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Generalized phase estimation in noisy quantum gates
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We examine metrological scenarios where the parameter of interest is encoded onto a quantum state through
the action of a noisy quantum gate and investigate the ultimate bound to precision by analyzing the behavior
of the quantum Fisher information (QFI). We focus on qubit gates and consider the possibility of employing
successive applications of the gate. We go beyond the trivial case of unitary gates and characterize the robustness
of the metrological procedure introducing noise in the performed quantum operation, looking at how this affects
the QFI at different steps (gate applications). We model the dephasing and tilting noise affecting qubit rotations
as classical fluctuations governed by a von Mises–Fisher distribution. Compared to the noiseless case, in which
the QFI grows quadratically with the number of steps, we observe a nonmonotonic behavior, and the appearance
of a maximum in the QFI, which defines the ideal number of steps that should be performed in order to precisely
characterize the action of the gate. Analyzing also the combination of different types of gate imperfections we
defined a form of generic noise, finding also nontrivial regimes in which the combination of the two different
noises leads to a more resilient QFI or, more remarkably, to an enhancement of the QFI with respect to the case
in which only one type of noise is considered.

DOI: 10.1103/PhysRevA.110.052425

I. INTRODUCTION

Quantum estimation theory [1] is the mathematical frame-
work providing the optimal methodologies to assess the
precision in the estimation of one or more parameters en-
coded in the state of a quantum system. Phase estimation
[2], in particular, is attracting great attention because of its
importance not only in metrology [3–5] but also in quantum
information processing in general [6–9]. Here we consider
the case in which the parameter to be estimated is encoded
in the transformation associated to a quantum gate acting
on a qubit [10,11]. The typical metrological procedure is to
prepare an initial state independent from the parameter, apply
the quantum gate (one or many times), and then perform a
measurement to extract information about the unknown value
of the parameter(s).

In the ideal case of unitary gate operation, the metrolog-
ical procedure may be easily optimized [12], whereas in the
presence of noise the problem is not trivial and has not been
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fully addressed so far with a general and accurate mathe-
matical description. In turn, the current generation of noisy
intermediate-scale quantum devices (NISQs), and likely those
in the near future [13,14], are unavoidably affected by noise.
The noise affecting NISQs may be classified in different
categories [15], including gate infidelities [16], state prepa-
ration and measurement errors [17], decoherence resulting
from the interaction with the environment [18], and dephasing
of the physical qubits. Gate imperfections may be modeled
as generalized depolarizing channels [19,20], i.e., assigning
probabilities to the operations described by the Pauli X , Y ,
and Z gates. Another approach is to forget any information
about the gate and set an estimation procedure in which this
is not required [21]. In this case, doubling the dimension of
the probe system and using an entangled initial state, it is
possible to retrieve a relevant amount of information about
the parameter [22,23].

In this paper, we address realistic noise affecting the trans-
formation performed by the gate, regardless of the causes.
In particular, the actual transformation could be different
from the one we wanted to apply, and we model the noisy
transformation as a weighted sum over all the possible trans-
formations [24–26]. Since every unitary transformation on a
qubit can be seen as a rotation of its Bloch vector, we consider
two types of noise: one affecting the angle of rotation, referred
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to as dephasing noise [27,28], and the other one affecting the
rotation axis, referred to as tilting noise. Combining these two
different types of gate imperfections we were able to define
a detailed and general form of noise in quantum gates. The
transformations obtained through this procedure cease to be
unitary, and we analyze how this affects the estimation of the
gate phase parameter compared to the ideal case. In order
to quantify the precision attainable in the estimation of a
single parameter θ , a lower bound is provided by the quantum
Crameŕ-Rao theorem, stating

Var(θ ) � 1

MHθ

(1)

where M is the number of measurements available and Hθ is
a quantity called quantum Fisher information (QFI). This tells
us that the precision can be arbitrarily increased by increasing
the number of measurements. However, this comes with a
cost, and in order to exploit each measurement as much as
possible we should look at the conditions maximizing Hθ . In
the following, we analyze in detail how the dephasing and
tilting noise affect the QFI of the phase parameter encoded
on the qubit by the gate.

The paper is structured as follows. In Sec. II, we review
the mathematical tools needed for the characterization of the
noisy quantum gates. In Sec. III, we evaluate the temporal
evolution of the quantum state undergoing successive gate
applications. In Sec. IV, we illustrate the results obtained
for the two types of noise, and seek for the optimal number
of gate applications that enhances the metrological perfor-
mance of our system. Finally, Sec. V closes the paper with
some concluding remarks. Additional material can be found in
Appendixes A and B.

II. METROLOGY ON THE BLOCH SPHERE

The most general qubit state may be written as

|ψ〉 = cos
α

2
|0〉 + eiγ sin

α

2
|1〉 0 � α,

γ

2
� π, (2)

and may be associated to a vector on the unit
sphere [29], usually referred to as Bloch vector:
�b = (sin α cos γ , sin α sin γ , cos α)T . This construction
can be extended to mixed states ρ. The corresponding Bloch
vector is obtained by

�b = Tr{ρ �σ } (3)

where �σ is the vector of Pauli matrices:

�σ =
[(

0 1
1 0

)
,

(
0 −i
i 0

)
,

(
1 0
0 −1

)]T

. (4)

A quantum gate encodes a transformation performed on a
quantum state. To map pure states to pure states (as the evolu-
tion of a quantum isolated state should do) the corresponding
matrix must be unitary: U ∈ U (2) since we are acting on a
qubit. However, we will consider only special unitary matri-
ces: U ∈ SU (2), because every unitary matrix can be written
as a special unitary times a phase, whose action is trivial on a
quantum state. A unitary transformation acting on a qubit cor-
responds to a rotation of its Bloch vector. To see this we write
U by exponentiation of the SU (2) generators: U = e− i

