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ABSTRACT

Discrete-time quantum walk (DTQW) represents a convenient mathematical framework for describing the motion of a particle on a discrete
set of positions when this motion is conditioned by the values of certain internal degrees of freedom, which are usually referred to as the coin
of the particle. As such, and owing to the inherent dependence of the position distribution on the coin degrees of freedom, DTQWs naturally
emerge as promising candidates for quantum metrology. In this paper, we explore the use of DTQWs as quantum probes in scenarios where
the parameter of interest is encoded in the internal degree of freedom of the walker and investigate the role of the topology of the walker’s
space on the attainable precision. In particular, we start considering the encoding of the parameter by rotations for a walker on the line and
evaluate the quantum Fisher information (QFI) and the position Fisher information (FI), explicitly determining the optimal initial state in
position space that maximizes the QFI across all encoding schemes. This allows us to understand the role of interference in the position space
and to introduce an optimal topology, which maximizes the QFI of the coin parameter and makes the position FI equal to the QFI.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1116/5.0220640

I. INTRODUCTION

Discrete-time quantum walks (DTQWs) provide a versatile phys-
ical model to describe a large variety of physical systems and phenom-
ena.1–5 Defined in a discrete spacetime, they are the quantum analog
of classical random walks.6,7 To completely characterize the dynamics
of the system, it is essential to know the initial state of the walker in the
discrete position space and in its internal degree of freedom, usually
referred to as the coin space. The time evolution is performed by a uni-
tary operator U , which evolves the state of the walker accordingly to
the coin state and creates entanglement between the spatial and inter-
nal degree of freedom of the walker. This operator is defined through
the coin operator C that acts on the internal degree of freedom of the
walker and through the conditional shift operator S, which modify the
position of the walker according to the coin state.

Experimental implementations of discrete-time quantum walks
(DTQWs) have been realized in photonic systems,8,9 spin systems,10

and in trapped atoms.11 Recently, the DTQW paradigm has also been
implemented in quantum computers.12,13 Moreover, DTQWs have
found applications also in modern technological developments, such

as state transfer and quantum routing14 or in communication proto-
cols.15 Due the flexibility of this model, DTQWs have been studied as
a resource of universal quantum computing16,17 and in quantum algo-
rithm applications.18 Moreover, the dependence of the position of the
walker on its internal degrees of freedom makes any measurement of
the position of the particle conditioned by both the coin state and
operator. Accordingly, DTQW scheme found applications in metro-
logical studies.19–21 Other works have found a connection between
DTQW and measurement procedures,22,23 proving the intrinsic and
profound relation between DTQW and metrology. Using the walker
as a probe and measuring the position of the walker, it is possible to
extract information about the parameters encoded in the coin’s degrees
of freedom.

In this work, we study in detail the role of interference on the
time evolution of the system and use this information to individuate
the key features to maximize the quantities of metrological interest,
such as the quantum and classical Fisher information (FI). Then, we
exploit this information to design the optimal graph topology, suitable
for estimation protocols. In systems where the topology of the position
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space can be controlled, such as optical wave-guides24,25 and quantum
circuits,12,13,26,27 our scheme may be conveniently adopted. Our work
is also motivated by the rising interest in experimental realization of
QWs with various topologies in systems and materials developed for
modern electronics28 and quantum technologies.29–32

The paper is organized as follows. In Sec. II, we introduce a suit-
able mathematical framework for DTQW, including the time evolu-
tion operator and the initial state of the walker. Then, in Sec. III, we
briefly review the basic principles of classical and quantum metrology,
introducing the Fisher information for position measurements and
quantum Fisher information (QFI). In Secs. IV and V, we present and
discuss our results. We start studying the role of interference on (Q)FI
and then maximize the QFI of the system for different coin encodings.
Finally, we design the ideal topology for estimation problems involving
DTQW. In Sec. VI, our key results are summarized and adapted to a
number of potential applications. In Appendices A and B, mathemati-
cal details about the position and coin operator that define the time
evolution operator are provided. Finally, a discussion on the relation-
ship between our results and those obtainable in qubit systems is
reported in Appendix C.

II. DISCRETE-TIME QUANTUMWALKS

The DTQW paradigm defines the time evolution of the walker
according to the internal degrees of freedom (i.e., coin) over a discrete
space. Both the position and coin space have an associated Hilbert
space Hp and Hc, with Hp ¼ spanfjxipg and Hc ¼ spanfjmicg.
The states jxip are the lattice site of a N dimensional discrete space
(i.e., a graph G), while jmic are usually the eigenvector of the D-dimen-
sional spin operator Sz. Globally, the Hilbert space of the whole system
(walkerþ coin) is thenH ¼ Hp �Hc.

