the ring
map kly] — A = klz, y]/(y — 2?).

We readily see that this is a flat ring map since A is a free k[y]-module, with
generators 1,z (see [proposition 3.1.9).

In fact the fibers of the projection Spec A — Spec k[y] over the closed points
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(y — a) € Speckly] are either two different point (when a # 0) or one point
with multiplicity 2 (when a = 0).
There is no pathological variation of the fibers.

Now consider the map klx] — A := k[x, y]/(zy).

This is not flat: multiplication by x is an injective map k[z] — k[x], but it
is not after tensoring with A.

In fact the fiber of the projection Spec A — Spec kx| over a closed point
(x — a) € Speck[z] is a single point whenever a # 0, but becomes a whole
line when z = 0.

The fibers does not vary in a continuous way.

Another really important notion we need to introduce is faithful flatness.

Definition 3.1.5 We say that a flat A-module M is faithfully flat if
N#A0 = M®yu N #0.
We say that an A-algebra B is faithfully flat if it is so as an A-module.

Remark 3.1.6 A faithfully flat ring map is injective.
In fact taking M = (a) C A for some 0 # a € A we find B®y4 (a) >~ aB #
0 = a-1= f(a) #0.

We give a useful characterization of faithfully flat algebras.

Proposition 3.1.7 Let A#0 and let ¢ : A — B be flat.
Then the following are equivalent:

i) ¢ is faithfully flat.
i) BRAM — BRa M — B®y M" exact — M’ — M — M" ezact.
iii) The induced map Spec B — Spec A is surjective.

Proof

i) < ii)

If ii) holds then B@4 M =0 = B4 M > B®4 M — 0 exact
— M 23 M - 0exact = M = 0.

Conversely assume that M’ 2 M B M" becomes exact after tensoring with
B.

Clearly img; C ker go. Moreover it is easy to see that B ®4 (ker go/img;) ~
ker(1 ® g9)/im(1 ® g1) = 0. Thus ker g2 /img; = 0 since B is faithfully flat.

i) < iii)
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Assume that A — B is faithfully flat.
For any prime p C A the residue field k(p) is a non-zero A-module. Thus
B @4 k(p) is non-zero too and Spec(B ®4 k(p)) is non-empty.

Conversely let 0 # M € A-mod and let 0 # = € M.

Since B is A-flat and Ax C M, we have B ®4 Ax C B ®4 M. Thus it
suffices to show that B ®4 Az # 0 for all x € M \ {0}. But Az = A/I
where I = ker ([a — az] : A — M), so B®4 Az ~ B/IB and we’re just
left to show that /B # B. Finally IB C mB where m is a maximal ideal
of A containing I, and mB # B, otherwise there would be no primes in B
mapping to m via Spec B — Spec A. O

An important feature of faithful flatness is that many properties can be
verified after a faithfully flat base change.
Here is a first example:

Lemma 3.1.8 If A — B is a ring map and M is A-flat, then B ® 4 M 1is
B-flat.
Conversely an A-module M s flat if it is flat after a faithfully flat base
change.

Proof
Let N be an A-module.
The thesis follows at once by the isomorphism

B®a(M®sN)~=(BosM)®aN
and point ii) of the previous proposition. O

Next we’re going to investigate the local properties of flatness in the
special case of finitely generated modules.

Proposition 3.1.9 Let M be a finitely generated A-module. The following
are equivalent:

i) M is A-flat.
ii) M, is Ay-free for all m C A prime (actually m C A mazimal will do).
ii1) M is a locally free Ogpec a-module.

Proof

i) = ii)

First we prove that M, is A,-flat, then we prove that flat module over local
rings are free.
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Let N be an Ap-module. Local flatness follows from the isomorphism M, ® 4,
N ~ (M ®4 N), and the fact that injectivity is a local property (see [2],
proposition 3.9).

Now let M be a non-zero flat A-module, with (A, m) local ring. We claim
that M is free.

First note that M/mM is an A/m-vector space. Take an A/m-basis 71, ..., T,
for M /mM, and lift it to get elements x1, ..., x,, € M. By Nakayama lemma
this is a system of generator for M, which means we have a surjective map
[(a1,...;a,) = Y az;] : A" — M.

Now let K be its kernel, so that we have the exact sequence

0K —=A"—= M —0.

Tensoring this with A/m preserve exactness (look at the long exact sequence
of Tor, keeping in mind that Tory (M, N) = 0 for all N € A-mod), thus we
get the exact sequence

0— K/mK — (A/m)" — M/mM — 0.

But the rightmost map is an isomorphism, then K /mK = 0 and by Nakayama
lemma K =0 and A" ~ M.

il) = iii)

Take p € Spec A. We need to show there exists a ¢ p such that M, is a free
A, -module.

Let 4,...,2, € M be elements whose images in M, form an A,-basis and
consider the map

[(p c(ag, .y an) Zaixi] A" — M.

We claim that this map induces an isomorphism localizing over some element
a€ A
Recall that given an A-module N, the support of N is defined to be

Supp N := {p € SpecA|M, # 0}.

Now denote with K and C' respectively the kernel and cokernel of .
Clearly ¢, : A7 — M, is an isomorphism if and only if K and C' are zero after
localizing at any q € D(a), if and only if D(a) C Spec A\ (Supp K USupp C’).
Since p € Spec A \ (SuppK U Supp C’), if we show that Supp K and Supp C'
are closed we will be done. Actually the following result holds: if M is a
finitely generated A-module then Supp M = V(Ann(M)).

In fact if ¢ 2 Ann M there is an element a € A\ q annihilating M, thus
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M, =0.

Conversely assume that M, = 0. Then for all z; there exists a; € A\ q such
that a;x; = 0. Thus a :=[Ja; € A\ q and a € Ann M.

iii) = i)

By hypothesis there exists a covering Spec A = [J;_, D(a;) (finite since A is
Noetherian) such that M,, is a free A,,-module.

Define B = [[ A,,. First we claim this is a faithfully flat A-algebra, i.e. that
ITSpec A,, — Spec A is surjective.

In fact since the D(a;) cover Spec A, we have that ay, ..., a, generate A and
a prime p C A cannot contain all of the a; i.e. it is contained in some
D(a;) ~ Spec A, .

Now since B is a faithfully flat A-algebra, by it suffices to show
that M’ := B®4 M is B-flat. But

Boa M= (]]Aa) ®aM =] (As, ®4 M) =[] M,

as B-modules and for any B-module N we have M'®p N ~ [] (Mai ®a,, N)
(with the obvious B-module structure on M,, ®a4, N).
This shows that M’ is B-flat. O

We're ready to define flatness for scheme morphisms.

Definition 3.1.10 We say that a scheme morphism f :Y — X s flat if
Jor ally € Y the induced map Ox s — Oy, is flat.

We already mentioned in the previous section the flat topology, and we
need to show that everything actually works.
In its definition we chose £ to be the the class of flat morphism locally of
finite type. We didn’t introduce yet the second condition:

Definition 3.1.11 We say that a ring map A — B 1is of finite type if B
s a finitely generated A-algebra.

We say that a scheme morphism f :Y — X is locally of finite type if for
any U C X and V C f~Y(U) open affine, the induced map Ox(U) — Oy (V)
s of finite type.

We shall prove now that flat morphisms locally of finite type indeed sat-
isfies |conditions (*)| (clearly isomorphisms are flat).
These are quite clear for the property “local of finite type”.
For flatness we have:

Proposition 3.1.12
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i) Composition of flat morphisms is flat.

ii) Base change of flat morphism is flat.
Conversely a morphism is flat if it becomes flat after a faithfully flat
base change.

