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Abstract

Multiparameter quantum estimation theory plays a crucial role in advancing
quantum metrology. Recent studies focused on fundamental challenges such
as enhancing precision in the presence of incompatibility or sloppiness, yet
the relationship between these features remains poorly understood. In this
work, we explore the connection between sloppiness and incompatibility by
introducing an adjustable scrambling operation for parameter encoding. Using
a minimal yet versatile two-parameter qubit model, we examine the trade-
off between sloppiness and incompatibility and discuss: (1) how information
scrambling can improve estimation, and (2) how the correlations between the
parameters and the incompatibility between the symmetric logarithmic deriv-
atives impose constraints on the ultimate quantum limits to precision. Through
analytical optimization, we identify strategies to mitigate these constraints and
enhance estimation efficiency. We also compare the performance of joint para-
meter estimation to strategies involving successive separate estimation steps,
demonstrating that the ultimate precision can be achieved when sloppiness is

“ Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the

title of the work, journal citation and DOI.

© 2025 The Author(s). Published by IOP Publishing Ltd 1


https://doi.org/10.1088/1751-8121/adf585
https://orcid.org/0000-0001-7523-7289
mailto:matteo.paris@fisica.unimi.it
mailto:jiayu.he@helsinki.fi
http://crossmark.crossref.org/dialog/?doi=10.1088/1751-8121/adf585&domain=pdf&date_stamp=2025-8-7
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

J. Phys. A: Math. Theor. 58 (2025) 325301 J He and M G A Paris

minimized. Our results provide a unified perspective on the trade-offs inher-
ent to multiparameter qubit statistical models, offering practical insights for
optimizing experimental designs.

Keywords: multiparameter quantum estimation, quantum metrology,
qubit model, incompatibility, sloppiness

1. Introduction

Multiparameter quantum estimation [1-7] is an active area of research for its fundamental
interest [8, 9] and due to its wide range of applications in quantum metrology [10-12], quantum
imaging [13-16], and other fields [17-25]. Additionally, the recent finding that simultaneous
estimation of many parameters can yield a better precision limit than estimating each parameter
individually has accelerated the development of this field [26—29]. One of the most important
targets in quantum multiparameter metrology is improving parameter estimation precision.
The quantum Fisher information matrix (QFIM) and the accompanying quantum Cramér—Rao
bound (QCRB) are relevant tools in this endeavor [30-35].

Multiparameter quantum estimation, similarly to the single-parameter case, involves
three steps: probe state preparation, parameter encoding via system-probe interaction, and
measurement-based information extraction. However, because of the correlation between para-
meters, designing optimal estimation strategies becomes more challenging. During encoding,
a key challenge arises from sloppiness, which is a phenomenon where redundant or poorly
encoded parameters reduce the efficiency of information extraction. Sloppiness [36—44] occurs
when parameters are not independently encoded into the quantum probe state, leading to cor-
relations that obscure individual parameter estimation, which acts as an intrinsic noise source.
In contrast, stiffness refers to the desirable scenario where parameters are encoded in a way that
minimizes redundancy, allowing for efficient and independent estimation of each parameter,
thereby enhancing the overall precision of the estimation process.

Meanwhile, the measurement stage introduces a fundamental trade-off: optimizing preci-
sion for one parameter often compromises others due to the incompatibility of non-commuting
observables. For instance, when the symmetric logarithmic derivatives (SLDs) corresponding
to different parameters fail to commute, no single measurement can simultaneously saturate the
QCRB for all parameters. Notably, sloppiness (from encoding dynamics) and incompatibility
(from measurement) represent distinct sources of estimation uncertainty. Understanding this
trade-off is critical for advancing multiparameter quantum metrology and achieving practical
precision enhancements.

Incompatibility in multiparameter quantum estimation has been investigated in different
systems [45-48], and sloppiness have been discussed in several metrological scenarios [36—44,
49, 50], but little emphasis has been devoted to the link between sloppiness and incompatibil-
ity. In this paper, we address a two-parameter scrambling qubit statistical model with tunable
sloppiness and present an adjustable scrambling operation to investigate how the correlations
between the parameters and the incompatibility between the SLDs influence the precision
bounds. The scrambling model generally describes how the unitary operation between the two
encodings spreads parameter information across the state in a nontrivial way, affecting both
sloppiness and incompatibility.

