PHYSICAL REVIEW LETTERS 135, 030802 (2025)

Enhanced Quantum Frequency Estimation by Nonlinear Scrambling
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Frequency estimation, a cornerstone of basic and applied sciences, has been significantly enhanced by
quantum sensing strategies. Despite breakthroughs in quantum-enhanced frequency estimation, key
challenges remain: static probes limit flexibility, and the interplay between resource efficiency, sensing
precision, and potential enhancements from nonlinear probes remains not fully understood. In this Letter,
we show that dynamically encoding an unknown frequency in a nonlinear quantum electromagnetic field
can significantly improve frequency estimation. To provide a fair comparison of resources, we define the
energy cost as the figure of merit for our sensing strategy. We further show that specific higher-order
nonlinear processes lead to nonlinear-enhanced frequency estimation. This enhancement results from
quantum scrambling, where local quantum information spreads across a larger portion of the Hilbert space.
We quantify this effect using the Wigner-Yanase skew information, which measures the degree of
noncommutativity in the Hamiltonian structure. Our Letter sheds light on the connection between Wigner-
Yanase skew information and quantum sensing, providing a direct method to optimize nonlinear quantum

probes.
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Introduction—Accurate frequency estimation plays a
central role in various fields such as quantum communi-
cation [1,2], quantum sensing [3-5], and quantum compu-
tation [6]. Its importance extends to key applications in
metrology [7-14], spectroscopy [15-17], and precision
timekeeping [18]. Quantum sensors, probes that exploit
quantum phenomena, have been demonstrated to surpass
the precision limits achievable by classical sensors in
frequency estimation [3,5,7-9,19,20]. Thus, the task of
quantum frequency estimation has been pursued in various
scenarios, including the use of decoherence-free subspaces
for trapped particles in optical lattices [21], continuous
monitoring of qubit probes in noisy environments [22,23],
techniques involving adaptive coherent control [24-26],
and general scenarios in noisy metrology [27-32].
Although quantum-enhanced sensing strategies have dem-
onstrated remarkable precision in frequency estimation
[33,34], several key questions remain. In particular, static
methods based on the preparation of a given state do not
allow for effective encoding, as the dependence on
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frequency of the eigenvalues and eigenvectors leads to
unfavorable scaling. This limits the achievable precision.
We therefore ask (i) whether it is possible to remove this
restriction using dynamical approaches, thereby increasing
the flexibility of the quantum probe [35]; (ii) whether a
proper sensing resource can be defined to quantify
enhancements in frequency estimation; and (iii) whether
it is possible to link the enhancement in frequency
estimation to the internal Hamiltonian structure.

In this Letter, we address all the above issues. Regarding
the first question, we encode the unknown frequency into
the dynamical state of a quantized electromagnetic field
with a nonlinear Hamiltonian. Once the frequency
(unknown parameter) is dynamically encoded into a quan-
tum state, we quantify the frequency precision limits using
quantum estimation theory [36,37]. To address the second
question, we define an energy cost figure of merit that
quantifies enhancements in frequency estimation while
balancing resource efficiency and estimation precision
[25,38]. To address the third question, we examine our
quantum sensing strategy in the broader context of quan-
tum scrambling [39], which describes how local quantum
information disperses across the degrees of freedom in a
quantum system [40-51]. In contrast to prior quantum
sensing studies that focus on dominant scrambling

© 2025 American Physical Society
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quantifiers [52], we use the Wigner-Yanase skew informa-
tion [53-57], which enables us to quantify the degree of
noncommutativity in the internal structure of the
Hamiltonian [58,59]. In particular, we show that higher-
order nonlinearities enhance frequency sensitivity, with
maximal sensitivity closely aligning with the maximum
value of the Wigner-Yanase skew information. This
observation highlights the connection between quantum
scrambling, measured using the Wigner-Yanase skew
information [54], and the sensitivity of the probe to small
changes in the unknown parameter.

