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This is a tutorial aimed at illustrating some recent developments in quantum parameter esti-

mation beyond the Cram�er{Rao bound, as well as their applications in quantum metrology. Our

starting point is the observation that there are situations in classical and quantum metrology
where the unknown parameter of interest, besides determining the state of the probe, is also

in°uencing the operation of the measuring devices, e.g. the range of possible outcomes. In those

cases, nonregular statistical models may appear, for which the Cram�er{Rao theorem does not

hold. In turn, the achievable precision may exceed the Cram�er{Rao bound, opening new avenues
for enhanced metrology. We focus on quantum estimation of Hamiltonian parameters and show

that an achievable bound to precision (beyond the Cram�er{Rao) may be obtained in a closed

form for the class of so-called controlled energy measurements. Examples of applications of the
new bound to various estimation problems in quantum metrology are worked out in some

details.

Keywords: Quantum estimation theory; Fisher information; Cramer-Rao bound.

1. Introduction

In the last decade, quantum signals and detectors carved out a place for themselves

in mainstream technology. Characterization of those devices at the quantum level is

thus a crucial ingredient for the development of quantum technologies. Quantum

metrology, on the other hand, is the art of estimating the value of one or more

parameters of interest, e.g. those characterizing the operation of a device, by

exploiting the quantum features of both the probing system and the measuring

apparatus. This second, broadly employed, understanding of the concept has

attracted the interest of many researchers, causing a rapid development of the

¯eld.1,2
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Quantum estimation theory (QET) is the mathematical framework where to

address optimization of a quantum measurement.2{4 It applies to situations where on

is interested in inferring the value of a parameter by performing a set of measure-

ments on identical repeated preparations of the system, and then processing data in

order to estimate the value of the unknown parameter. In turn, the goal of QET is to

optimize the overall inference strategy, i.e. the two following steps: (1) the choice of

the most convenient measurement apparatus and (2) the choice of the most conve-

nient estimator, i.e. the data processing able to extract as much information as

possible about the parameter of interest. The ¯gure of merit used to assess the

precision the estimation is the mean square error and an inference strategy is deemed

optimal if the mean square error achieves a minimum. Step (2) is classical in nature,

and amounts to choose a suitable data processing. On the other hand, the ¯rst one is

where the quantum nature of physical devices come into play.

Usually, the choice of the optimal measurement is made by optimizing the ¯gure

of merit assuming that the information on the unknown parameter comes from the

statistical manifold of possible quantum states of the system only. In other words, one

assumes that the measurement apparatus aimed at estimating the parameter does

not depend on its value. Such an assumption is necessary to employ standard tools of

QET, i.e. the concept of quantum Fisher information and the so-called quantum

Cram�er{Rao theorem.

As a matter of fact, there are relevant estimation problems where the above

assumption does not hold. In those cases, an alternative approach is needed to obtain

the ultimate precision bounds, as imposed by quantum mechanics. Relevant exam-

ples are provided by statistical models for Hamiltonian parameters, and by models

where the sample space of possible results do depend itself on the parameter of

interest. In order to address those scenarios, novel bounds have been proposed, some

of them being tight and achievable. In particular, it has been proved that the

achievable precision may exceed the Cram�er-Rao bound, thus opening new avenues

for quantum enhanced metrology.5,6

In this tutorial, we review some recent developments in quantum parameter es-

timation beyond the Cram�er-Rao bound, as well as their applications in quantum

metrology. We focus on quantum estimation of Hamiltonian parameters, illustrate

the novel bound (beyond the Cram�er{Rao one) for the so-called class of controlled

energy measurements, and work out in details few examples of applications, espe-

cially those of interest for quantum magnetometry. In order to place the reader in a

position to appreciate the recent developments, we will introduce in detail the basic

notions of quantum parameter estimation, paying the necessary attention to the

mathematical framework where those notions had been developed. In turn, the paper

is structured as follows: In Sec. 2, we provide a brief summary of concepts and

notations used in probability theory, whereas Sec. 3 is devoted to classical parameter

estimation and Sec. 4 to quantum measurement theory. Quantum parameter esti-

mation is brie°y reviewed in Sec. 5, whereas nonregular measurements and parameter
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estimation beyond the quantum Cram�er-Rao theorem are discussed in Sec. 6. Non-

regular estimation of general Hamiltonian parameters is the subject of Sec. 7. In

particular, we analyze metrological scheme based on controlled energy measurements

and present a tight achievable bound for the precision they may achieve. In Secs. 8

and 9, we discuss metrological applications of the above ¯ndings, and work out in

details few examples of interest in quantum magnetometry. Section 10 closes the

paper with some concluding remarks.

2. Elements of Probability Theory

The outcome of a random experiment is an event. At this stage, an event has no

numerical counterpart: it is an abstract subset of a sample space �. In general, not

every possible subset of � constitutes an event. A few desirable requirements are the

following: an experiment may have no outcome, so the empty set should be an event;

if A is a possible event, then its complement Ac, or logical negation, should also be an

event; if A and B are events, then their union A [B, or logical conjunction, should

also be an event. Such requirements naturally lead to the introduction of an �-algebra

structure on the set of events.

De¯nition 1 (¾-algebra). A �-algebra A on a sample space � is a family of

subsets of � having the following properties: (P1): The empty set ; is an element of

A; (P2): If A is an element of A, then also its relative complement Ac 2 A; (P3): If

fAig1
i¼1 is a countable collection of elements of A, then also [1

i¼1Ai 2 A.

The tuple ð�;AÞ is called a measurable space and the elements of A the mea-

surable sets. Making use of properties (P2){(P3), one may prove that, if fAig1
i¼1 is a

countable collection of elements in A, then also their countable intersectionT1
i¼1 Ai 2 A. It follows that if A1 and A2 are two di®erent �-algebras on the same

sample space �, then their intersection A1 \ A2 is also a �-algebra. From this, one

may go on to prove that, given any family of sets � , there is a unique smallest

�-algebra containing � . A case of major interest is when � is a topology on �, i.e. the

tuple ð�; �Þ is a topological space.

De¯nition 2 (Topological space). A topological space ð�; �Þ is a set � provided

with a topology � , i.e. a family of subsets of � having the following properties: (P1):

Both � and the empty set ; are elements of � ; (P2): If fTig1
i¼1 is a countable

collection of elements of � , then also [1
i¼1Ti 2 � ; (P3): If fTign

i¼1 is a ¯nite collection

of elements of � , then also \n
i¼1Ti 2 � .

The elements of a topology � on � are called the open sets of �. If � is endowed

with a topological structure to start with, a �-algebra structure can be introduced by

taking countable unions, countable intersections and relative complements of its

open sets. The resulting �-algebra is called the Borel �-algebra Bð�Þ: it is the

smallest �-algebra containing the open sets of �. Once a �-algebra structure A has
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been introduced on �, the probability of di®erent events is speci¯ed by a probability

measure �. The triple ð�;A; �Þ is called a probability space.

De¯nition 3 (Probability space). A probability space ð�;A; �Þ is a set �

together with a �-algebra structure A and a probability measure �, i.e. a function

� : A ! ½0; 1� having the following properties: (P1): �ð�Þ ¼ 1; (P2): If fAig1
i¼1 is a

countable collection of mutually disjoint elements of A, then

�
[1
i¼1

Ai

 !
¼
X1
i¼1

�ðAiÞ: ð1Þ

With the help of property ðP2Þ, one may also prove that a probability measure

satis¯es the following intuitive properties: �ð;Þ ¼ 0; if B � A, then �ðBÞ � �ðAÞ; for
any two events A;B 2 A, �ðA [BÞ ¼ �ðAÞ þ �ðBÞ � �ðA \BÞ. Notice that if ð�;AÞ
is a measurable space and � : A ! Rþ is a function from the measurable sets to the

extended (nonnegative) real line, satisfying property (P2), the triple ð�;A; �Þ is

called a measure space and � a measure. A measure � is said to be ¯nite if �ð�Þ is a
¯nite real number (it is said �-¯nite if � is countable union of measurable sets having

¯nite measure). A probability space is thus equivalent to a measure space with ¯nite

measure, normalized according to property (P1). While the random outcomes of an

experiment are only required to have an �-algebra structure, a random variable is

needed in order to associate values to elements of �.