A. The time evolution operator

The single step evolution of the most general DTQW is described
by the unitary operator, usually referred to as the conditional shift
operator,

U ¼ S 1p � C
� �

; (1)

where 1p defines the identity in position space, and C is the coin opera-
tor, which acts exclusively on the internal degree of freedom of the
walker. The most general operator C for a D dimensional internal
degree of freedom is a U(D) matrix and depends on D2 different
parameters. The condition on the coin matrix ensures the normaliza-
tion of the wave-function of the system during the time evolution of
the walker. The conditional shift operator may be written as

S ¼
X
x

X
m

jf x; t;mð Þip phxj � jmic chmj; (2)

where fjmicg are the eigenstates of the spin operator Sz (see
Appendix A for an additional analysis of the elements that define the
conditional shift operator). The projectors jf ðx; t;mÞihxj intrinsically
define the topology of the discrete space in which the walker evolves in
time. Concerning the indices of the coin space, we use the notation

MðsÞ
c ¼ mc ¼

f�s;…;�1; 0; 1;…; sg ðevenDÞ;

�s� 1
2
;…;�1; 1;…; sþ 1

2

� �
oddDð Þ

8><
>: (3)

with s ¼ ðD� 1Þ=2. Under the assumption of a unique and time inde-
pendent coin operator, the time evolution of the wave-function of the
walker is given by

jwðtÞi ¼ Ujw t � 1ð Þi ¼ U t jwð0Þi; (4)

where jwð0Þi denotes the initial state of the system.
In this work, we consider the problem of estimating an unknown

parameter h, encoded in the coin, as CðhÞ. In particular, we consider
the shift parameter describing a coin rotation around a fixed axis and
focus on the rotations around x, y, and z axes (see Appendix B for
additional information about the role of the operator C on the walker’s
time evolution). Our main goal is to optimize the estimation of h
examining the impact of both the interference and the topology of the
position space on the estimation problem.

B. The state of the walker

The most general pure initial state of a walker can be written as

jw 0ð Þi ¼
X
x2G

jxip � j/xic; (5)

where j/xic is the coin state associated with every lattice site of the
graph G (i.e., jxip). Due to the bi-partition of the system, the global
wave-function has two main degrees of freedom: the distribution in
position space and, for graph sites, the coin wave-function. The sum
over the position space ensures to include all the possible states, from
the perfectly localized initial probe, in which only one site jx0i is occu-
pied, to the completely delocalized state, in which every reticular site
has an associated wave-function component different from zero. The
overall normalization condition readsX

x2G
ch/xj/xic ¼ 1: (6)

The relations among the j/xic define the degree of entanglement of
the state. According to the dimensionality D of the coin space, each
coefficient j/xic can have D components. Then, at each reticular site,
there are 2ðD� 1Þ degrees of freedom that define a qudit state. The
independent degrees of freedom are 2ðD� 1Þ because the normaliza-
tion condition and the independence of the physics from an overall
phase reduce, by a factor of 2, the number of independent 2D compo-
nents of the complex wave-function. Different parameterizations have
been proposed during the years for such states. The most known is the
Bloch sphere that describe a bi-dimensional space through two angles,
defining a quantum pure state as a point on a spherical surface.

III. WALKER’S METROLOGY

In a DTQW, the position of the walker is conditioned by the state
and evolution of the coin, and thus a position measurement provides
information about the coin parameter h.19,20 From a classical point of
view, the amount of information that a position measurement P carries
about the unknown parameter h is expressed through the Fisher
Information as

FpðhÞ ¼
X
x2G

@hpðxjhÞ½ �2

p xjhð Þ ; (7)
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where G denotes the discrete position space, and pðxjhÞ is the condi-
tional position probability distribution of the walker, as obtained by
ignoring the coin degrees of freedom,

p xjhð Þ ¼ Tr jxihxj � 1p jwðtÞihwðtÞj
� �

¼ hxjTrc jwðtÞihwðtÞj½ �jxi: (8)

The ultimate precision attainable after M measurements, and
using a suitable estimator, is given by the Cram�er–Rao bound,

Var hð Þ � 1

MFp hð Þ : (9)

In the quantum realm, the quantity

HðhÞ ¼ Tr qhL2
h

� �
(10)

defines the quantum counterpart of the Fisher information, where L is
the symmetric logarithmic derivative (SLD), related to the derivative of
the density matrix of the quantum state through the implicit relation,33

@hqh ¼
1
2
fLh; qhg; (11)

with f; g denoting the anti-commutator. For pure states, the SLD is
given by Lh ¼ 2ðjwhih@hwhj þ j@hwhihwhjÞ, and the QFI HðhÞ may
be written in terms of the wave-function and its derivative as follows:

