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We address the characterization of two-qubit gates, focusing on bounds to precision in the joint estimation of
the three parameters that define their Cartan decomposition. We derive the optimal probe states that jointly
maximize precision, minimize sloppiness, and eliminate quantum incompatibility. Additionally, we analyze the
properties of the set of optimal probes and evaluate their robustness against noise.

1. Introduction

The characterization of two-qubit gates is critical to any protocol
in quantum information processing [1-3]. Two-qubit gates form the
fundamental building blocks for universal quantum computation, en-
abling more complex operations through entanglement between qubits
[4-7]. Precise characterization of two-qubit gates enables the design
of accurate gates, as even small errors can propagate and degrade the
overall performance of quantum algorithms [8]. Furthermore, accurate
gate characterization is essential for error correction protocols [9]
and, in turn, for building fault-tolerant quantum computers [10] and
scalable quantum systems.

The Cartan decomposition represents a powerful tool for analyzing
generic two-qubit gates by breaking them down into simpler, more
fundamental components [11-14]. According to Cartan decomposition,
any two-qubit gate can be expressed as a product of local single-qubit
operations and a non-local part, known as the Cartan’s kernel. The
kernel contains the essential entangling operations and is characterized
by three independent parameters. Since local single-qubit operations
can be efficiently controlled and do not contribute to entanglement,
only the Cartan kernel is truly relevant for studying the gate’s features.
In other words, the Cartan kernel captures the essential properties
of the gate and simplifies the problem to the estimation of three
parameters, which govern the non-local behavior of the gate.

In this paper, we address the joint estimation of the three Cartan pa-
rameters of a two-qubit gate [15,16] by preparing an initial probe state,
allowing it to interact with the gate, and then perform measurements on
the resulting output state. Our goal is to optimize the encoding process
so that all parameters are estimable, minimizing the sloppiness of the
model while maximizing precision. Additionally, we aim to avoid any
extra quantum noise that may arise from the non-commutativity of the
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measurements [17]. As we will demonstrate, it is possible to jointly
achieve these three objectives, setting new benchmarks for the precise
characterization of two-qubit quantum gates and providing insights
into the precision-sloppiness tradeoff in qubit systems.

The paper is structured as follows. In Section 2 we introduce no-
tation and the Cartan’s decomposition theorem applied to elements of
SU4), whereas in Section 3 we briefly reviews the tools of multipa-
rameter quantum metrology. In Section 4, we find the optimal states to
achieve minimum sloppiness at fixed precision, whereas in Section 5
we assess the robustness of optimal probes in the presence of noise.
Section 6 closes the paper with some concluding remarks.

2. Cartan decomposition

A generic state of a qubit system may be written in the Bloch
representation as

1
p=5L+r g, M
where the Bloch vector r is given by
T

r = (Trlo,p). Trlo,pl. Trlo, p1) @

and ¢ = (0,,0,,6,)" is the vector of Pauli matrices. The purity of the
state p is linked to the Bloch vector as

ulol = 301 +1eP). ®)

Given n qubits, the state of the whole system lives in the tensor
product of the Hilbert spaces H” = @)_, H;. In the specific case
of two qubits prepared in a pure state, we can use the concurrence
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Fig. 1. The decomposition of a generic gate into single qubit operations and a Cartan
kernel.

as a measure of entanglement [18]. Given a generic state |y) =
nyye (0.1) %y XYY the concurrence is defined as

Cy)) = 2lagoar; — agaol- @

This can be generalized for mixed states by C(p) = max(0,4, — A, —
Az — Ay), where A; > A, > A; > A, are the eigenvalues of operator
R= /30, ®0,)0" (0, ®5,)\/p.

Let us now consider a generic unitary gate acting on two qubits.
Such an evolution corresponds to a linear operator in SU(4). Elie
Joseph Cartan proved the following theorem.