Quantum metrological tools—The uncertainty in estimat-
ing an unknown parameter @ encoded in a quantum state
p(w) obeys the quantum Cramér-Rao theorem [37,60-62]

Varla] > [MF ()] 2 [MO@)]". (1)

where Var|@] is the variance of a local unbiased estimator @
of the parameter w, M is the number of measurement
trials, F(w) is the classical Fisher information (CFI) with
respect to the unknown parameter w, and Q(w) is the
quantum Fisher information (QFI) with respect to w.
In the inequality of Eq. (1), the CFI is defined as
F(w) =3, p(x|w)[d, In p(x|o)]*, where 9, := (9/da),
and p(x|w) = Tr[ll,p(w)] is the conditional probability
distribution built from measurement statistics [60,61].
Thus, the CFI sets the precision limits of estimating @ for
a specific choice of positive-operator valued measure
(POVM) {I1,} with measurement outcome x. The QFI is
defined as the optimization over all possible POVMs,
namely Q(w) := maxp ;F (@). Alternatively, the QFI can
also be defined as Q(w) := Tr[d,p(®)L(w)]. Here, L(w) is
the symmetric logarithmic derivative operator that satisfies
the equation 20,p(w) = L(w)p(®) + p(w)L(w), with the
support of L () providing the POVM basis that maximizes
the CFI [37,63]. Throughout this Letter, we will only
consider pure states p(w) = |y(w)){w(w)|. In this specific
case, the QFI simplifies to [64]

O(w) =4Re [0, (@) |9,y (@) = [0, (@) [y (@) P]. (2)

which sets the ultimate precision limit for estimating the
parameter @ and quantifies the sensing capability of the
quantum state p(w) in the vicinity of @ [3,7-9,37,65].
The model—We consider the Hamiltonian (2 = 1)
H = wH, + pH,, Hy:=a'a, (3)
where w is the unknown frequency that we aim to estimate, 3
is a known parameter, a(a') is the annihilation (creation)
operator obeying [a,a’] =1, and H, denotes a non-
linear Hamiltonian term. Throughout this Letter, we indi-

vidually investigate three families of nonlinear H, terms,
referenced as

(a" +a)* — polynomial case,
H, =1 a"™ +a° — generalized squeezing case, (4)
aa’ — generalized Kerr case.

The unknown frequency will be encoded in |y(f)) =
e~ ™|y (0)) throughout the sensing strategy. For the sake
of simplicity, we focus on coherent input fields with real
amplitudes |w(0)) = |a), evolution times within the range
of ft < 0.05, and nonlinearity strength constrained to f < .
In general, we consider f to be independent of w. For the
specific case where f & w, see Supplemental Material
(SM) [66].

To fairly claim nonlinear-enhanced frequency estimation
due to H, we evaluate the QFI ratio R(w) = Q(w)/Qp(@)
for a given sensing resource. Here, Q(w)[Qo(®)] is
the QFI with respect to @ for > 0[f = 0], computed
from an evolved initial coherent state |a)[|ag)]. For g = 0,
the QFI simplifies to Qy(w) = 41*a3, which is independent
of w. We define the sensing resource by imposing that
both probes (for f > 0 and = 0) have the same average
energy (ap|wa’a|ay) = (a|H|a). Therefore, we obtain
a} = (a|H|a)/w, and then (a # 0)

_ 00(w)
R) = Pl ®)

If the ratio R(w) > 1, then it indicates that nonlinear-
enhanced sensing is achieved due to H; provided that both
probes (f = 0 and § > 0) have the same energy on average.
This energy constraint as resource implies that oy > a.
Hence, if R(w) > 1, adding a nonlinear term to the
frequency estimation process is more energy-efficient when
considering the initial number of excitations.

As a final note, one may wonder whether preparing
the quantum state first through a nonlinear process
generated by yH;, and subsequently encoding the
unknown parameter @ via free evolution under wH, could
lead to improved sensing performance. While in some
cases this approach may indeed offer enhanced sensitivity
compared to the current dynamical scenario—where the
frequency is encoded via the combined Hamiltonian
H = wHy + pH—this advantage comes at the cost of
requiring a very large nonlinearity ratio y//, with y chosen
to correspond to a probe with the same energy as described
above. Such high values of y lie far beyond the accessible
regime /@ considered in this Letter. A detailed analysis of
this alternative scenario is presented in SM [66].

Polynomial case—This contribution can arise in non-
linear media as higher-order terms in the polarization
PxyVE +y?E -E+y®E-E-E..., where ) are
the i th order nonlinear susceptibilities, and E is the
electric field. Since the interaction between the material
and the radiation field is —P - E, the nonlinear contributions
to the interaction will include terms of the form (a’ + a)*,
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where s is a positive integer. Anharmonic potentials of the
form V(x) ~x>+ Y, c,x*, where x~ (a'+a) is the
position quadrature and ¢; €R, can also lead to the same
nonlinear contribution ~(a’ + @)*. This polynomial con-
tribution for s = 3 has also been achieved experimentally in
microwave superconducting systems [70,71].