HðhÞ ¼ 4 h@hwhj@hwhi � jh@hwhjwhij
2

� �
; (12)

where the term h@hwhjwhi is purely imaginary. The QFI is the
supremum of the Fisher information, i.e., the maximum of the FI over
all the possible measurement. Consequently, the quantum Cramer Rao
relation is

Var hð Þ � 1

MFp hð Þ �
1

MHðhÞ : (13)

The ultimate goal of any practical estimation procedure is at first
to find the working regime maximizing the QFI, and then possibly
finding a feasible configuration to make the position FI equal to the
QFI. In principle, the ultimate bound to precision may be achieved by
measuring the SLDLh which, however, may not correspond to a viable
measurement scheme in the chosen implementation of DTQW.

IV. UNDERSTANDING THE ROLE OF THE
INTERFERENCE: THE DISCRETE LINE

To understand the role of interference, we analyze the standard
DTQW paradigm, where the position space is defined by an infinite
one-dimensional discrete lattice (see Fig. 1), where Hp ¼ spanfjxip j
x 2 N and x � N � 1g, and the coin space is bi-dimensional
Hc ¼ fj61icg. Under this assumption, the shift operator takes the
form

S ¼
X
x2N

jx þ 1ipphxj � j1icch1j

þ jx � 1ipphxj � j � 1icch�1j (14)

setting at the boundary jN i ¼ j1i. For an initial probe localized in
position space and with a general coin state, the wave-function at t¼ 0
reads

jwð0Þi ¼ jx0ip � j/x0ic
¼ jx0ip � ax0 j � 1ic þ bx0 j þ 1ic

� �
; (15)

where, under the normalization condition, ax0 2 R and

bx0 ¼ eicx0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jax0 j

2
q

, with cx0 2 ½0; 2p�. Interesting features arise

upon exploring an enlarged set of initial states, which has the
additional degree of freedom of a delocalized initial state of the
walker, i.e.,

jwð0Þi ¼
X
x

jxip � j/xic

¼
X
x

jxip � axj � 1ic þ bxjþ1ic
� �

; (16)

where
P

xðjaxj
2 þ jbxj2Þ ¼ 1.

A. Encoding the parameter by z-rotations

For a z-rotation encoding of the parameter, the coin operator is
diagonal and may be written as

CzðhÞ ¼
e�ih=2 0

0 eih=2

 !
: (17)

The effect on the dynamics is a sequential addition of different phases
to the j61i component of the walker’s wave-function. In detail, for an
initially localized state of the form (15), the wave-function at time t is
given by

jwðtÞi ¼ e�iht=2ax0 jx0 � tip � j�1ic
þ eiht=2bx0 jx0 þ tip � jþ1ic: (18)

As we have the analytical wave-function of the system at a general
time t, we can calculate its derivative with respect to h, and, using
Eqs. (7) and (12), the (Q)FI assumes the form

Hx0
z ðtÞ ¼ t2 1� 2jax0 j

2 � 1
� �2h i

;

FpðtÞ ¼ 0;

8<
: (19)

FIG. 1. Standard topology of a discrete line with periodic boundary conditions for a
DTQW. The labeling of the vertices is related to the definition of the adjacency
matrix Ab and shift operator S, see Appendix A.
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where the apex x0 refers to the localization condition.34 The maximal
(Q)FI attainable for a localized state is Hx0

z ðtÞ ¼ t2, and the state that
maximizes the QFI is in the form

j/opt;z
x0 ic ¼

1ffiffiffi
2

p j � 1ic þ eicx0 j1ic
� �

(20)

for each complex phase angle cx0 2 ½0; 2p�.
Relaxing the condition on the localization on the initial state

jwð0Þi and considering an initial state in the form of Eq. (16), at time
t, the wave-function reads

jwðtÞi ¼
X
x

e�iht=2axjx � tip � j�1ic

þ eiht=2bxjx þ tip � jþ1ic: (21)

This means that every reticular site with an associated initial
probability different from zero originates an independent DTQW
branch. As we have done for the localized state, following Eqs. (7) and
(12), we can derive the (Q)FI of the non-localized state, which reads

HzðtÞ ¼ t2 1�
P

x jaxj
2 � jbxj2

	 
2� �
;

FpðtÞ ¼ 0:

8<
: (22)

The maximal QFI attainable is again HzðtÞ ¼ t2, associated with an
optimal initial probe, which fulfill the condition ð

P
xjaxj

2 � jbxj2Þ2
¼ 0 for any distribution in the position space. The only condition is
then related to the coin’s initial state of the probe. This means that the
maximum value of the (Q)FI for a z-rotation encoding can be achieved
both by a localized and a non-localized initial state of the walker.
Equation (22) can be understood intuitively from the structure of the
coin matrix Cz . Since it is diagonal, every branch of the DTQW does
not interfere with the other ones and has an independent time evolu-
tion. Then, the localization condition in position space does not affect
the global (Q)FI of the system. Position measurement is thus not suit-
able for inferring information about variables related to internal
degrees of freedom of the walker.