Theorem 2.1 (Cartan’s KAK Decomposition). Given a group G = exp(g),
with a subgroup K = exp(k), and a Cartan subalgebra a, where g = k GBEL
and a C k*. -

Then any G € G can be written as G = K, AK,, with K,,K, € K and
A € exp(a).

A special case of this theorem has been developed by Khaneja and
Glaser for quantum computing. See [13] for a constructive proof using
only linear algebra, of what is referred to as KAK1 theorem.

Theorem 2.2 (Khaneja and Glaser’s KAK1 Theorem [11]). Given any
S € SU(4), there exists Ay, Ay, By, B; € SUQ), and k € R3, such that

S =(A; ® At 2(B, ® By) 5)
where X = (6, ® 0,,6, 80,0, ®UZ)T = (GXX,ny,O'ZZ)T.

Starting from a generic operator over C*, which has 16 free com-
ponents, unitarity reduces the degrees of freedom only by 1. One of
the strengths of this theorem is the ability to separate the contribute
of all these different parameters. In fact, what we see is that only 3 of
the initial 15 parameters are involved in the interaction between the
two qubits. The other 12 corresponds to single qubit evolutions. This
decomposition is depicted in Fig. 1.

The U gate is referred to as the Cartan’s kernel, and will be the main
object of our analysis. Using Theorem 2.2 we may write the gate U as

U=exp{—i2)»joj®oj}, 6)
J

which, in the standard basis, reads as follows (where 1, = 4, + 4,)

e %3 cos A_ 0 0 —ie~ 43 sin A_
U= 0 e*3cos A,  —ietssind, 0
- 0 —ie’3sind, e cos A, 0
—ie™3 sin A_ 0 0 e~ cos A_
@)
Using instead the Bell basis

Lz {100) + |11),]00) — |11),]01) + |10), |01) — |10)}, U has the following
cﬁ;gonal form

U = Diag {e—i(il—ﬂzﬂz)’ elh—h=y) o—ilhitha—43) ei(/11+/12+13)} . (8)

The last thing to be discussed about the decomposition is the domain
of the parameters. We initially have that 4; € [0,27) € R. Then,
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we can define an equivalence relation, where two kernels U,V €
SU(4) are said to be equivalent up to local operations, if there exists
Ry, Ry, Ly, L; € U2) such that U = (R; ® Ry)V(L; ® Lg). It can be
proven that this is a valid equivalence relation. Starting from this we
can find three operations on 4 that preserve the equivalence class. (1)
Shift: 4 can be shifted on any of the three components by an integer
multiple of 2. So given n,m,l € Z. (41, 43, 43) = (4 +n3, Ay +m3, A3 +
i %); (2) Reverse: any two components can change sign. For example
(A1 49, 43) > (=41,—45,43); (3) Swap: any two components can be
swapped. For example (4, 4,, 43) = (4,, 4, 43). Using these operation
it is possible to reduce the domain to what is called the canonical class
vector set

De={ieR? %>,1,2,122/1320/\/11+/125%} ©)

For more details, see [13].
3. Multiparameter quantum estimation

The estimation of a single parameter or more than one have com-
mon features, but differ for fundamental reasons [19,20]. The first one
is that in quantum mechanics there may be observables which are
incompatible, e.g., the observables employed to estimate two different
parameters [16]. When this is the case, the joint estimation of the
parameters is unavoidably affected by additional noise due to the non-
commutativity of the measured observables. Additionally, there may
be correlations between the parameters, or one of the parameter may
be more relevant than the others, for the problem at hand. In all those
cases, a weight matrix should be introduced to optimize precision under
the given constraints.

In classical statistics, given a set of parameters to be estimated
A, from the measurement of one or more observables X, we have a
conditional probability p(x|4). The Fisher information matrix is defined
by

Fp=Y
X

where x denote the outcome(s) of the measurement of X. We denote
by 2 = 2({)( ;1) an estimator that maps the set of outcomes into the
space of parameters. We also assume to work with unbiased estimators,
meaning (1) = A. The covariance matrix of the estimator is given by
Cov[l;, = (4;4) — (4;)(4;) and the multiparameter classical Cramér-
Rao bound [21] is the matrix inequality Cov[4] > ﬁF -1, where M
denotes the number of repeated measurements.