Two values of the exponents can be studied straightfor-
wardly, namely s = 1, 2. For s = 1, the system is equiv-
alent to a shifted harmonic oscillator with a displaced
coherent amplitude |y (1)),_; = |ae™ ™" +[B/w](1—e~™"))
[67]. For the considered range of parameters {f,f,w} in
our analysis, s = 1 results in negligible enhancements in
frequency estimation, i.e., R ~ 1. See SM [66] for details.
For s = 2, the additional quadratic term can be combined
into a single term with a modified frequency. This leads to

ly(1)),_y = |ae~'V@* +45e1) [68] In this case, the QFI ratio
satisfies R < 1; see SM [66] for details.

True nonlinearities arise when s > 3. In Figs. 1(a) and
1(b), we plot the ratio R(w) for the polynomial case as
functions of the nonlinearity strength f and time ¢ for s = 3
and s = 4, respectively. In Fig. 1(a), nonlinear-enhanced
frequency estimation is achieved for several values
of the nonlinear strength # and time ¢. Specifically, when
pt =0.05 and the nonlinearity is moderately weak
f ~ 1072w, the quantum enhancement ratio R (@) approx-
imates 1.5. Note that as the nonlinear strength f increases,
the enhancement in frequency estimation decreases and
eventually disappears. In Fig. 1(b), nonlinear-enhanced
frequency estimation is amplified for several choices of
p and t, reaching a maximum enhancement ratio of
R(w) ~ 10. However, in contrast to s =3 shown in
Fig. 1(a), the maximum enhancement occurs at
B~ 10"'w, which is an order of magnitude higher than
in the previous case.

Polynomial, s=3

10-2 10-!
Blw Blw
6 Polynomial, s=3 %102 Polynomial, s=4
— Bt=0.03 J 151 gt=003 '
--- Bt=0.05 ! --- Pt=0.05
x4 4 // % 1.0 A
£ £
& & 05
2 -
(d)
0.0 —
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FIG. 1. Polynomial case: ratio R(w) as functions of non-

linearity strength f and time . (a) s = 3. (b) s = 4. Weusea = 1;
maximized ratio R, as a function of a for different times z.
() s=3.(d) s=4

A straightforward way to increase R(w) is by increasing
the initial coherent amplitude a. To explore how R(w)
depends on a, we calculate

max [R(@|ft)] = Rnax (6)

0<£<1
[0)

which maximizes the value of R(w|ft) over f/w for a
given a and time ft. In Fig. 1(c), we plot R, for s = 3 as
a function of a for different times ¢. Two evident con-
clusions can be drawn from the figure: (i) nonlinear-
enhanced frequency estimation (R, > 1) can always
be achieved for any coherent input a, with R, increasing
as both time and the coherent amplitude grow; and (ii) the
growth of R ., is superlinear in a. Note that, in Fig. 1(c), a
dip in R, is shown for @ < 0.5. This can be understood as
R(w) > 1 when a — 0. Similarly, in Fig. 1(d), we plot
Rax for s = 4 as a function of a for different times 7. As
the figure shows, a significant increase in the maximized
ratio R .« is achieved as time and coherent input increase.

Generalized squeezing case—Generalized squeezing has
been studied for decades in the context of quantum optics
as a natural extension of standard second-order squeezing
[72-77], and it has been recently attained to the third order
in superconducting microwave systems [78]. For s = 1, the
system reduces to the previously discussed polynomial
case. For s = 2, it corresponds to the well-known squeez-
ing-driven case, where only a modest quantum enhance-
ment in frequency estimation is observed within the
parameter range considered; see SM [66] for details. In
Figs. 2(a) and 2(b), we plot R(w) for the generalized
squeezing case as functions of the nonlinearity f and time ¢
for s = 3 and s = 4, respectively. As shown in Fig. 2(c), the
generalized squeezing term for s = 3 provides a quantum
enhancement in frequency estimation comparable to the
polynomial case. However, in Fig. 2(d), where s =4,
significant frequency sensing enhancement is observed.
To clarify this enhancement, we decompose the polynomial
term in normal order as follows [69,79]:

[

o
IS

g s!

2%k11Y (s — 2k — [)!