2 θ n̂·�σ

with �θ = θ n̂ being the generalized angles [30]. It transforms a
state ρ0 as ρ = Uρ0U †. Taking first order of an infinitesimal
rotation

ρ = e− i
2 θ n̂·�σ ρ0 e

i
2 θ n̂·�σ � ρ0 − i

θ

2
[�σ · n̂, ρ0], (5)

the corresponding Bloch vector is transformed as

�b = Tr{ρ �σ } � �b0 − i
θ

2
Tr{[�σ · n̂, ρ0]�σ }

= �b0 + θ n̂ × �b0 (6)

so that the (special) unitary transformation e− i
2 θ n̂·�σ corre-

sponds to the rotation Rn̂(θ ), around the axis n̂.
In parameter estimation, the goal is to estimate the value

of a parameter θ by sampling a stochastic variable X , whose
conditional distribution p(x|θ ) is the probability to obtain
outcome x provided that the parameter has value θ . A funda-
mental result is the Cramér-Rao inequality [31,32], providing
a lower bound on the variance of θ when it is by measuring
the variable X :

Var(θ ) � 1

MFx(θ )
. (7)

The difference with Eq. (1) is that in the right-hand side we
have Fx(θ ), termed Fisher information (FI), defined as

Fx(θ ) =
∑

x

[∂θ p(x|θ )]2

p(x|θ )
. (8)

In a quantum-mechanical framework θ would be a parameter
of a quantum state. Measurements are performed through
positive operators {
x} with

∑
x 
x = 1, and can be seen as

tools to generate the probability distributions p(x|θ ). In this
way, some measurements will generate probability distribu-
tions with a high FI while others will be less efficient. By
maximizing the FI with respect of all the possible measure-
ments one obtains the the quantum Cramér-Rao bound [33] of
Eq. (1), having then

Hθ � Fx(θ ). (9)

In this way, the QFI depends only on the quantum state ρθ and
is defined as

Hθ = max
x

{Fx(θ )} = Tr
{
ρθL2

θ

}
, (10)

where Lθ is a Hermitian operator, referred to as the symmetric
logarithmic derivative (SLD). It is related to the rate at which
the state changes when θ varies and is implicitly defined as

∂θρθ = Lθρθ + ρθLθ

2
. (11)

Evaluating the QFI for a quantum state gives an upper bound
on the precision, which may be achieved by measuring the
projectors on the eigenstates of the SLD operator.

The evaluation of Hθ usually involves the diagonalization
of the state density matrix. For qubits this leads to [34,35]

Hθ =

⎧⎪⎨
⎪⎩

|∂θ �bθ |2 + (�bθ ·∂θ �bθ )2

1−|�bθ |2 if |�bθ | < 1

|∂θ �bθ |2 if |�bθ | = 1

, (12)
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where �bθ is the Bloch vector associated to the state ρθ .
The Cramér-Rao theorem is valid for those values of the

parameter where the QFI is continuous, otherwise the bound
does not hold [36,37]. In the quantum case, discontinuities
usually occur at values of the parameter for which the rank of
the density matrix changes. In our case, this happens for θ =
0, and therefore we consider the domain 0 < θ < 2π . This
happens because for θ = 0 the rotation around any axis is the
identity and is left invariant by any form of noise, while for
θ �= 0 fluctuations of θ turn any unitary rotation into a purity
decreasing quantum operation.

Since we want to characterize a noisy system where fluctu-
ations affect the rotation angle or the rotation axis, we need
to be equipped with probability distributions for stochastic
variables living in a circular or a spherical domain. The proper
choice is then a class of probability distributions commonly
grouped under the name of von Mises–Fisher (vMF) [38],
describing deviations from a central direction μ̂, and defined
as

pd
k (x̂) = Cd (k)ekx̂·μ̂ (13)

where x̂, μ̂ are vectors belonging to the d − 1 sphere Sd−1 and
Cd (k) is a normalization factor that depends on the dimension:

Cd (k) =
(∫

Sd−1
ekx̂·μ̂dx̂

)−1

= k
d
2 −1

(2π )
d
2 I d

2 −1(k)
(14)

with In(k) denoting the modified Bessel function of the first
kind of order n evaluated at k. The quantity μ̂ identifies the
predominant direction on the hypersphere while k represents a
concentration parameter, and controls how fast the probability
decreases when x̂ deviates from μ̂. This can be regarded as the
equivalent of a Gaussian probability distribution, but defined
on the sphere Sd−1 rather than in Euclidean space Rd−1. For
instance, in the scenario where d − 1 = 1 (where the variable
resides on a circle or in R), the vMF distribution is closely
approximated by a normal distribution with σ 2 = 1

k , provided
the concentration parameter k is sufficiently large such that the
compact topology of the support is insignificant. The same ap-
plies to higher dimensions, with a normal distribution having
isotropic covariance. In the following we present in detail the
two cases which we are interested in, namely d = 2 and 3.