This work is structured as follows. Section 2 introduces the fundamentals of quantum mul-
tiparameter estimation. In section 3, to explore the interplay between sloppiness and incompat-
ibility, we present a two-parameter qubit estimation model that incorporates an information
scrambling operation. This operation allows us to tune the correlations between parameters
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and, consequently, the sloppiness of the model. We also analyze the trade-off between sloppi-
ness and incompatibility. In section 4, we optimize the relevant QCRBs and examine the role
of sloppiness in achieving these bounds. Finally, section 5 concludes the paper with a summary
of our findings. Details of calculations are provided in the appendices.

2. Multiparameter quantum estimation: precision, sloppiness and
incompatibility

In this section, we provide the theoretical framework, definitions and metrics used throughout
the paper. We consider finite dimensional systems and a family of quantum states px encoding
the values of d real parameters, denoted as a vector XA = (A, Ay,...,A\g)T. If we perform a
positive operator-valued measurement (POVM) IT with elements {II;} satisfying IT; > 0 and
> I = I, the measurement outcome k is obtained with probability px (k) = Tr[pxIl]. The

estimator function based on the result is denoted as X(k) The performance of the estimator is

assessed by the covariance matrix V() with elements
Vi = pa () [A (0 = B (3)] [A (0 B (8]
k

where E;(),,) is the expectation value of )A\M over the probability distribution px (k).
In classical multiparameter estimation, when the estimators satisfying the locally unbiased
conditions:

E, (A) =X 0B (X,) =5,

where 0, = 8%“, then the CRB [51] holds

V(X)>L,

where M is the number of repeated measurements and F is the FI matrix with elements defined
by

Fuv =3 pa (k) 8, logpa (k) 0, logpa (k) = S 222D 022 ()

k k P (k)
The CRB can be saturated in the asymptotic limit of an infinite number of repeated experiments
using Bayesian or maximum likelihood estimators [52].

Due to the non-commutativity of the operators, the quantum analogue of the FI cannot be
uniquely introduced. In fact, there exist several different definitions of quantum Fisher inform-
ation. The most celebrated and useful approaches are based on the so-called SLD operators
Li [53] and right logarithmic derivative (RLD) operators LE [54, 55], defined as follows

L3 px+ paL;, |
— (1)

(9Mp)\ :p)‘LE. (2)

8Hp)\ =

We denote the corresponding SLD and RLD QFIM as Q and J, respectively, with elements

1
Ouw = ETr [PA {Lialﬁs}}] )

Jow =Tr [pALRLET] .
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For pure statistical models, px = |1 )(¥x| we have

Quv = 4Re (0,0 0u102) — (Butbal ¥a) (¥l Butn)),
Q:/;L = Q/W7

where O = 0),.

2.1. Symmetric and right QCRBs

Using the above SLD and RLD QFIMs, Q and J, matrix inequalities for the covariance mat-
rix of any set of locally unbiased estimators may be established. Then, in order to obtain a
scalar bound and to tailor the optimization of precision according to the different applications,
a weight matrix W (a positive, real d X d matrix) may be introduced. The corresponding sym-
metric and right scalar bounds read as follows:

Cs [W,X} - —Tr [WQ*I],
W

NI

e [WA] = g7 (e [WRe (1) e [ Wim 7))

where |A]; = VATA and Re(A) and Im(A) denote the real and imaginary parts of the complex-
valued matrix A, respectively.

2.2. Holevo and Nagaoka CRBs

If the SLDs do not commute, it may happen that measurements that are optimal for different
parameters are incompatible, making the symmetric and right QCRB, as well as their scalar
counterparts, not achievable. An achievable scalar bound has been derived by Holevo [30]:

Cu {W7 5\} = min {Tr[WRe (Z[X])] + Tr[|[WIm (Z[X])],]},

where the Hermitian d x d matrix Z is defined via its elements Z,,[X] = Tr[pxX,.X,]
with the collection of Hermitian operators X belonging to the set X ={X=
(X1,...,X2)| Tr[(Oupa)X,] = 04 }. Tt has been proven that Holevo CRB Cy[W, A] becomes

attainable by performing a collective measurement on an asymptotically large number of

copies of the state p?" with n — oo. As such, it is typically regarded as the most fundamental

scalar bound for multiparameter quantum estimation.

