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In this paper, we address quantum systems isospectral to the harmonic oscillator, as
those found within the framework of supersymmetric quantum mechanics, as potential
resources for continuous variable quantum information. These deformed oscillator poten-
tials share the equally spaced energy levels of the shifted harmonic oscillator but differ
significantly in that they are nonharmonic. Consequently, their ground states and ther-
mal equilibrium states are no longer Gaussian and exhibit nonclassical properties. We
quantify their non-Gaussianity and evaluate their nonclassicality using various measures,
including quadrature squeezing, photon number squeezing, Wigner function negativity,
and quadrature coherence scale. Additionally, we employ quantum estimation theory
to identify optimal measurement strategies and establish ultimate precision bounds for
inferring the deformation parameter. Our findings prove that quantum systems isospec-
tral to the harmonic oscillator may represent promising platforms for quantum informa-
tion with continuous variables. In turn, non-Gaussian and nonclassical stationary states
may be obtained and these features persist at nonzero temperature.

Keywords: Continuous variable quantum information; supersymmetric quantum
mechanics; isospectral harmonic oscillators; non-Gaussianity; nonclassicality; quantum
fisher information; ground states; thermal states.

1. Introduction

In quantum information processing, the unique features of continuous variable (CV)
quantum systems make them valuable for certain tasks 3 In particular, CV sys-
tems may be more robust against certain types of noise and de-coherence compared
to discrete variable (DV) systems M5 Additionally, CV systems, especially those
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realized on optical platforms, are experimentally accessible and can be implemented
with existing technology. Finally, CV quantum computing involves fault tolerancél®
and error correction StrategieslEI that differ from those used in DV systems and may
be less expensive in terms of resources.

In CV quantum information, Gaussian states play an important role for their
practical advantages, including simplicity in generation, detection, and manipu-
lation. However, Gaussian states have a positive Wigner function 1819 making
them of little use in several tasks including quantum simulationd?? and computa-
tion 2! To overcome these limitations, non-Gaussian states have been widely inves-
tigated and it has been shown that they can offer advantages and open up new
possibilities in several tasks in quantum information science. In turn, non-Gaussian
states often exhibit more pronounced nonclassical features compared to Gaussian
states, thus providing more effective quantum resource for quantum teleporta-
tion 2329 quantum key distribution 234 and quantum computation 83539 heing
also relevant for the detection of gravitational waves283 Those quantum non-
Gaussian states are more challenging to generate, manipulate, and detect experi-
mentally compared to Gaussian states, as their generation generally involves non-
linearity, conditional measurements, or quantum state engineering operations7
as for example, adding/subtracting photons 2#46550 which can induce and enhance
the amount of nonclassicality (nonC) in an arbitrary quantum state 51052

In this scenario, it would be extremely convenient to have a cheaper source of
simultaneously non-Gaussian/nonclassical states to exploit their properties for CV
quantum information processing without dealing with nonlinear processes, ancillary
systems, and specialized detection methods. This is precisely the scope of this paper.

By using tools from supersymmetric quantum mechanics (SUSYQM), we con-
sider systems described by deformed oscillator potentials, however strictly isospec-
tral to the shifted harmonic oscillator (SHO)B5358 This fact makes them suitable
candidates for CV quantum information, since the potentials are not harmonic, and
the ground states, as well as states in thermal equilibrium, are no longer Gaussian
and exhibit nonclassical properties. Motivated by these facts, we set ourselves
the task to investigate these states by quantifying their non-Gaussianity (nonG)
through quantum relative entropy, and their nonC using quadrature squeezing,
photon number squeezing, quadrature coherence scale (QCS) and Wigner function
negativity. Finally, we address the characterization of isospectral SHO potentials,
and seek for the optimal strategy to infer the deformation parameter, using tools
from local quantum estimation theory (QET)5%62 Iy this procedure, the figure of
merit is the so-called quantum Fisher information (QFI), which provides a quanti-
tative measure of the information about a parameter, which may be extracted by
measurements performed on a family of quantum states.