B. Encoding the parameter by x- or y-rotations

Unlike the z-rotation, Cx and Cy coin encodings are nondiagonal in
the standard basis, and share common features that differentiate the time
evolution from that induced by Cz . The detailed behavior of the time evo-
lution of such walker’s configuration was previously investigated numeri-
cally.35 In the following, we report the main characteristics of the (Q)FI
for a localized state. For the x-encoding of the parameter, we have

CxðhÞ ¼ VCzðhÞV† ¼ cos h=2 i sin h=2
i sin h=2 cos h=2


 �
; (23)

where V is a fixed rotation, and any state of the form

jwð0Þi ¼ jx0ip � j/opt;x
x0 ic ¼ jx0ip � V j/opt;z

x0 ic

¼ jx0ip � ax0 j � 1ic 6 i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jax0 j

2
q

jþ1ic

� �
(24)

represents an optimal, initially localized, preparation of the probe.
Similarly, for a y-encoding, we have

CyðhÞ ¼ WCxðhÞW† ¼ cos h=2 �sin h=2
sin h=2 cos h=2


 �
; (25)

and any real state of the form

jwð0Þi ¼ jx0ip � j/opt;y
x0 ic ¼ jx0ip �W j/opt;z

x0 ic

¼ jx0ip � ax0 j � 1ic 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jax0 j

2
q

jþ1ic

� �
(26)

represents an optimal initial preparation of the initially localized probe
and the CyðhÞ coin.

Unlike for the z-encoding, the QFI for initially localized state
does depend on the actual value of the parameter. We have

lim
h!0

Hx;y
x0 ðtÞ / t otherwise Hx;y

x0 ðtÞ / t2; (27)

such that the maximal QFI attainable is

Hx;y
x0 ðtÞ ¼

t2

2
þmodðt; 2Þ

2
; (28)

corresponding to h ¼ p; 3p. The discontinuity of the QFI at h¼ 0 is
not surprising, since CxðhÞ and CxðhÞ both reduce to the identity for
h¼ 0. In this case, the position and the coin degrees of freedom do not
get entangled, and the rank of the density matrix does not increase, as
it happens for any h 6¼ 0.36

The FI of the position is different from zero for x- and y-encod-
ings. As a matter of fact, it is not possible to obtain a universal optimal
state maximizing Fp at any time and for any value of h. Nevertheless,
the value of the FI is always a significant fraction of the QFI, and we
thus conclude that a position measurement represents a good strategy
to infer information about h. The dependence of the position of the
walker from the coin’s degree of freedom arises from the nondiagonal
structure of the coin matrix, leading to an interference pattern in posi-
tion space, which depends both on the initial state of the probe, the
coin matrix, and the value of h.

In order to go beyond localized initial states, and to generalize the
results present in the literature, we consider a Gaussian-like state of the
form

jw 0ð Þi ¼
ffiffiffiffi
A

p X
x

e
�ðx�x0Þ2

2r2 jxip � j/opt;x;y
x ic (29)

centered in x0 and with a variance r, A being a normalization constant.
The coin state j/opt;x;y

x ic associated with each lattice site jxi is chosen
to be the optimal state for the localized initial state, Eqs. (24) and (26),
i.e., j/opt;x;y

x ic ¼ j/opt;x;y
x0 ic8 x.

In the limit of an infinite sharp Gaussian, i.e., r ! 0, the time
evolution approaches the localized initial state, while in the limit of
r ! 1, the amplitudes in position space approach a uniform
distribution.

Upon considering this initial probe, interesting features
emerge. As the value of r increases, the value of the quantum
Fisher information increases, approaching the maximal QFI attain-
able with a z-rotation (i.e., HðtÞ ¼ t2, see Fig. 2). The Fisher infor-
mation of a position measurement approaches the behavior of the
FI of a z-rotation too (see Fig. 3), i.e., it vanishes for increasing r.
This may be understood by considering the time evolution of an
initial probe in the form
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jw 0ð Þi ¼ 1ffiffiffiffiffi
N

p
XN
x

jxip � j/opt;x;y
x ic: (30)