For d = 2 we are considering a stochastic variable ε living
on a circle and the corresponding density function, known as
von Mises distribution, reduces to

pd=2
k (ε) = ek cos(ε−μ)

2π I0(k)
. (15)

An alternative expression in series of cosines is given by

pd=2
k (ε) = 1

2π

⎧⎨
⎩1 + 2

I0(k)

∞∑
j=1

I j (k) cos[ j(ε − μ)]

⎫⎬
⎭. (16)

The d = 3 case was introduced [39] to provide the correct
distribution for elementary errors over the surface of the unit
sphere, pointing out that the most used Gaussian distribu-
tion loses validity when the entity of the errors forces us to
consider the actual topology. In this generalization relies the

accuracy of our approach. The probability density reads

pd=3
k (x̂) = kekx̂·μ̂

4π sinh(k)
. (17)

III. THE STATISTICAL MODEL

We address a parameter estimation problem in which the
dependence on the parameter θ is encoded onto a quantum
state by the application of a θ -dependent quantum gate. In
particular, we consider the scenario in which the quantum
gate, due to imperfections leading to fluctuations, instead of
performing the desired transformation may perform a differ-
ent one. Let us denote by Uθ the intended transformation and
Uλ,θ the possible transformations that are actually performed.
Here λ denotes a d-dimensional parameter (d � 3) so that
Uλ,θ runs over a certain subset of the SU (2) matrices. The
gate performs the transformation Uλ,θ with probability p(λ),
with

∫
p(λ)dλ = 1. If ρ0 is the the initial state of the qubit,

after t gate iterations, we are left with the state

ρt =
∫

· · ·
∫

p(λ1) . . . p(λt )Uλt ,θ . . .Uλ1,θ

× ρ0U
†
λ1,θ

. . .U †
λt ,θ

dλ1 . . . dλt . (18)

The quantity t is discrete and denotes the number of gate
iterations. The Bloch vector at iteration t is given by

�bt = Tr{ρt �σ }

=
∫

. . .

∫
p(λ1) . . . p(λt )Tr

{
Uλt ,θ . . .Uλ1,θ

× ρ0U
†
λ1,θ

. . .U †
λt ,θ

�σ
}
dλ1 . . . dλt

=
∫

. . .

∫
p(λ1) . . . p(λt )

[
Rλ1(θ ) . . . Rλt(θ ) �b0

]
dλ1 . . . dλt

(19)

where Rλ(θ ) is the Bloch rotation corresponding to Uλ,θ . If
we assume that the probability distribution p(λ) is the same
at each gate iteration and is independent of the state on which
the gate acts, linearity allows us to write

�bt =
∫

p(λt )Rλt(θ )dλt · · ·
∫

p(λ1)Rλ1(θ )dλ1 �b0 (20)

= [R̃k (θ )]t �b0. (21)

This tells us that once we compute the “noisy rotation”

R̃k (θ ) ≡
∫

dλ p(λ) Rλ(θ ), (22)

we can simply apply it to the initial Bloch vector �b0 to obtain
the evolved one �bt at each gate iteration. Alternatively, we may
also use the following expressions [40]:

�bt (θ, k) = [R̃k (θ )]t �b0, (23)

∂θ �bt (θ, k) = ∂θ [R̃k (θ )]t �b0, (24)

where

∂θ [R̃k (θ )]t =
t∑

j=0

[R̃k (θ )] j∂θ R̃k (θ )[R̃k (θ )]t− j−i. (25)
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Once we know �bt (θ, k) and ∂θ �bt (θ, k) we can compute the
QFI at iteration t . The mathematical tools described in this
section, due to their generality, can be extended to model the
effect of the noise in a general unitary matrix and then in the
most general form of a time-independent evolution operator
in a quantum-mechanical framework.

IV. RESULTS

In this section, we illustrate the results obtained starting
from the noiseless evolution. Then, we proceed considering
systems affected by pure dephasing, i.e., noise affecting only
the angle of rotation, and then examine the case of pure tilting,
where noise is affecting only the axis of rotation. Finally,
we consider the general case where both kinds of noise are
present. Notice that this is the most general kind of noise that
may occur for a qubit rotation, which is characterized by the
three degrees of freedom of a three-dimensional rotation (one
for dephasing, and two for tilting). As we will see in detail, the
presence of noise dramatically alters the behavior of the QFI
compared to the noiseless case. The most striking difference
is that the QFI does no longer increase indefinitely with the
number of gate applications, but instead reaches a maximum
and then goes to zero. Other significant results rely in the
finding of noise regimes in which the combination of tilting
and dephasing leads to a more resilient or to an enhanced QFI
compared to the pure dephasing case.

A. Noiseless evolution

Let us start with the noiseless case, in which the gate
performs exactly the desired operation [41]. Starting from a
generic state, we have

�b0 = |�b0|(sin α cos γ , sin α sin γ , cos α)T . (26)

We apply t times a ẑ rotation of an angle θ , that is the param-
eter to be estimated. We choose a ẑ rotation without loss of
generality (see Appendix A)

Rẑ(θ ) =
⎛
⎝cos θ − sin θ 0

sin θ cos θ 0
0 0 1

⎞
⎠ (27)

and after t iterations the state is

�bt = [Rẑ(θ )]t �b0 = Rẑ(t θ )�b0

= |�b0|
⎛
⎝sin α cos (t θ + γ )

sin α sin (t θ + γ )
cos α

⎞
⎠. (28)

Using Eq. (12) we obtain

Hθ (t ) = |∂θ �bt |2 = |�b0|2t2 sin2 α. (29)

The QFI increases with the purity of the initial state, which
is not spoiled by the simple rotation applied. Indeed, as ob-
served in [35], the QFI always increases with the purity of
the measured qubit state. In addition, we see that the QFI
grows quadratically with the number of gate iterations, and
depends on the polar angle α of the initial state through a
factor sin2 α. This is in accordance with [42], stating that when
the dependence on a parameter is given to a quantum state

through the action of a unitary transformation Uθ = e−iθT ,
the QFI is maximized by taking the initial state in the form
|ψ0〉 = 1√

2
(|emax〉 + |emin〉), where |emax〉 and |emin〉 are the

eigenstates of the generator of the transformation T associated
to the highest and lowest eigenvalues. Here the generator
would be proportional to the Pauli matrix σz, whose eigen-
states are the elements of the trivial basis |g〉 and |e〉. An equal
superposition of them would lie on the equator of the Bloch
sphere, having then α = π

2 . Interestingly, the QFI does not
depend on the actual rotation angle θ that we want to estimate.