This paper is structured as follows. In Sec. 2l we briefly provide an introduction
to isospectral potentials in one-dimensional SUSYQM and report the properties
of nonG and nonC as well as the possible measures to quantify these quantum
resources, also review the ideas and the methods of local QET. In Sec. Bl we give
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the family of isospectral potentials for the SHO with its eigenfunctions spectrum. In
Sec. [ we address the use of nonG and nonC measures by taking into account two
different families of stationary states, ground and thermal states, relevant to SHO
isospectral potentials. In Sec. Bl we evaluate the QFI for the chosen states in order
to infer the deformation parameter characterizing the SHO isospectral potentials,
then we discuss results. Section [0l closes the paper by some concluding remarks.

2. Preliminaries

In this section, we review the main tools used in this paper: the notion of isospec-
tral potentials in SUSYQM, the quantification of nonG and nonC, and finally the
formalism of quantum estimation.

2.1. Isospectral potentials in SUSYQM

The formalism of supersymmetry allows for the construction, given some potential
V(z), of a family of potentials that have the same spectrum, and the same reflection
and transition coeflicients as the initial potential. In what follows we briefly review
the method to generate a one-parameter isospectral family for a given potential. The
ground state energy of the Hamiltonian need to be zero in order for the SUSYQM
formalism to hold, this can be achieved without affecting the physics of the system
by shifting the potential of the Hamiltonian. Let us first introduce the partner
potentials V(1 (z) and V() (x) in terms of the superpotential W (z)

VO @) = W3a) — =W (o), 0
V@) = WHa) + <= W' (@) ©)

One can factorize the Hamiltonian in two different ways by introducing the opera-
tors A and Af

A= 0 d+
V2m dx
h d
———t
V2m dx

We then write the corresponding partner Hamiltonians

W(z), 3)

At = W(x). 4)

HD = AtA=— +VvW(x),

n? d?
2m da?
h? d?

H® = AAt = —— —— 1 VO (a).

2m dx?

It is well established, when supersymmetry is unbroken, that the Hamiltonian H(?)
has the same spectrum of eigenvalues as H(!)| except for missing the ground-state
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energy of H(W:

1
EY = B, (5)
Also, the eigenfunctions of the Hamiltonian H(?) are related to those of H®) by
A
WP (@) = Unh (). (6)
=0
n+1

Consequently, we can reconstruct all the eigenfunctions of H(") from those of H?)
except for the ground state
Af
Uil (@) = —v P (@). (7)
EY

It is worth noting that the superpotential W (z) is related to the ground state wave
function wél)(x) by
R d

_ (1)
W(x)f*\/——%l (g (). (8)

Using Darboux procedure, one can construct a one-parameter family of strictly
isospectral potentials V(l)()\; x), all having the same eigenvalues, to a given initial
potential V() (z) having at least one bound state. By introducing the function

I@Z[%HW&W% (9)

the isospectral potentials 17(1)()\ ;) are obtained by the following formula:

VOO;2) = V() - %fl<i+€?mﬂ’ Y

where the second term is an anharmonic term that encodes the nonlinear features
of these oscillators. Note that we denote the parameter of the isospectral family
by 1/) instead of A, as used in literature, in order to better track graphically the
asymptotic behavior of our potentials©3

These potentials have been used to construct explicit solutions of nonlinear evo-
lution equations®® and have been used to calculate resonances in a three-dimensional
finite square well  The eigenvalues of HD (\;x) and H () are the same. The eigen-
states of H() (A\;z) are unitary transforms of those of H("). The ground state wave
functions ¢g(z; \) may be written in terms of 1/1(()1)(:6), the ground state eigenstate
of the original Hamiltonian H(")(z), as follows:

do(z;\) = —Wﬂ 1p(l)(gg) (11)
o 14 A (z)¥2m ’

whereas the excited eigenstates of the isospectral Hamiltonians HD (X;x) are given
in terms of both, the excited eigenstates of the states original Hamiltonian H™) (x)
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and their corresponding eigenvalues, by the expression

! I'@) 4 ) e e
1+E(1) (%4—@[(95)) x (de+W( )>‘| ¢n+1( ).

n+1

(bn-i-l (‘T; /\) =

It should be noted that the eigenfunctions ¢, (x; \) are square-integrable if and only
if A > f\/%—m. This is the case we are going to consider in this work.