Nagaoka [56] introduced a more informative bound, denoted as Cn[W, 5\], which is par-
ticularly valuable for practical experimental measurements. While not as theoretically tight
as the Holevo bound Cy[W, )A\], it can be practically achieved using separable measure-
ment strategies, making it more feasible to attain in real-world applications. The bound is
defined as:

Cn [ W, A] = min {Tr [WE']}, 3)

where the minimization is performed over all possible single-system (non collective) POVMs
II. As for the other bounds, the optimal POVM generally depends on the true value of the
parameters .
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2.3. Sloppiness and stiffness

In statistical estimation, degeneracy is an extreme case of sloppiness. Mathematically, degen-
eracy corresponds to a singular FIM, whereas sloppiness is more concerned with the distri-
bution of the eigenvalues of the FIM. A quantum statistical model is termed sloppy if the
QFIM is singular, i.e. det[Q] = 0. This means that the true parameters describing the sys-
tem are m < n combinations of the original parameters Aj, \,,...,A,. The eigenvalues of Q
quantify the sensitivity of the probe state to perturbations along orthogonal parameter direc-
tions. A small eigenvalue implies that the state of the probe is insensitive to changes in the
corresponding parameter direction, i.e. that combination of parameters is poorly encoded. The
degree of sloppiness may be thus quantified by the determinant of QFIM:

sim ﬁ[t)} —det[Q] @)

which measures how strongly the system depends on a combination of the components of A
rather than on its individual components. Sloppiness may change under reparameterization. A
large sloppiness indicates that the model’s sensitivity to parameter variations is highly aniso-
tropic. A model with low sloppiness is referred to as a stiff model.

2.4. Compatibility and incompatibility

Due to the non-commutativity of the SLDs associated to different parameters, in a multipara-
meter scenario QCRB cannot always be achieved. Based on the quantum local asymptotic
normality [57-59], it has been shown that the multiparameter SLD-QCRB is attainable if and
only if the weak compatibility condition is satisfied [47], defined by

Tr [pa [L},L}]] =0. )

oy
The incompatibility matrix D, also known as mean Uhlmann curvature (MUC), is the antisym-
metric matrix defined by

1
Dy = 5T [pa [L3.L}]] (6)

and is useful to quantify the incompatibility between the pair of parameters A, and A, . For a
two-parameter pure state model we have

Dy =Dy =0,
Diy = —Dy; = 4Im ({0192 | O0thr) — (O190a] ¥a) (¥a] O20r)) -

A measure of the incompatibility of the model is given by
1
= ~Tr[D'D 7
ci=3Tr [D'D] , @)

which is based on the antisymmetric nature of the MUC. The definition of incompatibility
refers to the non-commutativity among different SLDs. Each SLD represents the optimal
observable for estimating a given parameter, and their failure to commute reflects a funda-
mental quantum limitation—the presence of unavoidable noise that restricts the precision
of joint estimation. If equation (5) is not met—meaning incompatibility is nonzero—then
no single measurement can simultaneously achieve optimal precision for all parameters. In
other words, when incompatibility exists, trade-offs in estimation precision are inevitable.
This measure is non-negative for all pairs of SLD operators and approaches infinity when all
SLD operators are commuting with each other. Incompatibility is affected by the parameters’

5
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component, and thus c is not invariant under reparameterization. However, incompatibility is
covariant in some natural scenarios in which it should not be possible to generate incompat-
ibility, such as unitary evolution. In our 2-parameter qubit estimation model, to highlight the
structural similarity with sloppiness, the incompatibility defined in equation (7) simplifies to

c:=det[D] = -D3,. (®)

2.5. Relationship between different bounds

The relationship between the different bounds has been extensively explored widely, providing
a classification of quantum statistical models. Specifically, the models can be categorized into
four types:

e Classical When the quantum state p can be expressed in a diagonal form with parameters
X and a A-independent unitary U, such that py = UA\UT, it can be regarded as a classical
quantum statistical model. In this scenario, the FI matrix F, the SLD QFIM Q, and the RLD
QFIM J are all identical. Consequently, we obtain Cs[W, ] = Cr[W,A] = Cy4[W,A] =
Cxn[W, Al

¢ Quasi-classical A quantum statistical model is called quasi-classical if all SLD operators
commute with each other for every parameter. Thus, the equality Cs[W,A] = Cy[W, A]
holds.

e Asymptotically classical In asymptotically classical quantum statistical models, all SLD
operators satisfy the weak compatibility condition defined in equation (5), and Cs[W, 5\] is
equal to Cy[W, .

e D-invariant When a quantum statistical model is D-invariant, we have [55, 60]

Cr [W,S\} — Cy [W,X} — s {W,X} T H\/\TVQ’IUQ’I\/WH .
This equality illustrates that the RLD bound is achievable by performing a collective meas-

urement on an asymptotically large number of copies.

