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ABSTRACT

We illustrate two recent results on the Abraham-Lorentz—Dirac equation, which
describes the selfinteraction of a classical charged particle with the electromag-
netic field in the nonrelativistic approximation. Namely: 1. the series expan-
sions, which are usually given for the solutions in terms of the electric charge,
in general are divergent and have asymptotic character; 2. In the scattering by
a potential barrier the nonrunaway solutions are not uniquely defined by the
initial position and velocity of the particle, and an unlimited number of solution
occur; this phenomenon turns out to have some resemblance to to tunnel effect.

1. Introduction. The researches on classical electrodynamics received a new
emphasis in recent years. One of the reasons is the explosion of mathematical results in
the theory of classical dynamical systems (ordered and chaotic motions, and so on), which
led to the realization that the mathematical possibilities offered by classical physics were
not completely exploited up to now. This in turn seems to sustain the hope that some
new insights might thus be offered in allowing to understand some difficulties of principle
occurring in quantum mechanics and in quantum field theory. An opinion of this type
was expressed several times by Dirac, and also by Haag[!: indeed, in the introduction
to his famous work on the selfinteraction of the electron the latter author says: “ This
often discussed subject will be here reconsidered in light of the difficulties of quantum
field theory”. Now, to such an elevated motivation there didn’t follow in fact any really
relevant result. This notwithstanding, as other researchers we continued to delve in this
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subject, and present here some recent modest results of ours. More precisely, we leave
apart 1) some researches we are doing on the wavelike properties of classical charged
particles, which are induced by the wave properties of the field accompanying the particles;
2) some results on the rigorous deduction of the Abraham-Lorentz-Dirac equation from
the complete Maxwell-Lorentz system describing the interaction of a particle and the
electromagnetic field, obtained by our friends Bambusi and Noja [?!, a characterization of
the electromagnetic field dragged along by a particle in generic motion, which generalizes
the well known prescription of Kramers-Pauli-Fierz and was given recently by A. Carati
3] and 3) a discussion of the equipartition problem in classical mechanics in light of the
recent progress in classical perturbation theory.[* We instead concentrate our attention
on two particular facts related to the Abraham-Lorentz—Dirac equation, namely: a)
the divergence of the perturbative series usually considered for its solutions, and b) the
description of a related phenomenon having some resemblance to the tunnel effect (or
rather the so—called weak reflection effect).

2. Main facts about the Abraham—Lorentz—Dirac equation. The equation
under discussion is that of Abraham-Lorentz—Dirac for a point electron, which we consider
for simplicity’s sake in the nonrelativistic approximation, namely

=%~ —F(x); (1)

here x is the position vector of the electron and m its (renormalized) mass, F(x) is an
external force field, and
2 e? (2)
€E=-—=
3 me3

is the “small parameter”, e and c being the electron charge and the velocity of light.
Equation (1) is an ordinary differential equation in the “extended phase space” x, x, X,
which for € = 0 reduces to the “mechanical equation” mx = F(x) in the “ordinary or
mechanical phase space” x, x, thus losing one order of differentiation. Problems related to
equations with such a property, named singular perturbation problems, lead in general to
asymptotic expansions about € = 0; this is well known to researchers in fluid dynamics, in
many subjects of applied mathematics, and also in quantum electrodynamics, but strangely
enough was apparently not stressed by researchers in classical electrodynamics.*

For eq. (1), conditions of a Cauchy type, which assign position, velocity and accel-
eration at one time, give as usual existence, uniqueness, and continuity with respect to
initial data and to the parameter €, for € # 0. However, as first apparently pointed out by
Dirac[®10 it occurs that for generic initial data the solutions have a runaway character,
i.e. have the property that the acceleration a diverges. For example, for the free particle
the equation reduces to ea = a, which gives a(t) = agexp(t/€). This fact can be seen in

* For the series expansions occurring in quantum electrodynamics, which in general are
expected to be divergent and (at most) of asymptotic type, see [5], [6] page 84, and [7]
chapter 37. For the series of classical electrodynamics one can instead find statements
suggesting a possible analytic character (see [8] page 362).
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a particularly perspicuous way, in the general case, if one takes the point of view of the
qualitative theory of dynamical systems. Considering for simplicity the case of one degree
of freedom, equation (1) can be written in the form

t=v, v=a, d:%(a—F(a:)/m).

