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The conventional formulation of quantum sensing has mostly been developed in the context of local
estimation, where the unknown parameter is roughly known. In contrast, global sensing, where the prior
information is incomplete and the unknown parameter is only known to lie within a broad interval, is
practically more engaging but has received far less theoretical attention. Available formulations of global
sensing rely on adaptive Bayesian strategies requiring on-the-fly change in measurement settings or min-
imizing average uncertainty yielding unsaturable bounds. Here, we provide an operationally motivated
approach to global sensing for fixed but optimized settings. Our scheme yields a saturable precision bound
optimizing the measurement as well as the probe preparation simultaneously. The formalism is general
and computationally scalable for generic bosonic multimode Gaussian or many-particle free-fermionic
quantum sensors. We illustrate the implications for Gaussian thermometry and Gaussian phase estimation
by showing that the optimal measurement changes, either gradually or abruptly, from homodyne for local
sensing, toward heterodyne for global sensing. In contrast, for fermionic transverse XY probes, the optimal
measurement basis stays fixed independent of the width.
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I. INTRODUCTION

Quantum metrology [1–20] is underpinned by the quan-
tum theory of local estimation via the celebrated Cramér-
Rao (CR) theorem [21–24], which sets the ultimate limits
on the precision of any detector. The term local means
that the parameter to be sensed is roughly known, i.e., we
have significant prior information about its value already
[7,25–29]. This prior information thus allows us to opti-
mize a measurement setting for obtaining the best possible
precision. In contrast, in practical situations, prior infor-
mation is typically incomplete, reflecting our ignorance
of the unknown parameter. Thus, a formulation of global
quantum estimation with incomplete prior information
yielding an optimal measurement strategy is paramount for
practical use of quantum sensors.

Unlike local sensing, which is fully characterized by
the CR theorem, there is less agreement on a quantita-
tive figure of merit for global-estimation tasks [30–35].
In general, some cost function should be introduced to
assess the estimate and then the optimal strategy minimizes
the average cost [23]. A few solutions to this problem
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are known, notably for the estimation of a shift parame-
ter [36]. Alternatively, one may introduce a broader prior
and derive the so-called van Trees inequality for the aver-
aged variance [37]. In a Bayesian approach, one adaptively
updates the measurement basis at each round, reducing
the global-sensing problem into local sensing iteratively
[38–41], where the sensing precision has been formulated
through van Trees inequalities [37,42]. To avoid poten-
tially challenging adaptive measurements, an alternative
figure of merit for global sensing has been put forward in
Ref. [43], which introduces a bound on the average esti-
mation uncertainty over the entire interval in which the
unknown parameter is assumed to be located. However,
neither of these two previous methods help find a saturable
bound for a single fixed strategy. Thus, a natural question is
to ask whether it is possible to find a saturable formulation
for global sensing in this setting.

In this paper, we answer this question affirmatively by
formulating an alternative approach for global sensing,
which bounds the average uncertainty with a quantity that
is saturable by construction. Our strategy can be used
to optimize over both probe preparation as well as mea-
surement parameters. We demonstrate the implications
for two paradigmatic classes of quantum sensors, viz.,
optical Gaussian metrology [12,44–72] and many-body
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fermionic ground-state Gaussian metrology [7,18,73],
where the corresponding theory of local sensing is highly
developed and experimental implementations are under
way [74–81].

II. QUANTUM ESTIMATION THEORY

The goal of any quantum sensing protocol is to esti-
mate an unknown parameter λ, encoded in the quantum
state ρ(λ), by performing a measurement described by
positive operator-valued measure (POVM) operators � =
{�k}, the measurement outcomes of which occur with
probabilities pk(λ)=Tr [�kρ(λ)]. The estimated value λest
is then obtained through collecting and postprocessing
of M rounds of observed experimental data. The preci-
sion of the estimation, quantified by the variance of the
difference between λest and the true value of parameter
λ, is then fundamentally bounded by the CR inequality
[21,22,82],

Var[λest − λ] ≥ 1
MFc(λ,�)

, (1)

where Fc(λ,�)= ∑
k pk(λ)[∂λ ln pk(λ)]2 is called the clas-

sical Fisher information (CFI). The ultimate bound
obtained via optimizing over all measurements � is
given through the quantum Fisher information (QFI)
FQ= max� Fc(λ,�) and reads [25]

Var[λest − λ] ≥ 1
MFc(λ,�)

≥ 1
MFQ(λ)

. (2)

The optimal measurement is along the eigenbasis of oper-
ator Lλ, satisfying the implicit equation ∂λρ(λ)=[ρ(λ)Lλ
+Lλρ(λ)]/2.