B. Pure dephasing

After the analysis of the noiseless evolution we move to
the study of the effect of the different noise models. In this
section, we assume that the noise is affecting only the rotation,
while the axis of rotation is preserved. In other words, we
assume that the gate, instead of performing the rotation Rẑ(θ ),
may perform the rotation Rẑ(θ + ε) with probability

pkD (ε) = ekD cos ε

2π I0(kD)
,

where I j (x) denotes the modified Bessel function of the first
kind of order j. We consider the axis of rotation to be the ẑ
direction to simplify the computation, but the results hold in
general by simply rotating the initial vector (see Appendix A).
The probability of obtaining a certain rotation is governed by
a von Mises distribution centered in ε = 0 (i.e., we assume an
unbiased gate where the most likely rotation is the nominal
one) with concentration parameter 0 � kD � ∞. This quan-
tity determines the quality of the quantum gate: for kD → ∞
we recover the noiseless result, while for kD → 0 the angle of
rotation becomes completely random.

The resulting dephased rotation is (see Appendix B)

R̃ẑ,kD (θ ) =
⎛
⎝FkD cos θ −FkD sin θ 0
FkD sin θ FkD cos θ 0

0 0 1

⎞
⎠ (30)

where FkD = I1(kD)/I0(kD). The operation R̃ẑ,kD (θ ) is still ro-
tating the qubit, but also shrinking the Bloch vector in the
xy plane. Indeed, the main difference between a pure and a
noisy rotation affected by dephasing stays in the coefficient
FkD , which assesses the precision of the operation, according
to the limit

lim
kD→∞

FkD = 1. (31)

The QFI after t gate applications (see Appendix B) is given
by

Hθ (t ) = (
FkD

)2t
t2| �b0|2 sin2 α. (32)

The behavior of Hθ (t ) as a function of the number of gate
applications is shown in Fig. 1 for different values of the
concentration parameter kD. We see that noise introduces a
nonmonotonic behavior depending on the ratio I1(kD )

I0(kD ) , phys-
ically motivated by the fact that the gate gives to the state
dependence from θ , but also decreases its purity. Knowing
this, it is interesting to find the ideal number of iterations topt,
namely the one maximizing Eq. (32).
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FIG. 1. QFI as a function of the number of applications of a
dephased rotation for different values of the concentration parame-
ter kD. The initial state is �b0 = (1, 0, 0)T , the rotation axis is n̂ =
(0, 0, 1)T , and the nominal rotation angle is θ = π

4 . The higher is kD

(and so the quality of the quantum gate) the higher is the maximum
value of the QFI before it starts decreasing. The noiseless case would
be obtained for kD → ∞, with Hθ (t ) = t2 with the selected initial
state.

The optimal value of t is given by

topt = −(lnFkD )−1. (33)

Of course, since it represents a number of gate applications,
we have to select the closest integer to topt. Concerning the
initial state, the QFI is still maximized taking the starting vec-
tor lying on the equator. We see also that, as in the noiseless
case, the QFI does not depend on the rotation angle θ .

C. Pure tilting

After the analytical characterization of the dephasing case,
in this section we address the case where the noise is affecting
only the axis of rotation, preserving the rotation angle θ . In
other words, we assume that the gate, instead of performing
the target rotation Rẑ(θ ), is applying the rotation Rn̂(θ ) with a
probability density given by the von Mises–Fisher distribution
on the two-sphere, i.e.,

pkT (n̂) = kT

4π sinh kT
ekT cos φ,

where n̂ = (sin φ cos ϕ, sin φ sin ϕ, cos φ)T . The probability
density has concentration parameter kT and is centered in the
direction of the ẑ axis (again without loss of generality, see
Appendix A). We refer to it as the “central axis,” because
“rotation axis” would be misleading since we are rotating
around all the possible ones. Following the computation in
Appendix B, one obtains the tilted rotation R̃ẑ,kT (θ ), shown
in Eq. (B11). As expected, we recover a pure ẑ rotation in
the limit kT → ∞. On the other hand, for vanishing kT one
obtains a transformation proportional to the identity

R̃UT(θ )
kT →0−−−→ 1 + 2 cos θ

3
1. (34)

FIG. 2. QFI as a function of the number of applications of a tilted
rotation for different values of the concentration parameter kT . The
initial state is �b0 = (1, 0, 0)T , the central axis is n̂ = (0, 0, 1)T , and
the rotation angle is θ = π

4 . Increasing kT means considering a gate
less affected by tilting noise, allowing the QFI to reach higher values.
The noiseless case would be obtained for kT → ∞, with Hθ (t ) = t2

with the selected initial state.

This case, termed uniform tilting, will be treated later. Ex-
cept for this case, the general expression of �bt = [R̃ẑ,kT (θ )]t �b0

becomes cumbersome, as that of the QFI, and will not be
reported here. Rather, in Fig. 2 we show the behavior of the
QFI as a function of the number of applications of a tilted
rotation for different values of the concentration parameter kT .
As it is apparent from the plot, the behavior is qualitatively
similar to the one obtained for dephasing noise: increasing the
concentration parameter kT increases the highest value that is
reached by the QFI.