2.2. Quantification of nonG

The nonG of a CV quantum state p may be quantified in terms of the statistical
distinguishability of the state from a reference Gaussian state pg, chosen to have
the same first-moment vector E[p¢] and the same covariance matrix o[pg] of p (see

[Appendix A)). In particular, the distinguishability is quantified using the quantum
relative entropy

S[pl = S(pll pc) = S(pa) — S(p), (12)

where S(p) = —Tr[plog p] is the Von-Neumann entropy of p and for a single-mode
Gaussian states

S(pa) = h (Vaet o). (13)

where h(z) is a function given by

h(t):(t-l—%)ln(t—l—%)+(t—%)1n(t—%). (14)

Overall, we have the nonG 4[p] of a CV quantum state p and may be expressed as

olp] = h (Vdet ale]) — S(p). (15)

2.3. NonC measures

Nonclassical states are conventionally defined as those that cannot be expressed
as a statistical mixture of coherent states. This definition is grounded in physi-
cal principles and encompasses phenomena that may or may not be observable
in experiments. However, in quantum information processing, other characteristics
beyond nonC can be crucial for achieving quantum advantage. This has led to
the development of more restrictive notions of nonC, tailored to specific applica-
tions BB Evaluating quantum states across these various criteria is essential to
assess their potential use in quantum technology. Although it is regrettable that all
these measures are referred to as nonC measures, this reflects the current state of
the literature, and we will not introduce new terminology here.

In this work, we aim to provide a realistic qualitative and quantitative char-
acterization of both the ground states and the equilibrium states of SHO isospec-
tral potentials. To achieve this, we employ various measures and criteria for nonC,
including those based on quadrature squeezing and photon number squeezing, which
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serve as necessary but not sufficient conditions for fully establishing the non-classical
nature of a quantum state. Additionally, we utilize quantitative measures such as
the negativity of the Wigner function and the QCS to further refine our analysis.

2.3.1. Quadrature and photon number squeezing

Coherent states are minimum uncertainty states, i.e. with uncertainties that are
equal for position X and momentum P operators. Similarly squeezed states are
minimum uncertainty states but they exhibit less uncertainty in one quadrature
and increased fluctuations in the other one. They are non-classical states since this
is not compatible with being a mixture of coherent states. For any quantum state,
the pair of canonical operators (X, P) obey the Heisenberg uncertainty relation:

AX2AP? > n (16)
- 4 )

where AX? = (X?) — (X)? and AP? = (P?) — (P)? are the variances of the posi-
tion X and momentum P operators, respectively. Also, the shot noise variance

h
is expressed by the quantity —. The state is said to be squeezed if the variance

according to a quadrature is compressed (less than %/2). Once we get this squeez-
ing signature, we can say that our state has non-classical features since squeezing
implies the singularity of the P-function. Squeezing is thus a sufficient condition for
nonC (but not necessary) s

Similarly, one speaks of photon number squeezing for those states which satisfy
the relation (An)? < (n) where n = n|n)(n| is the photon number operator. This
is usually quantified by means of the Fano factor

Flo = S5l S (7)

If Flp] < 1, the photon number distribution is sub-Poissonian and the state is
non-classical since this condition is incompatible with having a positive Glauber
P-function. Photon number squeezing is a sufficient condition for nonC but it is
not a necessary one.

2.3.2. Wigner negativity

A celebrated phase-space description of nonC in single mode quantum oscillators is
the volume occupied by the negative part of the Wigner function. Since the Wigner
function W (x,p) of a quantum state p

1 [tee 2ipy
W@m:—/ (@ + ylole — y)e Fdy (18)

mh J_ o
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is a normalized (not positive-definite) quasi-probability distribution in the phase
space, the Wigner nonC may be written as

i = ([[ astowen) -1 (19)

2.3.3. Quadrature coherence scale (QCS)

The term coherences usually denote the off-diagonal elements pu.r = (a|p|a’) of
the density matrix in the eigenbasis of a given observable A. To assess the overall
coherence of the state one may introduce the A-coherence scale (squared) of p via