Proof

We may clearly reduce to the affine case.

i) If A— B and B — C are flat and M is an A-module, the thesis follows
from the canonical isomorphism of A-modules M ®4 C ~ (M ®4 B) ®p C
together with the fact that composition of exact functors is exact.

ii) This is just [lemma 3.1.8 O

Etale morphisms

First of all we need to introduce the notion of unramified morphism.

Definition 3.1.13 Let f: A — B be of finite type.

We say that f (or eqivalently B) is unramified at q € Spec B if By/pB, is
a field, finite and separable over k(p).

We say that [ is unramified if it is unramified at any q € Spec B.

Remark 3.1.14 The fact that B,/pB, is a field means that p extends via
A — B — B, to the maximal ideal of B,.

Once again we would like to suggest a geometric intuition for unramified-
ness.
This correspond to the idea that fibers does contain just simple points (with
multiplicity equal to 1).

Example 3.1.15 Let k be an algebraically closed field with char k # 2.
Then the ring map k — k[z]/(z? — a) is unramified if and only if a # 0 (see
Iproposition 3.1.17)).

In fact the fiber over the point of Speck is given by the points (x £+ a) €
Speck[z]/(z* — a) if @ # 0 and by the single point (x) € Speck[z]/(z?)
“counted twice” if a = 0.

The next lemma shows that unramifiedness can be checked on fibers.

Lemma 3.1.16 Let f : A — B be of finite type. Then f is unramified if
and only if k(p) — k(p) ®a B is unramified for all p € Spec A.
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Proof
We know that Spec(k(p) ®4 B) is the fiber over p of the natural map
Spec B — Spec A. Thus a prime in k(p) ®4 B is just a prime q C B such

that f~'(q) = p.

Moreover k(p)®4 B ~ B, /pB,, where B, is the localization of B over f(A\p).
The thesis now follows from the canonical isomorphism of k(p)-algebras
(By/pBy), ~ Bqy/pB,. 0

For this reason unramified rings over fields are of central importance.

We rephrase the definition in this case for sake of clarity:
B is unramified at q over a field k if B, is a field, finite and separable over £.

Unramified algebras over fields can be characterized in many ways:

Proposition 3.1.17 Let B be a finite algebra over a field k, and fix an
algebraic closure k/k.
Then the following are equivalent:

i) B is unramified over k.
ii) B is a finite product of finite separable field extension of k.
iti) B := B ®y k is unramified over k (i.e. a finite product of copies of k).

Proof

Before we start is important to mention that B is an Artinian ring, being a
finite dimensional k-vector space.

In particular it has finitely many prime ideal which are all maximal and

B~B/q®---® B/d,
for some r.
i) < ii)
If B = []ki, the k; finite and separable over k, then the primes in B are
all of the form m; := m; *(0), 7; : B — k; being the projections. One easily
compute that By, ~ k; and this shows that B is unramified over k.

Conversely we know by hypothesis that

qu' = (B/qZ)qz = qu/qZqu
is a field for all . This can be the case only if » = 1, hence we find
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Moreover By, = By, /q:B;, is the fraction field of B/q;, i.e. B/q; itself.

ii) — iii)

Assume that B ~ [] k; is a finite product of finite separable field extension
of k.

By the primitive element theorem we have that k; ~ k[z]/f;(x). Thus

Bk = ( T[kal/ o) ) o b= [T ol o) = TT R

(the last isomorphism since the f; splits completely in k[z]).

Conversely assume that B ~ []k is a finite product of copies of k.
We’ll need the following lemma

Lemma 3.1.18 A finite algebra B over a field k is reduced if and only if it
s a product of finite field extension of k

Proof ) )
The "if” part is obvious.

Conversely assume that B is reduced. Since the nilradical of a direct sum is
the direct sum of the nilradicals we may assume that B is indecomposable,
i.e. that it does not have idempotents different from 0 and 1.

Now take an element b € B\ {0}. For B being Artinian, the decreasing chain
of ideal (b) D (b*) D (b*) D --- must stabilize and for n sufficiently large

there exists an element a € B such that b" = v"a.
Then for all 7 > 0 we have b® = b"*a’ and in particular b = b*"a™.

Multiplying each side by a" we find that (ba)" = (ba)*". i.e. that a"b" is
idempotent. Thus by assumption it must be equals to 0 or 1.

But b" = b"(ab)™ and the first case is impossible. Hence 1 = b"a™ = b(b" 'a™)
and b is invertible. O

The lemma implies that Breq =~ []k; is a finite product of finite field
extension of k.
Now we claim that

Homy (B, k) ~ Homk(H ki, k) ~ 11 Homy(k;, k).

The first isomorphism follows because any k-algebra map B — k factors
through Bieq.

To prove the second take ¢ € Homy([] ks, k). Precomposing this with the
inclusions k; — B, we get operation-preserving maps 1; : k; — k. Assume
that 1; # 0. Then for any b € k; we have 0 = 1;(1)1h;(b) = 0 = 1;(b) = 0.
This proves that Homy,(T] k;, k) ~ 1T Homy,(k;, k).

Hence we find that

|Homy,(B, k)| = [Homy ks, k)|
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But it’s easy to see that Homy (B, k) ~ Homg(B, k) and by hypothesis
[Homy,(B, k)| = dimg(B) =) [k; : k.

The thesis now follows observing that |Homy(k;, k)| < [k; : k], and equality
holds if and only if k; is separable over k (this is a well known result, see for
example [2I] lemma 1.1.6). O

Remark 3.1.19 Actually i) = i) holds with even weaker hypothesis,
namely when B is of finite type over k.

In fact given a prime q C B we have canonical inclusion k C B/q C B,/qB, =
By. These imply in turn that B/q is integral over k (since B, is finite over
k) and that B/q is a field (see [2], proposition 5.7). Hence B is a Noetherian
ring of dimension 0, i.e. an Artin ring, and the proof now runs as in the
previous case.

We’re interested in giving two other characterization of unramifiedness,
which have a more geometric nature.

Recall that given an A algebra B, the module of Kahler differentials,
denoted with €2p/4, is defined to be the B-module representing the functor

Dery(B,—) : B—mod — B — mod

(an A-derivation B — M is an A-module map satisfying the Liebniz rule).
It can be proved that Qp/4 ~ J/J? where J is the kernel of the multiplication
map B®y4 B — B.
For a comprehensive treatment about differentials see [23], section 125.

The following proposition holds:

Proposition 3.1.20 Consider an A algebra A — B. The following are
equivalent:

i) A — B is unramified.
ii) Qpja = 0.
iii) the diagonal morphism Spec B — Spec (B®4 B) is an open immersion.
Proof
i) = ii)
Clearly Qg4 =0 <= (Qp/a)q = 0 Vq € Spec B.
Moreover by Nakayama lemma (Qp/4)q =0 <= (2p/a)q/q(2B/a)q = 0.
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Now by elementary properties of tensor product and Kahler differentials we
have the following isomorphisms of B;-module

(Q8/4)a/0(Qp/a)g = Upja @p k(q) =~ (Qp/a @ (B R4 k(D)) @pg k) k(g) ~
~ QB k() /k(p) @B k() k(1)

Thus we can reduce to the case where A = k is a field.