De¯nition 4 (Random variable). Given a probability space ð�;A; �Þ and a

measurable space ðX ;BÞ, a random variable is a function X : � ! X having the

following property: if B 2 B, then the preimage of B under X, i.e. X�1ðBÞ ¼ f! 2
� : Xð!Þ 2 Bg, is an element of A.

Notice that the measurable space ðX ;BÞ in De¯nition 4 can be naturally made into

a probability space, by introducing the probability measure � de¯ned via the relation

�ðBÞ ¼ �ðX�1ðBÞÞ, whereB is any measurable set in B. In practice, one often blurs the

distinction between the two probability spaces ð�;A; �Þ and ðX ;B; �Þ, and says that

the outcome of a random experiment is a real value x 2 X , rather than an event

A 2 A. We will also make use of such abuse of terminology when the distinction can be

safely ignored. We add that since, by de¯nition, a measurable function between two

measurable spaces is a function such that the preimage of any measurable set is

measurable, then a random variable can equivalently be de¯ned as a measurable

function between probability spaces. For most random variables of interest, the image

set X is a subset of the real line R. If the subset is ¯nite or countably in¯nite, the

random variable is said to be discrete; otherwise, it is a continuous. In the following, by

a random variable, it will always be meant a real random variable, either discrete or

continuous. We will also assume that the �-algebra B is ¯xed by de¯ning ¯rst a

topological structure on X (i.e. the subspace topology induced by the real line standard

topology) and then a �-algebra structure, i.e. the Borel algebra of X .
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Let us now sketch how to de¯ne a notion of integration of a random variable with

respect to a probability measure. This is done initially only for simple random

variables.

De¯nition 5 (Simple random variable). A random variable X : � ! X is

simple if X is a ¯nite set.

As a consequence, a simple random variable X can be written as X ¼
Pn

i¼1 xi1Ai
,

where fxign
i¼1 are real numbers, fAign

i¼1 are elements of A and 1Ai
is the charac-

teristic function of Ai, i.e.

1Ai
ð!Þ :¼ 1 if ! 2 Ai;

0 if ! 62 Ai:

�
ð2Þ

This representation is, in general, nonunique. If X is a simple random variable, its

expectation is de¯ned as

EðXÞ :¼
Xn
i¼1

xi�ðAiÞ; ð3Þ

which can also be denoted by
R
�
Xd�. It can be proven that EðXÞ does not depend on

the representation. The next step is to de¯ne the expectation of nonnegative random

variables. A random variable X is nonnegative if it takes only nonnegative values.

Two random variables satisfy X � Y if their di®erence X� Y is nonnegative. One

de¯nes

EðXÞ :¼ supðEðYÞ;Y a simple random variable with 0 � Y � XÞ: ð4Þ

Let us remark that, by de¯nition, EðXÞ � 0 and that EðXÞ always exists, but might be

equal to þ1, even if X is everywhere ¯nite. The ¯nal step is to consider an arbitrary

random variable X. Let XðþÞ ¼ maxðX; 0Þ and Xð�Þ ¼ �minðX; 0Þ. Thus, X ¼ XðþÞ�
Xð�Þ, where XðþÞ and Xð�Þ are positive random variables. Then, one de¯nes

EðXÞ :¼ EðXðþÞÞ � EðXð�ÞÞ: ð5Þ

A random variable X is integrable if both EðXðþÞÞ and EðXð�ÞÞ are ¯nite; then, its

expectation is given by Eq. (5). It is easy to check that the set of integrable random

variables on a probability space ð�;A; �Þ is a vector space, denoted by L1, with

expectation acting as a linear map on it. Notice that, if two random variables

satisfy X ¼ Y almost surely, i.e. �ðf! 2 � : Xð!Þ ¼ Yð!ÞgÞ ¼ 1, then EðXÞ ¼ EðYÞ.
Therefore, equality almost surely is an equivalence relation, denoted by �, and

equivalent random variables have the same expectation. To remove this redundancy,

one introduces the quotient space L1 :¼ L1=�, whose elements are equivalence classes

of almost surely equal random variables. However, by abuse of terminology, one

usually still refers to elements of L1 as random variables. In a similar way, for

1 � p <1, one de¯nes Lp as the vector space of random variables such that

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound

2030001-5

In
t. 

J.
 Q

ua
nt

um
 I

nf
or

m
. 2

02
0.

18
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

IL
A

N
 o

n 
08

/1
2/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



jXjp 2 L1, where jXj :¼ XðþÞ þ Xð�Þ. By taking equivalence classes with respect to �,

one then obtains the spaces Lp of p-integrable random variables. In the following, we

will only need the spaces L1 and L2.

If two random variables are square-integrable, they satisfy the following in-

equality.

Proposition 6 (Cauchy{Schwarz inequality). If X;Y 2 L2, then X � Y 2 L1

and

jEðX � YÞj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðX2ÞEðY2Þ

p
: ð6Þ

Given square-integrable random variables fXign
i¼1 with Xi 2 L2, one de¯nes their

covariance matrix as follows.

De¯nition 7 (Covariance matrix). Let fXign
i¼1 be a collection of square-

integrable random variables in L2. Their covariance matrix is the matrix with

entries.

CovðXi;XjÞ :¼ E½ðXi � EðXiÞÞðXj �EðXjÞÞ�: ð7Þ

In particular, the diagonal elements of a covariance matrix are the variances

VarðXiÞ :¼ E½ðXi � EðXiÞÞ2�. As a concluding remark, since the product of two

measurable functions is a measurable function and the characteristic function 1A of a

set A is measurable if and only if A is measurable, the integral of a random variable

on any measurable set A 2 A is well-de¯ned: one has to take the expectation of the

product 1A � X, i.e.
R
A
Xd� ¼

R
�
1A � Xd�.

We now introduce the concept of probability density of a random variable. As

discussed before, a random variable X on a probability space ð�;A; �Þ gives rise to a

probability space ðX ;B; �Þ, where X 	 R, B is the Borel algebra generated by the

natural topology of X and � is a probability measure. Notice that there are already

two natural notions of a measure on X : the Lebesgue measure (if X is an uncountable

subset of R) and the counting measure (if X is a countable subset). The measure �

can always be expressed in terms of either the Lebesgue measure or the counting

measure, provided it satis¯es a technical assumption, which is contained in the fol-

lowing de¯nition.

De¯nition 8 (Absolutely continuous measures). If � and � 0 are any two

measures with the same �-algebra B of subsets of X , then � is said to be absolutely

continuous with respect to � 0, denoted � 
 � 0, if �ðBÞ ¼ 0 for any B 2 B such that

� 0ðBÞ ¼ 0.

We henceforth assume that, if X is a continuous random variable, � is absolutely

continuous with respect to the Lebesgue measure, i.e. it agrees with the Lebesgue

measure on any set with Lebesgue measure zero. If instead X is discrete, every

probability measure � is already absolutely continuous with respect to the counting

measure (since the counting measure vanishes only on the empty set and �ð;Þ ¼ 0

always). The following theorem applies to any two absolutely continuous measures.

L. Seveso & M. G. A. Paris
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Theorem 9 (Radon{Nikodym). Let � and � 0 be two �-¯nite measures on the

same measurable space ðX ;BÞ such that � 
 � 0. Then: (T1): There exists a

measurable function h : X ! Rþ such that, for all B 2 B,

�ðBÞ ¼
Z
B

hd� 0: ð8Þ

(T2): Such a function h is almost unique: any two functions satisfying Eq. (8) can

di®er only on sets of measure zero with respect to � 0. (T3): h is integrable with respect

to � 0 if and only � is a ¯nite measure.