In order to build the analogue quantum Cramér-Rao bound, we
first notice that for a quantum system, the conditional probability is
given by the Born rule which, for pure states, reads p(x|4) = [(x|w,)|>.
We then introduce the symmetric logarithmic derivative(SLD) of a
parameter, which is implicitly defined by the relation [22]

0;p(x|4) 9yp(x]|4)

, 10
p(x|4) a0

LyptrLy,  Lip+pL,

2 -T2 v
where the subscript j corresponds to the derivative with respect to the
Jjth parameter 4;. In the case of pure states, the solution may be easily
obtained by observing that p? = p. We thus get

9;p = 0;(p") = (0;p)p + p(9;p). (12)

and comparing Eq. (11) to (12) we see that a solution is given by

1D

6,1!/)5()/-/)5

L; =20;p. 13)

The quantum Fisher information matrix (QFIM) [Q] ik 1s then de-

fined via the SLD by
L, L,+L,L;

0, =Tr p% - %
where p is the state of the system. In general, it may be difficult
to obtain the SLDs in operatorial form, and it is often convenient to
express the QFIM in terms of the eigenvalues and eigenvectors of the
statistical operator, as follows [15].

Trlp(L;, Ly }] a4
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Theorem 3.1. Given the spectral decomposition of a density matrix p =
Zy es Vily;)Xy;l, where S = {y; € {y;}|y; # 0} is the support of non null
elgenvalues Then Q) is given by

CANICAN
z ( Vi

Q)= + 4y Rel(0;3,10,3)1)

Y ES

8y
- ) Rl 1yn) (Yl O] s)
Y1 Ym€S Vi + Im
A useful expression for the QFIM may be obtained for pure states
>i.e. p, = lwXw]), as follows

Q)i = 4Rel(0;y|0,w) — (0w |w){woy)]. (16)

The QFIM is an important object because it enters the quantum version
of Crameér-Rao bound, posing a lower bound on the covariance matrix
of the estimators.

The Uhlmann curvature, also called incompatibility matrix is de-
fined via the SLD, but instead of using the anticommutator as in Eq.
(14), the commutator is used:

Dj, = —iTr

L L L, L
[ = =3 elolL Ll an

From the definition we see that the main diagonal elements are always
made of zeros. The meaning of the off diagonal terms is related to the
quantum incompatibility. For D = 0, all parameters are compatible,
and the model is said to be asymptotically classical [16,17]. In this
case, the optimal estimation is asymptotically achievable via collective
measurements. For pure states, we may write

Dy, = 4Im[(0;w [0, y) — (0;wly N wloew)]. (18)

As in the classical case, we denote by A = A({x;}), an unbiased
estimator that maps the set of outcomes into the space of parameters.
The multiparameter Cramér-Rao bound states that

Q—]
Covldl = =—. (19)

A scalar bound, limiting the overall precision of the multiparameter
estimation strategy may be obtained by taking the trace of the above
inequality, thus obtaining a bound on the sum of the variances of the
estimators. By doing so we have

1
Z Var ﬂ Tr[Q ]

The quantity p = Tr[Q~'] provides a lower bound to the optimal overall
precision. As mentioned above, a weight matrix W may be introduced
in the definition of the precision p = Tr[W Q~'] to adjust the Cramér-
Rao bound for specific applications. However, in our case, we set W =1
(the identity matrix) to emphasize that the three parameters of the
Cartan kernel should be treated on the same foot since each one of
them provide essential information on the nature of the two-qubit gate
at hand.

In general, the bound in Eq. (20) is not achievable and a different
scalar bound, termed Holevo bound [23] has been derived, which
is achievable asymptotically. In our case, however, the two bounds
coincide and therefore the quantity p quantifies the overall precision
of our scheme (see below for details).