However, despite the similarities with the dephasing noise
case, tilting noise introduces a dependence in the QFI on the
rotation angle θ . In particular, as we can see in Fig. 3, the
QFI achieves higher values for small rotation angles, where
the effect of tilting noise is apparently reduced. The case in
which we have no control at all on the axis of rotation can
be treated analytically. Indeed, in this case the noisy trans-
formation R̃UT(θ ) is that of Eq. (34) which can be obtained
computing

R̃U .T (θ ) = 1

4π

∫ 2π

0
dϕ

∫ π

0
dφ sin φ Rn̂(θ ). (35)

Correspondingly, one has

�bt =
(

1 + 2 cos θ

3

)t

�b0, (36)

∂θ �bt = − 2

3
sin θt

(
1 + 2 cos θ

3

)t−1

�b0, (37)

and, using Eq. (12),

HkT →0
θ (t ) = 4

9
t2 Z2t−2

1 − Z2t |�b0|2
sin2 θ |�b0|2 (38)

where

Z = 1
3 (1 + 2 cos θ ).
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FIG. 3. QFI as a function of the number of applications of a
tilted rotation for different values of the rotation angle θ . The initial
state is �b0 = (1, 0, 0)T , the rotation axis is n̂ = (0, 0, 1)T , and the
concentration parameter is kT = 7. By reducing the angle of rotation
we can mitigate the effect of the tilting noise.

It is interesting to analyze the case in which the initial state
is pure (|�b0|2 = 1). In this case, if θ → 0, we obtain a linear
dependence on the number of iterations:

HkT →0
θ (t )

θ→0−−→ 2

3
t . (39)

We should note that in this case our model falls into the
one addressed in [21], where they considered one single gate
application. Using two entangled qubits they recovered the
maximum value of QFI (Hθ = 1), while using an entangle-
free couple of qubits they set up a measurement procedure
resulting in a FI of 2

3 regardless of the rotation angle. In our
case instead, using a single qubit probe, the QFI in Eq. (38)
depends on the rotation angle θ , and for t = 1 reads

HkT →0
θ (t = 1) = 2 cos2 θ

2

2 + cos θ
, (40)

which assumes its maximum HkT →0
θ (t = 1) = 2/3 for θ = 0.

Concerning the dependence from the initial state (in par-
ticular from its polar angle α), the highest value of the the
QFI is still reached selecting an initial vector lying on the
equator of the Bloch sphere (having α = π

2 ) as we can see
in Fig. 4. However, the dependence from α is not anymore a
simple sin2 α factor.

D. General noise

As already mentioned, the most general effect of the noise
is a combination of both a tilting and dephasing. The gate
performs the rotation Rn̂(θ + ε) instead of the desired Rẑ(θ ),
where dephasing noise is responsible for fluctuations in the
rotation angle uncertainty and the tilting one for the axis
instability. The probability governing the fluctuations of the
rotation angle is a von Mises distribution centered in ε = 0
with concentration parameter kD. The tilting noise is described
by a von Mises–Fisher distribution centered in the central

FIG. 4. QFI as a function of the number of applications of a tilted
rotation for different values of the initial state polar angle α. In partic-
ular, the initial vectors are chosen in the form �b0 = (sin α, 0, cos α)T .
The central axis is n̂ = (0, 0, 1)T , the rotation angle is θ = π

3 , and the
concentration parameter is kT = 7. We can see that the higher curve
is the one associated with α = π

2 .

axis ẑ, with concentration parameter kT . The noisy rotation
R̃ẑ,kD,kT (θ ) is obtained in Appendix B and shown in (B12).

As intuitively expected, in the noiseless limit (kD →
∞, kT → ∞) we recover a pure ẑ rotation. Removing the
dephasing noise (kD → ∞) leaves us with a tilted rotation
R̃ẑ,kT (θ ) and thus for kT → ∞ we recover a dephased rotation
R̃ẑ,kD (θ ). In contrast, in the limit kD → 0, we no longer have
a dependence on θ , resulting in a vanishing QFI. For kT → 0
while keeping kD > 0, the QFI assumes the form

HkT →0
θ (t ) = 4

9
t2 Z2t−2

1 − Z2t |�b0|2
[

I1(kD)

I0(kD)
sin θ

]2

|�b0|2 (41)

where here the quantity Z in Eq. (38) becomes

Z = 1

3

(
1 + 2

I1(kD)

I0(kD)
cos θ

)
.

This is analogous to the uniform tilting studied in the previous
section, but with additional I1(kD )

I0(kD ) factors which cause

HkT →0
θ (t )

θ→0−−→ 0 (42)

unless we perform the limit kD → ∞ in advance. In the gen-
eral case, the characterization of Hθ is more challenging, since
it depends on several parameters: t, θ, kD, kT , |�b0|2, and the
angle α between the central axis and the initial state. For this
reason we assume to start with a pure state |�b0|2 = 1 and focus
on two interesting choices for the initial vector, referred to as
the equatorial state and the polar state. This notation is related
to the fact that we take the central axis of rotation to be along
ẑ, resulting in the polar angle α being the angle between the
tilted and central axes

1. The equatorial state

As a first example, we consider an equatorial initial state
with α = π/2, since it is optimal for pure dephasing and pure
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tilting. We observe again a maximum at a certain number of
iterations and then a slow decrease. The lower are the noises’
effects (i.e., the higher their concentration parameters) the
higher are the maximum and the gate applications required
to achieve it. Still, we see that lowering the actual angle of
rotation θ makes the QFI increase, approaching the curve we
would obtain with pure dephasing (we recall that sending θ to
zero is a way to annihilate the effect of the tilting noise). A
remarkable phenomenon also appears for θ below a certain
threshold: there is a crossing between the tails of the pure
dephasing noise and the general noise curves. Despite the
highest value being always reached by the pure dephasing
curve, having a little tilting noise makes the QFI decrease
slower for an increasing number of applications of the gate.