III. GLOBAL SENSING

The optimal measurement saturating the CR inequality
in Eq. (2) generally depends on the unknown parameter
λ. Therefore, it can only be achieved for a local-sensing
problem where λ∈[λ0−�/2, λ0+�/2] varies over a small
interval �→0 for the optimal measurement strategy at
λ=λ0. On the other hand, for global sensing, where � is
large, no single measurement basis is necessarily optimal
for the entire sensing interval. In this situation, a different
approach is needed to optimize the precision of sensing and
to assess metrological protocols. Our initial knowledge of
the unknown parameter λ is encoded in a prior distribu-
tion P(λ). The first formulation of global sensing has been
developed by van Trees [37] in the context of classical esti-
mation theory and has later been extended to the quantum
setting [83–85]. However, achieving this bound requires
Bayesian updating, thus earning the name Bayesian CR
bound [42]. A different approach has been developed in

Ref. [43], in which the global average uncertainty per
round has been introduced as a figure of merit:

∫ λ0+�/2

λ0−�/2
dλ′P(λ′)Var[λ′

est − λ′] ≥
∫ λ0+�/2

λ0−�/2
dλ′ P(λ′)

FQ(λ′)

= G(λ0,�). (3)

However, this new bound still cannot be saturated in the
general case in which the optimal measurement depends
on λ. For a more complete discussion of global quan-
tum estimation, the interested reader may wish to consult
Ref. [86].

A. Saturable global uncertainty

In order to obtain a saturable bound, we start from the
original CR inequality of Eq. (1) in which the measurement
setup � is fixed. One can define the average global uncer-
tainty with respect to the fixed measurement basis � by
averaging over the both sides of Eq. (1). A saturable global
uncertainty (SGU) can be obtained by minimizing such
average global uncertainty with respect to all measurement
bases:

∫ λ0+�
2

λ0−�
2

dλ′ P(λ′)Var[λ′
est − λ′] ≥ min

�

×
∫ λ0+�

2

λ0−�
2

dλ′ P(λ′)
Fc (λ′,�)

= G(λ0,�). (4)

For a fixed �, we use the notation G̃(λ0,�,�), such
that G= min� G̃. Note that the right-hand side of the above
inequality results in a single optimal measurement basis
that is used for sensing over the entire interval without any
dependence on the exact value of the unknown parameter
λ. To reiterate, this figure of merit, the SGU, is the aver-
age of local variances weighted with requisite priors. For a
fixed measurement setting, these local variances are indi-
vidually lower bounded by the CFI for that measurement
setting. Thus, our optimal measurement, which we shall
identify with various examples in the following sections,
is the single fixed measurement setting that minimizes
this SGU or, in other words, minimizes the prior-weighted
average of the inverse CFIs across the estimation interval.
It is in this sense that we identify the optimal measure-
ment. This ultimate bound is thus naturally saturable by
construction. For concreteness, we assume an uniform
prior. However, other priors may be more suitable for
specific scenarios; e.g., Jeffrie’s prior has been used for
scale-invariant sensing [31]. Moreover, when the probe
preparation also depends on the uncertain value of a dif-
ferent nuisance parameter ξ∈[ξmin, ξmax], the SGU can be
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readily extended as

G= min
�

∫ λ0+�
2

λ0−�
2

dλ′
∫ ξmax

ξmin

dξ ′ P(λ′)P̃(ξ ′)
Fc(λ′, ξ ′,�)

,

where P̃ represents our prior knowledge about the distri-
bution of the loss or nuisance parameter ξ . Note that our
bound can also be exploited in adaptive quantum sensing,
where G identifies the optimal measurement setting for a
prior distribution given by P(λ). After each round of sam-
pling with this optimal measurement, one can update the
prior distribution and repeat the procedure to specify the
new optimal measurement basis in order to continue with
the next round of sampling.