C(p) = 5 olp, AJ[A p) = 5 [ (@~ @ Plpla, ) Pdada’ (20)

where P[p] = Tr[p?] is the purity of the state p. For a CV system, characterized by
the pair of conjugate quadratures (X, P), the QCS is given by

C(p) = (G (0) + Ch (o) (21)

and quantifies how far from the diagonal the off-diagonal coherences of all quadra-
tures (X, P) lie. A large C(p) implies that for the pair (X, P), at least one has a
large coherence scale. When the QCS is small, i.e. C(p) < 1, the states are close
to classical states, whereas for a large QCS, i.e. C(p) > 1, the states are strongly
non-classical, and very sensitive to environmental decoherence.

2.4. Local quantum parameter estimation

Many quantities of interest in quantum physics are not accessible by direct mea-
surements because they do not correspond to quantum observables. One can cite
temperature, optical phase, and the parameter \ characterizing a family of isospec-
tral potentials. To resolve this issue and assign these quantities a value, we have
recourse to indirect measurements within the QET which provides tools to infer the
value of an unknown parameter with the optimal possible precision in the quantum
limit by finding the best measurements and the best states to achieve this task. In
a classical estimation problem, we look for an estimator defined as a function of
a finite set of empirical data {x1,22,...,2:,} to the set of possible values of the
parameter A= 5\(951, Z9,...,Tm). An unbiased estimator is said to be optimal if it
saturates the so-called Cramér-Rao bound (CRB)
“ 1

Var(A) > MEY (22)
which establishes a lower bound on the variance Var(\) = Ex[(A(z) — A)?] of any
estimator, M is the number of times the measurement is repeated, and F'()) is the
Fisher information (FT):

F(\) = / dr (:vll Y <8p (;A' A))2, (23)
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where p(x|A) denotes the conditional probability of obtaining the measurement
outcome value z when the parameter has the value . The FI F(\) can be viewed
as a measure of the amount of information carried p(z|A) with respect to A. In
quantum mechanics, the conditional probability p(xz|\) is given by the Born rule
p(x | A) = Tr[pall,], where py belongs to a family of quantum states {px} depending
on the parameter A\, and forming the quantum statistical model under investigation.
II, is an element of the positive operator-valued measure (POVM) representing the
measurement with the requirement ) I, = 1. Then, FI takes the following form:

_ I(aATr[PAﬁx])Q
F(\) = / dn S P (24)

By introducing the Hermitian operator L), known as the symmetric logarithmic
derivative (SLD), which is the solution of the equation dy\p) = %(LAp)\ + paLy) one
shows that FI can be maximized over all possible generalized measures POVMs by
the so-called QFI H(\):

H(\) = TelpaL3] > F(V), (25)
this leads straightforwardly to the definition of the quantum CRB (QCRB)
~ 1
A) > —— 2
Var(A) > MEN (26)

we notice that the QFI depends only on the quantum state py, and determines the
ultimate bound to precision of any estimation strategy for \.

By writing the quantum state p) in its eigenbasis px = >~ pn(A)|Un (X)) (Vn(N)],
where [, ()\)) is an eigenvectors of py and p, () the corresponding eigenvalue, we
then obtain an explicit expression of the QFI given by

HO) =Y (Orpn(N))*

pn(N)
(Pn(N) = pm(N))? )
+2,§n PN + (V) [(Wm () [Oxn (M))]7 (27)

The first term represents the classical FI of the probability distribution {py},
whereas the second term contains the truly quantum contribution to the infor-
mation accessible to a quantum system. For a generic family of pure states
px = |(N) (@ (N)], the QFT reduces to the following form:

H(\) = 4[{03(N) [0 (N) (DA (V) [ (). (28)

Note that in a given quantum estimation problem, a quantum measurement is
optimal if the condition F(\) = H()) is met. An estimator is said to be efficient
if the corresponding variance saturates the quantum Cramér—Rao inequality. For
several relevant quantities in CV quantum information, optimal estimation may
be indeed achieved, including entanglement,m discord B283 155 / dissipation,

and temperature itself 56
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3. Isospectral Potentials of the SHO