Another feature of multi-parameter statistical models is that the
encoding state may be not efficient, meaning that different parameters
values are assigned locally to the same state and it is impossible to
accurately recover them from the statistics of data. In these cases, the
(classical or quantum) statistical model is termed sloppy [24-29] and
the (quantum) Fisher Information matrix is singular. This means that
one or more parameters have zero (quantum) FI, and the statistical
model is effectively only dependent on the other parameters. This
may be seen explicitly by a reparametrization, not necessarily a linear
one. The sloppiness of a statistical model may be quantified by the

t [Cov[A]] (20)
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inverse of the determinant of the (quantum) Fisher Information matrix
s = 1/DetQ, and a relevant question in the analysis of a given model
is whether there is a trade-off between precision and sloppiness or
whether they can be jointly optimized, i.e., there exist conditions in
which the trace of the inverse QFIM is minimum and the determinant
of the QFIM is maximum.

To summarize, in our multiparameter model, d = DetD quantifies
the non commuting nature of the different SLDs and, in turn, the
presence of additional noise of quantum origin. On the other hand,
p = Tr[Q~'] quantifies the precision achievable in the joint estimation
of the parameters, whereas s = 1/Det[Q] quantifies the sloppiness of
the model, i.e. the degree of efficiency in the encoding of the parameter
on the probe state. In the next Section, we will prove that in our case
there are probe states leading to d = 0, and thus no additional quantum
noise is expected in the joint estimation of the Cartan parameter. Our
goal will be therefore that of optimizing over the possible probe states
in order to jointly minimize p (i.e., maximize the precision) and s
(i.e., minimize sloppiness). Notice that the symmetric nature of the
QFIM Q already poses a bound on precision in terms of sloppiness.
In fact, for a n x n real symmetric matrix Q, we have that Tr[Q~'] >
nDet[Q]~!/. In our 3 x 3 case, this implies that

p23s3. (21)

We anticipate that the optimal probes found in the next Sections will
allow us to saturate this bound.

4. Cartan metrology

In this Section, we address the estimation of the three parameters 4
that characterize a Cartan gate of the form (6). In particular, we seek for
the optimal achievable precision and for the probe states that allow one
to achieve such precision. Additionally, we prove that incompatibility
vanishes and analyze the tradeoff between precision and sloppiness
of the statistical model. The quantum Fisher information is a convex
function of the quantum state, which implies that the maximum QFI
is achieved by pure states. Thus, restricting the analysis to pure states
identifies the tightest possible Cramér-Rao bound. Due to the extended
convexity of the Fisher information [30], the same is true for a two-
qubit probe. Mixing two-qubit states cannot enhance the total QFI
beyond the pure-state limit, and we thus assume that the two-qubit
probe is prepared in a pure state.

4.1. Quantum Fisher information matrix and Uhlmann curvature

To evaluate the QFIM we need the form of the state after the gate
ly,) = Uly,) and, in turn, a parametrization of the initial state. In the
canonical computational base, we have

lwo) = (a, ﬁei‘i’ﬁ,yei‘l’r,éei‘/’ﬁ)T , (22)

with a, 8,7,6 € [0, 1], and ¢, ¢, ¢ € [0,27) such that o+ % +y2 +6> =
1. From now on greek letters will correspond to the parametrization in
the canonical base. Given the expression of the gate transformation U
in Eq. (7), we get

€743 [acos(A) — Ay) — i€ sin(A; — 4,))]
s [Be' cos(A; + Ay) — iye'®r sin(A; + )|
s [ye'®r cos(d; + Ay) — iBe®s sin(A; + 4,)|

€743 [8e'¥5 cos(4) — Ay) — iasin(A; — 4y))]

|Wi> = (23)
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Using Eq. (16) we obtain the elements of the QFIM