We explicitly note that Ref. [34] and related works
define a different figure of merit as a single global variance,
namely, Var[�̂] = ∑

x p(x|λ)[�̂(x)− λ]2. This quantity
represents the average squared error of a global estimator
and admits, in principle, a saturable bound analogous to
the van Trees inequality. Reference [34] thereafter inves-
tigates several strategies—parallel, sequential, and those
involving indefinite causal order—and establishes a strict
hierarchy therein, in contrast with local estimation [2]. It
is worth emphasizing that the parallel strategies, which are
closest in spirit to our setting (i.e., no inter-round adapta-
tive change), have been demonstrated numerically [34] to
be the least effective in achieving this saturation. In con-
trast, this work focuses on a different figure of merit, viz.,
the SGU, which is defined as a weighted sum over the local
variances. We emphasize that this is not equivalent to the
global variance of Ref. [34]. Within the constraints of this
definition of a figure of merit, we derive and explicitly con-
struct a saturable bound for the SGU, demonstrating its
operational value in realistic measurement settings. At this
point, one may wonder whether the optimization for the
SGU [see Eq. (4)] is computationally feasible or becomes
prohibitively complicated with an increase in the sensor
size. In the remainder of this work, we demonstrate with
concrete examples that the SGU can indeed be efficiently
computed for a wide range of sensing platforms.

IV. BOSONIC GAUSSIAN GLOBAL SENSING

Let us first discuss the photonic Gaussian sensing
paradigm. The probe is fully described by a Gaussian
quantum state ρ(λ) completely characterized by the dis-
placement vector d and the covariance matrix σ . Likewise,
we assume Gaussian measurements �, also represented in
terms of displacement dm and covariance matrix σm. The
corresponding CFI is then given as [87]

Fc = ∂dT

∂λ
(σ+σm)

−1 ∂d
∂λ

+1
2

Tr

[(

(σ+σm)
−1 ∂σ

∂λ

)2
]

.

(5)

From this expression, it is sufficient to optimize over zero-
displacement general-dyne measurements [88] character-
ized by diagonal covariance matrices σm=diag(rm, 1/rm),
i.e., along directions rotated at a generic angle from
quadrature measurements. As two well-known limits of
such general-dyne measurements, there exist homodyne
measurements (rm=0) along the quadrature directions and
complementary heterodyne measurements (rm=1) along
the coherent state directions.

A. Gaussian thermometry

We begin by considering the simplest case of equi-
librium Gaussian thermometry for a single-mode system
described by the Hamiltonian H=ωa†a, where a (a†) is the
annihilation (creation) operator and energy scale ω=1. The
system is considered to be in a thermal state at an unknown
temperature T=1/β, with covariance matrix σ=νI, where
ν = coth(βω/2). We optimize the SGU over general-dyne
measurements with respect to parameter rm. The expres-
sion for the CFI with respect to the temperature T is
given by

Fc = (∂Tν)
2

2

[
1

(ν + rm)2
+ 1
(ν + 1/rm)2

]

. (6)

Assuming a uniform prior within the known interval
T∈[T0−�/2, T0+�/2], the expression for the SGU can
now be put in the following simplified form:

G(T0,�) = min
rm

1
�

∫ T0+�/2

T0−�/2

2dν

(∂Tν)2
[

1
(ν+rm)2

+ 1
(ν+1/rm)2

] .

(7)

This integration is expressible in terms of elementary func-
tions and the subsequent minimization with respect to the
measurement squeezing parameter rm can be performed
analytically via Mathematica. For local thermometry [87],
the optimal measurement strategy is either homodyne (in
the low-temperature regime) or heterodyne (in the high-
temperature regime) and there is a transition temperature
Tc≈1.13 at which an abrupt flip occurs. Note that although
the measurement basis changes abruptly, it should not be
considered as a quantum phase transition. In fact, this
abrupt change in the optimal measurement basis is due
to the contribution of higher Fock states, which contribute
more and more to the thermal state. Indeed, this is merely a
single-mode harmonic oscillator and there are no compet-
ing terms in the Hamiltonian to induce a phase transition.
Interestingly, in our global paradigm, the optimal mea-
surement remains either homodyne (rm=0) or heterodyne
(rm=1), as depicted in Fig. 1(a). However, the transition
temperature at which the optimal measurement strategy
flips from homodyne to heterodyne is now dependent
on the width of the temperature window �. Of course,
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FIG. 1. (a) The density plot of the optimal measurement strat-
egy rm=ropt

m for varying temperature T0 and relative width�/T0.
(b) The density plot of the minimal levels m0 required for photon
counters to outperform optimal Gaussian measurements with T0
and �/T0. (c) m0 versus �/T0 for T0 = 0.01 (blue) and T0 = 10
(red). ω=1, �/T0 ≤ 2 throughout.