Furthermore since k < k is faithfully flat (lemma 3.1.7) and

Qg = Qpjr O k, it is sufficient to prove that Qg5 = 0.
But €55 is zero after localizing at any maximal ideals. In fact these are of
the form m = 771(0), 7 being a projection []k — k, thus we have

(QB/E)m ~ QBm/E ~ QE/E =0.
ii) = iii)
Recall that Qp/4 ~ J/J? where J = ker(B ®;, B — B).
In general if J C A is a finitely generated ideal in a ring and J/J? = 0, by
Nakayama lemma there exists an element a € 1+ J annihilating J.
We claim that A/J ~ A,.
First of all we notice that a is an idempotent. In fact a = 1 + x for some
re€J,soa’=a(l+z)=a+ax=a.
Thus A — A, is surjective, since 1/a" = a/a"™ = a/a = 1.
Moreover b € ker(A — A,) <= a™b=ab=(1+2z)b=0 < be J.
Hence ker(A — A,) = J and A/J ~ A,.
This proves that the closed subscheme V'(J) is isomorphic to the open sub-
scheme D(a). In particular Spec B ~ V(J) — Spec(B ®; B) is an open
immersion.
iii) = 1)
By [lemma 3.1.16| and |proposition 3.1.17|it is sufficient to prove that the ge-
ometric fibers of A — B are unramified.
In other words given an algebraic closure k(p) C k we need to prove that
k — k®4 B := B is unramified.
Moreover since open immersions are stable under base change and the fol-
lowing square is cartesian

Spec B ———— Spec B

| |

Spec(B Rk B)  — Spec(B R4 B)

we may just assume that B is an algebra over an algebraically closed field k.
Furthermore, by definition of unramifiedness and the fact that k is alge-
braically closed, it is sufficient to prove that B, ~ k Vq € Spec B. In fact,
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since the diagonal morphism Spec B; — Spec(Bq R, Bq) is again an open
immersion (by an argument similar to the one we used above), we may just
assume that B is local.

Let y be the closed point in Spec B.

By Zariski lemma B/m, ~ k (since k is algebraically closed), which means
there exists a section g : Speck — Spec B for Spec B — Spec k. Hence the
following square is cartesian

{y} -7 Spec B

o| |

Spec B i Spec(B ®y B)

proving that y is open in Spec B.

This implies that B is Artinian, i.e. m, is the unique prime ideal in B
(otherwise the set of primes strictly contained in m, couldn’t be closed).
But then Spec(B ®; B) = Spec B X Spec B has only one point and the
open immersion Spec B — Spec(B ®; B) must be an isomorphism. Hence
B ~ B ®; B and since dimy(B ®; B) = (dimy, B)?, we get dimy B = 1, i.e.
B~ k. O

As a result we can study how unramifiedness behave with respect to base
change:

Lemma 3.1.21 Base change of unramified morphism is unramified.
Conversely A — B is unramified if it s unramified after a faithfully flat base
change.

Proof
Let A— B and A — A’ be ring maps and write B’ := A’ ®4 B.
The claim follows from the isomorphism Qp/ /4 ~ Qg4 ®4 A’ O

As usual we can adapt these definition to schemes.

Definition 3.1.22 We say that a scheme morphism f :Y — X locally of
finite type is unramified at y € Y if the map Ox sy — Oy, induced on the
stalk is unramified.

We say that f is unramaified if it is unramaified at any y € Y.

Once again unramifiedness is a property local on the target.

We’d like to carry over to the case of schemes the results of lemma 3.1.16
and [proposition 3.1.17]
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First given a scheme morphism f : Y — X we need to define Qy/x, the
Ox-module of Kahler differentials of f.

For this consider open affine coverings X = U,;U; and f~Y(U;) = U;Vi; for
all i. Now fly,, : Vij — U; is a morphism between affine schemes and thus
it is induced by a ring map ¢ : A; — B;;. Hence we can define for all

i,J the Ogpec p,;-module g, /4, These modules glue together yielding an
Oy-module which we define to be Qyx.

Proposition 3.1.23 Let f: Y — X be locally of finite type. The following
are equivalent:

i) f is unramified.

ii) For any x € X the fiber Y, :=Y X x Speck(x) — Spec k(x) is unrami-
fied.

iii) For any © € X the fiber Y, is a disjoint union of spectrum of finite
separable field extension of k(x).

iv) Any geometric fiber of f is unramified (i.e. is a disjoint union of an
spectra of algebraically closed field).

1)) Qy/X =0.
vi) The diagonal morphism 'Y — Y Xx Y is an open immersion.

Proof

i) < ii)

Let x be a point in X and denote with Y, the fiber over . The claim follows
immediately from the isomorphism Oy, , ~ Oy, /m,Oy,,.

ii) — iii)
This follows covering Y, with affine schemes and using fremark 3.1.19
iii) < iv)

Let k be a field and fix an algebraic closure k/k. We need to prove that a
morphism f : X — Speck is unramified if and only if f : X Xgpecs Speck —
Spec k is unramified. But if we cover X = [ J X; with open affines, we see that
f is obtained by gluing the affine morphism f; := f|x,, and f’ is obtained by
gluing their base change along Spec k — Spec k.

Hence we can reduce to the affine case, which is proved in [proposition 3.1.17]
i) = v)

This follows directly by the definition of €}y, x and [proposition 3.1.20

v) = Vi)
Consider open affine coverings X = U;U; and f~1(U;) = U,V for all i, where
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U; ~ Spec A; and V;; = Spec B;;.

Then Y x x Y is obtained by gluing the affine schemes Spec(B;; ® 4, B;;7) and
the diagonal morphism Ay, x is obtained by gluing the diagonal morphisms
Spec B;j — Spec(B;; ®4, B;j). But these are open immersions by hypothesis
and [proposition 3.1.20L

vi) = i)

Since the diagonal morphism of a base change is the base change of the
diagonal morphism and open immersions are stable under base change, we
may reduce to the case of a scheme over an algebraically closed field.

Now unraimfiedness may be checked locally on the source and we reduce
again to [proposition 3.1.20] ]

We are finally ready to give the definition of étale morphism:

Definition 3.1.24 We call a morphism f :' Y — X étale if it is flat and
unramified.

Recall we have mentioned étale topology at the beginning of the chapter,
choosing £ to be the class of étale morphisms of finite type.
Still we haven’t met the second notion.

Definition 3.1.25 We say that a morphism f :' Y — X is of finite type
if it is locally of finite type and f~*(U) is quasi compact for any UX open
affine.

Once again we need to prove that the axioms defining Grothendieck
topologies are satisfied.
Finite typeness is easily seen to be stable under composition and base change.
Moreover we have already proved that the same is true for flatness.
Hence we'’re just left to prove the following:

Proposition 3.1.26
i) Composition of unramified morphisms is unramified.
ii) Base change of unramified morphism is unramified.

Conversely a morphism is unramified if it is unramified after a faithfully
flat base change.

Proof
Since unramifiedness is local on the target we reduce to the affine case.
i) Given ring maps A — B — C' there is an exact sequence of C-modules

C ®pg QB/A — QC/A — QC/B — 0

and the claim follows.

ii) This is lemma 3.1.21 O
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3.2 Etale fundamental group

Finite morphisms

The category Fétg of étale covers is obtained by asking the following extra
condition for the structure morphism.

Definition 3.2.1 We say that a scheme morphism f :Y — X is affine if
for any U C X open affine V := f~1(U) is affine.
If furthermore Oy (V) is a finite Ox(U)-module we say that f is finite.

Definition 3.2.2 We say that f : Y — X s an étale cover if it is finite,
étale and surjective.

We’ll sometime say that Y is an étale cover of X.

We define Fétg to be the full subcategory of Gchg whose object are étale
covers of S.

As usual we investigate the behavior of finiteness with respect to base
change:

Lemma 3.2.3 The base change of a finite morphism is finite.
Conversely a morphism is finite if it is finite after a faithfully flat base change.

Proof

Clearly it suffices to verify this in the affine case.

But base changing a finite ring map A — B along A — A’, the claim follows
at once tensoring with A’ the exact sequence A" — B — 0. O

Finiteness is a really strong condition. To give an example it implies good
topological properties.

Proposition 3.2.4 Finite morphisms are proper, i.e. separated, of finite
type and universally closed.

Proof
Let f: Y — X be a finite morphism of schemes.
By definition it is obtained by gluing affine scheme morphisms

fi - f1(Spec A;) = Spec B; — Spec A;,

hence the diagonal morphism Ay /x : Y — Y xx Y is obtained by gluing
affine scheme morphisms Spec B; — Spec(B; ®4, B;). Since these are closed
immersion, Ay, x is a closed immersion too, i.e. f is separated.

f is clearly of finite type.