The function h is called the Radon{Nikodym derivative of � with respect to � 0,

denoted h ¼ d�=d� 0. It allows to convert between the two measures by means of the

symbolic identity d� ¼ h d� 0. Given the above let us introduce the following de¯nition.

De¯nition 10. Let X be a random variable with probability space ðX ;B; �Þ. (D1): If

X is continuous, its probability density function (p.d.f.) is the Radon{Nikodym

derivative of � with respect to the Lebesgue measure, i.e. p ¼ d�=dx. (D2): If X is

discrete, its probability mass function (p.m.f.) is the Radon{Nikodym derivative of �

with respect to the counting measure, i.e. p ¼ d�=d#.

Knowledge of the p.d.f. p (respectively, the p.m.f.) fully characterizes a random

experiment whose outcomes are described by a random variable X, since the prob-

ability of any event B can be obtained by integrating p on B with respect to the

Lebesgue measure (respectively, the counting measure) by means of Eq. (8).

3. Classical Parameter Estimation

Let us consider a random experiment, whose outcomes are described by a random

variable X, with probability space ðX ;B; �Þ and probability density p. The task is to

reconstruct p, which is referred to as the true probability density, starting from N

independent sample points or observations of X (in the following, a sample point is

denoted by a lowercase letter, e.g. x 2 X , whereas a sample of N observations by a

boldface letter, e.g. x 2 X�N). There are many ways to approach the problem of

learning p but, if the functional form of p is already known, or can be guessed with

reasonable accuracy, a parametric approach is quite natural. The true probability

density p is assumed to belong to a parametric family of probability densities fp�g�2�,
where � � Rm is the parameter space. It is also assumed that there exists a suitable

choice �� 2 � such that p� � ¼ p. In this way, all lack of knowledge about p is reduced

to lack of knowledge about the true parameter �� — a considerable simpli¯cation of

the problem.

De¯nition 11 (Classical statistical model). A classical statistical model S is a

family of probability densities on X parametrized by m real parameters � 2 � � Rm.

S ¼ fp� : � ¼ ð�1; �2; . . . ; �mÞ 2 �g; ð9Þ

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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where the parametrization map �! p� is injective, the support X is parameter-

independent and p� can be di®erentiated as many times as needed with respect to the

parameters, i.e. all possible derivatives @ k1
1 � � � @ km

m p� (where @i is short for @� i) exist.

Notice that if X is countable, then p� is a p.m.f. normalized such thatX
x2X

px;� ¼ 1; 8� 2 �: ð10Þ

If X is uncountable, then p� is a p.d.f. normalized such thatZ
X
p�ðxÞdx ¼ 1; 8� 2 �: ð11Þ

In the following, we will employ the notation for continuous variables; for discrete

variables, one should replace the Lebesgue measure dx by the counting measure d#.

Given a statistical model S ¼ fp�g�2�, the map ’ : S ! Rm de¯ned by ’ðp�Þ ¼ �

can be considered as providing a coordinate system for S. If  is a smooth repar-

ametrization which maps � ! � 0, nothing prevents using  ð�Þ ¼ � 0 as the new

parameters, so that the model is rewritten as S ¼ fp �1ð� 0Þ : �
0 2 � 0g. This de¯nes the

structure of a di®erentiable manifold on S, with di®erent parametrizations repre-

senting di®erent coordinate systems. Moreover, a Riemannian metric can be de¯ned

on the statistical manifold S as follows.

De¯nition 12 (Fisher information). Let S be a statistical model. Given a point

�, the (classical) Fisher information matrix FCð�Þ at that point is the matrix having

ði; jÞth element

½FCð�Þ�ij ¼
Z
X
dx p�ðxÞ@i log p�ðxÞ@j log p�ðxÞ: ð12Þ

When m ¼ 1 and only one parameter � ¼ �1 is present, FCð�Þ is referred to as the

Fisher information (FI). For m > 1, FCð�Þ is indeed a symmetricm�m real matrix.

It is always positive semi-de¯nite and, in particular, positive-de¯nite if and only if for

every � 2 � the elements of the set f@1p�; . . . ; @mp�g are linearly independent.

Moreover, FCð�Þ has the correct transformation properties of a ð0; 2Þ tensor under

reparametrizations.7 It follows that FCð�Þ provides a Riemannian metric on S. There

is a precise sense in which the Fisher geometry, i.e. the geometry implied by the

Fisher information metric, is the only possible geometry on a statistical manifold. To

explain this, we introduce the notion of a statistic.

De¯nition 13 (Statistic). Given a random variable X and a function T : X ! Y
which maps x ! y ¼ T ðxÞ, a statistic based on T is the random variable Y ¼ T ðXÞ.

If X is associated with a statistical model S ¼ fp�g�2�, then a statistic T gives rise

to a model ST ¼ fq�g�2� associated with Y ¼ T ðXÞ. A statistic is said to be su±cient

if the two models are related as follows: p�ðxÞ ¼ hðxÞq�ðyðxÞÞ, 8x 2 X , i.e. all de-

pendence on the parameter � is contained in q�. Intuitively, a su±cient statistic leads

to no loss of information about �. Notice that a one-to-one function is always a

L. Seveso & M. G. A. Paris
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su±cient statistic, but there exist su±cient statistics which are not one-to-one

functions. We now have the following theorem.

Theorem 14 (Pre Cram�er{Rao). The Fisher information matrix FðT Þ
C of the

statistical model ST induced by a statistic T satis¯es the monotonicity property F ðT Þ
C

� FC (where FC is the Fisher information matrix of the original model S). The

previous inequality must be interpreted in the sense that the di®erence F ðT Þ
C �FC is a

positive semi-de¯nite matrix. Equality holds if and only if T is a su±cient statistic.

A Riemannian metric satisfying the monotonicity property is said to be a

monotone metric. Monotone metrics are the natural metrics on classical statistical

models: they re°ect the fact that the points of the manifold are probability dis-

tributions and distances between points can only contract under any information

processing. In this regard, the following theorem8{10 singles out the Fisher informa-

tion metric as the only natural metric on statistical manifolds.

Theorem 15 (Chentsov). The Fisher information metric FC is the essentially

unique monotone Riemannian metric on a classical statistical model, in the sense that

any other such metric is a scalar multiple of FC .

Chentsov's theorem establishes a ¯rst link between the statistical properties of

parametric models and the geometry de¯ned by the Fisher metric. A further link

comes from the (classical) Cram�er{Rao theorem, which we now introduce.

Let us now return to the problem of estimating the true parameter �� from a

sample x 2 X�N . To this end, we introduce the following de¯nition.

De¯nition 16 (Estimator). An estimator �̂
ðNÞ

: X�N ! � is a random variable

from the sample space X�N to the parameter space �. In particular, (D1): An

unbiased estimator is an estimator satisfying E�ð�̂
ðNÞÞ ¼ �, 8� 2 �, where E�ð�Þ

denotes expectation with respect to p�, i.e.

E�ð�̂
ðNÞÞ ¼

Z
X �N

dx1; . . . ; dxN p�ðx1Þ; . . . ; p�ðxNÞ�̂
ðNÞðxÞ: ð13Þ

(D2): A locally unbiased estimator is an estimator which is unbiased at � ¼ ��, i.e.