the truly optimal, albeit non-Gaussian, measurement setup
for thermometry is the Fock basis, i.e., a perfect photon
counter that can resolve each of the countably infinite
levels. However, in practice, photon counters can at best
perfectly resolve up to a finite number of Fock levels. One
may ask how many levels—say, m0—are required for out-
performing the best possible Gaussian measurement. In
Fig. 1(b), we plot m0 as a function of T0 and �/T0 and
note that for low temperatures and not too extreme widths,
even a simple on-off photon detector (m0=1) outperforms
the optimal Gaussian measurement protocol. However,

for higher temperatures, m0 increases rapidly with both
temperature and width, i.e., Gaussian heterodyne measure-
ments become optimal. Note that there is a small region
around T0�0 and �/T0�2 [see Fig. 1(b)] in which m0
becomes very large, indicating that homodyne measure-
ment approaches full optimality in this limit. To clarify
this, in Fig. 1(c) we depict m0 as a function of �/T0 for
both the low- and high-temperature regimes. An increas-
ing width is generally shown to result in m0 becoming
larger, i.e., the Gaussian measurements becoming more
optimal. The behavior for low and high temperatures
is opposite. For low temperatures (�/T0 small), photon
detectors (m0=1) surpass Gaussian measurements and as
�/T0 increases beyond a threshold, the optimal Gaussian
homodyne measurement approaches optimality. For high
temperatures, as long as the optimal Gaussian measure-
ment remains heterodyne, increasing the width�/T0 leads
this to approach optimality. However, for very large widths
�/T0�2, the optimal Gaussian measurement flips from
heterodyne to homodyne, becoming inferior to photon
detectors.

B. Gaussian phase estimation

Let us now consider a generic single-mode Gaus-
sian state undergoing a phase rotation unitary U(λ)= exp
(−iλa†a), with an unknown phase parameter λ, with
λ∈[λ0−�/2, λ0+�/2]. Since this generic input state can
be expressed as a displaced squeezed thermal state, there
are five complex parameters that specify it completely,
viz., the displacement vector 	d0=d0eiθ , the squeezing vec-
tor 	s=seiψ , and the thermal photon number nth. Both prepa-
ration and measurement parameters are optimized. After
undergoing the rotation, the probe state has first moment
	d = √

2d0[cos θ̃ sin θ̃ ]T and second moment

σ = 2nth+1

2

(
cosh 2s − sinh 2s cos ψ̃ − sinh 2s sin ψ̃

− sinh 2s sin ψ̃ cosh 2s + sinh 2s cos ψ̃

)

, (8)

where θ̃=θ−λ and ψ̃=ψ−2λ. The mean photon
number n of the encoded probe state is given by
n=d2

0+(nth+1/2) cosh 2s−1/2. The Gaussian POVM is
given by �( 	ym)=D( 	ym)

†�m
0 D( 	ym) [50], where �m

0 is the
squeezed-vacuum (SV) state with squeezing 	sm=smeiψm ,
with sm→0 (sm→∞) being the heterodyne (homodyne)
limit. To calculate the FI, we need only optimize over
σm. By noting that we can reassign the measurement-
squeezing phase to the probe-preparation step, one need
only consider general-dyne measurements for finding the
SGU G. Let us illustrate the results for specific probe
preparations.

1. Displaced vacuum probes

Let us first consider displaced vacuum probes, i.e.,
s=nth=0. The CFI is given by FC=4d2

0 [1−tanh(sm)cosχ ],
where χ=2θ−2λ−ψm. The optimal measurement for local
sensing is thus homodyne (sm→∞), when χ=π . The SGU
G can then be expressed as G(χ0,�)= minsm d2

0� cosh sm
∑

± arctan
(

esm tan �±χ0
2

)
. One can show that for finite

width �, this minimization occurs for sm=0. Thus, in
remarkable contrast to the local-estimation scenario where
homodyne is the optimal strategy [67], heterodyne is
in fact always the optimal measurement strategy in the
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global setting. Moreover, the SGU G(χ0,�)=1/4d2
0, sin-

gling out the optimal probe as a highly displaced vacuum
state.