Finally we prove it is universally closed.
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Since finiteness is stable under base change we just need to prove it is closed.
Moreover closeness is a property local on the target. Thus we can reduce to
the affine case, and we will be done if we prove that =1 (V(J)) = V(o 1(J)).
Since V(J) = V(v/J) we reduce to the case of J radical. Moreover if J is
radical then J = [ p, the finite (since the rings are Noetherian) intersection
taken on the minimal primes containing J. Thus, since V(JNJ") =V (J)U
V(J') we can reduce to the case of J prime.

The only non trivial part is V(= (J)) C ¢~} (V(J)). But this is just going-
up theorem. O

Proposition 3.2.5 A finite flat morphism is open.

Proof

Let f:Y — X be finite and flat.

Since being open is a property local on the target, we may assume that
X = SpecA and Y = Spec B are affine and f is induced by a ring map
¢ : A — B. Moreover since f is flat, by [proposition 3.1.9| we may assume
that B is a free A-module.

To prove that f is open it suffices to prove that the image of a standard affine
open D(b) C Spec B is open.

First we claim that p € f(D(b)) < pBy # By.

If p € f(D(b)) then there exists a prime q € D(b) lying over p. Thus
pBy, C qB, # By. Conversely f~'(p) C Spec (By/pBy). Hence if pB, # B,
we just need to prove that the fiber over p is non empty. But this is just
going up theorem.

Thus we find that p € f(D(f)) < By/pB, ~ (B/pB)B #0 < be
B/pB is not nilpotent.

Now let T" 4+ a;T"~! + --- + a, be the characteristic polynomial of b over
A, i.e. the characteristic polynomial of the matrix associated to the A-linear
map B — B given by multiplication by b.

Now B is finite thus integral over A. Clearly b is nilpotent if and only if
a; = 0 (mod p) Vi.

In conclusion f(D(b)) = J, D(a;) is open. O

Remark 3.2.6 In fact a more general result holds: any flat finitely presented
morphism is open.
For a proof of this fact see [18] I 2.12.

Remark 3.2.7 The previous propositions shows that the structure mor-
phism of a finite étale morphism is open and closed (at the level of topologi-
cal spaces).

In particular if the base scheme is connected, the structure morphism must
be surjective, i.e. an étale cover.
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Another nice property is that morphisms in Fétg are themselves finite
étale:

Proposition 3.2.8 Ifu: X — Y andv : Y — S are scheme morphisms
such that v and v ou are finite étale, then u s finite étale.

Proof

Using Yoneda lemma we see that w = I'y op where I', : X — X xgVY is
the graph of w and p: X xgY — Y is the projection (cause I', o p maps to
u o (—) via the Yoneda embedding).

p is clearly finite étale, by stability under pull back.

Moreover using again Yoneda lemma we see that the following square is
cartesian

X ————Y

Ful lAY/S

X XgY —— Y xgY
uX gidy

But the diagonal morphism is an open immersion (proposition 3.1.23)), thus
[', is is an open immersion too, since open immersions are stable under base

change.
Finally open immersions are clearly finite étale, hence u = I, o p is finite
étale too, being the composition of two finite étale morphisms. ]

Finally we study the notion of degree of an étale cover.
The key fact is that if f: X — S is finite and flat (in particular if it is finite
¢tale) then the Og-module (f,Ox); has finite locally constant rank.
This is because the function

[8 — l"kx/s(S) = I‘kos’s((f*OX)s)] X =7t

is continuous when we endow ZT with the discrete topology (since f.Op is
a locally free O4-module by [proposition 3.1.9)).
We make the following definition:

Definition 3.2.9 Ifrky,s is a constant function we call its image the degree

of f.
We’ll sometimes denote it with [X : S].

This happen for example if S is connected.

Given a finite flat morphism X — S the following properties are easy to
prove:
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e For any base change X' — S’ of X — S we have [X': 5] =[X : 5].
o If X = X'IT X" then [X : S]=[X":S]+[X":5]

Clearly an isomorphism has constant degree equal to one. The converse
holds too:

Lemma 3.2.10 Ifu:Y — X is finite and flat and [X : S] = 1, then u is
an isomorphism.

Proof

We may assume that X = Spec A and Y = Spec B. By proposition [3.1.7] all
we need to show is that a finite faithfully flat ring map A — B such that
rk(p) = 1V p € Spec A is an isomorphism.

By faithful flatness we know it is injective (remark [3.1.6)).

It remains to prove surjectivity. Since it is enough to prove it after localizing
at all primes and B is a locally free A module of rank 1 by hypothesis, we
may assume that B is generated by a single element as A-module. Thus
write B = Ab for some b € B and let

V' +ab" - ta, =0

be an integral dependence relation for b over A.
By hypothesis ab = 1 for some a € A, thus multiplying the relation by a™!
we find b = —(a; + aza + -+ - + a,a™ 1) € A. O

Finally we prove an important technical result, which will reduce many
proof to a trivial case:

Proposition 3.2.11 Consider an étale cover f : X — S of constant degree.
Then there exists a finite étale base change g : S — S such that X xgS" ~ S'"
is the disjoint union of [X : S| copies of S'.

Proof

Induction on deg(f) = r.

If r =1 the claim follows by the lemma we have just proved.

Now let r > 2.

Since the diagonal morphism Ax/s : X — X xg X is both an open and
closed immersion (proposition [3.1.23| and [3.2.4]) we have X xg X = X IT X’
and thus

(X xg X : X]=[X: X]+[X": X].

But [X xg X : X] =[X : 5] =r. Hence [X' : X] = r — 1 and we can
apply the induction hypothesis on X’ — X to obtain a finite étale morphism
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S’ — X such that §' xx X' ~ §'" 1.

We claim that S’ — X — S does the job.

It is finite étale, since it is the composition of two finite étale morphism.
Moreover we have

X xgS =X Xxg (X xx )= (X xg X)xx S =~ (XITX')xx S5 ~

~ (X xx S (X' xx )~ TS 1.
We're done. N

Galois structure on Fétg
We devote the remaining of the section to prove that Fétg is a Galois cate-

gory if S is connected.

First we shall define a fundamental functor.
Let 5 be a geometric point of S (i.e. a morphism § : SpecQ, — S where €
is an algebraically closed field).
We define the functor

.Fg : Féts’ — E
X — X(5) := Homge, (Spec €2, X)

Theorem 3.2.12 Let S be a connected scheme. Then the pair (Fétg, Fs) is
a Galois category.

Definition 3.2.13 We denote the fundamental group relative to Fs by m1(S, 5)
and we call it fundamental group of S in §.

Proof
We proceed by proving the axioms defining Galois categories.

(G1)
Féts has a final object.

This is easily seen to be S. [

Féts has fibered product.

Given a diagram X i> Y & X, in Féts we know that X; xy X5 exists in
Gechg.
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We just need to prove that X; xy Xy — S is finite étale.

Since Y — S is finite étale, it suffices to prove that u : X7 xy Xo — Y is an
étale cover.

It is étale by stability under base change.

Moreover if U ~ Spec A C Y, then u™*(U) ~ Spec(B ®4 C) where B and
C' are finite A-modules (proposition [3.2.8). Thus B ®4 C is clearly a finite
A-module too. m

(G2)

Féts has finite coproducts.

We know that disjoint union is the coproduct in the category of S-schemes,
so we just need to check that given étale covers Xi,..., X, of S, ILX; — S
is still an étale cover. We may assume S = Spec A. Then X; = Spec B; and
the structural maps correspond to ring maps ; : A — B;.
Moreover

I, X; = II;Spec B; = Spec( GB Bi)

and IT; X; — S is the map induced by
[o:am (pi(a),....;pn(a))] : A— @Bi.