E� � ð�̂
ðNÞÞ ¼ ��; ð14Þ

and, moreover, satis¯es

@iE�½ð�̂
ðNÞÞj�j�¼� � ¼ � ji : ð15Þ

(D3): An asymptotically unbiased estimator is an estimator such that

lim
N!1

E�ð�̂
ðNÞÞ ¼ �: ð16Þ

A typical (classical) estimation protocol consists in sampling data x 2 X�N and the

processing them using an estimator �̂
ðNÞ

, ¯nally providing an estimate �̂
ðNÞðxÞ of

the true value. If the estimator is unbiased, the estimate will °uctuate around the

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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true value �� over many independent repetitions of the protocol. To quantify the per-

formance of an estimator, it is usual to take as a ¯gure of merit its mean square error:

½MSEð�̂ðNÞÞ�ij :¼ E�ð½ð�̂
ðNÞÞ i � ��½ð�̂ðNÞÞj � ��Þ: ð17Þ

Estimators with a smaller MSE are said to perform better than estimators with a larger

one. Notice that for unbiased estimators, the MSEmatrix coincides with the covariance

matrix ½Covð�̂ðNÞÞ�ij. The following theorem provides a lower bound to the covariance

matrix of unbiased estimators.11,12

Theorem 17 (Cram�er{Rao). If S is a classical statistical model and �̂
ðNÞ

an

unbiased estimator, its covariance matrix is bounded from below as follows.

Covð�̂ðNÞÞ � 1

N
½FCð�Þ��1; ð18Þ

where FC is the Fisher information matrix of S.

The proof of Theorem 17 amounts to an application of the Cauchy{Schwarz

inequality of Proposition 6. Under the weaker assumption that �̂
ðNÞ

is only locally

unbiased, inequality (18) still holds, but only at � ¼ ��. Notice that the Cram�er{Rao

theorem only provides a lower-bound: it does not guarantee that an estimator

achieving the bound actually exists. If such an estimator exists, it is said to be

e±cient. An e±cient estimator is the best unbiased estimator, since it minimizes the

MSE among all unbiased estimators. Unfortunately, e±cient estimators exist only

under special circumstances (when the statistical model is of the exponential type and

the parameters are its natural parameters, see e.g. Ref. 13). Finding the best unbiased

estimator becomes then a nontrivial task. The situation improves in the asymptotic

limit of a large number of samples. Let us remark that unbiasedness is a strong

condition: for some models there exists no such estimator. A far more reasonable

condition is that of consistency. A consistent estimator is such that, in the limit

N ! 1, its probability density becomes concentrated around �, i.e. 8� > 0

and 8� 2 �, limN!1Pr�ðj�̂
ðNÞ � �j > �Þ ¼ 0, where Pr�ð�Þ denotes the probability of

an event computed with respect to p�. Under mild conditions (e.g. that Covð�̂ðNÞÞ is
uniformly bounded with respect to the number of samples N), one can prove that a

consistent estimator is asymptotically unbiased, i.e. limN!1E�ð�̂
ðNÞÞ ¼ �, and

satis¯es limN!1@iE�½ð�̂
ðNÞÞj� ¼ � ji . With the help of the last two properties, one can

prove the following asymptotic version of the Cram�er{Rao theorem:

lim
N!1

N � Covð�̂ ðNÞÞ � ½FCð�Þ��1: ð19Þ

A consistent estimator achieving equality is said to be asymptotically e±cient.

Remarkably, asymptotically e±cient estimators always exist, e.g. the maximum-

likelihood estimator and Bayes estimators are asymptotically e±cient.13 In conclu-

sion, at the classical level and in the asymptotic regime N 
 1, the optimal protocol

L. Seveso & M. G. A. Paris
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consists in collecting a sample and processing it via an asymptotically e±cient esti-

mator; the asymptotic optimal rate at which distinct values of the parameters can be

distinguished is given by the inverse Fisher information.

4. Quantum Measurement Theory

The outcomes of a quantum experiment are probabilistic. This means that there

must exist a suitable probability measure �
ðMÞ
	 such that, if ðX ;BÞ is the measurable

space of outcomes (where X 	 R is the sample space and B the �-algebra induced by

the natural topology of X), then the probability of any event B 2 B is �
ðMÞ
	 ðBÞ. The

main di®erence compared with the classical case is that �
ðMÞ
	 is not arbitrary, but is a

speci¯c function of both the state of the system 	 and the measurement M. The

mapping ð	;MÞ ! �
ðMÞ
	 is given by Born's rule. We will deal exclusively with ¯nite-

dimensional quantum systems, with Hilbert space H ¼ Cd. A state is a density

matrix 	 2 Herþd ðCÞ, i.e. an Hermitian positive semi-de¯nite matrix, usually nor-

malized such that Trð	Þ ¼ 1. The set SðHÞ of all possible density operators on H is a

convex set. Its extremal elements are the pure states j ih j, with j i 2 H such that

h j i ¼ 1. The Hamiltonian matrix H 2 HerdðCÞ completely determines the dy-

namics of the system (assuming it is isolated from any external environment). That

is, if Ut :¼ expð�itHÞ is the matrix exponential ofH and 	0 is the state at time t ¼ 0,

then the state of the system at any subsequent time t is 	t :¼ Ut	0U
†
t . A measure-

ment on a quantum system can be described at three di®erent levels of details. We

begin with the ¯rst level, which is the more coarse-grained of the three.

(L1) POVM description: At this level, a measurement M is a mapping that

associates to any event B 2 B a positive semi-de¯nite operator MðBÞ 2
Herþd ðCÞ. A few natural requirements are that Mð;Þ ¼ Od; MðXÞ ¼ 1d; if

fBign
i¼1 are mutually disjoint measurable sets such that

Sn
i¼1 Bi :¼ B 2 B,

then MðBÞ ¼
P1

i¼1 MðBiÞ. These properties imply that M is a positive-

operator valued (probability) measure (POVM) on ðX ;BÞ. In particular, they

imply that if fBign
i¼1 are mutually disjoint and [n

i¼1Bi ¼ X , thenPn
i¼1 MðBiÞ ¼ Id. Apart for this normalization condition and for being non-

negative, the operators MðBÞ are completely arbitrary.

The link between a measurement M and the probability measure �
ðMÞ
	 is

provided by Born's rule, i.e.

� ðMÞ
	 ðBÞ ¼ Trð	MðBÞÞ: ð20Þ

It can be proven that Born's rule is actually the unique possibility under a few

reasonable assumptions.14 Equation (20) completely determines the statistics

of any quantum experiment.

If X is a countable sample space, one de¯nes the probability operators f�xgx2X
of a given measurement as follows: �x :¼ MðxÞ. The probability operators are

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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su±cient to compute the probability of any other event. A special case is when

each �x is a projector Px, i.e. P
2
x ¼ Px. One can then associate to the mea-

surement an Hermitian operatorX ¼
P

x2XxPx, also called an observable. Vice

versa, every Hermitian operator gives rise to a projective measurement via its

eigendecomposition. An example is the Hamiltonian: a projective measurement

over its eigenstates fj
jigd�1
j¼0 is called an energy measurement.

(L2) Instrument description: A POVM description assigns probabilities to

measurement outcomes, but does not specify how the state of the system is

modi¯ed as a result of the measurement. However, quantum measurements

can have dynamical e®ects: if the measurement is nondestructive, the state of

the system is updated depending on the outcome. This requires introducing an

instrument. Formally, an instrument I is a mapping B ! T ðHÞ, where T ðHÞ
denotes the set of bona ¯de quantum operations on the system (i.e. completely-

positive, trace preserving maps). If B 2 B is the observed event, then the state

of the system after the measurement is, by de¯nition, IBð	Þ. Assuming X is

countable, it is enough to consider the set fIxgx2X . It can be proven15 that the

most general form for Ix is as follows:

Ixð	Þ ¼
Pn

j¼1 M
ðjÞ
x 	M

ðjÞ†
x

PrðxÞ ; ð21Þ

where the operators M
ðjÞ
x are called measurement operators and PrðxÞ :¼

Trð	�xÞ. Since the post-measurement state Ixð	Þmust be normalized, one has

the identi¯cation

�x ¼
Xn
j¼1

M ðjÞ†
x M ðjÞ

x : ð22Þ

In particular, if n ¼ 1, 8x 2 X , the measurement is said to be ¯ne-grained.