In this section, we discuss the properties of the supersymmetric isospectral poten-
tials to the harmonic oscillator, which will be employed throughout this paper. We
first consider the one-dimensional SHO defined by its position-dependent potential:

V(@) = 2@ - 1), (20)

where we adopted the units h = w = m = 1. In this case the ground state energy
is shifted to zero, therefore the energy spectrum is given by E,(ll) =n withn >0
and the corresponding normalized wave functions may be written in terms of the
Hermite polynomials H,(z) as

(W) () — e‘an(x)
W) = Il (30

In) = /dw;”(x) ). (31)

Within the techniques of SUSY-QM mentioned earlier in Sec. [ZI] and using the
expression (), one obtains the function I(x) in terms of error function Erf(z):

I(z) = %[1 + Erf(z)]. (32)

Then, using Eqs. (I0), [Z9) and ([B2), the one-parameter family of isospectral poten-
tials V(X ;x) are given by

-~ 1 4)\2e—20° 2 dde Tz
VON;z) == -1+ 2+—+\/j7 . (33
(Aie) =3 ( T L VM ()] T 1+ V2 () (33)

In the top panel of Fig.[Il we show the isospectral potentials v (\; ) as a function
of the position coordinate x for three different values of A\. We can see that when A
increases, the form of v (\; ) starts developing a local minimum, which becomes
deeper and narrower as well as A — 400, whereas for A — 0 one gets back the SHO
potential, which itself is a member of the isospectral family. As a consequence, the
nonlinearity of such oscillators is characterized by the deformation parameter A and
for A > —% the isospectral deformed potentials v (X5 2) has no singularities. For
small values of A\ and close to the origin of the real axis, we may write

PO 2) = %(12 —1)+ 2\/;@ — %)+ 0(z?),

which intuitively explains the presence of a displaced minimum, due to the addi-
tional linear term, and of the distortion, due to the nonlinear cubic terms, in the
isospectral deformed potentials.

The ground state of these isospectral oscillators is detached from the rest of the
eigenstates and it corresponds to a bound state with zero energy Eél) = 0. Note
that the ground states become more localized and develop larger peaks for larger
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8 |- .
A=0 (SHO)
6r A=10" 1
4r A=10% ]
t R — A=10% b
0
ok ]
—4r 4
-6 L L L L
-4 -2 0 2 4
12t ) 0.8 P
o 0.6 7
‘ 0.4
0.8 \ 02
0.6 \ 0.0 =
04 | —0.2
02 / -04
0.0 ~— -0.6
-4 2 0 2 4 -4 2 0 2 4

Fig. 1. In the top panel, we show the isospectral SHO potentials ‘7(1>()\;$) for A = 0 (gray),
A = 10 (blue), A = 103 (green), A = 10° (orange). In the lower left panel, we show the wave
functions of the ground state ¢o(z; ) and, in the lower right panel, those of the first excited state
¢1(x; X). The color code is the same of the above panel.

values of the deformation parameter A. Using Eq. (IJ), the ground state normalized
wave function can be obtained as follows:

e

[V

= 142\
1 14+V2M(x)

do(w; ) = (34)

The behavior of ¢g(x; \) for some values of A is shown in the upper-right panel of
Fig. [l For small values of the deformation parameter, we have

sofzsn) = 1= 2 atie) (35)
o(z;\) = " 7 rf(x)|.
Besides, the excited eigenstates are given by

m3/4[1 + V20 (z)]\/(n + 1)!

¢n+1(x;)\) - :0,1,...

x [ﬁem2(2/\l(x) V) Hpr () + 20 Ho (2) ] (36)
6n) = /dwn(x;A) ). (37)

The first-excited state wave functions are shown in the lower-right panel of Fig. [l
for some values of A.
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4. NonG and nonC of Stationary States

This section is devoted to the study of the properties of the ground and thermal
states of the isospectral SHO. Our analysis begins by evaluating their nonG and
we investigate their nonC.