This is clearly flat and finite.

It is easily seen to be unramified too:

If p C P, B; is a prime ideal, it is of the form ;' (p;) for some i, m; being
the projection on B; and p; C B; being a prime. Finally (€D, Bi)p ~ (B;)p,
and thus ¢ is unramified.

Féts has quotients by action of finite groups.

Consider an étale cover X — S together with a finite group G acting on X.
First assume that S = Spec A is affine, so that X = Spec B and X — S is
induced by a map ¢ : A — B.

The (left) action of G on X is by definition a group map G — Autg(X). This
induces a (right) action on B, via the isomorphism Autg(X) ~ Aut(B).
For any g € G we will denote with g both its image in Autg(Spec B) and in
AutA(B)Op.

Now let BY C B be the subring of elements fixed by G, i.e.

BY .= {be Blgb=1bVg € G}.

We claim that Spec B — Spec B¢ is the categorical quotient of X by the
action of G.
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To prove this consider an S-morphism f : Spec B — Spec C' fixed by G (i.e.
fg=fVge€q).

This corresponds uniquely to an A-algebra map ¢ : C — B fixed by G,
i.e. such that gf = fVg € G. But this means that im(¢) € BY and
thus ¢ factors uniquely as C — B® — B, yielding the unique factorization
Spec B — Spec B¢ — Spec C' we were seeking for.

Still we need to prove that Spec BY — Spec A is étale (it is finite, being
a submodule of a finitely generated module over a Noetherian ring), and
we know by lemmas and that it is sufficient to do this after a
faithfully flat base change.

We will need the following lemma:

Lemma 3.2.14 Let X — S € Fétg and let S" — S be flat and finite.
Then any G-action on X in Fétg induces a G-action on X xg S’ in Féty
and (X x5 8% ~ X% x5 5.

Proof

The G-action on X xg .S is induced by the map [0 — (0,1)] : Autg(X) —
Aut’s(X x5 S'). Moreover the natural morphism X xg S" — X% x5 .5 is
clearly fixed by G, thus we have a map (X xg5')¢ — X% xg 5

We want to prove it is an isomorphism and to do so we may clearly reduce to
the affine case, i.e. we need to prove that (4’ ®4 B)® ~ A’ ®, B¢ (A — A’
is finite and flat).

But we have an exact sequence 0 — BY — B — ngG B where the rightmost
map is

BY = ker ([b — (b)gEG — (gb)geg] : B — H B)
geG
Tensoring this sequence with A’ and using flatness of A — A’ we get the
thesis. O

Now by proposition[3.2.11] there exists a faithfully flat base change A — A’
such that B’ := A’ ®4 B ~ A™ as A’-algebra.
The A’-automorphisms of B’ are just permutations of the copies of A’ (since
they must fix the identity of B). This means that Auta (B’) ~ S, and the
action of GG is determined by it’s image in S,,. Then it is easy to see that
B'¢ ~ A'™ for some m < n, so that Spec B'® — Spec A’ is an étale cover.

Finally we consider the case of an arbitrary base scheme S.

Write S = |, Spec A; and X = |J, X; where X; := Spec B; = f~'(Spec 4;).
By covering each Spec A; by standard affine open, we may assume that
Spec A; N Spec A; = D(fi;) for some f;; € A;.

Define

X;j = f~"(Spec 4; N Spec A;) = f~H(D(fi;)) = D(e(fij))-
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Using again the last lemma (base changing along A — Ay, ) we see that Xg
is an open subscheme of X,

Now by uniqueness of the quotient by action of finite groups, we have that
Xg ~ XjGi, and thus the X¢ glue along these isomorphisms, yielding an S-
scheme Y.

We claim this is the quotient of X by the action of G.

In fact if f : X — Z is an arrow fixed by G, then the restrictions f|x, :
X; — Z are fixed by G too. Hence they factor as X; — X¢ % 7, and
the morphisms g; clearly glue yielding a morphism ¢ : Y — Z via which f
factors.

This prove that Y is the quotient of X by the action of G. n

(G3)

Consider a morphism v : Y — X in Fétg.

We know by proposition that this is finite étale. Thus it is open and
closed by propositions [3.2.4] and [3.2.5]

As a consequence X' := u(Y) and X” := X \ X’ are disjoint open and closed
subscheme of X. This means that X = X’ II X” and u clearly factors as
Y X - X=X1TX"

Since open immersions are monomorphisms, the second arrow is a monomor-
phism inducing an isomorphism into a component of X.

We're just left to prove that Y — w(Y) is a strict epimorphism. The following
lemma does the job.

Lemma 3.2.15 In Fétg a morphism is surjective (at the level of topological
spaces) if and only if it is a strict epimorphisms.

Proof

First let v : Y — X be a strict epimorphism (actually epimorphism is
enough).

We know that X’ := u(Y) is open and closed in X. Hence we can write
X = X' II X" with X" := X \ u(Y). The claim now follows since composing
u with the two natural maps X = X'II X" = X'II X" 11 X" yields the same
morphism. Thus, since u is an epimorphism, these two maps must coincide
and this can only be the case if X" = ().

Conversely take a surjective morphism u : Y — X in Fétg and denote with
p and ¢ the projections Y xx Y =3 Y.

The general case easily reduce to the affine, thus we may assume that S =
Spec A, so that X = Spec B and Y = SpecC.

We need to prove that

Spec (C ®B C) = Spec C' — SpecB
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is exact, or in other words that it is an equalizer diagram.

This is equivalent to the exactness of B — C = C ®p C.

Firstly ¢ : B — C'is faithfully flat (proposition[3.1.7), thus injective (remark
3.1.0).

It just remains to prove that B = ker(C' = C ®p C).

Since it is sufficient to prove this after localizing at primes, and B — C' is
flat and thus locally free, we may assume that C' ~ B" as B-module. But
then C ®@p C' ~ B" ®p B" ~ Mat,(B) as B-module. Moreover the maps
C' = C ®p C maps an element (b;) € C' to the matrices

by - b by -+ b,

Do and DT

b, --- b, by - b,
respectively.
Clearly these are equal if and only if b; = b; for all 7, j, i.e. if and only if
(b;) € B. O
(G4)

Fs preserve the final object.

Obviously S(5) = {s} is a singleton, which is the final object in Set. O

Fs commute with fibered product.

This is just universal property of fibered product. O

(G5)

Fs commutes with finite coproduct.

This is true since an element in F5(X IIY) corresponds biunivocally to a
point z € XIIY (i.e. z € X or z € Y) together with a field inclusion
k(z) — Q. O

Fs commutes with quotients by actions of finite groups.

Consider an étale cover S — S. For any s € S there exists an s € 5
lying over s, hence a finite separable field extension k(s’)/k(s). Then any
geometric point § : Spec{)y — S (i.e. any inclusion k(s) — Qg) lift to a
geometric point § : Spec{ly — S’ (i.e. an inclusion k(s’) — €, extending
k(s) < k(s)).

Moreover we have

Fo(X ®55") = SpecQ x5 (X x5 5") =~ SpecQy x5 X ~ Fy(X).
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Then using proposition [3.2.11] we can reduce to the case where X ~ S™ and
we find

G

Fo(XG) = Fo(S™7) = Fo(S™) = Fo(S)™ = (Fo(S)")" = Fo(SMF = Fo(X)C.

We’re done. N

(G6)

Let u: X — Y be a strict epimorphism. We want to prove that

Fs(u) =uo(—): X(5) = Y(3) is surjective.

In fact take a point in Y'(S), i.e. a point y € Y together with a field inclusion
k(y) < Q. Since strict epimorphisms in Fétg are surjective (lemma[3.2.15)),
there exists © € X such that u(z) = y. For u being unramified, we have a
finite separable field extension k(y) < k(x). Moreover since €, is separably
closed, this extend to an embedding k(x) < €, i.e. a point in X(5).