(aT + a)s — aTS—Zk_’al. (7)

k=0 1=0

In particular, for s =3 and s = 4 one gets

(a" +ap =A% + AP, (8)
(aT + a)4 :A(‘i) +A§4) +A£4)’ (9)

()
J
tion processes. We denoted with A

where the operators A}’ represent different field j-excita-

(s)
j
A§S>|n>~|nj: j), and with AL processes for which

processes for which

A§‘§>|n)~|n> (where |n) is a Fock number state).
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Explicitly, for exponents s = 3 one has A(l3> =3[a"™a +
a'a’> + a' + a] and Af) = a™ + &3, and for s = 4 one has
A(24) =4aPa+4a"a? + 64" + 642, A[(::) =6[(a'a)*+a'a],
and A" = 4™ + ¢*. The observed improvement in fre-
quency estimation in the generalized squeezing scenario is
likely due to the increased role of higher-order field

excitation processes, as indicated by the decomposition
above. To quantify this, we calculate

0Q;(w)
Rj(w) = 2 +j I
4t*(alwa’a + A" |a)

(10)

where the ratio R;(w) quantifies possible nonlinear-
enhanced frequency estimation due to individual j-field
excitation processes. Consequently, Q;(w) is the QFI

computed from a initial coherent state |@) evolved under
(s)

j B
j=ns, 1,2,... and s = 1,2, .... Recall that Aﬁw accounts

the action of the Hamiltonian H = wata + A where

for individual j-field excitation processes derived from the
decomposition of (a' + a)*. To ensure a fair comparison

and avoid the influence of multiplicative factors in the
) (s)
J
have the same average energy. For simplicity, this average
energy is set to <A§‘Y)) = 2a and St = 0.05.

In Fig. 2(c), we plot the ratio R ;(@) as a function of the

decomposition of A;S , we scale all individual terms A}’ to

exponent s for several field excitation processes Aj-s) . The

figure shows that, for a given exponent s, nonlinear-
enhanced frequency estimation consistently occurs for
higher-order field excitation processes. In addition, number

state processes Aﬁfg) offer no sensing advantage as for
s =2, 4 the ratio R;(w) = 1. This can be explained as

x10-2 Gen. Squeeze 4

Blw
5 x10~2 Gen. Kerr, s=4
5758 o AP LA AP (c)
60 n AQ * AP L 4 s
3 v AP &
£1.8
1.4 A v 1
1.0{e ¥ o ] I
1 2 3 4 1073 1072 107t 100
s Blw

FIG. 2. Generalized squeezing case: ratio R (w) as functions of
nonlinearity strength f and time . (a) s = 3. (b) s = 4. (c) Ratio

R (w) as function of s for several field excitation processes A;‘Y).

(d) Generalized Kerr case: ratio R(w) as functions of nonlinearity
strength f and time ¢ for s = 4. We use o = 1.

[aTa,A[(,‘Z)] =0V s, and therefore, the evolved state is

(1)) = e P |ae=i@/B)ry As

Al .
e~ P4 s independent of the unknown parameter to be

estimated w, the QFI cannot increase by the addition of A,(fg)

the unitary operator

in the Hamiltonian provided that [a*a,AEfs)] =0.

Generalized Kerr case—The Kerr effect has also been
extensively considered in quantum optics [80] and it
emerges naturally in superconducting circuits due to the
nonlinear inductance of a Josephson junction [81]. By
using a’a’ = a'a® +sa™' and aa™ = sa’¢D 4 aa,
one can straightforwardly prove that [a'a,aa’] = 0.
Thus no sensing benefit is expected from this additional
term in the Hamiltonian. To see this, in Fig. 2(d), we plot
the ratio R(w) as functions of time 7 and nonlinearity
strength f for s =4. As the figure shows, the ratio
R(w) < 1, which implies no sensing advantage under this
generalized Kerr scenario. Moreover, the ratio R(w)
decreases as f#/w increases. This situation occurs because
we are comparing probes that have the same average
energy. Specifically, [a'a,a™a’] =0 ensures that the
numerator in the expression for R (w) remains unchanged,
whereas the denominator in R (w) increases as  increases
when modified to wa® + pa** for f # 0. Thus, using a
generalized Kerr term in the Hamiltonian does not provide
any sensing advantage; in fact, a probe without nonlinearity
is more energy-efficient.

Quantum scrambling—Quantum scrambling has been
studied across various fields, including quantum error
correction [82], machine learning [83-86], chemical reac-
tions [87], and shadow tomography [88-92]. Several
metrics for measuring quantum scrambling have been
proposed, such as operator entanglement entropy [40,41],
average Pauli weight [42,43,93], and the out-of-time-
ordered correlator (OTOC) [42,44-48,94,95]. The latter,
OTOC, has even been experimentally demonstrated
[52,96-98]. Recently, a universal framework for informa-
tion scrambling in open quantum systems was proposed
[99], along with its connection to quantum information
thermodynamics [49,50] and a resource theory that encom-
passes both entanglement and magic scrambling mecha-
nisms [39].