4.1. Ground states

We start by analyzing the one parameter family of ground states

px = |d0) (ol (38)

The ground state is a pure state, hence its Von Neumann entropy is equal to zero
S(px) = 0, therefore the nonG measure (I3 reduces to the following form:

5lpx] = h (V/det alpa]). (39)

For this, the covariance matrix o[p,] is in a diagonal form, where diagonal elements
are the variances of canonical operators o117 = AX?, 099 = AP?. The expectation
values and hence the variances can be calculated as in

After looking at the shape of the isospectral ground states in Fig. [l one would
expect that the nonG vanishes for A — 0 and increases with A. Indeed, this intuitive
behavior is captured by a numerical evaluation of §[p)] and the corresponding
results are reported in Fig. 2

The nonG increases monotonically (roughly oc A?) for lower values of the defor-
mation parameter and grows to reach a maximum value 6[py] ~ 0.26 for A ~ 71 and
then, for larger values of ), it starts to slowly decrease. This does not seem to have
an intuitive explanation, and in order to better capture the nonlinear features of
the deformed potentials we will also look, in the next section, at the non-Gaussian
properties of thermal states, which account for the whole spectrum of eigenstates.

6lpal
0.25

0.20
0.15
0.10

0.05

0.1 1 10 100 1000/\

Fig. 2. QRE-based nonG §[p,] for the isospectral ground states py as a function of the deforma-
tion parameter \.
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A2
2.0
1.5
1.0
0.1 1 10 100 100

Fig. 3. The variances AX? (red) and AP? (blue) for the isospectral ground states py as a

function of the deformation parameter \. The solid black line is the shot noise limit AX?2 = %

and the dashed line denotes the uncertainty product AXAP, showing that the isospectral ground
state is no longer a minimum uncertainty state.

We conclude that the SUSY procedure has successfully generated an isospectral
potentials with eigenstates having the desired non-Gaussian features.

The ground state is also a nonclassical state, as it may be shown by evaluating
the variances of the quadrature operators X and P. In particular, the ground state
px exhibits squeezing, see Fig. Bl in the position quadrature (red line) for any value
of the deformation parameter. For A — 0, both variances go back to the shot
noise limit (black line). Note that the ground states of the isospectral potentials
are no longer minimum uncertainty states (the dashed line denotes the uncertainty
product). At variance with quadrature squeezing, the isospectral ground states
exhibit photon number squeezing only for large values of the deformation parameter.
As it is apparent from the left upper panel of Fig. [ the Fano factor is larger than

1.3075 q
1.25¢ 0.25
5 %%(5) i 020
. E E| =
SiB g
1.05¢ 3 g
1.00 - ] 8.85
0 100 200 300 400 ) 012345678910
0.04 //‘" """""""""""""""""""" L4
_0.03 Q1‘3'
S0.02} S
0.01}] L1t
0.00L 1.0
0 100 200 300 400 0 100 200 300 400
A 2

Fig. 4. (Top left): Fano factor F[p,] for the states p) as a function of the parameter A. (Top
right): The inset displays the photon number distribution p(n) for the ground state py, with
A = 500. (Bottom left): Wigner negativity v[py] for the isospectral ground states p) as a function
of the deformation parameter A. (Bottom right): QCS C(py) for the states p) as a function of the
parameter .
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one for A < 315 and we have a subPoissonian distribution only for larger values of
A. An example of photon distribution is shown in the upper right panel of the same
figure.

Finally, in order to quantify the non-classicality of the ground states family,
we have numerically evaluate both the Wigner negativity function (I9) and the
quadrature scale variance (2I)). The results are reported in the lower panels of Fig.
[l respectively. Note that for pure states, the QCS reduces to the so-called total
noise

C3(py) = AX? + AP (40)

Looking at Fig. [ we see that W-nonclassicality measure v[p,], in the left lower
panel, shows a behavior analogue to that of the non-Gaussianity measure §[p,] in
Fig. 2l whereas for the QCS, in the right panel, we can observe that it increases con-
tinuously with A and for A — 0 it reaches its minimal value C(p) = 1 corresponding
to coherent states with Poissonian profile.

4.2. Thermal states

Up to now we have handled just with ground states, i.e. we have assumed the system
at zero temperature. In order to analyze more realistic situations, we now consider
Gibbs state, i.e. states at thermal equilibrium at temperature 7', and analyze how
the non-Gaussian and non-classical properties changes as a function of temperature.

