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We describe the dynamics of tripartite state mapping and entanglement transfer from qubit-like
radiation states to two-level atoms via optical cavity modes. When the entangled radiation is
carried to the cavities by single-mode fibers, optimal pure and mixed state transfer is predicted
for perfect mirror transmittance, and entanglement sudden death (and birth) is demonstrated
for Werner input states. The general case of multi-mode fiber coupling is also discussed. The
dynamics is finally investigated under various dissipative effects.
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1. Introduction

The quantum correlations identified by entanglement are the key resources for sev-
eral protocols of quantum information (QI) processing,' as for example teleporta-
2 cryptography® and enhanced measurements.* As a matter of fact, optical
systems have been a privileged framework for encoding and manipulating quantum

tion,

information, since bipartite and multipartite entanglement may be effectively gen-
erated either in the discrete or continuous variable regime. On the other hand, the
development of QI also requires localized registers, e.g. for the storage of entangle-
ment in quantum memories. Cavity quantum electrodynamics (CQED)® is a relevant
scenario for this kind of investigations.

The general problem of transferring entanglement from bosonic systems to loca-
lized qubits for bipartite systems was recently addressed® also in the presence of some
dissipative effects. In the framework of CQED the Hamiltonian description of
entanglement exchange from radiation to two-level atoms was theoretically investi-
gated” and the effect of cavity mode decay was numerically analyzed.® The literature
also provides examples of similar investigations in other physical systems such as
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circuit QED? or collective spins of atomic ensembles.'” In the case of tripartite sys-
tems the problem of entanglement transfer was investigated in CQED for unitary
dynamics.'""!? In turn, tripartite entanglement of radiation in CV systems has been
widely investigated both theoretically and experimentally (see Refs. 13—18) and,
recently, photon number multipartite entanglement for qubit-like radiation states
was demonstrated.!” Another scheme for quantum state engineering has been
proposed?’ allowing also entanglement purification.?!

We recently worked out a full dynamical description of entanglement transfer
from three entangled bosonic modes to three localized qubits through the action of a
local environment.?? Upon exploiting current advances in the optical regime of
CQED,'?*2% our scheme could be implemented with three entangled radiation
modes, prepared in a qubit-like state, coupled by optical fibers to three separated
optical cavities containing each one a trapped two-level atom. For entangled pure
input states we showed the occurrence of optimal state mapping and entanglement
transfer, followed by periodical mapping of quantum correlations onto the tripartite
atomic and cavity mode subsystems. In the case of external radiation prepared in a
mixed Werner state we suggested a way to observe the phenomenon of entanglement
sudden death/birth (ESD/ESB)?*?% for tripartite systems. Also we showed that,
during the time evolution, each subsystem (atoms or cavity modes) can alternatively
exhibit different kinds of entanglement, including genuine tripartite GHZ and W
entanglement. The main dissipative effects were included to obtain a realistic
investigation of multipartite entanglement transfer and swapping, that is of interest
for quantum interfaces and memories in quantum networks.?”?® Here we review some
basic results, extending the previous analysis by considering reflectivity losses at
input cavity mirrors (subsection 3.2) and, in particular, thus providing a generaliz-
ation of the treatment to the case of multi-mode fiber couplings between injected and
cavity modes (subsection 3.4).

2. Model of the Physical System

The general scheme we consider is composed of an entangled three-mode bosonic
system (f), prepared in general in a mixed state, which interacts with three qubits (a)
through their local environments (c). The system Hamiltonian in the interaction
picture is:

= > [ﬁgJ(AJ&T] + 536.7)] + > {hVJ‘K(t)(&J]?;( +ehfr)| (1)
J=ABC JK=A,BC

The operators ¢, é;( f T f }) are the annihilation and creation operators for the local
environment (input bosonic) modes, while &J,&TJ are the lowering and raising
operators for the target qubits in each subsystem (J = A, B, C). Without loss of
generality we consider real coupling constants g; for the qubit-local environment
interaction, whereas v ;(t), that couple local environment and bosonic modes, are
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taken real and time dependent in order to simulate the interaction switching-off at a
suitable time £,;.