2. The polar state

As a second example, we consider a polar initial state, a
qubit with α � 0 (thus, an initial Bloch vector almost aligned
with the central axis of rotation). In this case, we first notice
that the QFI is much smaller than the one obtained for α = π

2 ,
but this regime is still interesting for the appearance of a
peculiar metrological behavior: if we split �b0 in the two com-
ponents �b⊥

0 and �b‖
0 along the central axis and perpendicular

to it, the total QFI is well approximated by the sum of the
two QFIs obtained starting with the initial states �b⊥

0 and �b‖
0,

respectively. The first contribution follows the same behavior
of the α = π

2 case. In particular, it is nearly equal to the pure
dephasing curve when the tilting noise is very low. The other
contribution, instead, can stay much above the pure dephasing
curve. For this reason we can find configurations (typically for
�b‖

0 > �b⊥
0 ) where the QFI for general noise is way higher than

the pure dephasing one. This means that in this situation it
is metrologically more convenient to have also a small tilting
noise than just pure dephasing (see Fig. 5).

This behavior can be explained by looking at the detailed
formulas of the noisy rotations expressed in Appendix B.
The QFI of the pure dephasing rotation involves only the
element of the initial state orthogonal to the rotation axis [see
Eq. (B3)]. In contrast, the QFI of the pure tilting or of the
general noise involves all the components of the initial state
[see Eqs. (B11) and (B12)]. Then, counterintuitively, the pres-
ence of two types of noise can lead to relevant metrological
characteristics. For an equatorial initial state it should lead to
a more resilient QFI, which decreases slower in the number
of gate iterations with respect to the pure dephasing. More
remarkably, for a polar initial state, again for the combination
of tilting and dephasing, it is possible to enhance the QFI
when compared to pure dephasing. Separating the different
contributions of the noise models adopted, we were able to
clarify the origin of these behaviors, possibly paving the way
to a more mathematical comprehension of noise enhanced
phenomena such as the stochastic resonance [43].

V. SUMMARY AND CONCLUSIONS

In this paper, we have analyzed the time evolution of a
qubit undergoing different noisy quantum gates with the aim
of maximizing the QFI associated to the angle of rotation,
i.e., to optimize the characterization of the gates themselves.

FIG. 5. QFIs as a function of the number of iterations. The initial
state is �b0 = 1√

17
(0, 1, 4)T and the central axis is n̂ = (0, 0, 1)T . The

nominal angle of rotation is θ = π

8 and the concentration parameters

are kD = 3 and kT = 10. Starting from �b0, complete denotes the QFI
obtained with both tilting and dephasing noise while dephased is
pure dephasing. The curves perpendicular and parallel are obtained
starting from �b⊥

0 = 1√
17

(0, 1, 0)T and �b‖
0 = 1√

17
(0, 0, 4)T respectively

and are affected by both the noises. Their sum is plotted as sum.
The perpendicular curve stays below the curve obtained with pure
dephasing (except for a little crossing in the tail) while the parallel
curve does not have to do so. Their sum provides a good approxi-
mation for the real QFI curve, that is much higher than the dephased
one despite being affected by one additional noise source.

We have employed Bloch notation for the state at step t ,
and described the gate as a nonunitary quantum operation
depending only on the gate parameter θ . Since every qubit
gate can be seen as a rotation, the noise can be seen as
composed of two different sources of fluctuations: deviations
from the desired rotation axis (tilting), and fluctuations around
the desired value of the rotation angle θ (dephasing).

Both types of noise have been described as classical fluc-
tuations governed by a von Mises–Fisher distribution that
quantifies the deviation(s) from the desired rotation. We have
initially studied the effect of the two noise contributions sep-
arately and found that pure dephasing does not introduce
dramatic differences compared to the ideal case. In particular,
the QFI of θ does not depend on θ itself, and is still maximized
selecting a pure initial state that is orthogonal to the rotation
axis. For pure tilting, instead, the QFI introduces dependence
on the parameter, favoring small rotation angles. In this case,
unfortunately, not only the QFI but also the optimal measure-
ment depends on the parameter itself. This complicates the
estimation protocol, which usually involves the iteration of an
adaptive procedure aiming at convergence to the actual value
of the parameter. We have then considered the occurrence of
both noises at the same time to describe the most general
scenario. Overall, compared to the noiseless case, in which
the QFI grows quadratically with the number of steps, we
have found that the presence of noise leads to a nonmonotonic
behavior, and to the appearance of a maximum in the QFI.
In other words, there exists an optimal number of steps (i.e.,
number of gate applications) to be used in order to precisely
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characterize the action of the gate. In this case, we have also
found metrological regimes in which the presence of tilting is
beneficial, as it makes the dephasing noise less detrimental.
This nontrivial effect leads to a QFI that can be more resilient
to the noise or can even be enhanced, compared to the pure
dephasing scenario, possibly leading to more suitable exper-
imental characterization procedures combining two different
noise effects.
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APPENDIX A: PROOF THAT ONE CAN CONSIDER ẑLg
ROTATIONS ONLY WITHOUT LOSS OF GENERALITY

Throughout the paper, we often choose to work with ẑ ro-
tations. We show here that the case concerning a general axis
can be then obtained in a straightforward way. For standard
rotations, a simple change of basis gives the relation