Notice that, in general, many di®erent instruments correspond to the

same positive-operator valued measure. This is true even for ¯ne-grained

measurements, since the condition �x ¼ M †
xMx is solved by Mx ¼ Ux

ffiffiffiffiffiffi
�x

p
,

where
ffiffiffiffiffiffi
�x

p
is the principal square-root of �x but Ux is an arbitrary unitary

operator. If the measurement is ¯ne-grained and Ux ¼ Id, 8x 2 X , the mea-

surement is said to be bare and the corresponding instrument is known as the

L €uders instrument.

(L3) Measurement model description: This is the most detailed level of de-

scription of a measurement and is obtained by explicitly modeling the interac-

tion between the system and the measuring apparatus. It is assumed that the

system is coupled to an ancillary system with Hilbert space HA; the ancilla is

prepared in an initial state � 2 SðHAÞ; the two systems evolve together for an

interaction time tint via a quantum channel E ðtintÞ 2 T ðH�HAÞ; ¯nally, an
observable X ¼

P
x2XxPx on HA is measured, producing an outcome x 2 X . A

L. Seveso & M. G. A. Paris
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measurement model is therefore a quadruple ðHA; �; E ðtintÞ;XÞ. It gives rise to a

positive-operator valued measure via the relation.

Trð	�xÞ ¼ Tr½E ðtintÞð	� �ÞId � Px�: ð23Þ

Moreover, it de¯nes an instrument via

Ixð	Þ ¼
TrA½E ðtintÞð	� �ÞId � Px�

PrðxÞ ; ð24Þ

where TrAð�Þ denotes the partial trace over the ancilla's degrees of freedom.

Clearly, many measurement models can lead to the same instrument. In fact,

Ozawa's theorem16 states that one can recover all possible instruments just by

considering measurement models ðHA; �; E ðtintÞ;XÞ where � is pure, E ðtintÞ is a

unitary channel and each Px is rank-1. More precisely, let HA be the free

Hamiltonian of the ancillary system and HI the interaction Hamiltonian be-

tween the system and the apparatus. Let � ¼ j�ih�j be the initial preparation of

the ancilla. Then, the unitary channel U ðtÞ generated by the total Hamiltonian

HT ¼ H þHA þHI acts as follows:

	� j�ih�j ! U ðtÞð	� j�ih�jÞ :¼ Ut	� j�ih�jU †
t ; Ut :¼ e�itHT : ð25Þ

From conditions (23) and (24), one may prove that the measurement operators

Mx and probability operators �x take the following form, respectively,

Mx ¼ hxjUtint j�i; �x ¼ h�jU †
tint
Id � PxUtint j�i: ð26Þ

5. Quantum Parameter Estimation

By analogy with the classical case, a quantum statistical model is de¯ned as

follows.17,18

De¯nition 18 (Quantum statistical model). Given a quantum system

described in the Hilbert space H, a quantum statistical model S is a family of

states, i.e. density operators, in SðHÞ labeled by m real parameters � 2 � � Rm.

S ¼ f	� : � ¼ ð�1; �2; . . . ; �mÞ 2 �g; ð27Þ
where the parametrization map �! 	� is injective, the rank rkð	�Þ is parameter-

independent and 	� can be di®erentiated as many times as needed with respect to the

parameters.

A quantum statistical model typically arises in this way: the system is prepared at

time t ¼ 0 in an initial state 	0 and then goes through a quantum channel E� � 2 T ðHÞ,
which depends on the true value �� of one or more parameters. The associated model is

de¯ned as 	� :¼ E�ð	0Þ, with � 2 � and � containing, by assumption, the true value

��. The mapping 	0 ! E�ð	0Þ is called the dynamical encoding. A typical example is

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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the unitary channel generated by the system's Hamiltonian, i.e.

	� ¼ Ut	0U
†
t ; Ut ¼ e�itH� : ð28Þ

The parameter � is usually referred to as a Hamiltonian parameter. One then fur-

ther distinguishes between Hamiltonian shift or phase parameters and general

parameters. In the ¯rst case, the parameter is just and overall multiplicative con-

stant, i.e. H� ¼ �G, i.e. it appears linearly in the Hamiltonian. In the second case,

the parameter may appear in any way, e.g. nonlinearly, and the eigenvectors j
j;�i of
H� generally depend in general on �. Dynamical encoding is not, however, the only

possibility. For certain models, the encoding is static. A typical example is that of a

thermal model, describing the equilibrium state of a quantum system in contact

with a thermal bath,

	
 ¼ e�
H

Trðe�
HÞ ; ð29Þ

where the parameter, conventionally denoted by 
, is the inverse temperature of the

bath and H is the Hamiltonian of the system. In both cases, given a quantum

statistical model S ¼ f	�g�2�, performing a measurement with probability opera-

tors f�xgx2X gives rise to a classical statistical model, via the relation p�ðxÞ ¼
Pr�ðxÞ ¼ Trð	��xÞ (where the sample space X is henceforth assumed to be count-

able). Notice that the choice of the measurement to perform is an additional degree

of freedom the experimentalist is called to optimize upon, which is not present in

the classical case. Furthermore, if the encoding is dynamical, one also has to op-

timize over the initial state of the probe 	0. As a consequence, the search for optimal

quantum estimation protocols is considerably more complicated.

A quantum statistical model can be naturally given the structure of a di®eren-

tiable manifold. Whereas in the classical case there is a fundamentally unique

metric, in the quantum case noncommutativity breaks uniqueness and, in fact,

leads to an in¯nite number of possible metrics. Notice that monotonicity now

translates into the requirement that, for any completely-positive, trace-preserving

map E 2 T ðHÞ, the di®erence between the metric on the original statistical model

f	�g�2� and on the derived model fEð	�Þg�2� is positive semi-de¯nite. In the

quantum case, all possible monotone Riemannian metrics have been classi¯ed by

Petz.19 Each such metric is in one-to-one correspondence with an operator mono-

tone function, which in turn is one-to-one related to an operator mean. We give the

following de¯nition.

De¯nition 19 (Operator mean). An operator mean m : Herþd � Herþd ! Herþd is

a function such that, for any positive semi-de¯nite operators A;B;C;D: (P1):

mðA;AÞ ¼ A; (P2): mð�A; �AÞ ¼ �A, 8� 2 R; (P3): A � C;B � D ) mðA;BÞ �
mðC;DÞ; (P4): mðUAU †;UBU †Þ ¼ UmðA;BÞU †, 8U unitary; (P5): mðA;BÞ ¼
mðB;AÞ.

L. Seveso & M. G. A. Paris
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Any function aspiring to be a mean for positive semi-de¯nite matrices should

intuitively satisfy conditions (P1){(P5). The following proposition fully char-

acterizes the family of operator means.

Proposition 20. Every operator mean can be written in the form

mðfÞðA;BÞ ¼
ffiffiffiffi
A

p
f

1ffiffiffiffi
A

p B
1ffiffiffiffi
A

p
� � ffiffiffiffi

A
p

; ð30Þ

where f is an operator monotone function (i.e. a function such that, 8A;B 2 Herþd ,

A � B ) fðAÞ � fðBÞ) with the constraints fð1Þ ¼ 1 and fð1=xÞ ¼ fðxÞ=x. Vice
versa, any such function gives rise to an operator mean.

Each quantum monotone metric is now put in one-to-one correspondence with a

suitable operator mean via Petz's classi¯cation theorem.

Theorem 21 (Petz19). If S ¼ f	�g�2� is a quantum statistical model such that,

8� 2 �, 	� is full-rank, the generic monotone Riemannian metric on S is of the form:

½F ðfÞ
Q ð�Þ�ij ¼ Trð@i	�J �1@j	�Þ; ð31Þ

where J is the superoperator J ¼ RfðLR�1Þ, f is an operator-monotone

function satisfying fð1Þ ¼ 1 and fð1=xÞ ¼ fðxÞ=x, and L (resp. R) is the left

(respectively, right) multiplication superoperator, which by de¯nition acts on � 2
SðHÞ as follows:

Lð�Þ ¼ 	��; Rð�Þ ¼ �	�: ð32Þ

One may rewrite (31) more expressively by introducing the logarithmic derivative

operators L
ðfÞ
i;� which satisfy the following relations:

@i	� ¼ JL
ðfÞ
i;� ; i 2 f1; . . . ;mg: ð33Þ

The metric F ðfÞ
Q can therefore be rewritten as

½F ðfÞ
Q ð�Þ�ij ¼ Tr½@i	�L

ðfÞ
j;� � ¼ Tr½J ðL ðfÞ

i;� ÞL
ðfÞ
j;� �: ð34Þ

For each choice of an operator monotone function f, one obtains a corresponding

monotone metric.