The optical regime of CQED is a realistic framework where our scheme may be
implemented, choosing a tripartite photon-number entangled field for the bosonic
modes (f), guided by optical fibers, and two-level atoms as the target qubits (a). Each
qubit is trapped in a one-sided optical cavity, operating as the local environment (c).
We consider the optical fibers in the short-fiber limit where radiation is carried by
discrete modes.?” In the following section, we shall distinguish the cases of single-
mode and multi-mode fibers that couple to the corresponding cavities.

If the system is open, it is subjected to several dissipative effects, such as cavity
losses at a rate k., due to interaction with a reservoir at zero temperature, atomic
spontaneous emission with a decay rate v,, and leakage of photons from the fibers at
arate r ;. Hence the time evolution of the whole system is described by the following
master equation (ME) in the Lindblad form for the density operator p(t):

p= . [rﬁleaﬁ} + Z [éf,JﬁéTf,J + éc,Jﬁéi,J + éa,Jpéjz,J} (2)
h J=AB,C

where the non-Hermitian effective Hamiltonian is

Ho=w' TS [0, 0l00 00, 3)
J=A,BC

The jump operators forA the atoms are CA'aJ = /740 j, for the fibers CA'f,J = \//i—ff] and
for the cavity modes €. ; = \/k.c;. The choice of an environment at zero tempera-
ture is supported by the fact that in optical cavities thermal noise is negligible.
Moreover in the optical regime spontaneous emission can be effectively suppressed
and single atoms can stay trapped even for several seconds.’® From now on we
consider dimensionless parameters, all scaled to the coupling constant g4, and times
T = gut, introducing the dimensionless switching-off time 7,7; = gat, -

3. Entanglement Transfer and State Mapping
in the Hamiltonian Regime

In this section we shall treat the unitary dynamics of the system, described in detail in
a previous work,?? taking into account some effects like the cavity mirror transmit-
tance, ESD and ESB phenomena for some initial mixed state and the effect of multi-
mode coupling between fibers and cavities.

3.1. Qubit-like external radiation carried by single-mode fibers

In order to better understand the problem of transferring the entanglement from the
external field to the atomic and cavity modes subsystems, we firstly consider the case
of radiation coupled to the cavity modes by means of single mode fibers (v = 0 if
J#K and v;; = g4 for all J). This can be achieved performing the “short fiber
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limit” 29

which essentially allows only a single mode of the fiber to interact with the
cavity. Starting from a qubit-like entangled state p((0) all subsystems (a, c, f) behave
as qubits and their multipartite entanglement dynamics can be described by com-

30 entanglement witnesses®! for the

bining the information from tripartite negativity,
two inequivalent classes GHZ and W,*? and some criteria for separability.®* In fact,
the tripartite negativity F(®)(7)(a = a,c, f), defined as the geometric mean of the
three bipartite negativities,** is an entanglement measure that provides only a
sufficient condition for entanglement detection, although its positivity guarantees
GHZ-distillability.

We first illustrate the case of an external field prepared in an entangled pure state
|¥(0)) s, atoms initially in the lower state |ggg), and cavities in the vacuum state
|000),.. Overall we are dealing with an interacting 9-qubit system where the input
field is switched off at the time 7, for instance by rotating the fiber polarization.