This is a peculiar distribution for which, following the analytical steps
proposed in Eq. (C4) of Appendix C, it is possible to conveniently cal-
culate its time evolution. Particularly, time t evolves to the following
wave-function for x-rotations:

jw tð Þi ¼ 1ffiffiffiffiffi
N

p
XN
x

jxip �
1ffiffiffi
2

p e�ih=2jv1ic þ eih=2þcjv2ic
h i

; (31)

where Cxjviic ¼ vijviic, with i¼ 1, 2, and to

jw tð Þi ¼ 1ffiffiffiffiffi
N

p
XN
x

jxip �
1ffiffiffi
2

p e�ih=2jw1ic þ ieih=2þcjw2ic
h i

(32)

for y-rotations, where Cyjwiic ¼ wijwiic, with i¼ 1 and 2.
It follows that in the limit of an uniform distribution, the DTQW

with a Cx (or Cy) coin approaches the metrological behavior of the Cz
encoding [see the structure of Eq. (21) and Eqs. (31) and (32)]. Indeed,
as the Gaussian distribution of the initial probe approaches the uni-
form distribution, the interference in the position space disappear, and

the position distribution becomes independent of the coin parameter
(see Appendix C for further explanation). As the Gaussian distribution
approaches the localized state, we have the opposite behavior, and the
position space distribution has the strongest dependence on the coin’s
degree of freedom.

Overall, we conclude that for a one-dimensional lattice, it is always
possible to maximize the value of the QFI of a parameter encoded in a
D¼ 2 rotation. However, the corresponding position FI never approaches
the QFI or even vanishes, and Eq. (13) is strictly an inequality.

V. TOPOLOGICALLY ENHANCED METROLOGY WITH
DTQW

In this section, we consider modification of the graph topology in
order to fully exploit the interference in the position degree of freedom,
i.e., the coin-position entanglement. As we will see, by exploring the
topology of the graph, it is possible to enhance the metrological perfor-
mance of the DTQW. This ideal topology has to maximize the QFI of
the encoded parameter h and make the position of FI equal to the QFI.
For the following analysis, we consider an initial probe localized in posi-
tion space, and with a general coin state, the wave-function at t¼ 0 reads

jwð0Þi ¼ jx0 ¼ 1ip � j/x0ic ¼ j1ip � j/ic; (33)

and we initially focus on the case in which the internal degree of free-
dom of the walker is D¼ 2, and then we generalize the topology and
the results for a general D.

A. Bi-dimensional coin

Let us consider the graph of Fig. 4. The shift operator that
describes the propagation of the walker reads as follows:

FIG. 2. Time dependence of the QFI obtained for an initial Gaussian state in the
form Eq. (29). The initial state in coin space is set as j/yi ¼ j�1i, while the coin
matrix is Cyðh ¼ p=2Þ. Different colors denote the curves obtained for different val-
ues of r.

FIG. 3. Time dependence of the FI obtained for an initial Gaussian state in the form
Eq. (29). The initial state in coin space is set as j/yi ¼ j � 1i, while the coin
matrix is Cyðh ¼ p=2Þ. Different colors denote the curves obtained for different val-
ues of r.

FIG. 4. Ideal topology for a bi-dimensional DTQW. The labeling of the vertices is
related to the definition of the adjacency matrix At:e: and shift operator S, see
Appendix A.
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St:e
D¼2 ¼

X
xodd

jx þ 1ipphxj � j�1icch�1j

þ jx þ 2ipphxj � jþ1icchþ1j

þ
X
xeven

jx þ 2ipphxj � j�1icch�1j

þ jx þ 3ipphxj � jþ1icchþ1j: (34)

The encoding of the parameter in the coin CðhÞ has to be non-
diagonal, otherwise, the position of the walker becomes independent
of h (i.e., Fp¼ 0), and only the QFI is maximized. Mathematically, if
we consider the CzðhÞ coin, and we consider an initial wave-function
localized in the jx0ip ¼ j1ip node, the wave-function of the system at
time t reads

jwðt > 0Þi ¼ e�iht=2ax0 j2tip � j�1ic
þ eiht=2bx0 j2t þ 1ip � jþ1ic; (35)

with the (Q)FI completely analogous to Eq. (19). On the other hand,
using a non-diagonal coin, as Cx or Cy , and the shift operator defined
in Eq. (34), we can iteratively obtain the wave-function at each time
step. For the first time step,

jwðt ¼ 1Þi ¼ St:e
D¼2 1p � CðhÞx=y
	 


jwðt ¼ 0Þi

¼ ch�1jCðhÞx=yj/icj2ip � j�1ic
þ chþ1jCðhÞx=yj/icj3ip � jþ1ic; (36)

analogously for the second time step, we obtain

jwðt ¼ 2Þi ¼ St:e
D¼2 1p � CðhÞx=y
	 


jwðt ¼ 1Þi

¼ ch�1jCðhÞ2x=yj/icj4ip � j�1ic
þ chþ1jCðhÞ2x=yj/icj5ip � jþ1ic: (37)