(M1) Let us consider the operator monotone function fariðxÞ ¼ ð1þ xÞ=2. The

corresponding operator mean is the arithmetic mean since, if A;B are com-

muting matrices, then mðfariÞ ¼ ðAþBÞ=2. The logarithimic derivative op-

erator L
ðfariÞ
i;� satis¯es, from Eq. (33),

@i	� ¼
Rþ L

2
L

ðfariÞ
i;� ¼ 1

2
f	�;L

ðfariÞ
i;� g; ð35Þ

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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so that L
ðfariÞ
i;� is also called the symmetric logarithmic derivative (SLD) of 	�.

The corresponding quantum metric is

½F ðfariÞ
Q ð�Þ�ij ¼ < trð	�L

ðfariÞ
i;� L

ðfariÞ
j;� Þ; ð36Þ

which is usually referred to as the quantum Fisher information (QFI) metric

and denoted simply by FQð�Þ. It can be obtained by \quantizing" the Bures

distance d2
B,

20 in the sense that

d 2
Bð	�; 	�þd�Þ ¼

1

4
½FQð�Þ�ijd� id�j; ð37Þ

where d2
Bð	; �Þ ¼ 2½1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ð	; �Þ

p
� and Fð	; �Þ ¼ ðTr½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	

p
�
ffiffiffi
	

pp
�Þ2 is the ¯-

delity.

(M2) The operator monotone function fhar ¼ 2x=ð1þ xÞ corresponds to the har-

monic mean, since for commuting matrix A;B one has mðfharÞðA;BÞ ¼
2AB=ðAþBÞ. From Eq. (33), one ¯nds:

@i	� ¼
2LR

LþR
L

ðfharÞ
i;� ) L

ðfharÞ
i;� ¼ 1

2
f	�1

� ; @i	�g: ð38Þ

The corresponding metric is

½F ðfharÞ
Q �ij ¼ < trð@i	�@j	�	�1

� Þ: ð39Þ

(M3) The logarithmic mean corresponds to flog ¼ ðx� 1Þ= logx since, for com-

muting A and B, mðflogÞðA;BÞ ¼ ðB� AÞ=ðlogB� logAÞ. From Eq. (33), one

obtains the condition:

@i	� ¼
L�R

logL� logR
L

ðflogÞ
i;� ) ½log 	�; @i	�� ¼ ½	�;L

ðflogÞ
i;� �: ð40Þ

One can solve for L
ðflogÞ
i;� as follows. First of all, let us recall the identity

log 	� ¼
Z 1

0

dt

1þ t
�
Z 1

0

dt

	� þ t
: ð41Þ

The commutator ½log 	�; @i	�� can now be rewritten as follows:

½log 	�; @i	�� ¼
Z 1

0

dt @i	�;
1

	� þ t

� �

¼
Z 1

0

dt @i
1

	� þ t
; 	�

� �

¼
Z 1

0

dt 	�;
1

	� þ t
@i	�

1

	� þ t

� �
; ð42Þ

L. Seveso & M. G. A. Paris
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where we made use of the fact that, for any invertible matrix M , @iM
�1 ¼

�M�1@iMM �1. From Eq. (42), L
ðflogÞ
i;� can be read-o® directly, i.e.

L
ðflogÞ
i;� ¼

Z 1

0

dt
1

	� þ t
@i	�

1

	� þ t
: ð43Þ

The corresponding metric is the Bogoliubov–Kubo–Mori metric:

½F ðflogÞ
Q �ij ¼

Z 1

0

dtTr @i	�
1

	� þ t
@j	�

1

	� þ t

� �
: ð44Þ

It can be obtained by \quantizing" the quantum relative entropy Sð	jj�Þ,20 in
the sense that

Sð	�jj	�þd�Þ ¼
1

2
½FQð�ÞðflogÞ�ijd� id�j; ð45Þ

where Sð	jj�Þ ¼ Tr½	ðlog 	� log �Þ�.

It is also possible to derive a closed-form expression for F ðfÞ
Q , with f an arbitrary

operator monotone function. Notice that the superoperators L and R commute.

Moreover, if 	� ¼
Pd

k¼1 pkjkihkj (where fjkigd
k¼1 are the normalized eigenvectors

of 	�), then

Ljkihlj ¼ pkjkihlj; Rjkihlj ¼ pljkihlj: ð46Þ

It follows that fjkihljgd
k;l¼1 is a complete system of eigenvectors for both R and

L. They are also the eigenvectors of the superoperator J ¼ RfðLR�1Þ, with

eigenvalues:

J jkihlj ¼ plf
pk
pl

� �
jkihlj: ð47Þ

Let us expand the symmetric derivative operators as

L
ðfÞ
i;� ¼

Xd
k;l¼1

‘
ðiÞ
kl jkihlj: ð48Þ

Notice that since 	� is full-rank, the coe±cients ‘
ðiÞ
kl completely determineL

ðfÞ
i;� . Next, one

substitutes Eq. (48) into Eq. (42) and compares terms, which leads to the conditions:

‘
ðiÞ
kl ¼

@ipk
pk

ðk ¼ lÞ;

pl � pk
plfðpk=plÞ

hkj@ili ðk 6¼ lÞ:

8>><
>>: ð49Þ

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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From Eq. (34) and the previous relation, one ¯nds

½F ðfÞ
Q ð�Þ�ij ¼

Xd
k¼1

@ipk@jpk
pk

þ
X
l6¼k

ðpl � pkÞ2
plfðpk=plÞ

hkj@ilih@jljki; ð50Þ

which is our ¯nal result. If the statistical model is not full-rank, one can still recover

all possible monotone metrics by extending the metrics of Eq. (31) via a suitable ¯ber

bundle construction (see e.g. Ref. 21). In particular, for a pure model S ¼ fj �ig�2�,
the extension of the metric F ðfÞ

Q on S exists if and only if fð0Þ 6¼ 0, in which case it is

always proportional to the Fubini{Study metric (which is in fact the unique unitarily

invariant metric on pure states20). For instance, the quantumFisher informationmetric

evaluates to

½FQð�Þ�ij ¼ 4<½h@i �j@j �i þ h �j@i �ih �j@j �i�: ð51Þ

See also Ref. 22 for a closed-form expression of FQð�Þ when 1 < rkð	�Þ < d.

In spite of the in¯nite number of possible metrics, Braunstein and Caves23 have

shown that the quantum Fisher information metric FQð�Þ is the only relevant one

from an estimation viewpoint. This is true, at least, in the case of uniparametric

models (i.e. when there is only one parameter � ¼ �1 to be estimated), to which from

now on we restrict our attention (see however Remark 24). Let us recall that a typical

quantum estimation protocol is speci¯ed by a triple ð	0;M; �̂
ðNÞÞ and can be broken

down into the following steps:

(S1) Initialization: The statistical model 	� is prepared by suitably encoding the

parameter into an initial state 	0.

(S2) Measurement: A measurement M is performed, yielding an outcome x 2 X .

When N independent measurements are taken onto identically prepared sys-

tems, one obtains a sample x 2 X�N .

(S3) Data processing: The sample x is processed through the estimator �̂
ðNÞ

.