2. Squeezed-vacuum (SV) probes

Let us now assume that the probe is initially prepared in
an SV state, i.e., we set d0=nth=0. The expression for the
CFI for such SV probes with respect to any rotation angle
λ is given as

FC = 4(2n + 1)2 tanh2 2s

(4n + 2) cosh 2sm + cosh2 2sm + (2n + 1)2sech22s − sinh 2sm(cos 2χ sinh 2sm + (4n + 2) cosχ tanh 2s)
[
(4n + 2) cosh 2sm + cosh2 2sm + (2n + 1)2sech22s − sinh 2sm(sinh 2sm + (4n + 2) cosχ tanh 2s)

]2 , (9)

where χ=2λ−ψ+ψm. For local sensing of the rotation
angle λ, where �→0, it is well known that the QFI with
respect to λ scales quadratically with the mean photon
number n beyond a threshold degree of squeezing [1,67].
Thus it is natural to wonder how such quantum enhanced
sensitivity changes in the domain of global sensing via the
SGU. In Fig. 2(a), we show that even when optimized
over the preparation-squeezing phases ψ , this is generi-
cally not the case asymptotically. As the figure shows, for
local sensing (�→0), the SGU scales as approximately
1/n2 as the mean photon number n goes beyond n∼1.
For finite �, the SGU initially follows quantum enhanced
approximately 1/n2 scaling before reverting to the approx-
imately 1/n standard limit for very strong squeezing s,
i.e., n
1. Let us now concentrate on the optimal mea-
surement characterized by sm=sopt

m . In Fig. 2(b), we plot
G̃ as a function of the mean photon number n for three
different measurement setups—viz., the optimal Gaussian
measurement sopt

m , where G̃=G, homodyne sm→∞, and
heterodyne sm=0. As is evident from the figure, generically
neither homodyne nor heterodyne are optimal Gaussian
measurements. Moreover, for finite �, as n increases, the
heterodyne measurement outperforms homodyne, though
neither is optimal. This is in stark contrast to the local-
sensing case, in which homodyne is optimal throughout. In
Fig. 2(c), we plot the optimal measurement parameter sopt

m
as a function of n for λ0=π/8 and two different choices of
width �. The figure clearly shows that the optimal mea-
surement starts from homodyne (sopt

m →∞) for small n and
saturates to a general-dyne measurement with finite sopt

m .
In addition, the saturation value of sopt

m decreases as the
width � increases. To see the asymptotic behavior at large
n, in Fig. 2(d) we plot sopt

m as a function of � when n=106.
The optimal measurement sopt

m scales as sopt
m ∼ log(1/�),

which shows that as the width �→∞, heterodyne is the
asymptotically optimal measurement.

3. Squeezed thermal (ST) probes

Let us now study the effect of thermal photons on the
SV probes, i.e., nth �= 0. The expression of the CFI for

squeezed thermal state probes is again given by Eq. (9),
with the difference that n is now the sum of the mean
photon number corresponding to probe squeezing n̄ and
the thermal photon number nthermal. For simplicity, we do
not optimize over phase angles ψ and ψm in this case. In
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FIG. 2. SGU for single-mode Gaussian phase estima-
tion, (a)–(d) for SV probe and (e) for ST probe. (a)
The scaling of the SGU G with n′=n− 1

2 for widths
�=π/100 (red) andπ/20 (blue): the dashed gray lines show
linear and quadratic scalings. (b) The scaling of the unoptimized
G̃ with n′ for �=π/20 for optimal measurement (black) versus
homodyne (red) and heterodyne (blue) measurements. (c) The
optimal measurement sopt

m for (a) with same color scheme. (d)
The decay of sopt

m with � in the asymptotic limit. (e) sopt
m with

� for ST probes (s=1), with mean thermal photon number nth.
λ0=π/8 throughout.

014012-5



MUKHOPADHYAY, PARIS, and BAYAT PHYS. REV. APPLIED 24, 014012 (2025)

Fig. 2(e), we plot sopt
m as a function of the width � and

illustrate that as the number of thermal photons increases,
the optimal measurement squeezing sopt

m for a specified
width �λ always decreases. Thus, the presence of ther-
mal photons pushes the optimal measurements even more
strongly away from the homodyne limit that is optimal for
local estimation and eventually approaches the heterodyne
asymptotically.

C. Multimode generalization

For simplicity, in the above examples, we have only
considered single-mode probes. However, the analytical
expression for the CFI in Eq. (5) is general for any N -mode
Gaussian system, in which the preparation and measure-
ment covariance matrices σ and σm, being 2N×2N real
symmetric matrices, have at most O(N 2) parameters. Thus
the optimization for the multimode SGU is numerically
scalable, which will be treated elsewhere.