The peculiar structure of the topology described in Fig. 4, with the
associated conditional shift operator Eq. (34), leads to a wave-function
at a time t with a form resembling t¼ 1, 2, as

jwðt > 0Þi¼ ch�1jCðhÞtx=yj/icj2tip � j�1ic
þchþ1jCðhÞtx=yj/icj2t þ 1ip � jþ1ic

¼ ch�1jCðthÞx=yj/icj2tip � j�1ic
þchþ1jCðthÞx=yj/icj2t þ 1ip � jþ1ic: (38)

According to Eq. (12), the QFI for x-encoding is given by

Hx
x0ðtÞ ¼ t2 1� 4a2x0ð1� a2x0Þ cos

2cx0

h i
; (39)

which is maximized for an initial probe in the form

j/opt;x
x0 i ¼ ax0 j�1ic 6 i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jax0 j

2
q

jþ1ic: (40)

Similarly, the QFI for y-encoding is

Hy
x0ðtÞ ¼ t2 1� 4a2x0ð1� a2x0Þ sin

2cx0

h i
; (41)

which is maximized for an initial probe in the form

j/opt;y
x0 i ¼ ax0 j � 1ic6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jax0 j

2
q

j þ 1ic: (42)

In both the x- and y- rotation cases, considering an initial state in the
form Eqs. (40)–(42) the maximum value attainable saturates inequality
Eq. (13) and is given by

Hx=y
x0 ðtÞ ¼ Fx=y

p ðtÞ ¼ t2: (43)

B. D-dimensional coin

The optimal topology introduced for D¼ 2 may be generalized to
a discrete time quantum walk with a generic D-dimensional coin as in
Fig. 5. The shift operator that describes the propagation of the walker
on such topology reads

St:e:
D ¼

X
s¼0

XD
r¼1

X
m2Mc

jDðsþ 1� dr1Þ þ ~d þmip
h

� phr þ Dsj � jmicchmj
i
; (44)

where for odd D, ~d ¼ ðDþ 3Þ=2, and for even D, ~d ¼ ðDþ 2Þ=2 for
positive m and ~d ¼ ðDþ 4Þ=2 for negative m. The generalized coin
rotation matrices are

CðDÞn̂ ðhÞ ¼ e�ihn̂ �T ðDÞ
n̂ ; (45)

which rotates the internal degree of freedom of the walker of an angle
h around the axis n̂ ¼ x̂; ŷ; ẑ . The matrices T ðDÞ

n̂ are the generators of
the rotation and are defined through the relations

T ðDÞ
a ; T ðDÞ

b

h i
¼ i�abcT ðDÞ

c ; (46)

where �abc is the Levi-Civita symbol. In particular, the z-rotation in
dimension D is given by

CðDÞz ðhÞ ¼ Diagfe�iðD�1Þh=2;…; eiðD�1Þh=2g; (47)

while the x- and y-rotation matrices are defined by basis change as
follows:

CðDÞx ¼ VðDÞCðDÞz ðhÞVðDÞ;†;

CðDÞy ¼ WðDÞCðDÞz ðhÞWðDÞ;†:

8<
: (48)

Generalizing the same steps performed in Eqs. (36) and (37), we can
again obtain the wave-function of the system for a D dimensional coin
using the shift operator defined in Eq. (44) as

jwðt ¼ 1Þi ¼
X
m2Mc

chmjCx=y=zðhÞj/ic
� �

� j~d þmip � jmic (49)

for t¼ 1, and

jwðt ¼ 2Þi ¼
X
m2Mc

chmjCx=y=zð2hÞj/ic
� �

� j~d þ Dþmip � jmic (50)
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for t¼ 2. The wave-function of the system, for a general time t, then
reads

jwðtÞi ¼
X
m2Mc

chmjCx=y=zðthÞj/x0ic
� �

� j~d þ Dðt � 1Þ þmip � jmic: (51)

The (Q)FI is maximized for an initial probe in the form

j/opt;x=y=z
x0 ic ¼

1ffiffiffi
2

p jeminic þ eicx0 jemaxic
� �

; (52)

where jeminic (jemaxic) represents the eigenvector associated with the
minimum (maximum) eigenvalue of the CðDÞx=y=z matrix. For all the three
possible, x�; y�, and z� rotation encodings, the maximum value of
the QFI attainable is the same and reads