0, = 4[1 — 2ascos (¢5) — 28y cos (¢ — ¢y)]

x [1 +2as cos (¢5) + 2y cos (¢ — ¢,)]
0y = 4[1 — 2acos (¢5) + 2By cos (¢ — ¢,)]

x [1 +2a6 cos (¢b5) — 2By cos (¢ — ¢y)]
Q33 = 16 [0? + 87| [* + 17
01y =0y =4 [ = + 2477 = 8 + 425 cos® (¢;)

— 457 o (s~ ) |
03 =0y = 16[0:5 (B2 +7?) cos (¢) — By (a +62) cos (¢ — ¢,)]
0y, =0y = —16[a5 (B2 +77) cos (¢) + By (a* +62) cos (¢ — %)]

24
Despite being seemingly complex, we get symmetrical and relatively
simple expressions for its determinant, and the trace of its inverse
3 a? 452

P= 16 <a4 — 20257 cos 2, + 6

B2 +7?
p* =262y cos (2> — ¢,)) + 14 )
(25)

—

1024 [a* + 6% — 20767 cos 2¢5] [B* + 1* = 2877% cos (2 — ¢,))] -
(26)

Notice that the trace of the inverse and the determinant of the QFIM
are not functions of 4, namely the statistical model is covariant. While
this would have been a trivial result if the three generators were
commuting operators, this is not the case in our problem. There are
a few implications stemming from this fact. The first is that all the A’s
can be estimated with the same precision. The same observation implies
that this is true also for 4 =0, i.e. for U = I, showing that optimality is
achievable independently of the fact that gate has or not an entangling
power.

Using Eq. (17) we can calculate the Uhlmann curvature D, and
by doing so we find that D = 0. As mentioned above, this implies
that our model is asymptotically classical, meaning that the CRB is
asymptotically saturable. Additionally, this also tells us that the three
parameters are compatible, and there is no additional noise due to
quantum incompatibility.

4.2. State optimization

As a first step, we investigate how the trace of the inverse and
the determinant of the QFIM are related by sampling numerically
random states. The results are presented in Fig. 2, where points on the
determinant-trace plane have been obtained sampling from a uniform
distribution.

The first observation is that the sloppiness lies in the range s €
[é, o0), while the range of precision is p € [%, ). We also see that there
are probe states leading to high values of the determinant (minimum
sloppiness) and low values of the inverse of the trace (better precision),
i.e., avoiding sloppiness is not necessarily decreasing precision. Indeed,
the optimal point at (% é ) optimizes both quantities at the same time,
also saturating the bound in Eq. (21).

To find the probe states that achieve that optimal condition, we can
either minimize p or s, since optimal states optimize both. To this aim,
we rewrite Eq. (26) as follows

Det[Q] = 1024 [a? + 52" - 26%5% [1 + cos (24;)] | x
[[ﬂ2 +72]" = 28777 [1 + cos (2 - "’r))]]'

The expression consists of two factors, each dependent on a different
phase. In order to maximize the expression we can maximize the two

(27)
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factors using suitable phases. The last term in both factors is always
negative, thus the maximum it can assume is 0, when cos(x) = —1.
Alternatively, it may also be that either « or §, and either g or y
are 0. These two options characterize two classes of solutions. Having
canceled the negative part, the terms (a? + 6%) and (> + y2) remains.
Given this, a good change of variable that accounts for normalization
is given by imposing a2 + 62 = sin> § and 2 + y2 = cos? 0. By doing so
we get

Det[Q] = 64sin* 2. (28)

In this way, we confirm the numerical evidence and show that we have
optimal states for sin20 = 1. The optimal states are thus given by the
two sets

1 1
L — 0 0
1\/5.4’ ‘(? L g 0
A i
|wsep>e{ G e[ | e } 29
O 12 A
0 v: )\ v

0 2 2
T
[Went) = <a, pe'?, +iy | % - pre'?, +iy | % - az) (30

with «,f € [0, Lz]. The first class of solutions is made of factorized
states, which are reducible to opportune combinations of the first qubit
being in a superposition of 0 and 1 with equal probability, and the
second one being either |1) or |0). The second class of solutions spans
all possible concurrences from 0 to 1. We can see that the first class is
actually contained in the second. Nevertheless, it is useful to keep them
separate to study the effect of entanglement. Notice that the trace of the
inverse QFIM may be written as p = 3/(4sin” 20), confirming that the
optimal states in Egs. (29) and (30), also minimize p.