The problem is to optimize over each step in order to minimize a given objective

function, which is generally taken to be the mean-square-error MSEð�̂ðNÞÞ. Notice

that, among the three steps, only (S1) and (S2) are properly quantum. Moreover, in

the asymptotic limit of a large number of sample points, optimization over (S3) is

trivially carried out by employing an asymptotically e±cient estimator. In contrast,

optimization over the measurement step (S2) is a nontrivial task. However, as long

as N 
 1, minimization of MSEð�̂ðNÞÞ is equivalent to maximization of the Fisher

information FCð�Þ corresponding to the classical statistical model p�ðxÞ ¼ Trð	��xÞ
(with f�xgx2X the probability operators of a generic measurement M). Therefore,

the strategy usually followed is ¯rst to identify the family F of measurements which

are available to the experimentalist, and then to maximize the Fisher information

over all measurements M 2 F .

L. Seveso & M. G. A. Paris
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We now introduce the family of regular measurements.

De¯nition 22 (Regular measurement). A measurement M is called regular if

its probability operators are parameter-independent, i.e.

@��x ¼ 0; 8x 2 X ; ð52Þ

otherwise, the measurement is nonregular.

Braunstein and Caves have maximized the Fisher information over the family FR

of regular measurements.

Theorem 23 (Braunstein-Caves23). For uniparametric model, the maximum

Fisher information, optimized over the familyFR, is the quantum Fisher information:

FQð�Þ ¼ max
M2FR

FCð�Þ: ð53Þ

Proof. For a generic measurement, the Fisher information can be written as

FCð�Þ ¼
X
x2X �

½@�Trð	��xÞ�2
Trð	��xÞ

; ð54Þ

where X � :¼ fx 2 X : Trð	��xÞ 6¼ 0g. Notice that, in De¯nition 12, summation is

only over those outcomes belonging to the support of p�. In the quantum case the role

of p� is taken by Pr�ðxÞ ¼ Trð	��xÞ, so one should exclude outcomes x 2 XnX � for

which Pr�ðxÞ ¼ 0. This clari¯cation becomes irrelevant if 	� is full-rank, since then

X ¼ X �. Equation (54) can be manipulated as follows:

FCð�Þ ¼
X
x2X �

<2 Trð	�L��xÞ
Trð	��xÞ

ð55Þ

�
X
x2X �

jTrð	�L��xÞj2
Trð	��xÞ

ð56Þ

¼
X
x2X �

jTrð
ffiffiffiffiffiffi
�x

p ffiffiffiffiffi
	�

p ffiffiffiffiffi
	�

p
L�

ffiffiffiffiffiffi
�x

p
Þj2

Trð	��xÞ
ð57Þ

�
X
x2X �

Trð	��xÞTrðL�	�L��xÞ
Trð	��xÞ

ð58Þ

¼
X
x2X �

TrðL�	�L��xÞ ð59Þ

�
X
x2X

TrðL�	�L��xÞ ð60Þ

¼ Trð	�L2
�Þ ¼ FQð�Þ: ð61Þ

In the ¯rst line, we have employed the de¯ning relation of the symmetric logarithmic

derivative @�	� ¼ f	�;L�g=2; in the second line, the inequality <2z � jzj2, 8z 2 C; in

the fourth line, the Cauchy{Schwarz inequality; in the sixth, we have extended

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound

2030001-19

In
t. 

J.
 Q

ua
nt

um
 I

nf
or

m
. 2

02
0.

18
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

IL
A

N
 o

n 
08

/1
2/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



summation over all outcomes X , noting that TrðL�	�L��xÞ � 0, 8x 2 X ;a ¯nally, in

the last line, we have made use of the completeness relation
P

x2X�x ¼ Id. We have

thus proved that, for any regular measurement M 2 FR, FCð�Þ � FQð�Þ.
We will now show that there always exists a measurement saturating the previous

inequality, which will establish the theorem. The above manipulations involved three

separate inequalities, that to be simultaneously saturated require: (R1):

=Trð	�L��xÞ ¼ 0, 8x 2 X �; (R2): There exist complex numbers f�xgx2X � such thatffiffiffiffiffi
	�

p
L�

ffiffiffiffiffiffi
�x

p
¼ �x

ffiffiffiffiffi
	�

p ffiffiffiffiffiffi
�x

p
; (R3):

P
x2XnX �TrðL�	�L��xÞ ¼ 0. It is easy to check that

requirements (R1){(R3) are satis¯ed by performing a projective measurement of the

symmetric logarithmic derivative L�. More precisely, let us remark that the de¯ning

relation @�	� ¼ f	�;L�g=2 determines L� only on the support of 	�: outside the

support suppð	�Þ, L� may be de¯ned in an arbitrary way, compatible with Hermi-

ticity. The SLD L� may thus be written as follows:

L� ¼
X
x2X

�x;�j�x;�ih�x;�j; ð62Þ

where fj�x;�igx2XnX � are chosen arbitrarily so as to give rise to an orthonormal basis.

The eigenvectors and eigenvalues of L� are, in general, parameter-dependent. Then, if

�� is the actual value of the parameter to be estimated, the optimal measurement is

described by

� ðoptÞ
x ¼ j�x;�ih�x;�jj �¼� � ; 8x 2 X ; ð63Þ

i.e. the corresponding Fisher information satis¯es FCð��Þ ¼ FQð��Þ. Notice that, for

each �� 2 �, there is a di®erent optimal measurement: it is not required to engineer

the measurement so that it satis¯es Eq. (63) for any possible value of ��. Such a

measurement would instead have probability operators j�x;�ih�x;�j and would be

nonregular. However, implementing the optimal measurement does require to know

the value of �� for the problem at hand, which is a priori unknown. The obstacle is

overcome by employing an adaptive procedure, which involves constructing a se-

quence of estimates f��ng such that ��n ! �� and modifying the implemented mea-

surement at each step so as to match condition (63). See e.g. Ref. 24 for more

details.

Remark 24. One may generalize Theorem 23 to the multiparameter case. The

quantum Fisher information FQð�Þ can be proven to be the least monotone metric

such that FQð�Þ � FCð�Þ is positive semi-de¯nite for any regular measurement.

However, equality is not in general attainable, unless the commutativity condition

Trð	�½Li;�;Lj;��Þ ¼ 0 is satis¯ed 8i; j 2 f1; . . . ;mg.25,26 A widely employed solution27

is to regularize the problem, by changing the objective function to Tr½C � Covð�Þ�
(where C is a positive-de¯nite diagonal matrix assigning di®erent weights to di®erent

aIn fact, L�	�L� and �x are positive-semide¯nite matrices and the trace of the product of two positive

semi-de¯nite matrices is always nonnegative.

L. Seveso & M. G. A. Paris
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parameters). However, for this problem, the QFI metric is no longer necessarily the

one providing the tightest bound.28

With some caveats, the quantum Fisher information therefore sets the ultimate

asymptotic sensitivity bound in uniparametric problems.

Theorem 25 (Quantum Cram�er{Rao). For regular models and any unipara-

metric estimation protocol ð	0;M; �̂
ðNÞÞ, where M 2 FR and the estimator �̂

ðNÞ
is

unbiased, the following inequality holds:

Varð�̂ðNÞÞ � 1

N � FQð�Þ
: ð64Þ

As in the classical case, the bound (64) is saturable only for a few special statistical

models (see Ref. 29 for a precise statement). In contrast, in the asymptotic limit

N 
 1, one has that, for any regular measurement and any consistent estimator,

lim
N!1

N � Varð�̂ ðNÞÞ � 1

FQð�Þ
: ð65Þ

Equality can be achieved by resorting to the optimal measurement of Eq. (63) and to

an asymptotically e±cient estimator. The last logical step is to maximize the QFI

over the choice of the initial state 	0. To this end, the following extended convexity

property is going to be useful.

