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Summary. — The problem of a correct description of phase variable in quantum
mechanies has been revisited. The existence of a unique, consistent definition for the
quantum phase of the harmonie oscillator is shown starting from the correspondence
principle and Born’s statistical rule. Connections with existing approaches are also
reported.

PACS 03.65.Bz — Foundations, theory of measurement, miscellaneous theories
(including Aharonov-Bohm effect, Bell inequalities, Berry’s phase).

1. - Introduction

The question of a proper definition for quantum-mechanical phase variable has a
long history and has provoked many discussions [1]. The problem has a fundamental
interest and is also relevant for applications, mainly because a single-mode radiation
field is modelled as a unit mass harmonic oscillator.

It has been well known for a long time[2,8] that it is not possible to define a
self-adjoint phase operator from Poisson-bracket quantization. This has provoked the
diffuse conviction that phase does not correspond to a proper quantum variable [4, 5].
Phase is thus often considered as an external parameter [6,7], which has to be
inferred from the measurement of some phase-related observable[8]. This is the
Quantum Estimation Theory approach [6,9] which has been very fruitful in deriving
lower bounds on the precision of ideal and feasible phase detection scheme [10].
However, definition of canonical quantum phase by first principles is beyond its
scope. In fact, for setting the proper estimation framework it introduces an external a
priori assumption not related with elementary quantum mechanics.

Another popular approach is due to Pegg and Barnett[11] and is related to a
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truncation in the dimension of the Hilbert space of a harmonic oscillator (Fock space).
In fact, a finite-dimensional Hermitian phase operator can be properly defined. This
approach has been a useful trick in the calculation of many phase properties of optical
fields [12] as it allows the evaluation of expectation values after a limiting procedure
in the dimensional variable. However, also this approach cannot lead to a proper
phase variable in strict sense. The Fock space of harmonic oscillator is basically
infinite-dimensional and any other assumption would mean to suggest different
definition for the photon [13].

Each of these and also other different proposals coming up from phase space
analysis [14] show up some interesting features, however without fully including a
phase variable in the framework of conventional quantum mechanics. This seems to
leave the phase as a classical quantity without quantum analog, that is a rather
unrewarding situation. On the contrary, in this paper we will show that from a wise
analysis of the structure of Born’s statistical rule a proper canonical quantum phase
can be uniquely defined from the correspondence principle in the framework of
elementary quantum mechanics. In sect. 2 we set the proper framework of quantum
measurement theory and in sect. 3 we derive the canonical phase description from
the correspondence principle. Section 4 closes the paper with some concluding re-
marks while discussing the results of the paper in comparison with other approaches.

2. — Quantum measurement

From a quantum-mechanical point of view a measurement apparatus is a
(mathematical) device which turns each quantum state ¢ into a probability density
distribution

@ dP[e]:0 — dPle)(2), ze 2,

where 2 is the space of real Borel set or, in general, a subspace of it. The measure-
ment map is provided by trace operation,

@) dP[gl(2) = Tr{o di(2)},

which assures propagation of convex linear combinations from density operators
toward probabilities. The above formula is known as Born’s statistical rule and
contains the whole probabilistic structure of quantum mechanics[15]. Born rule
defines a genuine probability density distribution if d(z) satisfies the axioms for a
probability operator measure (POM), namely it is non-negative (hence self-adjoint)

3 du(z) 20,

and it provides a resolution of identity on the set of possible outcomes

@) fdﬁu>=i.

Z

Equation (2.4) guarantees the probability density (2.2) to be normalized.
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The spectral resolution d E(z) of a self-adjoint operator

Z= szE’(z), dE(z) = |2Xz|dz,

6) _ 7
Z\zy=z2|z), (z|z')=0z(2—-2"),

provides a projection-valued measure (PVM) which belongs to the class of POM.
However, it is crucial to remark that this is not the most general example.

A POM is necessarily (Naimark Theorem)[16] a partial trace of a PVM coming
from a self-adjoint operator defined on a larger Hilbert space. More precisely, let s
be the Hilbert space of the examined physieal system and let d i(y) be a POM defined
on %g. Then, it is possible to prove the existence of

1) A Hilbert space % ' > %, with ' = #» Q@ F;
2) A self-adjoint operator Y in %/

(6) Yiny=yly) ly)e®’' (yly')=90,4—y"),

8) A density operator gp € %5 in the complement space such that, given the
PVM

dE(y) = lyXyldy,

we have

M dii(y) = Trp {6p ® 1sdE(y)},

where 1g denotes the identity operator on #5. Naimark theorem states also that, in
general, we have an infinite number of such extensions.

As we have seen, quantum prescriptions to obtain probability distributions are
satisfied by mathematical objects (the POMs) which is more general than PVMs
obtained from self-adjoint operators.