4.3. Characterization of optimal states

We now proceed to ask if it is possible to more easily characterize
optimal probe states. To this aim, it is useful to look again at U in
Eq. (7). We can see that if we block diagonalize U, we get 2 blocks of
the form

; 0 —isin@
M=o 31
¢ <—i sinf  cos@ )’ @D

i.e. represents a rotation M = /e~ along the x axis on the Bloch
sphere of an abstract qubit. Therefore our U acts on those subspaces as
a rotation, and the most sensible states are living on the y — z plane of
the corresponding Bloch sphere. With this observation in mind, we can
now easily generate all optimal states, taking for example the state |0)
and rotating it along the x axis with e/°x

_ oo, 1\ _ cos(0) _ X
R.(©0)]0) = e <0) —< —i sin(6) >_( +iV1-x > .

Taking this for the pairs « ~ § and § ~ y, by combining them we get

T
[Went) = <0‘, ﬁ€i¢,ii\[ % - ﬁ2€i¢,ii\l % - a2> (33)

which we recognize to describe exactly (all) the states in Eq. (30).
4.4. Entanglement is not a resource

Having found optimal solutions, we can now better assess whether
entanglement plays any role in determining optimality of the probe
states. To this aim, let us reconsider the data shown in Fig. 2, adding
an equal number of factorizable states (orange).

Results are shown in Fig. 3 . What we see is that, despite not having
anymore the lower part, we still get pretty much the same image and,
once again, we have a higher density of states along the same curve.
To complete the analysis we show in Fig. 4 how the trace of the inverse
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Fig. 2. The trace-determinant region formed by uniformly sampling 2-10° two-qubit states and using Eqs. (25) and (26). The left panel illustrates the physical region of the plane,
while the right one shows the density of states. For graphical reasons the range of p has been limited to values below 5 (the trace of the inverse QFIM is actually unbounded).
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Fig. 3. The left panel shows the distribution of states in the trace-determinant plane formed by uniformly sampling 2 - 10° states (blue, no control on whether they are factorized
or not), and 2-10° factorizable states (orange). The right panel shows the density of factorizable states on the same plane. For graphical reasons the range of p has been limited to
values below 5 (actually the trace of the inverse QFIM is unbounded). (For interpretation of the references to color in this figure legend, the reader is referred to the web version

of this article.)
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Fig. 4. The left and right panels show the precision p and the inverse of sloppiness s~' as a function of the concurrence of the probe state, respectively. The graphs are density
maps built by sampling 2 - 10’ randomly generated states. This shows that precision and sloppiness are not related to the degree of entanglement of the probe state.

and the determinant of the QFIM are related to the concurrence of
the probe. The plot shows that maximum precision is mostly achieved
by probe states with small concurrence, while maximum sloppiness is
mostly achieved by probes with large concurrence. Since every point
in the image is reached by at least a state, it is clear that there is no
relationship between optimality and entanglement.

4.5. Probes that minimize sloppiness at fixed precision

Looking back at Fig. 2, we now want to characterize the states lying
on the top curve, i.e., states minimizing sloppiness for a given level of

precision (i.e., fixed p). We do this by rewriting the determinant as a
function of p and maximizing that function over the other parameters.
The main problem in doing this in the standard basis is that we
get complex equations. The derivation can be greatly simplified by
switching to the Bell basis. We start by expressing the QFIM and the
optimal states in the Bell basis. For convenience let us rewrite U in the

Bell basis
U = Diag {e—i(11—12+13)’ elhi=h=4) o—ilhith—43) ei(/11+/12+/13)} . (34)