In the field of quantum sensing, quantum information
scrambling has primarily been studied using OTOCs
[51,52]. Here, we explore an alternative approach by
focusing on the Wigner-Yanase skew information [54],
which is defined as

S(B.K) = —%Tr([\/E, K]?), (11)

which quantifies the degree of noncommutativity between
a positive operator B and a fixed Hermitian operator K.
In our context, a natural choice for these operators is
B = |y(1))(y(1)], representing the time-evolved state, and
K = a'a, the number operator. The Wigner-Yanase skew
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FIG. 3. Skew information and the QFI as functions of the
nonlinearity f for s =3, 4 at a fixed time fr = 0.05. The
polynomial case is shown in panels (a) and (b). The generalized
squeezing case is shown in panels (c) and (d).

information, in this case, measures the extent to which the
number operator fails to commute with the evolved state. In
our case, B is a pure state; thus, the Wigner-Yanase skew
information simplifies to

Slly () (w(t)
= (w()l(a'a)’y(0) = (w(n)laaly(n))*,  (12)

which is the variance of the observable K = a'a in
the state |y(7)). Note that, if [Hy, H,] =0, then
S[lw (1)) (w(t)|,a’a] = |a|*. In Fig. 3, we plot the skew
information and the QFI as functions of the nonlinearity f
for the polynomial and generalized squeezing scenarios for
s =3, 4 at a fixed time ft = 0.05. For clarity, the skew
information is presented in arbitrary units (arb. units). As
the figure shows, the skew information fully captures the
behavior of the QFI. Notably, the maximum value of the
skew information (i.e., where H, and H; are maximally
noncommutative) occurs near the maximum value of the
QFI (i.e., where the quantum probe is most sensitive to ).
Note that for the family of states p(w) = e~""®Hop(0)e/"®Ho,
the QFI Q(w) = 4t>(AH,)? [37] exactly coincides with the
Wigner-Yanase skew information. A formal proof of this
equivalence can be found in Ref. [100]. However, in our
scenario, the unknown frequency is encoded via
H = wHy + pH,. As aresult, a slight quantitative discrep-
ancy arises between the QFI and the Wigner-Yanase skew
information. This is due to their fundamentally different
mathematical natures. Indeed, the QFI defines a strict
Riemannian metric on the space of quantum states, captur-
ing the infinitesimal statistical distinguishability between
nearby states [101]. In contrast, the Wigner-Yanase
skew information given in Eq. (11) is not a metric. Rather,
it is a QFI-like quantity defined by 4Tr(d,,\/p(®))?, which
captures sensitivity to parameter changes without
relying on the symmetric logarithmic derivative [54].

,a'dl

Generalizations of the Wigner-Yanase skew information
into a metric form have been explored using the Morozova-
Chentsov functions, leading to the concept of metric-
adjusted skew information [102,103]. However, given
that the skew information in Eq. (12) is computationally
more tractable than the QFI, it can be used to optimize a
nonlinear quantum probe with the additional Hamiltonian
H, by decomposing it into specific transition operators

AE.S), such that
f(B;. 1) can be optimized in H = wa'a + Y ; f,(p;. t)AﬁfY)
for maximizing R(w). This optimization procedure
makes nonlinear-enhanced frequency sensing more effi-
cient for complex interactions where these processes
dominate.

Conclusions—In this Letter, we have shown that non-
linear-enhanced frequency sensing can be achieved by
efficiently encoding the frequency of a quantized electro-
magnetic field into a nonlinear quantum probe. The
introduction of nonlinearities into the quantum probe
facilitates the distribution of local quantum information
across a larger Hilbert space, a process referred to as
quantum scrambling. To make a fair comparison between
probes with and without nonlinearities, we introduced a
figure of merit that ensures both probes have the same
average energy. To show the generality of our findings, we
examined three distinct families of nonlinear contributions.
We showed that higher-order nonlinearities lead to an
enhanced sensing capacity, especially in regions where
the noncommutativity between the number state observable
and the nonlinear contribution is maximal. As a result, we
established a connection between quantum scrambling,
quantified by the Wigner-Yanase skew information, and
the probe’s sensitivity to slight variations in an unknown
parameter, quantified by the quantum Fisher information.
Our results show that improved frequency estimation may
be obtained under realistic conditions (nonlinear coupling
p/w ~0.01-0.1, interaction time fr < 0.05, and coherent
amplitude a ~ 1-5) making them suitable for applications
in enhancing magnetometry with superconducting quantum
circuits and improving stability in superconducting cavity
clocks.

(possible) time-dependent functions
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