By construction we have the commutative diagram

Spec g — Speck(z) —— X
Speck(y) —— Y

which means that Spec Q; — Spec k(z) — X maps via Fs(u) to the point in
Y (5) we started with. O

(G7)
Consider a morphism u : Y — X in Fét, such that Fs(u) : F5(Y) — Fs(X)

is an isomorphism.

First we will prove it is surjective.

Using the factorization in (G3) and the fact that F; commute with direct
sum, we see that F5(u) factorizes as

Fs(Y) = Fo(X') = Fo(X) I Fo(X").

Since Fs(u) is surjective, it must be Fs(X") = 0.

We claim that this implies X” = (), and thus u surjective.

In fact if X” # (), the structure morphism X” — S is surjective, thus the
map Fs(X") — Fs(S) is surjective by lemma and (G6). This imply
Fs(X7) # 0.

This proves that u is surjective, thus an étale cover.
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It just remains to prove that [Y : X] =1 (lemma [3.2.10).
It will suffice to prove that for any étale cover X — S we have deg(X —
S) = |]—"§(X)|, since then we would have

deg(X — S) = |Fs(X)| = |Fs(Y)| = deg(Y — 9).

But an element in F5(X) correspond biunivocally to a point x lying over s
and a field inclusion k(z) < Qg extending k(s) < Q. In other word

Fo(X) = H Homy,) (k‘(ﬂ?), QS)'

TS

Now since k(x)/k(s) is finite separable by unramifiedness, we have that
‘Homk(s) (k:(x), QS)‘ = dimys) k().
Thus

| Fo(X)| =Y dimy) k() = tes) (B @4 k(s)) = k(s).

T—S

We’re done. O

3.3 Two arithmetic applications

Since when they were invented étale cohomology and Galois theory for schemes
gave large contribution to many fields of mathematics. One of these is for
sure arithmetic geometry.

To conclude this thesis we want to give two examples to show how the theory
we studied so far applies in arithmetical contexts.

The case S = Speck

The case in which the base scheme is the spectrum of a field is already quite
interesting.

In fact the theory of étale cohomology over Speck is just a geometric refor-
mulation of classical Galois cohomology.

The main reason is that étale k-schemes of finite type are necessairily finite
(by quasi compactness these are disjoint union of finitely many spectrum of
finite field extensions of the base field). This makes things way easier then
in the general case, since all the theory of Galois category may be applied.
A nice consequence of this fact is that the étale topology coincide with the
canonical topology.

First we introduce some notion of modern Galois theory.

The main difference from the classical one is that extensions are allowed to
be infinite. Still the definition of Galois extension adapt easily to this case:
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Definition 3.3.1 An algebraic (non necessarily finite) field extension K/k
is called Galois if KAMWE/R) — |
In this case we write G(K/k) := Aut(K/k) for the Galois group of K/k.

In particular let k£ be a field and fix an algebraic and a separable closure
of k, say B
k/ks/k

We make the following definition.
Definition 3.3.2 We call absolute Galois group of k the group Gy, = Gal(ks/k).

Now write S = Speck, S := Speck and 5: S — S.
The fundamental group of S in 5 is then defined and the following result
holds:

Proposition 3.3.3 m(95,3) ~ Gy

Proof

Rephrasing [definition 2.4.1 we see that Galois objects in Fétg correspond to
separable field extensions K /k such that Aut,(K) act transitively on
Homg(Spec k, X).

This happen if and only if |Auty(K)| = |Homg(Speck, X)| = [K : k]. Hence
Galois object in Fétg are just Galois fields extension in the usual sense.
Now by [proposition 2.5.4] we have m(S,s) =~ liLnG(K/k:) (here G(K/k)

stands for the Galois group of K over k), where the limit runs over all finite
Galois field extensions of k.
We just need to prove that G ~ lim Gal,(K).

%

Consider the natural map
¢: Gy — [[G(E/K)

whose component on the K factor is the restriction Gy, — G(K/k) (we wrote
G(K/k) for Gal(K/k)).

This is well defined: if ¢ € G} then ¢ maps an element in K to a root of
its minimal polynomial over k. But since K is Galois this splits into linear
factor in L, hence o is indeed a k-automorphism of L.

Moreover the image of ¢ is clearly contained in the inverse limit.

We just need to prove that ¢ maps G(K/k) injectively onto h;nG(L/k)
First we prove that ¢ is injective.

Let 0 € G(K/k), 0 # idg, so that o(a) # « for some o € K. But k(«) is
contained in the splitting field of the minimal polynomial for «, say L. This
is a Galois extension and o), # idy. Thus ¢ is injective.
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Finally we prove surjectivity.
Take an element (07) € imG(L/k). Let 0 : K — K be the automorphism
H

sending « to or(«), where L is a finite Galois extension containing a.
Then o is clearly well defined and it clearly maps to (o) via ¢. ]

This fact already suggests that étale cohomology over the spectrum of a
field is just a new insight into classical Galois cohomology.

The next proposition close the loop, showing that the étale topology on
(Spec k)4 is equivalent to the canonical topology on G-mod .

Proposition 3.3.4 F; becomes an equivalence of topologies if we equip Fétg
with the étale topology and (S, s)-FSet with the canonical topology.
In particular (Spec k)¢ is the canonical topology over Spec k.

Proof

We just need to prove that {X; — X} is a covering in Fétg if and only if
{F:(Xi) = Fs(X)} is a covering in (S, s)-FSet.

Since F3 preserve coproduct it suffices to prove that Y — X is surjective in
Fétg if and only if F5(Y) — Fs(X) is surjective.

But this was already proven in |(G6)| and |(G7)| O

Remark 3.3.5 This is not true for a general base scheme S. Nevertheless
it can be shown (|22] II 3.1.2) that coverings in S are universal effectively
surjective (definition 1.5.7). This implies in particular that the étale topology
is coarser than the canonical topology, which means that all representable
presheaves are sheaves.

From the previous proposition, together with remark 1.6.4) we obtain
equivalences of categories

S(ets) = S(75) — G-mod.

We can obtain an explicit form for this functor.
Recall from the proof of proposition 1.6.3|that S(75) —G-mod is the functor

F — lim Z(G/H),
—

the limit taken over the open normal subgroup of G.

But the quotients G/ H corresponds to group of automorphisms of some finite
Galois extension K /k, which correspond via the eqivalence étg —G-Set to
Spec K.

Hence we obtain for the functor S (éts) —G-mod the formula
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F — lim .# (Spec K).
H

the limit taken over the finite Galois extension of k.
This means that any abelian sheaf on (Spec k)e; is represented by lim .7 (Spec K).
H

As a last remark we point out what this imply at the level of cohomology.
Since Speck is sent to a singleton e by the equivalence S —Gj-mod , the
section functor I'gpec ), identifies with the functor T'.

Then we have O-functorial isomorphisms

H{ (Speck, #) ~ H(G, li_rr>1 F (Spec K)).

where the right hand side represent Galois cohomology of k (see the discus-
sion at the end of section 1.6)).

Moreover it can be shown ([29]) that every profinite group arises as a Galois
group of some field extension. This means that the theory of étale sheaves
over the spectrum of a field is equivalent to the theory of modules over profi-
nite groups.

This is a great result, cause it gives a dictionary among three different
ambit: the first one is étale cohomology over the spectrum of a field; the
second one is Galois cohomology; the third one is cohomology theory for
modules over profinite groups.

This is an example of how modern algebraic geometry bridges the gap among
three different sphere of mathematics: geometry, arithmetic and algebra.

Hilbert theorem 90

In this last section we want to give another example of how étale cohomol-
ogy gives a new insight into arithmetic problems. We will give a geometric
interpretation to a classical theorem, Hilbert theorem 90.