The one parameter family of single-mode deformed thermal states pi is made
of mixtures of the eigenstates with Gibbs weights. In formula

p&h—Zpk )b ) (dnl, (41)
where
pi(T) = %e_k/T (42)

the Boltzmann constant has been set to kg = 1 and Z denotes the partition function
1/T
e

—n/T __
Z= Z M= (43)

In the above formulas, we have already used the isospectrality of all the potentials.

To appreciate the difference between the ground states and the thermal ones,
in the following plots we also display the ground states value. The Von Neumann
entropy of the states pf\h can be expressed as

Zpk ) log pi (1) (44)

hence, the QRE nonG measure (5] for the thermal states p{ is given as follows
ol = (aet o [9]) + Zpk )logpi (7). (45)
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Fig. 5. QRE-based nonG §[pth] as a function of the deformation parameter A for isospectral
thermal states p{' with 7' = 0.25K (dashed blue), T = 0.33K (dashed green) and T' = 0.50K
(dashed red). The dotted black line refers to the nonG of ground states family §[p,].

In Fig. Bl we show the numerically evaluated QRE nonG measure for three thermal
states pg\h with different values of temperature T (see the legend). For comparison,
we have also plotted the nonG of the ground state. For small values A < 10, the
QRE nonG measure increases monotonically with A, exhibiting the same behavior
for all considered families of thermal states pi. For larger values A > 10, the nonG
continues to increase, though less rapidly, and is larger for larger T'. This means
that temperature enhances the nonlinearity-induced nonGaussianity. The same,
however, does not happen for non-classicality, as we discuss in the following.

From the evaluation of the variance (AX)? for the three families of thermal
states (see the upper left panel of Fig. [0), we can observe that thermal states
exhibit squeezing for low temperatures T' < 0.33K, while increasing temperature
makes it to surpass the shot noise limit. From the upper right panel of the same
figure, we see that for low temperatures 7" < 0.33K, the Fano factor decreases as
the deformation parameter A increases. Considering the family of thermal states
with 7' = 0.25K (dashed blue) we note a sub-Poissonian distributions, F[p{] < 1
for A > 900. On the other hand, for higher temperatures 7' > 0.33 K the Fano factor
increases with temperature. Finally, to further characterize and quantify the non-
classicality of the families of thermal states, we have numerically evaluated both
the Wigner negativity function (I9) and the QCS (2II). Results are reported in the
lower panels of Fig. 6l Note that QCS is calculated via the formula

C*(p™) = PA(AX? + AP?), (46)

where P is the purity. For these measures of non-classicality in thermal states,
we see a decrease for increasing temperature. Besides, at fixed value of T, they are
affected by the deformation parameter \. In particular, (see left panel) for low values
of A the Wigner negativity increases monotonically as a function of A until reach
a maximum, and then decreases slowly going to an asymptotic value. In the right
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Fig. 6. (Top left): Squeezing quadrature (AX)? for the isospectral thermal states p{? as a function
of the deformation parameter A for different value of the temperature. (Top right): Fano factor
F [p81]. (Bottom left): Wigner negativity v[py]. (Bottom right): QCS C(p{?). In all plots, the red
dotted line denotes the curve for T'= 0.5K, green is for T'= 0.33K and blue for T'= 0.25K. The
black dotted lines correspond to the measures of the ground states py, that is to the limit 7" — 0.

panel, we observe that QCS increases continuously with A\, whereas it approaches
the limit C(p) = 1 of “quadrature quasi-incoherent states” as A — 0.

5. Characterization of the SHO Isospectral Potentials

Here we present some results about the characterization of isospectral oscillators,
focusing on the ultimate bounds on the precision in estimating the deformation
parameter A. In particular, we address optimal measurement protocols and evaluate
the corresponding QFI.