In [5] a measure has been suggest to quantify the amount of incompatibility (somehow referred
to as the quantumness of the model [4])

R:=iQ”'D| ®

where ||A||« denotes the largest eigenvalue of the matrix A. It has been also shown that R is
useful in upper bounding the Holevo bound in terms of the SLD-bound, as follows:

s [WA] <au[WA] <an[WA] <1+r G WA <2¢ [WA] 10)

In the pure-state limit, the Holevo bound is equivalent to the RLD CR bound [60]. When the
number of parameters to be estimated is n =2, we have the relation [5]
| det[D]
|/ det[Q]

where s represents the sloppiness and c is the incompatibility of the system. For our qubit
multiparameter model, equation (10) can be further rewritten as

=/sc, Y

Cs {W,X} < Cq {W,X} — Cx [W,X} < Cs [W,X] (14 /sc) . (12)

6
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Yo)— Uz 74 U, —{|¥a)

Figure 1. The scrambling model considered in this paper. The model parameters A\; and
A, are encoded via the unitary operations Uy and U,, which represent rotation along the
z-axis of the Bloch sphere. To remove sloppiness and adjust correlations between the
encoded parameters, we introduce a scrambling operation, represented by the interme-
diate rotation V.

3. Information scrambling, precision, and the sloppiness-incompatibility
trade-off

To systematically investigate the interplay between sloppiness and incompatibility, we con-
sider the two-parameter qubit model illustrated in figure 1. By introducing a tunable scram-
bling operation during parameter encoding, we control correlations between parameters and
quantify their impact on estimation precision. Given the convexity of QFI [61], we consider a
pure probe state |1)) defined as

[10) = cos% 0) 4 ¢ sin% [1) .

The model parameters A; and A, are encoded via the unitary operations U, and U,, which
represent rotation along the z-axis of the Bloch sphere, and are given by

_ _—lo3\
Up = e 193M,

where o073 is the Pauli-Z matrix. These rotations imprint A; and A, onto the probe state’s phase.

If nothing is done between the two unitaries, the output state depends only on the sum of
the two parameters (and not on the difference), the QFIM is thus singular and the model is
sloppy. To remove sloppiness in a tunable way, and adjust correlations between the encoded
parameters, we introduce an intermediate rotation V between U; and U,:

V= N1 il = (cos ¢ sinf, sin¢ sinf, cosh).

Here, -y controls the rotation strength, 6 and ¢ define the rotation axis 7, and & is the vector
of Pauli matrices. This operation dynamically mixes the parameters, introducing correlations
that govern sloppiness. The final state after encoding becomes

[¥x) = U2VU; |¢0)
[ e FA) cos 2 (cosy —isinycos ) —ie!M ~A2 =9 sin I sinysin 6
T\ —iemi =R cos 2 sinysing + el M1+ sin 2 (cosy +isinycosd) )

Explicitly, this state depends on 7 parameters. « and /3 are probe state initialization’s para-
meters. « balances the superposition weights of |0) and |1). 3 is the initial phase, influencing
interference effects during the parameter encoding. A; and )\, are encoding parameters, -y, 6,
and ¢ are scrambling parameters.

The rotation angle  partly governs the strength of parameter mixing. When v =0, V=
I, and the parameters perfectly correlated as they combine into a single effective parameter
A1 + ;. This results in maximum sloppiness (detQ — 0) because only a single function of the
parameters can be estimated. Larger v may decrease coupling between A\; and )\,, allowing

7
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U, and U, to imprint independent information the quantum state. The angle # determines the
alignment of rotation axis relative to the z-axis, and ¢ controls the azimuthal orientation of
rotation axis, introducing phase-dependent correlations. The scrambling rotation V' couples
A1 and ), enabling control over the model’s sloppiness and the non-commutativity of their
associated SLDs.

Explicit calculations yield:

Q11 = 4sin’q,
Q12 = 01 =4 (Xsin>a — Ysin2a),
Opn=4 [1 — (Xcosoz—}—ZYsina)z} ;

where

X = cos’ 7y + sin® y cos 20,
Y = sinysinf (sinf cos~y + sin-ycosf cosf),
f=2M+p6-9.