So, in the extended phase space z, v, a, outside a “small” layer about the “slow manifold”
defined by a — F'(x)/m = 0 the vector field defining the differential equation is “practically
infinite” and essentially parallel to the a—axis, being directed away from the slow manifold.
Thus, with a by now standard terminology, the existence of runaways is described by simply
saying that for the Abraham-Lorentz-Dirac equation the “fast foliation” is parallel to the
acceleration and away from the slow manifold.

Now, the generic appearence of runaways does not exclude the possibility of excep-
tional solutions with bounded acceleration, and the proposal of Dirac was just to add such a
requirement on the solutions. In particular, for scattering problems nonrunaway solutions
of (1) are selected by imposing subsidiary conditions of mixed type, namely conditions of
ordinary Cauchy type for position and velocity (so defining a unique solution for the cor-
responding “reduced” or “mechanical” problem mx = F(x)), and an asymptotic outgoing
condition for the acceleration, precisely x(¢) — 0 for ¢ — +o00. From the mathematical
point of view, the condition of Dirac, together with conditions of a Cauchy type on the
initial position and velocity, leads to a problem of Sturm-Liouville type, which in general
might admit no solution. However, with ordinary potentials vanishing at infinity the re-
duced mechanical problem does admit scattering states for suitable initial data, and so the
same might be expected to hold also for the Lorentz-Dirac equation (1) with subsidiary
conditions of Dirac type, at least for suitable initial data. For example, for the free particle
this occurs for ag = 0.

3. The series expansion: its divergence and asymptotic character.

Let us assume the existence of solutions x(¢, €) of the Abraham—Lorentz—Dirac equa-
tion satisfying the Dirac outgoing condition, and discuss the character of the corresponding
series expansions in e. If the force field F(x) is analytic, the solutions x(¢, €) are analytic
in ¢, and also in € for € # 0; the problem at hand is then just the analyticity in € at € = 0.
Furthermore, we will consider solutions x(t, €) having at least a singularity in the complex
t plane, which is clearly the generic situation for a nonlinear force field F(x).

The series expansion in € for the solution x(t, €) is usually defined through an expansion
for the corresponding acceleration x. This is given in the form

N
mk(t,€) = Y  DIF(x(t,€))e” + Ru(t,€) , (3)
n=0
where we have denoted D} = %, and remainder
+oco
Ry (t,e) = Nt / e "D LA F(x(t + eu,€)) du (4)
0
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A simple deduction is the following one: by the variation of constants formula, the Lorentz—
Dirac equation (1) with the outgoing irac condition is rewritten in the integro—differential
form

+00 o (t—5)/e
m(t, €) = / — F(x(s,0)ds
t
and then N repeated integrations by parts are performed.
The fact that the expansion (3) diverges for any € # 0, as N — oo, is an immediate
consequence of the assumed existence of a singularity in ¢ for the solution x(t,€). Indeed,
consider the Taylor expansion of F(x(t, €)) about ¢,

oo

F(x(t + s,¢)) = Z Z_T:DQF(x(t, €))

n=0

and use the obvious inequality |s|"/n! < |e|™, which holds for any ¢ # 0 and for any
s, for large enough n; thus the convergence of the series expansion (3) for any e would
imply F(x(t + s,€)) to be an entire function of s, against the assumption that x(¢,¢) has
a singularity in the complex ¢ plane.

The discussion about the asymptotic character of the expansion (3)—( ?7) is a little
more delicate. We recall that a series is said to be asymptotic if, for all fixed N, one
has |[Ry|/eY — 0 as € — 0. So, preliminarly, since the series is associated to any given
solution x(t,€), one has to define which family of solutions depending on € is considered:
the natural choice is just to keep fixed the initial data xg, X¢ in the mechanical phase
space.