V. FERMIONIC GAUSSIAN GLOBAL SENSING

To show the generality of our formalism, we now
focus on free-fermionic quantum probes [29,86,89]. A
free-fermionic probe of N particles, encoding a parame-
ter λ, can in general be described by a fermionic Gaussian
Hamiltonian H of the form H(λ)=�†H̃(λ)�, with H̃(λ)
being a 2N×2N Hermitian matrix and � being the col-
lection of fermionic creation and annihilation operators.
This Hamiltonian can be diagonalized in momentum space
through Bogoliubov transformation as H= ⊕

k d†
k Wkdk,

where the dk are the transformed excitations and the Wk
are Hermitian matrices of equal size, the sizes of which
are given by the periodicity of the lattice in position
space; e.g., the Wk are all 2×2 matrices for uniform lat-
tices. Thus, the ground state |ψg〉 can be written down in
momentum space in the product form |ψg〉=

⊗
k |ψk〉 and

consequently one adopts the ansatz that the optimal mea-
surement basis �(λ) is a product of measurement bases
{�k} for each momentum-space cell. Thus, noting that the
probe-preparation parameters can be rescaled and absorbed
into the expression of unknown parameter λ, the SGU
optimization reads

G= min
�

G̃= min
{�k}

∫ λ0+�
2

λ0−�
2

dλ′
∑

k Fc(λ′,�k)
,

where we have used the additivity of the FI for product
states. Let us now assume that each momentum unit cell
k has measurement parameters {μik

m}. For example, qubit
unit cells would each have two measurement-basis param-
eters, the azimuthal and polar angles, i.e., μ1k

m =θ k
m and

μ2k
m =φk

m. Then, the optimal measurement strategy reduces
to solving the system ∂μik

m
G̃(λ0,�,μik

m)=0 for all discrete

momenta k in the first Brillouin zone. Thus, the computa-
tional overhead of finding the SGU scales at worst linearly,
even though the Hilbert space grows exponentially. As
we demonstrate below for a canonical example of many-
body ground state sensing, this optimization can be even
simpler.

A. Transverse XY-chain magnetometry

Let us consider an XY probe in an external transverse
magnetic field h [90], with the Hamiltonian

H=J
∑

i

[(
1 + γ

2

)

σ x
i σ

x
i+1+

(
1 − γ

2

)

σ
y
i σ

y
i+1

]

+h
∑

i

σ z
i ,

where J is the known nearest-neighbor coupling strength
and γ is the anisotropy of the probe. By denoting λ=h/J ,
the magnetometry problem turns into one of estimating
λ. After a Jordan-Wigner transformation, this Hamiltonian
can be written in the momentum space as

H=
⊕

k

(
λ− cos k −iγ e−2iφ sin k

iγ e2iφ sin k −λ+ cos k

)

.

With gauge choice φ=π/4, this Hamiltonian can be
written down in the new pseudospin x-z plane as
H= ⊕

k [(λ− cos k)σ z−γ sin kσ x], leading to the (unnor-
malized) ground state |ψg〉=

⊗
k (cos θk|0〉k + sin θk|1〉k),

where θk encodes the information about the unknown
parameter λ as well as anisotropy γ . One may check that
any measurement basis lying on this x-z pseudospin basis
maximizes the CFI with respect to λ. That is, the measure-
ment basis for saturating the CR inequality in the local
sensing paradigm is independent of unknown parameter
value λ. Thus, for ground-state sensing with transverse XY
probes, the formulation in Ref. [43] coincides with our
SGU approach, with G equaling G in Eq. (4). Of course, for
more generic free-fermionic models, this may not prevail.
However, at least for a low number of excitations, we can
consider only those momenta cell up to a constant cutoff
k<k0 and thus compute the SGU with constant overhead
irrespective of the lattice sizes.

VI. CONCLUSIONS

In this paper, we have introduced a new operationally
motivated figure of merit, i.e., the SGU, for global sens-
ing, to find a saturable precision bound within the fixed-
strategy frequentist paradigm. Our construction also allows
simultaneous optimization of the probe preparation and
measurement strategies. We have demonstrated that the
SGU can be calculated efficiently for both bosonic Gaus-
sian and many-body free-fermionic (i.e., fermionic Gaus-
sian) platforms, representing two pillars of quantum sensor
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design. For various bosonic Gaussian probes, we have
identified a common trend that by increasing the parameter
width, the optimal measurement transforms from homo-
dyne to heterodyne. In the case of free fermions, the
optimal measurement is model dependent. For instance, in
the case of the transverse XY probe, the optimal measure-
ment is independent of the parameter window. A natural
generalization of our formalism is to extend it to the case of
multiparameter global estimation, where the CR inequality
is generally not saturable even in the local case [91–95].
Moreover, while our optimization procedure over all mea-
surement bases is quasianalytical, artificial-intelligence-
(AI) based approaches [96–98] may become useful for
more complicated sensor-probe arrangements.
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