In Fig. 1, we summarize the dynamics for the external field prepared in the GHZ
state [¥(0)); = (|000) +[111);)/v/2. We first describe the transient regime 0 <
T < Topf, Where 7, = 7/ V/2 corresponds to the maximum of the probability p,(7):
each input qubit transfers its excitation to the cavity which in turn passes it onto the
atom (see Fig. 1(a)). Each cavity mode, simultaneously coupled to the external field
and to the atom, exchanges energy according to a Tavis-Cummings dynamics at an
effective frequency””” g4+/2 and the mean photon number N(©)(7) = (¢1¢)(7) in each
cavity completes a cycle. In Fig. 1(b) we also see that the atomic tripartite negativity
is always positive and F (“>(Toff) =1, that is the value for the injected GHZ state.
Until 7,7 the dynamics maps the whole initial state [¥(0)); ® [000), ® |ggg), onto
the pure state [000); ® [000), ® [¥(0)),, where |¥(0)), is obtained from |¥(0)); by
the correspondence |0) ; — |g), and [1); — |e),. As for the cavity mode dynamics we
note that (see Fig. 1(b)) the local maximum of E(°)(7,/2) does not correspond to a
pure state, i.e. the initial state |¥(0)); cannot be exactly mapped onto the cavity
modes during the transient regime. Therefore we have that entanglement is only
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Fig. 1. Dynamics of the nine-qubit system for the external field initially prepared in a GHZ state. In (a)
the average number of photons N (©) (dashed), N () (dotted) and the probability of excited state p, (solid).
In (b) the tripartite negativity E(® for atoms (solid), cavity modes (dashed) and external field (dotted).
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partially transferred to the cavity modes but nevertheless this is enough for the
building up of full atomic entanglement later on. At the end of the transient regime the
external radiation is turned off and the subsequent dynamics is described by a triple
Jaynes-Cummings*® (JC) model ruled by oscillations at the vacuum Rabi frequency
294, hence with a dimensionless period 7 as shown by cavity mean photon number and
atomic probability in Fig. 1(a). The analysis of the purities and the fidelities has been
widely carried out in a recent work,?” confirming the optimal state mapping. We also
notice that this benchmark can be reached starting from any tripartite qubit-like pure
state, which can be written in a generalized Schmidt decomposition.*?

3.2. Effect of cavity mirror transmittance

By choosing to turn off the external field at times 7/ < 7,7, we find a progressive
degradation of the entanglement transfer to the atomic and cavity subsystems. This
effect is fully equivalent to the presence of a reduced cavity mirror transmittance,
which may be defined as T(7') =1 — NU)(7/)/N)(0). For several fraction of the
initial mean photon number injected in the cavities (see Fig. 2(a)) we analyze the
subsequent dynamics of the subsystems. In particular in Fig. 2(b) we show the time
evolution of cavity mean photon number N((7) and in Fig. 2(c) the atomic exci-
tation probability p.(7). The influence on the entanglement transfer scheme of a
reduced intensity of the transmitted radiation is well-described by the plots of the
tripartite negativity for both the atomic and cavity subsystems in (Figs. 3(a) and 3(b)).
As expected, the lower the input energy into the local environments, the worse is the
entanglement transfer efficiency. Nevertheless even for a 10% change in the value of
Toff, the fidelity remains above 99.9%, i.e. entanglement transfer is robust against
fluctuations of the switching-off time and this feature is a relevant one in view of
possible implementations.

3.3. Entanglement sudden death and birth

Here we resume some results and considerations about ESD and ESB effects which
occur in the time evolution of (a) and (c) subsystems starting from some peculiar
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Fig. 2. Mean photon number of the external radiation and of the cavity modes and atomic excitation
probability for different values of mirror transmittance: (1) 7°(2.22) = 1.0, (2) 7(1.38) =0.9, (3)
T(1.19) = 0.8, (4) T(1.04) = 0.7, (5) T(0.92) = 0.6, (6) T(0.81) = 0.5, (7) T(0.70) = 0.4.
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Fig. 3. Effect of cavlty mirror transmittance 7" on the dynamics of atomic and cavity entanglement £(@:©):
) T(2.22) =1.0, (2) T(1.38)=10.9, (3) T(1.19)=0.8, (4) T(1.04) =0.7, (5) T7(0.92) =0.6, (6)
T7(0.81) = 0.5, (7) T(0.70) =04.