In its classical form the theorem states what follows:

Theorem 3.3.6 (Hilbert theorem 90, arithmetic version)
Let K/k be a cyclic extension of fields (i.e. a Galois extensions with cyclic

Galois group) and let x € K be an element of norm 1.
Then x = y/qgy for some y € L and g € Gal(K/k).

78



The theorem was already generalized and stated in cohomological terms
by saying that
HY(G,K*)=0.

To see that this implies theorem 90 in its classical form, recover the de-
scription of H'(G, K*) by means of co-cycles.
With this set-up it is the quotient of the group of 1-cocycles (i.e. maps
f: G — K* such that f(gh) = gf(h)+ f(g) for all g,h € G) over the group
of 1-coboundaries (i.e. maps of the form [¢ — z7g(z)] : G — K*).
Now if G = (g) is a cyclic group it’s not difficult to see that a 1-cocycle is
uniquely determined by the image of g, which has to be an element » € K*
having norm 1.
Hence the map f : g — z determines a 1-cocycle and since H'(G, K*) = 0
it has to be a 1-coboundary too. This means that f(g) = z = y~'g(y) for
some y € L™, which is indeed Hilbert theorem 90.

In the language of the previous section, this means that if S = Speck
then
H; (S, Gys) =0

where G,, s is the étale sheaf [X — S] — I'(X, Ox)*.

We will generalize this result even further:

Theorem 3.3.7 (Hilbert theorem 90, geometric version)
There is an isomorphism

H}, (S, Gun,s) =~ Pic(S)
where Pic(S) is the group of invertible (i.e. locally free of rank 1) Og-modules.
Remark 3.3.8 This indeed generalizes the arithmetic version of the theo-

rem. In fact Pic(Spec A) = 0 for any local ring A (since by [proposition 3.1.9|
locally free = free for modules over local rings).

First we shall briefly recall some basic facts about spectral sequences,
which are a central tool in computing cohomology groups.
For the proofs of the theorems we refer to section 5 of [30].

Definition 3.3.9 A cohomology spectral sequence in an abelian category
C consists of
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a) objects EP1 € C for all (p,q) € Z X Z and r > 2;

b) morphisms (called differentials) dP? : EP? — EPT™=+1 sych that dP? o
d];—&-r,q—r—i—l — 07.

¢) isomorphisms af? : ker(dr?) /im(dP~ 9t 1) o B
We will denote this with (E*9,dP7).

The spectral sequence we are interested in satisfies the following addi-
tional condition:

Definition 3.3.10 We call (E??, dP?) a first quadrant cohomology spectral

r rr

sequence if ES" =0 for all p <0 and q < 0.

Remark 3.3.11 If this happen then we readily see using condition ¢) that
Ert =0 forall p<0,¢g<0andr>2.

Then for fixed p,q € Z we see that for sufficiently large r the differentials
dP? and dP~"9t"1 are the zero morphisms (they land and start in the fourth
and second quadrant respectively). Hence using again condition ¢) we obtain
that £P? ~ E?Y, for sufficiently large 7.

We call these limit terms of the spectral sequence and denote them with
Ere.

The most interesting spectral sequences are the converging one.
First we need to introduce the notion of filtration of an object:

Definition 3.3.12 Given an object A in an abelian category C we call (de-
creasing) filtration of A a family (FP(A))pEZ of subobjects of A such that
FPHL(A) C FP(A)Vp e Z.

We say that the filtration is finite if FN(A) = 0 and F"(A) = A for N big
enough and n small enough.

Definition 3.3.13 We say that a cohomology spectral sequence converges
if we are given:

d) objects (E™)nez together with finite decreasing filtrations FP(E™)
e) isomorphisms (P4 : EP4 ~ FP(EPYe)/FPHL(Erta)
In this case we will write EY! —> EPT4.

We states now some important results:
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Proposition 3.3.14 (Edge morphisms)
For any convergent first-quadrant cohomology spectral sequence EY! —
EP*4 there exist the so-called edge morphisms
n,0 n
ont By” — B
{zpn  EM — YT
Proposition 3.3.15 (Exact sequence of low-degree terms)

With the same hypothesis as before, the edge morphisms fit in an exact se-
quence

401
0 E21,0 ®1 El 1 E(2J,1 2 E22’0 P2 2

which 1s called exact sequence of low-degree terms or five terms exact
sequence.

With some further assumption we can ensure some edge morphism to be
isomorphisms:

Proposition 3.3.16 With the same hypothesis as before, assume further-
more that EP? for all 0 < g < n (respectively 0 < p < n).

Then the edge morphisms @, : B3 — E™ (respectively E™ — ES™) are
isomorphisms for all m < n.

In particular if n = 1 the spectral sequence is called trivial and ¢, (respec-

tively ¥, ) is an isomorphism for all m.

Finally the next theorem gives a procedure to construct an important
type of spectral sequence:

Theorem 3.3.17 Consider abelian categories C,C" and C" and right exact
additive functors F :C — C' and G : C' — C".

Moreover assume that C and C' have enough injective objects and that F maps
injective objects to G-acyclic object (i.e. objects annihilated by RIG).

Then for each object A € C there is a convergent first-quadrant cohomology
spectral sequence

RPG(RQF(A)) = RPFY(Go F)(A).
This theorem is a central tool for computing cohomology groups.

We give some examples to illustrate how.

Example 3.3.18 Let (C,T) be a site and i be the inclusion S(7) — P(T),
which is left exact by [proposition 1.3.1}
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Denote by HY the right derived functors R%:.

Recall that we have defined in a functor (=)' : P(T) — P(T),
which applied twice is left adjoint to .

We will use the formalism of spectral sequences to show that H4(.%)! = 0 for

all sheaves .# and for all ¢ > 0.

First note that by [proposition 1.2.5|it is actually enough to show that HI(.7)# :=
(He(Z)) = 0.

Now consider the factorization of the identical functor ids(7) given by

S(T) 5 P(T) 5 S(T).

Since sheafification is an exact functor (see fcorollary 1.2.8), every presheaf is
#-acyclic.

Hence the hypothesis of [theorem 3.3.17] are fulfilled and for all sheaf . we
obtain a spectral sequence

RP#(HU(F)) = RPM(idsr).

For # being exact we have RP# = 0Vp > 0 and we obtain by
3.3.16| that the edge morphisms

Ri(ids)(F) = HI(F)*
are isomorphisms for all ¢ > 0.

But the identical functor is clearly exact, thus R?(idsr)) = 0.
We're done.

Example 3.3.19 (the spectral sequence for Cech cohomology)
In this example we investigate the relation between cohomology of sheaves
and Cech cohomology. In particular we will show that:

o H'(U,Z) ~ H\(U, Z);
o H*(U,.F) — H*(U, ).

Recall that in we defined the Cech cohomology groups ! =
HY(U,.7) for a presheaf .# on a site T (remark 1.2.3).

Moreover we observed that if .% is a sheaf then HO(U, %) ~ .Z(U).
Hence the section functor I'y : S(7) — Ab factorizes as

S(T) == P(7) 2% Ab,

Here i : S(T) — P(T) is the inclusion, which is right adjoint to an ex-
act functor (see again [section 1.2 in particular [corollary 1.2.8]). Hence it
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preserves injective objects, and in particular it maps injective objects to
H°(U, —)-acyclic objects.

Thus the hypothesis of theorem 3.3.17 are fulfilled and we get for each U € T
a spectral sequences

o°(U,HY(F)) = H'(U, 7).
The corresponding exact sequence of low-degree terms is
0— H'(U,7)— HU,Z) - H (U H(F)) - H* (U, F) — H*(U, 7).

But the previous example shows us that I:IO(—, Hl(ﬁ)) =HYZ) =0.
The thesis follows at once.