How ecan this fact be incorporated into postulates of quantum mechanics,
especially with the dictum «Only observables corresponding to self-adjoint operators
can be measured»?

In order to answer this question we now proceed by the analysis of a quantum
measurement process. The latter is an interaction among the system under
examination and a set of apparatus physical system unitarily referred to as the
probe of the measurement device. According to the above-stated postulate we can
measure variables associated to self-adjoint operator defined on the Hilbert
' =FpQH; space describing the «system plus probe» quantum states. The
measured observable will be of the form (2) and we obtain the outcomes probability
distribution from Born rule

®) dP(y) = Tr {¢p ® 6sdE®)},

where the trace operation is carried out over the whole 5 ' Hilbert space. The POM
dji(y) of the measurements is given by the formula (7) and represents the operatorial
description of the measurement itself restricted to the Hilbert space S5 of the
system. After the partial trace operation the resulting POM du(y) could be a PVM,
even if this is not true in the general case. This happens for observables as position,



1154 M. G. A. PARIS

momentum and energy. Thus, we can speak about position, momentum and energy
observables without referring to a particular measurement apparatus. As we will see,
this is not the case of quantum phase which is unavoidably described by a POM which
is not reducible to a PVM[17]. Such a situation is often summarized by two
assertions: i) different apparatus measure different phase variables[18,10] and
ii) there is not a «canonical phase variable in quantum mechanics». The first assertion
is certainly correct (also the same apparatus with different preparation of the probe
state gp leads to possible different POMs) whereas we will show the second to be
incorrect. The requirement of a phase measurement to be described by a POM will be
sufficient to derive a unique phase variable (Heisenberg conjugated to number
operator) from the correspondence principle.

3. — Canonical quantum phase

The quantum-mechanical description of the harmonic oscillator is based on
annihilation o and creation a' operators which form the number operator N = a'a.
Multiple applications of a' to the vacuum state lead to the Fock basis |n)=
= (n!)"2a™ |0) which span the whole Hilbert space. Number states represent also the
eigenstates of the number operator, whose spectrum coincides with the set of the
natural numbers N =0, 1,....

The classical complex amplitude a of harmonic oscillations can be decomposed
using the polar variable a = |a|exp [ig], being |a|® the intensity of oscillations and ¢
their phase. The correspondence principle enforces to try a similar decomposition on
the annihilation operator [19]

9 a=EVN,

E being the quantum phase factor. From eq. (9) is not possible to extract a phase
observable. A direct inspection, in fact, shows that

(10) E= EO)n)(n+1|, EE'=1, E'E=1-]0)X0]|,

namely that & is not unitary. Therefore the formula £ = exp[i @] cannot define any
self-adjoint operator. In other words, the operatorial equation

14

a1 E= [ explip]dE(p),

-

is not satisfied by any PVM dE(g). We now look for a solution of the operatorial
equation

T

12 E= [ explip]di(y),

-7

describing the phase factor in terms of a phase POM.
We first note that for any state vector |y) we obtain

(13) 12wl <l
where ||y = V{(y|v) denotes the norm of a vector in the Hilbert space. Equation (13)
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means that E belongs to the class of contraction. For such a kind of transformation
maps in the Hilberts space there exists a «quasi-spectral» theorem assuring that [20]

(14) Er = J exp [ing] di(@),

possesses a unmique solution. This theorem, together with POM’s description of a
phase measurement, demonstrates the existence of a unique canonical phase variable
coming from the correspondence principle. In order to derive the explicit expression
of this canonical phase POM we observe that the eigenstates of E are of the
form [21] ‘

15) 0= 3 ¢"ln),  ¢=tlewlig], 0% gl <1.

It is now simple to check that only eigenstates with |{| = 1 can satisfy (3.11) so that
canonical phase POM is given by

(16) du(g) = i@ |exp [igl){exp [ip]]| = d_(p E exp [i(n — m)«p];ln)(m| .
2n 27 0

n,m=
A quantum state g is thus characterized by the canonical phase probability

~ 1~ d = . .
amn dP(p) = Tr { di(p)} = % > P [i(n —m)pXm|o|n).
n,m=
As prescribed by Naimark theorem canonical POM (3.13) has to be the partial trace of
some PVM on a larger Hilbert space than that of a harmonic oscillator. Two explicit
examples of such an extension have been given in ref.{22,23].
A phase operator can be defined as in eq. (5)