Rn̂(θ ) = R−1
nz Rẑ(θ )Rnz (A1)

where Rnz is the rotation bringing the axis n̂ into the axis ẑ:

ẑ = Rnzn̂. (A2)

Of course it acts in the opposite way on rotations, transform-
ing a ẑ rotation in a n̂ rotation. It is trivial to show that this
is true also when considering a noisy rotation affected by
dephasing:

R̃n̂,kD (θ ) =
∫ π

−π

pkD (ε)Rn̂(θ + ε)dε

=
∫ π

−π

pkD (ε)R−1
nz Rẑ(θ + ε)Rnzdε

= R−1
nz

[∫ π

−π

pkD (ε)Rẑ(θ + ε)dε

]
Rnz

= R−1
nz R̃ẑ,kD (θ )Rnz. (A3)

For the tilting case we have that

R̃ẑ,kT (θ ) =
∫

sphere
pkT (v̂ · ẑ)Rv̂ (θ )d v̂ (A4)

and then

R−1
nz R̃ẑ,kT (θ )Rnz =

∫
sphere

pkT (v̂ · ẑ)R−1
nz Rv̂ (θ )Rnzd v̂. (A5)

We can choose to integrate in ŵ (dŵ = d v̂) such that
R−1

nz Rv̂ (θ )Rnz = Rŵ(θ ) and so ŵ = R−1
nz v̂. We have then

v̂ · ẑ = v̂ · RnzR
−1
nz ẑ = R−1

nz v̂ · R−1
nz ẑ = ŵ · n̂, (A6)

and so

R−1
nz R̃ẑ,kT (θ )Rnz =

∫
sphere

pkT (ŵ · n̂)Rŵ(θ )dŵ = R̃n̂,kT (θ ).

(A7)

Given this, it is trivial to show that it is still valid when both
tilting and dephasing are considered. This tells us that the
noisy rotations related to a general axis are obtained by simply
rotating the ones obtained for the ẑ axis. So, the initial vector
will evolve as

�bt = [
R−1

nz R̃ẑ(θ )Rnz
]t �b0 = R−1

nz [R̃ẑ(θ )]t Rnz �b0. (A8)

We can also show that, thanks to rotational symmetry, it suf-
fices to compute the QFI for the ẑ case. Indeed, the QFI after t
applications of the noisy gate R̃n̂(θ ) on the initial vector �b0 is

Hθ (t ) = |∂θ �bt |2 +
(
�bt · ∂θ �bt

)2

1 − |�bt |2

= ∣∣∂θ R̃t
n̂(θ )�b0

∣∣2 +
(
R̃t

n̂(θ )�b0 · ∂θ R̃t
n̂(θ )�b0

)2

1 − ∣∣R̃t
n̂(θ )�b0

∣∣2
= ∣∣R−1

nz ∂θ R̃t
ẑ(θ )Rnz �b0

∣∣2

+
(
R−1

nz R̃t
ẑ(θ )Rnz �b0 · R−1

nz ∂θ R̃t
ẑ(θ )Rnz �b0

)2

1 − ∣∣R−1
nz R̃t

ẑ(θ )Rnz �b0

∣∣2

= ∣∣∂θ R̃t
ẑ(θ )Rnz �b0

∣∣2 +
(
R̃t

ẑ(θ )Rnz �b0 · ∂θ R̃t
ẑ(θ )Rnz �b0

)2

1 − ∣∣R̃t
ẑ(θ )Rnz �b0

∣∣2
(A9)

where we used the fact that a rotation such as R−1
nz does noth-

ing when acting inside a modulus square or on both factors of
a scalar product. We can clearly see that it is the same QFI we
would have obtained for the ẑ case, but acting on a different
initial vector Rnz �b0.

APPENDIX B: NOISY ROTATION MATRICES

Here we show the computation required to obtain the noisy
rotation matrices and, just for the dephasing noise, the expres-
sion of the QFI.

1. Dephasing noise

We want to compute the noisy rotation in the case in which
the noise affects just the angle of rotation, preserving the axis.
Following the prescription of Eq. (22) we write

R̃kD (θ ) =
∫ π

−π

ekD cos ε

2π I0(kD)
Rẑ(θ + ε) dε, (B1)

recalling that with I j (x) we denote the modified Bessel func-
tion of order j. Expanding the von Mises distribution as in
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Eq. (16) we get

R̃kD (θ ) =
∫ π

−π

1

2π

⎡
⎣1 + 2

I0(kD)

∞∑
j=1

I j (kD) cos( jε)

⎤
⎦

×
⎛
⎝cos(θ + ε) − sin(θ + ε) 0

sin(θ + ε) cos(θ + ε) 0
0 0 1

⎞
⎠dε. (B2)

By expanding also the sines and cosines we will have only
integrals of the types

S =
∫ π

−π

1

2π

[
sin ε + 2

I0(kD)

∞∑
j=1

I j (kD) cos( jε) sin(ε)

]
dε

=
∫ π

−π

1

2π

{
sin ε + 2

I0(kD)

∞∑
j=1

I j (kD)
1

2

{
sin[( j + 1)ε]

− sin[( j − 1)ε]

}}
dε = 0,

C =
∫ π

−π

1

2π

[
cos ε + 2

I0(kD)

∞∑
j=1

I j (kD) cos( jε) cos(ε)

]
dε

=
∫ π

−π

1

2π

{
cos ε + 2

I0(kD)

∞∑
j=1

I j (kD)
1

2

{
cos[( j + 1)ε]

+ cos[( j − 1)ε]

}}
dε = I1(kD)

I0(kD)
,

resulting in the pure dephasing noisy matrix

R̃kD (θ ) =

⎛
⎜⎜⎝

I1(kD )
I0(kD ) cos θ − I1(kD )