Hx=y=z
x0 ðtÞ ¼ 4j@hwðtÞj2 ¼ ðD� 1Þ2t2; (53)

i.e., when h@hwðtÞjwðtÞi does not have any complex component. The
FI derived from Eq. (51) is

FpðtÞ ¼
X
x2G

@hjwxðtÞj
2Þ

� �2
jwxðtÞj

2

¼
X
x2G

h@hwxðtÞjwxðtÞi þ hwxðtÞj@hwxðtÞiÞ
� �2

jwxðtÞj
2

¼
X
x2G

2Reh@hwxðtÞjwxðtÞi
� �2

jwxðtÞj
2 ; (54)

which vanishes for any D in the z-case. For non-diagonal coins (i.e.,
the x- and y-case), FpðtÞ is maximized when h@hwðtÞjwðtÞi is real and
is given by

FpðtÞ ¼ 4j@hwðtÞj2; (55)

saturating the inequality Eq. (13)

Hx=y=z
x0 ðtÞ ¼ Fx=y

p ðtÞ ¼ ðD� 1Þ2t2: (56)

VI. SUMMARY AND CONCLUSIONS

We have investigated the use of DTQWs as quantum probes in
estimation problems where the parameter of interest is encoded in the
internal degree of freedom of the walker and derived an optimal topol-
ogy of the walker’s space to maximize the QFI and make the position
FI equal to the QFI.

To this aim, we first analyzed the metrological performance of
DTQWs on the line. We considered different encodings, seeking
for the optimal initial preparation of the walker, and found that the
QFI may be maximized by both initially localized and delocalized
walkers. Conversely, we have found that the position FI is always
strictly smaller than the QFI, or even vanishes in several
configurations.

From the understanding of the effect of the interference on the
(Q)FI of the system, we have then proposed a graph topology to
enhance the performance of a general DTQW, proving that the sug-
gested topology makes it possible to achieve the ultimate precision
attainable for any metrological problem involving DTQW. Our results

confirm the role of coin dimension in DTQW quantum metrology35,37

and may find application in DTQW implementations where some
form of control of the topology is possible, e.g., wave-guides8,9 or cir-
cuital implementations.12,13
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APPENDIX A: THE ADJACENCY MATRICES AND THE
CONDITIONAL SHIFT OPERATORS

To define the time evolution operator U in a DTQW paradigm,
it is also necessary to define the adjacency matrix A of the graph in
which the walker propagates in time. The adjacency matrix mathe-
matically defines the topology of the graph and the connections
among the lattice sites in the discrete position space. The most gen-
eral form of A reads

A ¼
X
x

XDx

nx¼1

jx þ f ðnxÞipphxj; (A1)

where nx is the index that defines the nearest neighbor (NN) sites of
jxip, Dx indicates the total number of NN, and f ðnxÞ is the function
that defines the possible transition from the vertex x. Then, to
define a time independent shift operator for a regular graph [i.e.,
DðxÞ ¼ D; 8 jxip], each term of the sum over the NN is associated
with a coin degree of freedom labeled by m, as

S ¼
X
x

X
m

jx þ f ðmÞipphxj � jmicchmj; (A2)

where there is a correspondence between the coin degree of freedom
and the nearest neighbor vertices labeling,

n $ m: (A3)

In Sec. IV, we focus on the discrete one-dimensional lattice with
periodic boundary conditions, which has an adjacency matrix in the
form

Al ¼
X
x

jx61ipphxj: (A4)

For the graph structure proposed in Sec. V, the adjacency matrix of
a topologically enhanced (t.e.) DTQW with a bi-dimensional coin
reads

At:e:
D¼2 ¼

X
xodd

jx þ 1ipphxj þ jx þ 2ipphxj

þ
X
xeven

jx þ 2ipphxj þ jx þ 3ipphxj: (A5)

The general directed adjacency matrix for a topologically
enhanced DTQW for a D dimensional coin is defined as

At:e:
D ¼

X
s¼0

XD
r¼1

XD
l¼1

jDðsþ 1� dr1Þ þ l þ 1ipphr þ Dsj: (A6)

APPENDIX B: THE COIN MATRICES AND THE TIME
EVOLUTION OPERATORS

Throughout all the work, we considered as coin matrices the x,
y, and z rotations. Even if those matrices are related through a basis
change, they generate different time evolution operators. Starting
from the coin Cz , the other coin matrices can be obtained as

Cx ¼ VCzV† (B1)

and

Cy ¼ WCzW†; (B2)

with V and W that are defined through the relation between Pauli
matrices as

rx ¼ VrzV†; ry ¼ WryW†; (B3)

since Ci ¼ e�iri�h=2. The global time evolution operator for a DTQW
depends not only on the coin matrix but also on the shift operator
S. This component depends both on the structure of the position
space, as analyzed in Appendix A, and also on the eigenvectors of a
coin matrix. The most natural choice is the eigenvector of the z spin
operator Sz [see Eq. (2)]. Nonetheless, it is also possible to write a
conditional shift evolution operator that depends on other eigen-
states as