In the simplest configuration, the precision in the estimation of the deformation
parameter A is quantified by the QFT H()) for the isospectral ground states pj,
which itself may be evaluated using Eq. (28], arriving at

21

=50 vy

(47)

Remarkably, the quantum CRB (QCRB) is achieved by position measurements,
i.e. by measuring the position operator X of the oscillator, we have F(A\) = H()).
The QFI is a decreasing function of A and vanishes for great values of A, thus
indicating that any estimator X of the deformation parameter A becomes less and
less precise for large A\. The QFI, however, decreases only quadratically with the
parameter and therefore the signal-to-noise ratio scales as A?/VarA — £ — O(1/X),
i.e. it remains finite even for A — oo. For thermal states, the QFT for the parameter
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Fig. 7. QFI for isospectral SHO thermal states pg\h as a function of the deformation parameter
A. The dashed curves are for increasing values of 7' (shown in the legend) from top to bottom.
The dotted line at the top is the ground state QFI.

A at temperature T is given by

HNT)=2)) [p" )+pm((TT))] (b |Oxon) |- (48)

n#Em

In Fig. [ we show the behavior of the QFI H(X\;T) at fixed temperatures as

a function of A\. The QFT shows the same qualitative behavior as that for ground

states (Black dots), i.e. it decreases with the deformation parameter \. At fixed A,

the QFT slightly decreases with temperature. Also in this case, the FI of position

measurement equals the QFI. In other words, position data provide us with all the

maximum available information about the deformation parameter of the isospectral
potentials.

6. Conclusion

Nonlinear oscillators have attracted interest in different fields, as they play a rele-
vant role for fundamental and practical purposes. In particular, they have recently
received attention as a possible resource for quantum information processing. In
this paper, we have focused on SUSY potentials isospectral to the SHO and shown
that the ground state of the A-isospectral potentials is non-Gaussian for all positive
values of A with the non-Gaussianity persisting in thermal states and increasing
with temperature. The states are also non-classical as confirmed by the emergence
of squeezing of the ground state and also photon-number squeezing for large values
of the deformation parameter. Additionally, we have shown that the ground state
exhibits Wigner negativity, which increases with the deformation parameters until
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reaching a maximum and then slowly decreases. Non-classicality is also present in
the equilibrium states of the systems up to some threshold temperature.

We have also addressed the characterization of the systems, i.e. the estimation
of the deformation parameter and evaluated the QFI. We found for the pure state
model the QFT decreases with increasing values of the parameter, and the CRB is
saturated by position measurement. The QFIT for thermal states exhibits a qual-
itatively similar behavior with a slight decrease in value at higher temperatures.
The QFT decreases for increasing A and vanishes in the limit A — oo. The optimal
measurement is still the position measurement which saturates the CRB.

In conclusion, our study proves an interesting interplay between SUSYQM and
nonlinearity, unveiling the remarkable non-Gaussian and non-classical properties
of the eigenstates of A-isospectral potentials. The persistence of these features in
thermal states and their dependence on temperature and the deformation param-
eter confirm the robustness of these systems for exploring fundamental quantum
phenomena. Moreover, we have addressed the bounds to precision in the charac-
terization of systems described by isospectral SUSY potentials, with position mea-
surements emerging as an optimal strategy. Our results deepen our understanding
of isospectral potentials and prove they may represent promising platforms for
quantum information with CVs, particularly in leveraging their non-classical and
non-Gaussian properties. We hope that our results will pave the way for further
exploration, e.g. using coherent states of isospectral oscillators® into the practical
applications of nonlinearity and SUSY in quantum technologies.

Appendix A. Displacement Vector and Covariance Matrix
of a Quantum State

Introducing the real vector of canonical operators R = (X, P)T, the displacement
vector E[p] and the covariance matrix o[p] of a quantum state are given by

Elp] = ((X).(P)", (A1)
Ax? DX (xyipy
ORI . (A2)
< >;< >—<X><P> AP2

For a generic pure state |¢), we have

<m=wwm=4mmmm% (A.3)
uv:wm@:—mémammww, (A4)
m%=ww%w=4wﬁwmﬁ (A.5)
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(P?) = (9] P?|¢) = —h? /R dw ¢(x) 026(3), (A.6)
(XP) = ($|XP|g) = —ih /R dx §(z) = Dy b(z), (A7)
(PX) = (4|PX|¢) = —ih /}R dx §(z) 0, [z $(a)). (A8)
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