We use latin letters to denote the amplitudes of a generic probe state
in the Bell basis |y) = (a, be®s, ce'¥c, de'%a)T, properly normalized. The
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Fig. 5. The four panels show the determinant of the QFIM as a function of b and c¢ at different values of p. They are at respectively p = 0.76, 1, 2.5, 20.

evolved state after the application of U, is given by
e~ ihi=42+43)
el (Po+ii—da=23)

;) = ceilbe=h—iotis) | (39
d el (ba+ii+ia+iz)
and the elements of the QFIM by
Q) =16 (1—b*—d?*) (b* +d?)
0y =16(1-0*=c2) (B> +c?)
=16(1 —c?—d?) (2 +d?
033 (1-c ) (e ) (36)

013 =0y =16 (b + b (2 +d*> = 1) + 2d?)

Q3= 03, =16 (d* = (b* +d?) (c* + d?))

0y =035 =16 (c* (B> +d* — 1) + b*d*> + c*)

which depend only on the real parameters b, ¢, d and not on the phases.
Solutions will then be defined up to relative phases applicable at the

end. The precision p and the determinant of the QFIM may be expressed
as

3 1 1 1 1

S T I T 37
P 64<b2+c2+d2+1—b2—c2—d2> @7
L6384 (1-02 -2 - a?)’ B2, (38)
N
from which it is straightforward to obtain the optimal states
[Wont) = 1 (1, ef?e ei‘f’d)T . (39)

opt ) 5 5 5

We now begin to look for optimal states at fixed precision. We express
the amplitude d = d(b, ¢, p) in terms of precision arriving at
1 49152b%c* (1 - b7 — c2)

-= . 40
s b2 (64¢2p—3) —3c2 “40)

The situation is illustrated in Fig. 5, where we show the determinant
as a function of b and ¢ at fixed p, taking into account the constraints
on the domain.

The graphs show similar features for all values of p, and are char-
acterized by 3 maxima. One is on the diagonal and the other two
are on the edges of the domain (barely visible in the plots), sharing
symmetrically one of the two components with the diagonal one. As a
matter of fact, the function becomes more and more steep on the edges,
making the yellow regions to nearly disappear, though the maxima are
still there. Substituting a maximum in Eq. (40) we get
1

(o0 (el 03 +)

s 108p*

(41)

which expresses the minimum sloppiness achievable for a given pre-
cision p. To the leading around the minimum value of p, we have

1/s = 64—512/3(p—3/4)+O(p—3/4)%. The corresponding (sub)optimal
states, achieving those values of precision and sloppiness are given by

[Woun) = (k2. k1P, Klei¢€,K1ei¢”)T (42)
with

3 3
K_l 8 (p—z>(p—ﬁ>+8p+3 s
1_4\ 3p

3 3
e
2= 4\ »

where k, can be switched in either of the four components.

5. Robustness against noise

Having found an entire class of optimal states, we now want to
characterize their robustness against noise in the preparation stage. The
circuits under consideration are shown in Fig. 6. We assume that after
the preparation of the probe state one, or both channels may be subject
to some form of noise before entering the gate. At this stage, we avoid
classifying the states based on specific noise models, as these could
be tied to particular implementations of the system [31]. Instead, our
focus is on assessing the robustness and performance of the solutions
obtained. To this aim, we apply some simple noise models and examine
how optimal precision changes under these conditions. For simplicity,
we have selected three distinct classes of probe states to illustrate how
different optimal states respond to noise.

These classes are the following

1 1
\/i 1 \/E 1
Low v o |_( %
iy=|va =10y U 1 = =l @10
O \/Ee ﬁe \/Ee
0 0
0.3
0.2 ¢i¢
vs) =1, 10220
iy/3-03?
(45)

In particular, we consider the action of (1) bit flip noise, where the final
state is given by

p; = =7UpoU" +yU(c, ®Dpy(o, ®D'UT  0<y <1 (46)
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Fig. 6. Quantum circuits representing how noisy channels alter the probe states before performing the U evolution. We consider the action of the noisy channel on just one
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Fig. 7. The precision p as a function of the bit-flip noise parameter y and state parameter ¢. The upper panels illustrate results for the noise channel applied only on the second
qubit, and the lower ones for the noise on both channels. The three columns are for the three classes of states in Eq. (45).