The measurement incompatibility matrix D has elements:

Dy =Dy =0,
D12 = —D21 = —SZSiI’lOé7

where
Z = sin-ysinf (cosfcosy — sinycos@sinf) .
From these results, we are to calculate the sloppiness and incompatibility measures as follows

1/s = det[Q] = 16sin’a [1 — X* — 4Y*] = 642 sin’ o, (13)
c=det[D] =647 sin’a, (14)

uncovering the fundamental trade-oft:
sc=1. (15)

This equality quantifies the competition between parameter distinguishability and incompatib-
ility in our two-parameter qubit model. In other words, sloppiness and incompatibility cannot
be minimized simultaneously. More detailed derivations are provided in appendix A. Notice
that equation (15), together with equation (11), is consistent with the observation [48] that
when the number of parameters is equal to the dimension of the probe, we have maximum
quantumness of the model, i.e. R=1. Here, we chose a uniform weight matrix primarily
because both parameters are equally important in our setting. Notice, however, that the main
conclusion sc =1 is independent on the choice of the weight matrix, since the quantity R is
invariant under reparameterization. In other words, the trade-off is robust against the choice
of the weight matrix since it is a general result relying on QFIM and Uhlmann matrix, and it
has no relation with optimization.
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4. The ultimate bounds to precision

The interplay between sloppiness and incompatibility in multiparameter quantum estimation
is not merely a theoretical relation, it also informs strategies for optimizing precision. Here, we
explore this optimization for a two-parameter qubit estimation system, revealing how suitable
parameter encoding and measurement design achieve these goals.

4.1. Hierachy of QCRBs

In our two-parameter qubit model, we assume that the two parameters are equally relevant, and
thus set W = . We start by noticing that for a positive definite matrix, which has the property
LTr[A=1] > det[A]~"/". For n = 2, we obtain

2z < 4/ det[Q].

Tr [Q_]}
Therefore, in our qubit model, the different QCRBs with W = I satisfy
25 <Tr(Q7") = Cs < Cu = O < Cs (1+/se) = 2Gs, (16)

where the dependence of the bounds on the weight matrix and the parameters has been dropped
since the weight matrix is set to the identity and the model is unitary (i.e. the bounds do not
depends on the parameters). The SLD bound is not achievable, while the larger Holevo and
Nagaoka bounds are achievable, and equivalent in this model. The upper bound remains tied
to the SLD bound.

4.2. Minimization of SLD bound

Tr[Q*I} and m are monotonically decreasing functions with respect to the positive definite
matrix Q under Loewner order. Therefore, from equation (16), to minimize Cs, we need to min-
imize the sloppiness, i.e. maximize det[Q]. Given equation (14), the task is linked to maxim-
izing the quantity Z2. Two parameter regimes achieve this: Case (a): 7 = f = 5, 0=7%or 37”,
Case (b): v= 7,f=0,60 = 7. This result underscores the necessity of adjusting v,6,f to
decouple \| and \,. Detailed calculations are provided in appendix B. In both optimal Case (a)
and Case (b), the phase parameter f takes the form f = 2| + 3 — ¢. Here, 3 is another para-
meter related to the initial state besides «. Without loss of generality, we set 5 =0, which
effectively fixes the initial state. As a result, we obtain f = 2\| — ¢. The intermediate unitary
rotation involves three parameters: v, ¢, and . Among these, v and 6 can be fixed, while ¢
must be chosen in a \j-dependent manner to optimize the estimation precision. For example,
under the first optimal condition, we set v = 7/2 and 6 = 7 /4, which gives ¢ =2\, —7/2.
Similarly, under the second optimal condition, we take v = /4 and 6 = 7/2, leading to
¢ = 2);. These examples also illustrate that the optimal unitary design is inherently parameter-
dependent.

Both cases yield Z*> = 1/4, saturating the upper limit of incompatibility. When combined
with an optimal probe state (o = 7/2), sloppiness reaches its minimum (s = 1/16), and the
SLD bound Cg attains its lowest value:

CS:E'

In our two-parameter qubit model, we achieve SLD precision by reducing sloppiness. It means
that theoretical maximum precision can only be reached when sloppiness is minimized.

9
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4.3. Minimizing the Holevo and Nagaoka bounds

For a two-parameter pure qubit estimation model, the Holevo bound Cyx[W, X] is given by

det [W]
det[Q]

Similarly, the Nagaoka bound Cn[W, 5\] for a two-parameter qubit model is given by

ox [W.A] = ¢ [WA] + wﬁum .25,

It follows directly that the Holevo and the Nagaoka bounds are identical for a two-parameter
pure qubit [60], simplifying to

Cu [W, S\} — Cn [W,X} —Tr [WQ’I} 42, /det [WQ*I]

In our model, the Holevo bound, RLD bound and Nagaoka bounds are identical and given by
Cy=Cr=Cn=Cs+2s>4s.