From the expression (4) of the remainder it is clear that, in order to prove the asymp-
totic character of the series, one has to give a bound for all derivatives Dfx(t,¢) , forn > 1
and all t. An useful control is provided by the assumed singularity of the solution x(t, )
in the variable ¢, making use of the Cauchy estimate

n!
d(t,e)n’

[DYF(x(t,€))| < F(t,€)

here d(t, €) is for example half the distance of ¢ from the nearest singularity of x(¢, ¢), and
F(t,e) = sup |F(x(z,¢)| for |z —t| < d(t,€). This gives immediately the uniform bound

By.9] < 70 % , (5)

where 7(€) is half the amplitude of the analyticity strip of the solution in the complex
t plane, and F(e) = sup F(t,¢) for all real t. So we conclude that the divergent series
expansion for the given family of solutions is asymptotic if 7 > 0, where 7 = inf.5o 7(€).

4. Motions of mechanical type and of nonmechanical type. It is well known
that, for any fixed €, the divergence of a series ) |, c,€™ representing asymptotically a given
function does not imply at all that the series be useless. Rather, the expansion can provide
a good estimate of the function by just a truncation to an optimal order Ny, defined by
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the property that the modulus of the remainder has thereby a minimum; moreover, the
remainder usually turns out to be exponentially small with 1/¢, if Nopt > 0.

In our case, with the estimate for the remainder given above, one immediately finds
Nopt(€) = [7(€)/€], where [-] denotes integer part. Thus the situation strongly depends
on the value of 7(¢)/e. Indeed, if such a ratio is larger than 1 one has Ny, > 0, and
correspondingly the remainder turns out to have an exponentially small estimate; precisely
one easily finds

RN, (€)] < Clr(e) fe] T2 F (e)e™ T/,

with a suitable constant C. Instead, if the ratio is smaller than 1 one has Ny, = 0, and the
estimate for the remainder just reduces to that given by (5) evaluated for N = 0, namely

which is not “small”, because % is then larger than 1.

So we see that the usefulness of the series depends on the value of 7(€)/e, which is
characteristic for any given solution x(¢, €) at any given value of e. If 7(€) /e > 1, from the
asymptotic expansion of x(Z, €) one can extract a partial sum which is a small perturbation
of the solution of the corresponding mechanical problem (i.e. that obtained for ¢ = 0).
This means that the solution x(t, €) is qualitatively similar to the corresponding mechanical
one, or is, as one can say, of “mechanical type”. But a radically different situation occurs
if 7(€)/e < 1, because the expansion becomes then useless, the remainder being no more
small. However, this doesn’t mean anything special for the solution x(¢, €) of the complete
equation, apart from the fact that it is no more a perturbation of the solution of the purely
mechanical equation; in such a case we say that the solution is of “nonmechanical type”. In
this sense we say that the Abraham—Lorentz—Dirac equation, which takes into account the
interaction of a charged particle with “its own” field, should admit solutions of two kinds:
those qualitatively similar to purely mechanical ones, and those qualitatively dissimilar.
The difference depends on the value of the ratio 7(e¢)/e being greater or smaller than 1,
where 7(¢) is the amplitude of the analyticity strip of the solution in the complex t plane.

In the paper [11] it was given an a priori estimate for deciding when motions of non
mechanical type can be expected for a scattering problem with an external force due to an
attractive Coulomb potential. The result is that nonmechanical motions are to be expected
if the angular momentum [ is lower than a critical value I given by

[=62% 3¢ ,

c
where Z is the atomic number. So, such an estimated threshold of angular momentum
is of the the order of e2/c, which, as a first approximation in the spirit of perturbation
theory, might be considered to be non extremely dissimilar from that of Planck’s constant
fi ~ 137 €2 /c. Some speculations were also added about a possible physical interpretation
of the threshold as giving a frequency cutoff in the radiated spectrum, comparing it with
the Duane-Hunt law and the de Broglie relation.
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5. The problem of the multiple solutions of the Abraham—Lorentz—Dirac
equation The uniqueness problem for the nonrunaway (or physical) solutions of the
Abraham-Lorentz—Dirac equation can be formulated in the following way. Given an initial
datum (xg,vp) in the mechanical phase space, one asks whether there exists a value ag
of the acceleration such that the corresponding initial datum (xg, v, ap) in the extended
phase space gives rise to a motion x(t) satisfying the Dirac prescription a(t) — 0 for
t — +o0o. Notice that neither existence nor uniqueness is obvious, because this somehow
resembles a problem of Sturm—Liouville type. In connection with the discussion made
above, one should expect that for small € one is confronted with solutions of mechanical
type, so that existence and uniqueness should occur, while something new could occur for
large €, where there might exist solutions of nonmechanical type. We will discuss below
how it occurred to us to exhibit a generic mechanism causing nonuniqueness for scattering
by barriers at large enough e.