if it acts only on one channel, and

Py =0 =2y(1 =)= yHUpU" +y(1 = U (o, @ Dpy(o, @ D'U”
+ 71 =-NUAQ®6)py(® 6)'UT +7*U(o, ® 6,)py(0, ® 0,)'U"
(47)

if it acts on both, and (2) the depolarizing noise, with the final state
given by

pi=(U=UpU +% ¥ Ul @Dyl @DV (48)
- ke{x,y,z}

if it acts only on one channel, and

p1= (=1 UpU" + (1= Y UG @ Dpolox @ DU
k

+ =1 Y UAR0)py1 @) U’
!

2
+ % 2 U(o, ® 0))pgloy ® 6))'UT (49)
ol

if it acts on both (k,! € {x,y,z}). The precision is calculated using
Eq. (15), and the overall goal is to see whether there exist probe states
that maintain their sensitivity in the presence of noise. Results are
summarized in Figs. 7 and 8, where we show precision as a function of
the noise parameter y and the state parameter ¢ for the three classes
of states defined in Eq. (45).

What we can see from Figs. 7 and 8 is that in all cases the function
is convex for small y and thus robustness is ensured. Few additional
remarks are in order: The first is that in the case of a single channel,
for both errors there are phases for which the precision is comparable
to the optimal one for every y. These phases happens to be the same
for |y) and |y3) in the two cases shown, but in general they are error

dependent. In fact, |y, ) shows some robust phases for the bit-flip noise,
but none in the depolarizing case. Looking again at the single channel
case, we can also see that the third state has bounded precision for any
choice of ¢ and y for both kinds of errors. Lastly, we see how in the
two channel case there are values of y for which the bound to precision
diverges for all phases, for both error models. Notice also that in the
limit y = 1 the noise channel corresponds to applying a unitary bit flip
with unit probability, such that the pure input state gets mapped onto
another optimal pure state. In this case, the bound to precision p returns
back to the minimum value p = 3/4. This observation also explains the
symmetry of the plot around the value y = 1/2.

6. Discussion and conclusions

We have addressed the characterization of two-qubit gates, focusing
on precision bounds in the joint estimation of the three parameters
defining their Cartan decomposition. By considering a generic probe
state at the input of the Cartan kernel, we identified classes of optimal
probe states that maximize precision while minimizing sloppiness. For
these probes, quantum incompatibility vanishes, allowing the three
parameters to be estimated without any additional quantum noise. In
addition, we have thoroughly analyzed the properties of these optimal
probes and assessed their robustness against noise, revealing a subset
of states that are more resilient to noise than others.

The optimal probes allow one to achieve a precision bound of
p = 3/4, meaning that the precision of any multidimensional set of
estimators is constrained by Z;=1 Varj; > 3/4. Furthermore, the same
set of probes ensures the minimum sloppiness, s = 1/Det[Q] = 1/64.
We have also determined the optimal precision-sloppiness tradeoff,
providing the minimum value of s for a fixed level of precision p. This
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Fig. 8. The precision p as a function of the depolarizing noise parameter y and state parameter ¢. The upper panels illustrate results for the noise channel applied only on the
second qubit, and the lower ones for the noise on both channels. The three columns are for the three classes of states in Eq. (45).

tradeoff is given by:

(o= 2)2) (oD 5)+2)

with p € [3/4, +0)

In conclusion, we have derived the optimal probe states to char-
acterize the Cartan kernel of a generic two-qubit gate. These probes
allow one to achieve maximum precision while eliminating quan-
tum incompatibility. This enables noiseless, multidimensional, param-
eter estimation. These findings set a new benchmark for the precise
characterization of two-qubit quantum gates, and shed light on the
precision-sloppiness tradeoff in qubit systems.
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