We find that all these bounds are expressed as lower bound in terms of sloppiness. When
sloppiness achieves minimum, all quantum CR bounds reach their minima simultaneously,
reducing to:

Ci [W.A] = e [WA] = ¢ [W.A] + Tr [|oa [L5, 28] 1] -

Ch=Cr=Cn=1

This, together with the minimal condition of the SLD QCRB, indicates that maximum estim-
ation precision can be achieved by minimizing sloppiness.

Holevo bound represents the asymptotically achievable precision limit with collective
measurements, performed on all the available copies, say M, of the state encoding the para-
meters. Upon performing separate measurements (each one performed on one of the M copies)
one may reach the Nagaoka bound, which is usually larger than the Holevo bound. However
in our model, these two bounds are equivalent, also indicating that our model is D-invariant.
Notice that in our model R=1, and Cy = 2Cs, i.e. the quantumness R quantifies exactly the
additional uncertainty due to the incompatibility between the two SLDs.

4.4. Optimization of bounds for stepwise measurements

Stepwise measurements involve estimating parameters sequentially, rather than estimating
them jointly. Having at disposal M repeated preparations of the system, we assume to devote
M/2 of them to estimate solely A\ (assuming A, unknown) and the remaining M/2 prepar-
ations to estimate A\, (assuming A; known from the first step). Of course the role of the two
parameters may be exchanged, and we thus have two strategies of this kind.

The (saturable) precision bound on the estimation of \; from the first step is obtained from
the SLD-QCRB by choosing a weight matrix of form W = Diag(1,0), leading to

2je]
Var/\] 2 TH,
where [X],j indicates the elements of the matrix X. In the second step, A; is known, and the
(achievable) bound to precision in the estimation of ), is given by the single-parameter QCRB

Var\, > ——.
27 MO»n
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The total variance for this estimation strategy is thus bounded by:

2 1 1
Var\ VA)—[‘I} ) =—xk,
ar\; + Var\, M(Q 11+Q22 e

where

K 2({Q_1}11+Q122)'

Similarly, reversing the role of the two parameters, we have Var; + Var\, > K, /M, where

Kzzz([Q‘ILZJrQl“).

For our model, we have

1 1
K1_2<SQ22+>>2X2 500 X — =44/s,
On 0

22

1 1
K2=2(SQ11+Q11) >2x2m:4\/§.

The equalities hold if and only if s achieves its minimum, i.e. the minimum values of K; and K,
are equal. Notice that if, instead of dividing the total number of repeated preparations equally
between the two estimation procedures, we had chosen an asymmetric allocation, say M| =
~M measurements for estimating A; and M, = (1 — )M for estimating A, (or vice versa), the
bounds K; and K, would have been larger, specifically K; > 2+/s/y/v(1 —7),j = 1,2. The
choice v = 1/2 is therefore optimal. When the Cy has already reached its lower bound, the
relation among the precision bounds is

Cu=Cr=Cn=4Vs<K =K,

where K| and K, attain the same optimal value if and only if the sloppiness is minimal.
This equality demonstrates that even when the incompatibility is maximal, stepwise meas-
urements can still achieve optimal precision. Sloppiness sets the lower bounds for both the
Holevo/Nagaoka bound as well as the bound to precision achievable by successive measure-
ments. The latter bound is identical to the Holevo bound if and only if the sloppiness is min-
imal, which offers a practical advantage in experiments. In each step, the optimal POVM is
the spectral measure of the corresponding SLD. Using equation (1), we have

1 0
L= <O 1) = 03,
0 —je~2i(Ai+A2)
L, = <i621()\1+/\2) 0 )

=CO0S [2()\1 +/\2)} oy — sin [2()\1 —|—)\2)] o1,

meaning that the optimal POVM in the first step is parameter independent, while the second
step necessarily involves some adaptive measurement scheme.

1



J. Phys. A: Math. Theor. 58 (2025) 325301 J He and M G A Paris

5. Conclusions

In this work, we have investigated a two-parameter qubit statistical model with tunable slop-
piness to explore the interplay between precision, sloppiness, and incompatibility. By intro-
ducing an adjustable scrambling operation during parameter encoding, we have demonstrated
how parameter correlations and measurement incompatibility jointly influence the precision
bounds.

First, we identified a fundamental trade-off between sloppiness and incompatibility, char-
acterized by the equality sc = 1. This result highlights the impossibility of simultaneously
minimizing both sloppiness and incompatibility, revealing a key constraint in multiparameter
quantum estimation in qubit systems. Notice that by increasing the probe’s dimension one can
reduce incompatibility while maintaining the same level of sloppiness to achieve SLD bound,
as shown in appendix C for qutrit systems. Second, we derived the conditions for optimizing
QCRBs. By tuning the parameters of the encoding strategy, we maximized the determinant of
the QFIM, thereby minimizing sloppiness.