Example 3.3.20 (Leray spectral sequence)

In this example we show how spectral sequences may be used to compare low
degree cohomology groups on different sites.

Let f: (C',7") — (C,T) be a morphism of sites with underlying functor
F:C—/C.

Then there is a functor f, : S(T') — S(T) (see which is easily
seen to be left exact.

Next consider a category C” consisting of a single object o and a single arrow
1,; denote with 7" the unique possible structure of site on it.

Then for any fixed U € C there is a continuous functor G : C” — C mapping
o to U. Denote with g : (C,T) — (C",T") the corresponding morphism of
sites.

It is easy to see that the category of sheaves over 7" is equivalent to the
category of abelian groups, and the functor g, : S(7) — S(T") identifies
with I'y under this equivalece.

Moreover one can prove (see [22], chapter I, (3.7.1)) that f, maps injective
sheaves to g.-acyclic objects.

Hence we have functors

S(T) L5 S(T) 25 Ab

satisfying the hypothesis of theorem [theorem 3.3.17 and for each sheaf %’
on T’ we obtain a spectral sequence

HY(U,Rf.(F)) = H""(F(U), 7).
Its exact sequence of low-degree terms is
0— H'(U, f(F) = H(FU),F') — -
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= RY(F)U) = HA (U, f(F")) — HX(F(U), F')

and it is a useful tool to compare the first cohomology groups of .#’ and

o (F).

Now fix a scheme S. If in the last example we define f to be the natural
morphism of sites Sy — Szar we get the following:

Proposition 3.3.21 For any sheaf F € S(S¢) there is a convergent first-
quadrant cohomology spectral sequence

HY (S, RIf(F)) = HLY(S,F).

This spectral sequence is a central tool for comparing the Zariski and
Etale cohomology groups.

Next we will define a particular abelian sheaf on Sg, namely the sheaf
of invertible elements.
Let G,,, s be the sheaf on S¢; represented by the S-scheme

Spec Z[T, Tﬁl] XSpecZ S

(this is in fact a sheaf by remark 3.3.5)). Notice that

Gom.5(X) = Homg (X, Spec Z[T, T~ ] Xspecz )
= Homg (X, Spec ZI[T, Tﬁl])
= Hompng (Z[T, T7'],T(X, Ox))
=T'(X,0x)"

Hence G,, s associates to each étale S-scheme X the multiplicative group of
invertible elements in I'(X, Ox).

The following classical result about the first Zariski cohomology group of
Gy s holds:

Proposition 3.3.22 Denote with OF the Zariski sheaf
[U — I'(U,Os)*] : Szar — Ab.

Then
HL,,(5,0%) = Pic(S).
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Proof (sketch)
By lexample 3.3.19| we know that

Hy, (S,0%) ~ Hy, (S,05) =lim H' (U, OF).

Zar
u

Now recall (see remark 1.2.3)) that H'({U; = U}er, O%) may be described

as the first cohomology group of the complex

0—JJosw) —[[oswinuy) = [[OsWUinU;NUL) — -+ .

i?-j i7j7h

Now consider an invertible Og-module .2 and a trivializing cover {U; C U}.
Then we have isomorphisms ¢; : Os(U;) — Z|u,.

By restricting them on double intersections we get isomorphisms of Og(U; N
Uj)-modules @' o ¢; : Os(U; NU;) — Og(U; N Uj). Being isomorphisms
between free modules of rank 1, these are given by multiplication by an
element s;; € Og(U; N U;).

One can check (using the cocycle condition on triple intersection) that (s;;); ;
is a Cech cocycle and hence it represent an element in

114,,(5.0%) = lim H' (U, 05).

We have thus defined a map Pic(S) — Hyj, (S, 0%) and this can be proved
to be an isomorphism (see [10] 5.4.7 for details ). O

Finally the proof heavily relies on a descent argument, which we shall
briefly explain. We refer to [I3] for a treatment about descent theory (in the
affine case).

Let A — B be faithfully flat, M be an A-module and M’ := B ®4 M.
Then we have an isomorphism

¢: M @4 B— By M
bRz)V —bx (V' ® 1)
Conversely, under some assumption, a pair (M’ ¢) as above arises in this
way.
Precisely consider a B-module M’ and a B ® 4 B-module isomorphism
O: M @R, B— B4 M.
Define maps
¢r:BRaAM @4B — BRaB®aM
¢Go: M @4 By B— B®yB®sg M
¢3: M @4 By B— By M ®4 B
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by tensoring ¢ with 15 : B — B respectively on the first, second and third
factor.
Then we have the following result:

Lemma 3.3.23 If ¢ = ¢1¢3 then the pair (M',¢) arises as we described
above.

Precisely M' ~ B4 M for some A-module M and ¢ identifies with the map
boz)RV = b (V@)

Proof
See [13] 1T §8 or [18] I 2.21. .

We are ready to prove ftheorem 3.3.7

Proof of theorem 3.3.7| (sketch)
The exact sequence of low-degree terms (proposition 3.3.15) of the Leray
spectral sequence for G,, ¢ (proposition 3.3.21)) starts with

0= Hyo(X, f:Gyps) = HY(S,Gs) = Hpo (X, R f.Gpg) — -+

Clearly f.G,,s = O%, hence by [proposition 3.3.22| we just need to prove the
following lemma:

Lemma 3.3.24
le*Gm,S = 0.

Proof (sketch)
First of all we claim that R! f+Gp, s is the Zariski sheaf associated to the
Zariski presheaf

U H (U Gps).

This follows by a more general fact which proof relies on homological algebra
formalism:

Consider for all ¢ > 0 the functor h? : S(S¢) — S(Szar) Which associates
to an étale sheaf .# the Zariski sheaf associated to the Zariski presheaf
U — Hgt(U, Z). One can prove that the h? define a collection of univer-
sal cohomological O-functors (see [18] TIT 1.13 for details). But h° is just
fe 0 S(Sst) = S(Szar) hence we find that h? ~ RIf,.

Moreover it is not difficult to see that H}, (U, Gy, 5) = H}, (U, Gmy) (see [22]
IT 1.4.9 for details).

Since open affine subschemes form a base for the Zariski topology, we may
assume that U is affine and by passing to the stalks we may assume that it
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is the spectrum of a local ring.
Using the result of [example 3.3.19| we see that

H,(U,Gpy) =~ H(U,Gpp) = lim H' ({U; = U}, Gnp)

where the limits runs over all étale coverings.
But U is affine, thus quasi compact, and the morphisms U; — U are open
. Hence every such covering may be refined to a finite covering
consisting of affine schemes and we can compute the limit over this family of
covering.
Moreover H'({U; = U}, Gyp) = H'({LIU; = U}, Gy, i) hence we finally
find

Hy(U,Gpy) ~lim H' ({V = U}, Gpp),

%

where the limit now runs through all surjective affine étale morphisms.
The following proposition concludes the proof:

Proposition 3.3.25 Let A be a local ring and let V = SpecB — U =
Spec A be a faithfully flat morphism.
Then H'({V — U},Gp) = 0.

Proof

Recall the description of H'({V — U}, G,, ) = 0 given in and
take a 1-cocycle H*({V = U}, G,, ) = 0.

This is an element b € (B ®4 B)*, which give rise by multiplication to
an isomorphism ¢ : B®4 B — B ®4 B. Moreover the cocycle condition
immediately translate into the descent condition of

Hence B seen as a B-module arise by extension of scalars, which means there
exists an A-module M such that B®4 M ~ B.

Now B is faithfully flat, hence M must be a flat A-module (remark 3.1.8)).
But then, for A being local, M is a free A-module (proposition 3.1.9) of rank
1, i.e M ~ A as A-module.

Now this translates into the fact that b is a coboundary.

For details and the proof of an even more general result see [18] III 4.10.
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