From the historical point of view the situation is however rather curious. Indeed, we
were mainly referring to a review article by Plass, ['?] to the book o Rohrlich '3 and to the
mathematical paper of Hale and Stokes, [ all written in the years 1960-1965. Now, in
the paper of Hale and Stokes existence was proven, while the uniqueness problem was left
open. On the other hand, through a review article by Erber (see [15], pag. 355) we found
that very particular cases of nonuniqueness were already known. Everything goes back to
Bopp who, in his beautiful paper [1¢! of the year 1943, in the middle of a discussion of a very
general type, solved a very particular example (one-dimensional scattering by a potential
step), showing that there exist cases with two solutions corresponding to the same initial
mechanical data (position and velocity), one solution corresponding to reflection and the
other to transmission. A little variant of that example (a potential step increasing linearly
between the two constant values) was studied by R. Haag[!! in the year 1955, who showed
in particular that nonuniqueness would occur only if the steepness were large enough. By
the way, a gneral mathematical discussion of a very interesting character for the Abraham—
Lorentz—Dirac equation is also given there. The same result of Bopp, namely existence of
two solutions for a one—dimensional potential step, but for the relativistic Dirac equation,
was rediscovered in the year 1976 by Baylis and Huschilt,'”) apparently unaware of the
previous works of Bopp and Haag. All such examples were studied by the quoted authors
in a very elementary way, suited to the particularly simple cases considerd. The thesis
maintained by Erber is that, among the two “Dirac—type solutions” of Bopp and Haag,
by some other physical reason only one should be retained and the other discarded. This
has some analogy with an old point of view. Indeed, in discussing the problem of how to
eliminate the runaways, it was suggested by Bhabbal'®l and Rohrlich '] that one should
use the “physical requirement that in the limit e — 0 the trajectory of a charged particle
should have a limit and that this limit be the trajectory of a corresponding neutral particle
(Principle of undetectability of small charges)’ (see [8], page 347; for related problems,
see also [20,21]). Now, this just corresponds, in our terms, to eliminating the solutions
which we have called of nonmechanical type, by presuming them to be by some reason
“unphysical”. On the other hand, we are suggesting that such solutions should just be
considered on the same footing as the other ones, so that some new interpretation is
required.



The phenomenon of nonuniqueness can be described geometrically in the following
way. Consider the subset of the extended phase space corresponding to motions satisfying
the Dirac condition, and call it the “physical (or Dirac) manifold”: uniqueness would
correspond to the physical manifold being a graph, say a = g(x, v), while nonuniqueness
means that it is folded; we will indeed show that it has in general infinitely many foldings.
Moreover, it will turn out that, in the case of scattering by a barrier, the initial data
belonging to different branches of the folded physical manifold and having the same position
and velocity give rise alternatively to motions of mechanical and of nonmechanical type,
which are transmitted and reflected respectively.

5. Explanation of the uniqueness property for a one—dimensional barrier
by qualitative arguments. The nonuniqueness property for scattering by a generic
one—dimensional barrier was discussed in ref. [22]; some numerical integrations of the
equations of motion were first reported, and an explanation was then given in terms of
qualitative arguments, typical of the modern theory of dynamical systems. We report here
briefly on the qualitative explanation. Everything can be understood by making reference
to the particularly simple case of a force vanishing outside a compact domain and linear
inside it; consider for example the case with potential energy V(z) given by

Vz)=1-2% for |z|<1, V(z)=0 for |z[]>1,

with continuity conditions for the acceleration at the points x = +1. Indeed, by general
arguments (i.e. the so called stable manifold theorem), the qualitative results can then be
transported to the case of a generic smooth barrier having a single maximum.