mixed states. If we consider as injected field the Werner state p/(0) =
(1—-p)|GHZ){(GHZ| +p/81,(0 < p < 1), it is possible to classify the entanglement
properties for different ranges of the mixing parameters p. As soon as the evolution of
the system starts, the density matrices of all subsystems lose the form of a GHZ state
mixed with white noise, but still preserve invariance under all permutations of the
three qubits and present only one non vanishing coherence as in p ¢(0). Nevertheless it
is still possible to single out and differentiate the genuine tripartite entanglement
of GHZ and W type, from the classes of biseparable and fully separable states.
In particular we find genuine tripartite ESD and ESB phenomena for the atomic
subsystem and, for fixed values of p, the atomic state may exhibit transition from W
to GHZ entanglement class and viceversa in a finite time. The same effects hold for
the cavity modes and they are allowed by the non-unitarity of the partial trace over
non-atomic degrees of freedom, which implies that the overall map on the initial three
qubits is not SLOCC. We also notice that for times 7 > 7, we can solve exactly the
triple JC dynamics, thus confirming our numerical results and providing generaliz-
ation of the results for mixed states.*”

Starting, instead, from a mixed state in the form p;(0) = p|GHZ)(GHZ|+
(1 —p)|WHW]|, (0 <p<1), we cannot demonstrate ESD or ESB for these kind of
states in the whole parameter space {p,7}, because the symmetry under qubit per-
mutations is lost during the time evolution. We can anyway affirm that, for some fixed
values of p, there is a discontinuity for the atomic full tripartite entanglement time
evolution.*

3.4. Entanglement transfer for multi-mode fiber coupling

Finally, we consider multi-mode coupling of the external field to each cavity mode.
For simplicity we choose equal dimensionless coupling constants ; x = v x/gs # 0
if K # J and we consider values up to 1.4. In the transient regime, the dynamics is
sharply modified with respect to the case of single mode fiber shown in Fig. 1. By
increasing the values of U i the period of energy exchange decreases from 2/ V2
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Fig. 4. Effect of multi-mode coupling. a) Dependence of 7,4 on the coupling constants o ; ;- for different
choices of switching-off the external field: maximum of p,(7) (o), minimum of N¥)(7) (x), and maximum of
N©(7) (+). b,c) Tripartite negativities E(® (a = a, ¢) for #; x = 0 (solid gray), 0.3 (dashed), 0.6 (dotted),
1.0 (dashed-dotted), and 1.4 (solid black) when 7 corresponds to the maximum of p, (7).

to 2 2.6. The maximum of cavity mode mean photon number grows up to N (¢ = 0.41
whereas the maximum of atomic excitation probability decreases to p, = 0.24. The
external field mean photon number does not vanish but it reaches a minimum, that can
always be found between the two maxima of N()(7) and p,(7), such that 0.002 <
N() < 0.02 changing Uy from 0.1 to 1.4. We investigate the differences in the
entanglement transfer for three selections of the switching-off time 74 corresponding
to the maximum of p,(7), the minimum of N(Y)(7) and the maximum of N ()(7).

In Fig. 4(a) we show the dependence of 7, on ; j ;. Switching off the external
field at times 7,7, corresponding to the maxima of p.(7), as in the previous case with
single-mode fibers, we find (Figs. 4(b) and 4(c)) that the maxima of tripartite nega-
tivities E(@)(7) after the transient regime reduce for increasing values of 7 ; i for both
atomic and cavity mode subsystems. If we consider 7, corresponding to the minimum
of NU)(7) (Figs. 5(a) and 5(b)) we observe a small reduction of the peak values of
E(@) (7). Finally, if we turn off the external field at the first maximum of the cavity field
mean photon number we note that by increasing the values of U it is possible to
improve the entanglement transfer (Figs. 5(c) and 5(d)). The peak value of tripartite
negativity grows up to = 0.93 for 7; x = 1.4 and the fidelity up to = 0.95 for both
subsystems (a) and (c¢). We remark that these values cannot be significantly increased
for larger values of 7 .