Sx ¼
X
x

X
v

jf x; t; vð Þip phxj � jvic chvj; (B4)

where Cxjvic ¼ vjvic or

Sy ¼
X
x

X
w

jf x; t;wð Þip phxj � jwic chwj; (B5)

with Cyjwic ¼ wjwic. Starting from the time evolution operator
with the z-rotation coin and the shift operator, which depends on
the eigenvalues of Sz, we have

Uzz ¼ Sz 1p � Cz
� �

: (B6)

Through a basis change, we can obtain the following operators:

Ux;x ¼ 1p � V
� �

Sz 1p � Cz
� �

1p � V†
� �

¼ Sx 1p � Cx
� �

; (B7)

and, analogously,

Uy;y ¼ 1p �W
� �

Sz 1p � Cz
� �

1p �W†
� �

¼ Sy 1p � Cy
� �

: (B8)

Conversely, if we start from a time evolution operator with the x- or
y-rotation coin,

Uz;x=y ¼ S 1p � Cx=y
� �

: (B9)

Through a basis change relation, we can obtain the operator

Ux;z ¼ 1p � V
� �

Sz 1p � Cx
� �

1p � V†
� �

¼ Sx 1p � Cz
� �

; (B10)

and, consequently,
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Uy;z ¼ 1p �W
� �

Sz 1p � Cy
� �

1p �W†
� �

¼ Sy 1p � Cz
� �

: (B11)

With the conditional shift operator fixed as Sz , different coins Cx=y=z
define different time evolution operators, not related through basis
change transformations. Then, throughout the whole paper, we set
S ¼ Sz and define time evolution operators through the coin matrix,

U ¼ Sz 1� Cx=y=z
� �

¼ S 1� Cx=y=z
� �

: (B12)

APPENDIX C: RELATION BETWEEN DTQWAND QUBIT
METROLOGY

The behavior of the DTQW with a diagonal coin Cz and in the
limit of a uniform distribution for the Cx=y rotations suggests that in
both cases, there is a relation among the behavior of the QFI of a
DTQW and the QFI of a qubit (or qudit).38–40

(i) The z-rotation case—the time evolution of the walker with
a diagonal coin can be written as

jwðtÞi ¼ U t jwð0Þi ¼ ðSð1� CzÞÞt jwð0Þi
¼ St 1� Czð Þt jwð0Þi; (C1)

then, proceeding to the calculations of the square modulus of the
wave-function or to the scalar product between the jwðtÞi and its
derivative, the shift operator does not play any role, as

hwðtÞjwðtÞi ¼ hwð0ÞjðU tÞ†U tjwð0Þi
¼ hwð0ÞjððSð1� CzÞÞtÞ†ðSð1� CzÞÞtjwð0Þi
¼ hwð0Þjð1� CzÞt Þ†ð1� CzÞt jwð0Þi (C2)

under the condition S†S ¼ 1. Analogously,

hwðtÞj@wðtÞi ¼ hwð0Þjð1� CzÞt Þ†@ð1� CzÞt jwð0Þi: (C3)

Then, if the conditional shift and the coin part does commute, ½S;1
�C� ¼ 0 the time evolution of the system is not influenced by the con-
ditional shift operator, and depends only on the initial state of the sys-
tem and on the operator 1� C. Upon this condition, the QFI of the
system is the QFI of a superposition of different qubit states (each one
associated with a discrete position lattice site) under the time evolution
of 1� C (in the paper, this condition is obtained using Cz). The FI of a
position measurement is identically null since the position distribution
of the walker does not affect any physical quantity.

(ii) The x- and y-rotation case—for the x- and y-rotations, the
conditional shift part of the time evolution operator does not commute
with the coin part. Nonetheless, it is possible to recall the same situation
as in the diagonal coin case with a condition on the initial state as

jwðtÞi ¼ ðSð1� Cx=yÞÞt jwð0Þi
¼ ðSð1� Cx=yÞÞt Fjxip � j/ic

h i
¼ Fjxip � Ctx=yj/ic; (C4)

where the conditional shift operator evolves the state Fjxip into
itself at each time-step. Under this consideration, and under the
condition F †F ¼ 1, the scalar product of the wave-function with
itself or with its derivative assume the same form as Eqs. (C2) and

(C3). For the topology of a line, this condition is fulfilled by the
equal superposition of each vertex, as derived in Sec. IV.
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