In our system, the Holevo, Nagaoka, and RLD precision bounds for joint parameter estim-
ation are equivalent and saturable using non-collective measurements. We also compared the
performance of joint estimation strategies to those involving successive separate estimation
steps, demonstrating that the former can achieve ultimate precision when sloppiness is minim-
ized. Beyond its fundamental significance, this finding offers practical advantages for experi-
mental implementations. Furthermore, our analysis revealed that the minimal achievable preci-
sion bounds directly connect sloppiness to the ultimate metrological performance. This under-
scores the importance of designing probe states and encoding dynamics that emphasize para-
meter correlations while balancing the effects of non-commutative measurements.

Our results provide new insights into the relationship between sloppiness and incompatibil-
ity in two-parameter qubit estimation systems. In future work, we aim to extend this framework
to higher-dimensional systems, where careful preparation of the probe state may eliminate
incompatibility [48] and render the symmetric CRB achievable. This could lead to funda-
mentally different trade-offs between sloppiness, precision, and incompatibility compared to
the qubit case.
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Appendix A. QFIM and MUC
We first calculate the output state

[¥x) = U2VU, o)
[ eI iFN) cos 2 (cosy —isinycosd) —ielM =A2H+B=) gin X sinysind
—\ e iim X9 cos I sinysing + el M+ F) gin I (cosy +isinycosh) )

The partial derivatives of the output state i with respect to A; and )\, respectively, are
given by

1Ox, 1) = —ie 1M1+ cos & (cosy —isinycosf) + €M 2259 sin I sinysin 6
MM —eiNi=2e9) o5 S sinysind + ie M1+ +8) sin & (cosy +isinycosd) )
On,10) = —iefi()‘1+/\2) cos § (cosy —isinycos) — elMi=2H+5-¢) gin I sinysinf)
2 e =%2=9) cos 2 sinysin 6 + ie! M +22+5) gin 4 (cosy +isinycosb)

which lead to

Onal Ox¥x) = (Ox,0a] Ox,000) =1,

x| Dx,1hn) = cos? + sin®y cos 20 + 2isin avsin-ysinf (sin~y cos fsinf — cosfcosr) ,

On x| ha) =icosa,

O] ) =i [cosa (cos™y + sin*ycos 26) +2 sinarsiny sind (sinf cosy + sinycosf cosf)] ,

o~ o~~~

where f = 2| +  — ¢. Then, we calculate the elements of QFIM Q and the incompatibility
matrix D. To make the computation easier, we define

X = cos’ 7y + sin® y cos 20,
Y = sin~ysinf (sinf cos~y + sin-ycosf cosf),
Z = sinysinf (cosfcosy — sinycos@sinf).

We obtain
011 = 4sin’a,
Q=0 =4 [sin2 « (cosz'y + sinz'ycos 29) — sin2asin-ysin@ (sinfcos~y + sinycos Qcosf)}
=4 (Xsinzoz - YsinZa) ,
2
On=4 (1 — [cosa (Coszfy + sinzfycosZ@) + 2sinasin-ysin 6 (sinf cosy + sin'ycosﬁcosf)] >
=4 [l — (Xcosa+2Ysina)2} ,

Di1 =Dy =0,
D1z = =Dy = 4Im ((Ox, 2] Ox,%02) — (Oxa| 92 ) (¥r ] Ox102))

= —8sinasinysind (cosfcosy — sin-ycosfsinf) = —8Zsina.
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The determinant of QFIM can be expressed as:

det[Q] = Q11 x 02 — Q12 X Q1 = 16sin’a [1 — X* —47?] ,
whereas the determinant of the incompatibility matrix is given by

det[D] = 0 — Dy;Dy; = 64Z%sin’ .

More simplifications are required to clarify the connection between det[Q] and det[D].
Upon 1ntr0du01ng the quantities A = sin-ycosf, B = s1nfy sinf, we find that A2 + B* = sin’~,
s0 cos?y = 1 — A2 — B2. Besides, Y2 4 Z* = sin® ysin® §(cos?y + sin? ycos? ) = B*(1 — BZ)
and X = cos?~ + sin?y(cos? @ — sin® ) = 1 — 2B2, such that

det[Q] = 16sinar[1 - (1-28%)" — 4F2| =64sin’a [B (1 - B?) — ¥’] = 64Z2sin’ar.