Take any initial datum z( in the extended phase space with coordinates z = (z, v, a),
in the region with vanishing force, for definiteness with xy < 1. Thus the particle will
proceed by the well known solution of the free particle problem and, depending on vy and
agp, some solutions will be able to reach the point x = —1. Then one has to solve the linear
problem z = Az where A is the 3 by 3 matrix

0 1 0
A= 0 0 1
—2/e 0 1/e

The eigenvalues of A turn out to be real for small €, while an interesting bifurcation occurs
at € = 1/2/27, because for larger values of € the matrix A has a real negative eigenvalue
and two complex conjugate eigenvalues with positive real part. So, in the case of “large
€’ to which we now concentrate our attention, for the corresponding linear system the
phase space turns out to be the direct sum of a one dimensional “stable linear space” E®
(corresponding to the real negative eigenvalue) and a two dimensional “unstable linear
space” EY, the restriction of the system to E" being an unstable focus. The dispositions
of such linear spaces are easily determined; to fix ideas, for e = 1 one has the eigenvalue —1
with eigenvector (1,—1,1) and the eigenvalues 1 + ¢ with eigenspace spanned by (1,1,0)
and (0,1,2). Now the exceptional solution which at z = —1 hits exactly the point of
intersection with the straight line E® will tend to the origin (which corresponds to the
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maximum of the potential) in an infinite time (case of the separatrix). But consider now
any other solution coming from left. By linearity, it will have a component tending to the
origin and another component spiraling out. Thus there exists a certain time at which it
will reach either the plane x = —1 or the plane x = 1, and after such a time it will become
a solution of the free particle problem again. So we have now to impose the limiting Dirac
condition, which in this simple case reduces to a = 0. In other terms, the Dirac or physical
solutions will be the exceptional ones which, by spiraling around the separatrix, will reach

one of the planes x = —1, x = 1 exactly with a = 0; the first ones will be reflected solutions,
and the other ones transmitted solutions. Among the solutions of the free particle problem
reaching the plane x = —1 from left, those nearer and nearer to the point corresponding to

the separatrix will perform a larger and larger number of turns before reaching again one
of the planes with |z| = 1, and so there exist motions making any number of turns. In such
a way the surface of the physical solutions (i.e. satysfying the Dirac condition a(t) — 0
for t — +o00) will be folded, and with infinitely many foldings; moreover, to the “branch”
related to a number n of turns, for a given initial mechanical state there will correspond
both one reflected and one transmitted solution.

6. Analogy with the weak reflection effect, and further comments. The
nonuniqueness property described above appears certainly mathematically interesting, be-
cause it has some similarity with the weak reflection effect of quantum mechanics, according
to which a particle with energy slightly larger that the maximum of the barrier can be
either transmitted or reflected by the barrier. In our case, we find that there exists an
energy strip, about a value slightly above the maximum of the barrier, such that for any
value of the energy in the strip there exist both transmitted and reflected motions; more-
over, for € large enough the energy strip turns out to extend up to values relevantly lower
than the maximum of the barrier, so that one has even an effect which is similar to the
tunnel effect.

This is the similarity. But the difference comes about because the width of the strip
is too small for physical values of the parameters. Indeed, the effective “small parameter”

in the problem is a pure number that is obtained just by a rescaling, namely the number
¢’ defined by

o €
VmL2[Vy '

where m is the mass of the particle, L a typical length of the potential and V; the height
of the barrier. By considering typical cases of physical interest, such as that of the alpha—
decay, one finds for €’ values of the order of 1074, in place of values of the order 1 which
are required to exhibit the nonuniqueness phenomenon.

So, from this point of view the phenomenon described above appears to lack of physical
interest. We believe however that it has some interest, because it appears to show that
classical physics presents a richness of behaviours that were unexpected. In particular,
it is now clear that classical electrodynamics for point particles requires intrinsically the
introduction of some probabilistic notions, just in order to control the new parameters
(here, the initial acceleration), which are needed in addition to the purely mechanical
ones, in order to lead to deterministic motions. We hope that the peculiar character of
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this new example might prove useful in giving a concrete support to the general discussions
of the hidden parameters for quantum mechanics.
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