I0(kD ) sin θ 0

I1(kD )
I0(kD ) sin θ I1(kD )

I0(kD ) cos θ 0

0 0 1

⎞
⎟⎟⎠. (B3)

So, starting with the initial vector �b0 =
|�b0|(sin α cos γ , sin α sin γ , cos α)T , after t applications
of the noisy gate we are left with

�bt = |�b0|

⎛
⎜⎜⎜⎝

[
I1(kD )
I0(kD )

]t
sin α cos (tθ + γ )[

I1(kD )
I0(kD )

]t
sin α sin (tθ + γ )

cos α

⎞
⎟⎟⎟⎠ and

∂θ �bt = |�b0|

⎛
⎜⎜⎜⎝

−t
[

I1(kD )
I0(kD )

]t
sin α sin (tθ + γ )

t
[

I1(kD )
I0(kD )

]t
sin α cos (tθ + γ )

0

⎞
⎟⎟⎟⎠. (B4)

Similarly to the noiseless case, �bt · ∂θ �bt = 0, and using
Eq. (12) we find

Hθ (t ) = |∂θ �bt |2 = |�b0|2
[

I1(kD)

I0(kD)

]2t

t2 sin2 α. (B5)

2. Tilting noise

Here we show how to obtain the noisy rotation matrix
in the case of pure tilting noise. According to Eq. (22), we
need to integrate a rotation around a random axis with a von
Mises–Fisher probability density centered on ẑ. If we write
the rotation axis n̂ in polar coordinates we have

R̃ẑ,kT (θ ) =
∫ 2π

0
dϕ

∫ π

0
dφ sin φ Rn̂(θ )

kT ekT cos φ

4π sinh kT
. (B6)

Here kT is the concentration parameter related to the von Mises–Fisher probability distribution and the three-dimensional rotation
can be written as

Rn̂(θ ) =
⎛
⎝ cos θ + n2

x (1 − cos θ ) nxny(1 − cos θ ) − nz sin θ nxnz(1 − cos θ ) + ny sin θ

nxny(1 − cos θ ) + nz sin θ cos θ + n2
y (1 − cos θ ) nynz(1 − cos θ ) − nx sin θ

nxnz(1 − cos θ ) − ny sin θ nynz(1 − cos θ ) + nx sin θ cos θ + n2
z (1 − cos θ )

⎞
⎠. (B7)

By means of the integrals

∫ π

0

kT sin3 φ

4π sinh(kT )
ekT cos φdφ = kT coth kT − 1

πk2
T

, (B8)

∫ π

0

kT sin φ cos φ

4π sinh(kT )
ekT cos φdφ = kT coth kT − 1

2πkT
, (B9)

∫ π

0

kT sin φ cos2 φ

4π sinh(kT )
ekT cos φdφ = k2

T − 2kT coth kT + 2

2πk2
T

, (B10)

we can get the noisy rotation for pure tilting:

R̃ẑ,kT (θ ) =

⎛
⎜⎝

cos θ + A (1 − cos θ ) −B sin θ 0

B sin θ cos θ + A (1 − cos θ ) 0

0 0 cos θ + C (1 − cos θ )

⎞
⎟⎠, (B11)
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where B = (kT coth kT − 1)/kT , A = B/kT ,C = (k2
T − 2kT coth kT + 2)/k2

T .

3. General noise

Here instead we assume that noise affects both the axis and the angle of rotation. Similarly to what we did above, we compute
the noisy rotation matrix, this time integrating over all the three degrees of freedom of a three-dimensional rotation:

R̃ẑ,kD,kT (θ ) =
∫ 2π

0
dε

ekD cos ε

2π I0(kD)

∫ 2π

0
dϕ

∫ π

0
dφ sin φ

ekT cos φ

4π sinh kT
Rn̂(θ + ε)

where kD and kT are the concentration parameters of the probability distributions relating the dephasing and tilting noise
respectively. Performing the integrals one obtains

R̃ẑ,kD,kT (θ ) =
⎛
⎝cos θFkD + A (1 − cos θFkD ) −B sin θFkD 0

B sin θFkD cos θFkD + A (1 − cos θFkD ) 0
0 0 cos θFkD + C (1 − cos θFkD )

⎞
⎠, (B12)

where FkD = I1(kD)/I0(kD).

APPENDIX C: ON THE AMBIGUITY IN THE
ESTIMATION OF ANGLES

We make here a comment about a problem that may arise
in the estimation of a rotation angle using multiple iterations.

In this paper we infer the value of a rotation angle θ

applying it t times to an initial vector, because the maximum
information may be obtainable after a certain number of iter-
ations. So, after t applications of the gate, the final angle is
� = tθ . The problem is that, due to the factor of t , the trivial
2π uncertainty on � becomes a nontrivial ambiguity in the
estimated θ est:

θ est = � + 2πn

t

= θ + 2πn

t
n = 0,±1,±2, . . . .

This ambiguity can be removed performing a second measure-
ment after a different number of iterations:

θ est
1 = θ + 2πn

t
n = 0,±1,±2, . . . ,

θ est
2 = θ + 2πm

t ′ m = 0,±1,±2, . . . ,

where the correct angle is obtained for n = m = 0. There
is ambiguity if there are (n, m) �= (0, 0) such that n

t =
m
t ′ ∈ Q\N (if they were integers the estimated angle
would be trivially the correct θ up to a 2π factor).
Selecting t ′ = t + 1 we fix the problem, since there are no
nontrivial integers (n, m) such that n

t = m
t+1 ∈ Q\N.
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