Appendix B. Maximum and minimum of Z?2

To find the stationary points of Z2, we calculate the partial derivatives of Z> with respect to -,
f, and f, and set them to zero:

o072
oy = 2sin” @sin~y (cosf cos~y — sin~ycos #sinf)
Y
x [cosf (cos®y — sin®y) — 2sinycosycosfsinf] =0,
07> 2. . :
0 = 2sin” 7y sinf (cosfcosy — sinycos fsinf)
x [cosfcosycosf — sinysinf(cos? @ — sin® )] =0,
07> L2 .2 . . . .
a—f = —2sin”~ysin” # (cosf cos~y — sin~ycos #sinf) (cosysinf+ sin~ycosf cosf) = 0.

By analyzing these conditions, we find that stationary points occur in the following cases:

Case 1: siny = 0. In this case, 7% =0, which leads to the minimum value of det[Q].

Case 2: sinf) = 0. This case also leads to Z> = 0 and to the minimum value of det[Q].

Case 3: cosycosf = sin-ycos@sinf. This case also leads to Z> =0 and to the minimum value
of det[Q].

Case 4: The system of equations:

cosf (Cos2 ~ — sin’ 'y) = 2sin~ycosycosfsinf,
sin~y sinf(cos2 0 — sin’ 0) = cosfcosycosd,

cosysinf = —sin~ycos 6 cosf,
leads to two solutions that correspond to the maximum value of Z.

Those solutions are

(@:y=f=7%,0=7Zor,
(b): f=0,0=%,v=1.

In both cases, the maximum value of Z% is 1/4.
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Appendix C. Sloppiness and incompatibility with qutrit initial state

We use a model similar to that in figure 1 to study a two-parameter qutrit model. A general
qutrit state is defined as:

1) = cosa|0) + "' sinacos B|1) + e sinarsin 5 ]2)
where 0> o, B> 7, 0> Ky, Ky > 27,

In this model, the initial quantum state simplifies to:

1
7 (10) +12)) -

The unitary operations and rotation are expressed as

|vbo) =

Uk — e—lJ:Ak7 V= e—l"/.]'l‘l’

where J is the vector of generators of SU(3) group in qutrit system, given by

L {010 L (0 —i 0 10 0
Jo=— |1 0 1), ,=— (i 0o —i|,.=[0 0 0],
vV2\o 1 o V2\o i o 00 —1

and
= {cos ¢ sinf,sin¢ sinf,cos b} .

Explicitly, the rotation operator is expressed as:

K2 ' —iv/2e gk —f:_iz¢"(gr2
V= -iv2egk |k]*—g> —iv2e \Pgk*
—e2%g2  _j\/2eiPgk* (k"k)2

where k = cos 3 —isin 3 cosf and g = sin 7 sinf.

The output state |¢y) = U, VU] |1)y) is expressed as:
%efi(Al'Jr)\z) (k2 — eii(2¢72>\,)g2)
) = —ig (e Mk e ME) . (C.1)
% (_ei(2¢—)\1+)\2)g2 1 elhit2) (k*)z)

The partial derivatives of the output state |, ) with respect to A; and A:

—i 1 (e i(A14X2) k2+el( 204+ — Ao)g)

V2
O\ ¥2) = g (—e!0 ke 0mAEY) ;
’%( i(26-A1+32) g2 4 gi(hiAa) (k*)Z)
_i\}i( eI _ ei(=26+21- %) g2)
‘8A2¢A> = 0

ik (_ei(2¢—/\1+>\2)g2+ei(A|+A2) (k*)2>
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Under these conditions, the inner products reduce to

(On 0] Ox9) =1,

(O] On,10) = | k|* — g + 4g%| k|> — 4g* cos® %,
(Ox Y| ) =0,
(O ) =0,

(O] On ) = | kI* — g%

The elements of the SLD-QFIM Q and Uhlmann curvature D simplify to:
On =4,
O =0 =4(k-¢%),
0»n=4 [(|k|2 fgz)z +4g%| k|> — 4g* cos
Dy = Dy =Dy, = —Dy; = 0.

2 (C.2)
2 )

The determinants are:
detQ = 16sin* % sin?26, detD = 0.

The incompatibility, given by detD = 0, indicates that there is no inherent incompatibil-
ity between parameters under this initial quantum state. However, to achieve the minimal Cg

bound only when sloppiness is minimized (s = 1/16), and the corresponding parameters must

— _ T 3m
bey=m, 0= For=.
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