In conclusion, for all the above choices of switching-off time 7, ;; we observe that, by
increasing the values of 7 ; g, the amount of entanglement that can be transferred to the
cavity modes in the transient regime also increases. This is due to the fact that the
amount of energy transferred to each cavity mode increases: in fact, the peak value of
N (©)(7) progressively grows up from 2 0.25 to 2 0.41. Nevertheless, multi-mode coup-
ling for larger values of 7, results in a less favorite condition for entanglement transfer.

4. Dissipative Effects on the State Mapping

In the perspective of an experimental implementation of our scheme, an important
issue is the detrimental effect of dissipation on both state mapping and entanglement
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Fig. 5. Effect of multi-mode coupling on tripartite negativities £(*) (a = a,c) for ¥ = 0 (solid gray),
0.3 (dashed), 0.6 (dotted), 1.0 (dashed-dotted), and 1.4 (solid black): a,b) 7, in the minimum of N (7);
¢,d) T,y in the maximum of N© (7).

transfer. Here we provide some examples, obtained by numerically solving the full
ME (2) through Monte Carlo Wave Function method,* in order to give a quanti-
tative behavior of the system in realistic conditions. Starting with an external field
prepared in a GHZ pure state, we analyze the effect of cavity decay rates in the range
0 < R, < 0.5 for negligible values of all other decay rates. We consider the fidelities
F(@ and the tripartite negativities E(®) at the first peaks (o = ¢, f) as function of &,.
In the left panel of Fig. 6 we see that all these quantities can be well-fitted by
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Fig. 6. (Left): Effect of cavity dissipation. Tripartite negativities at the first peak and fidelities vs.
Fe = kKefga: F@ (1), E@(2), F© (3), E© (4). (Right): Effect of fiber dissipation. Atomic tripartite
negativity E?(solid), fidelity F'*(dash-dot), and atomic probability p,(dot) at time 7,;; cavity mean
photon number N (©)(dash) at time Toff/2, V8 Fop = kyp/ga for B, < 1,7, < 1.
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exponential functions, with decay rates Bif) =0.75, ﬁg) = 1.09 for the atomic sub-
system, and ﬂ;f) = 1.80, ﬁg) =2.94 for the cavity modes. As one may expect,
quantum state mapping and entanglement transfer are by far more efficient onto
atomic than cavity qubits. For instance, if K, = 0.1 we obtain a state mapping onto
the atoms (cavity modes) with a fidelity of = 0.93 (=2 0.83). Upon adding a nonzero
atomic decay we see that this is a minor effect compared to cavity decay. As an
example, fixing the value of atomic decay rate 7, = 0.03 and cavity decay rate
k. = 0.1, the fidelity of the atomic (cavity mode) subsystem reduces by 4.4% (8.9%).
Finally, we address the effect of fiber losses, which is of course relevant only up to the
time 7,77 We evaluated the effects of decay rates & ; up to 1.0 for negligible values of
atomic and cavity decay rates (£, < 1, 7, < 1) (see the right panel of Fig. 6). We
show the effect of fiber losses & ; on cavity field mean photon number N (9)(7,;/2) and
atomic excitation probability p.(7,r) and we see that the amount of energy trans-
ferred to the atoms and to the cavity modes decreases exponentially for increasing
values of & ;; the decay rates are = 0.42 and == 0.82, respectively. The behavior of the
tripartite negativity E(® and the fidelity F(@ at the first peak can be described by
exponential functions of &, whose decay rates are = 1.51 and == 1.95, respectively.

5. Conclusion

We have described the mapping of quantum states and the transfer of quantum
entanglement for three qubit-like radiation modes to three localized qubits via optical
fibers coupled to (one-sided) optical cavities. The scheme exhibits optimal perform-
ance for input radiation prepared in GHZ or W states, and leads to tripartite ESD/
ESB effects for mixed Werner states.?> We have elucidated the dynamical description
of cavity mirror reflectivity in the protocol. Moreover we have generalized the
treatment in Ref. 22 to the case of multi-mode fiber coupling, showing that when the
protocol is not optimal, it is possible to (partially) compensate the reflectivity losses.
The open system dynamics has been also investigated to evaluate the limits dictated
by cavity, atomic and fiber mode decays.
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