A

- 1
18) d = an di(@) = —i X (=™ |n)Xm].
- n*m n-—-—m
The Dirac-number phase bracket
(19) [D, N1|y) =ily),
is defined for |y)e @ in the subset
(20) @=[|w>e®| 20(n|w>=0],

which excludes number states. The domain & is dense in the Hilbert space, thus
eq. (19) is enough for a good definition of Heisenberg commutation relation. The
reason of excluding number states is for well-defined uncertainty relations. Number
states, in fact, have zero variance in the number itself whereas phase variance has to
be finite for topological reasons. It is also remarkable that number and phase
operators -are not a Weyl conjugated pair as

21 exp[i®Pn]exp [iNg] = exp [ing] exp [iNglexp [idn].
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Canonical phase POM is shift-covariant, namely

(22) exp[iNgo 1 di(g) exp[ —iN@,] = dil(@o + Plmoazal;
however, it is not idempotent (as it happens for a PVM),

(23) [du(e), du(p)l =0,

and this leads to failure in the function calculus
(24) F(g) = ff(fp)dﬁ(w#f(@)ff( f(pdﬁ(w)).
- -
The actual phase statistics is provided by POM definition of the operator function

@5  (f(g)) = j dP(¢) f(p) = j Tr {6 di(e)} f(9) =

-

—Tr{ [f(«p)du(«p)} Tr {0 F(9)} -

An application of eq. (3.21) stays in resolving the subtle problems relating to quantum
trigonometry [24]. Trigonometric operators corresponding to sine and cosine vari-
ables have been early defined [2] in terms of quantum phase factor given in eq. (9)

(26) = —(ET+E), S= %(E* - B).
1

They are self-adjoint operators with eigenvalues in the interval [ -1, 1]; for cosine
operator we have [3]

@n |c)=\/%(1—cz)‘1/4 gosin[(n+1) arccos c]|n) ce[-1,1].

Thus, they seem to be good candidates for deseribing trigonometric variables.
Unfortunately, they do not commute,

©8) (S, €1= < 1]0)0],

z
2
leading to violation of elementary trigonometric calculus
(29) S2+C%=1-10)0].

On the contrary, from eq. (24) we derive the definitions

4

cosp = Jdﬂ((p)COS(p, s1n<p— Jd,u((p)sm(p

-
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As announced by eq. (24), we have failure of operator function calculus

@31

coscp==f‘, sin<p=§,
cos"pzC™, sinmp=S™, ifm>1,

and, consequently, the correct trigonometric relation

(32) sin¢ + cos?¢ =1.

4. - Discussion

Phase probability distribution (17) has been known for a long time in quantum
mechanies [25] and it is often considered [26] as a privileged approach among the
different proposals suggested for the treatment of the phase. The main result of this
paper has been that of showing that it can be uniquely deduced from the
correspondence principle as canonical description of phase variable, in the proper
framework of elementary quantum mechanies.

The phase POM (16) coincides with that resulting from quantum estimation
theory. However, in that approach phase is considered as a parameter characterizing
the state o(¢) and the best measurement for estimating ¢ is described by a POM
du(e) which optimizes the outcome probability distribution

33) p(¢|9) = Tr{o(¢) di(@)} ,

with respect to some criterion. The latter is that of minimizing the «measurement
average cost»

34) 6= [ do [ dep@le)C@; ),

obtained by the introduction of an error cost function C(¢; @) which weights the
penalties for the improper inference ¢ # ¢. The whole optimization procedures clearly
depends, in a crucial way, on the choice of C(¢; ¢). One regains the canonical POM
(16) by choosing C(¢; @) = — 62,(¢p — @), but this «likelihood strategy»[6] is an
additional ingredient not related to the quantum mechanics framework.

In the Pegg-Barnett approach they suggest to use the truncated expansion

1 s ,
|¢m>s - vm ngoexp[7'¢m |n>]7
(35)
D ¢0+_2%ni m=0,1,...,s+1,

as phase states providing the discrete PVM

_ 2mn
(36) Ms(¢m) = |¢m><¢m | -my

in the (s + 1)-dimensional Hilbert space 9, spanned by n), n=0,1,...,s+1. In
this way they are able to define a self-adjoint operator in 9,. Unfortunately, M (¢pm)
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does not converge neither to a PVM nor to a POM,

= dB(g),

37 lim M,(¢.) _
o # du(e),

thus not defining any phase variable in the whole infinite-dimensional Hilbert space

of the harmonic oscillator. One can notice a weaker form of convergence in the sense

that any average of operator phase function converges to the canonical one defined in

eq. (25)

38 (fi(g)=Tr {@ mizofwm)l%)(m l} —>(f(g) =Tr [é [ f(cp)dﬁ(cp)],

where du(p) is the canonical POM.

In conclusion, the POM given in eq. (16) has been shown to be canonical, namely it
can be deduced from the correspondence principle without any assumption that
quantum mechanies postulates. It has also been shown how this approach is able to
comprise all the features ascribed to a proper phase variable.
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