Proposition 26. Given a quantum statistical model S ¼ f	�g�2�, where each 	� is

written as a convex superposition of the form 	� ¼
P

i�i;�	i;�, the quantum Fisher

information satis¯es the inequality:

FQ½	�� �
X
i

�i;�FQ½	i;�� þ FC ½f�i;�g�: ð66Þ

The terms in square brackets specify the statistical models on which the (quantum)

Fisher information is computed. From Proposition 26, assuming that the system is

prepared in the parameter-independent state 	0 ¼
P

i�i	i and that the parameter is

encoded via a channel E�, one has

FQ½	�� �
X
i

�iFQ½E�ð	iÞ�; ð67Þ

notice that the classical term FC ½f�ig� vanishes since @��i ¼ 0. It follows that the

QFI achieves its maximum on the set of pure states. It is not possible, in general, to

further determine the optimal preparation, with the signi¯cant exception of unitary

models.

Let us assume that 	0 ¼ j 0ih 0j and the encoding is provided by the unitary

channel associated to Ut ¼ expð�itH�Þ. Then, substituting into Eq. (51), one obtains

FQð�Þ ¼ 4½h �jg2
�½Ut�j �i � ðh �jg�½Ut�j �iÞ2�; ð68Þ

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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where j �i ¼ Utj 0i and g�½Ut� :¼ i@�UtU
†
t is the local generator of Ut. Equation (68)

may be rewritten as

FQð�Þ ¼ 4VarUtj 0i½g�½Ut�� ¼ 4Varj 0i½U
†
t g�½Ut�Ut�; ð69Þ

where Varj i½O� is by de¯nition the variance of the operator O over a state j i. Let us
recall that, by Popoviciu's inequality,30 for any random variable Y,

VarðYÞ � ðY � yÞ2
4

; ð70Þ

where Y (respectively, y) is the maximum (respectively, minimum) value of Y and

equality holds when Y is equally distributed over the two values Y and y. Let us also

introduce the following standard notation for the eigenvalues of a matrix M 2
HerdðCÞ: if we denote the d real eigenvalues of M by specðMÞ ¼ f�1ðMÞ; . . . ; �dðMÞg
(ordered nondecreasingly, i.e. �1ðMÞ � � � � � �dðMÞ), it then follows that

FQð�Þ � ½�1ðU †
t g�½Ut�UtÞ � �dðU †

t g�½Ut�UtÞ�2 ¼ ½�1ðg�½Ut�Þ � �dðg�½Ut�Þ�2

¼ ½�ðg�½Ut�Þ�2;

where the spectral gap of a matrix M 2 HerdðCÞ is de¯ned as �½M� :¼ �1ðMÞ�
�dðMÞ. The equal sign is achieved by preapring a (any) balanced superposition of the

extremal eigenvectors of the generator. Overall, we may summarize the result by the

following proposition.

Proposition 27. Given the unitary model f	�g�2�, with 	� ¼ Ut	0U
†
t and Ut ¼

expð�itH�Þ, one has

max
	0

FQ½Ut	0U
†
t � ¼ ½�ðg�½Ut�Þ�2: ð71Þ

The maximum is reached upon setting 	0 ¼ j ðoptÞ
0 ih ðoptÞ

0 j, where j ðoptÞ
0 i is a

balanced superposition of the extremal eigenvectors of the generator g�½Ut�:

j ðoptÞ
0 i ¼ 1ffiffiffi

2
p ðj�1ðg�½Ut�Þi þ ei�j�dðg�½Ut�ÞiÞ; � 2 R: ð72Þ

6. Nonregular Measurements and Parameter Estimation Beyond the
Quantum Cram�er{Rao Theorem

Let us now extend the theory of quantum parameter estimation, by enlarging the class

of measurements under consideration to nonregular measurements, i.e. measurements

carrying an intrinsic dependence on the unknown value of the parameter. Such mea-

surements will be shown to lead to an improvement of the achievable precision, beyond

the bound encoded by the quantum Cram�er{Rao theorem.5,6

A measurement M� is said to be nonregular if its probability operators f�x;�gx2X
are parameter-dependent. Since nonregular measurements, by de¯nition, do not
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belong to the family FR over which the Fisher information was optimized in Theo-

rem 23, they might outperform the optimal Braunstein{Caves measurement. Ex-

plicitly, their Fisher information FCð�Þ reads

FCð�Þ ¼
X
x2X �

<2 Trð	�L��x;�Þ
Trð	��x;�Þ

þ
X
x2X �

½Trð	�@��x;�Þ�2
Trð	��x;�Þ

þ 2
X
x2X �

<Trð	�L��x;�ÞTrð	�@��x;�Þ
Trð	��x;�Þ

: ð73Þ

The ¯rst term on the RHS is the same that appears on the ¯rst line of Eq. (55)

and that is bounded from above by the QFI, but there are also two additional

contributions. In general, they will have an important e®ect on the achievable sen-

sitivity (though they are not always positive, so a precision enhancement is not

guaranteed).

It is not immediately clear how to implement nonregular measurements. Seem-

ingly, one would need to know beforehand the true value of the parameter. The same

could be said of the statistical model 	� but, in the latter case, the true value of the

parameter is encoded into the initial state, e.g. by making use of the time-evolution of

the system as a resource. In the same way, a nonregular measurement requires the

parameter to be suitably encoded into its probability operators. We now describe two

scenarios where this is possible.

6.1. Measurement models with parameter-dependent interactions

Let us model a nonregular measurement as in Sec. 4, by specifying the interaction

between the system and the apparatus. The total Hamiltonian is HT ¼ H�þ
HA þHI;�, where we assume that the free Hamiltonian HA of the apparatus does not

depend on the parameter, but the coupling term HI;� does. We also assume that the

duration of the measurement tint is short and the interaction is strong, such that the

free evolution of the two systems may be neglected, i.e. the time-evolution operator

during the measurement process may be written as Ut � expð�itHI;�Þ. If the appa-

ratus is prepared in a reference state j�i and a projective measurement fPxgx2X is

made on the ancilla after a time tint, the resulting probability operators read

�x;� ¼ h�jeitHI;�Id � Pxe
�itHI;� j�i ð74Þ

and are, in general, parameter-dependent. A simple example of this scenario is pro-

vided by the estimation of the frequency of a bosonic mode, see a schematic diagram

in Fig. 1.

The parameter to be estimated is the frequency ! of a bosonic mode in a cavity.

The system's Hamiltonian is H! ¼ !ða†aþ 1=2Þ, the initial state is chosen as j 0i ¼
�0j0i þ �1j1i and the statistical model at time t is j !i :¼ Utj 0i ¼ �0e

�i!t=2j0iþ
�1e

�3i!t=2j1i, where Ut :¼ expð�itH!Þ. The QFI may be written as

FQð!Þ ¼ 4t2j�0j2j�1j2;

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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which is the maximum information extractable via regular measurements. A non-

regular measurement can be engineered by coupling the bosonic mode to a two-level

atom, which is initially in its ground state jgi, and by measuring whether the atom

has been excited or not after an interaction time tint. The interaction Hamiltonian

is of the Jaynes{Cummings type HI ¼ �ða†�� þ a�þÞ, where � :¼ d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!=2�0V

p
,

d :¼ ² � hejdjgi, ² is the photon polarization, �0 is the dielectric constant, V the

volume of the cavity, d the dipole operator, jgi the atom's ground state, jei the

excited state, �þ :¼ jeihgj and �� :¼ jgihej. Notice that � ¼ �
ffiffiffi
!

p
with � ¼ d=V

ffiffiffiffiffiffiffi
2�0

p
,

such that the interaction Hamiltonian is parameter-dependent. Explicitly, the evo-

lution operator Ut during the measurement process is

Ut ¼ Uggjgihgj þ Ugejgihej þ Uegjeihgj þ Ueejeihej; ð75Þ

where letting N :¼ a†a denote the number operator for the radiation ¯eld, we have

de¯ned

Ugg :¼ cosð�t
ffiffiffiffiffi
N

p
Þ; Uge :¼ �i

sinð�t
ffiffiffiffiffi
N

p
Þffiffiffiffiffi

N
p a†;

Ueg :¼ �i
sinð�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þN

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffi

1þN
p a; Uee :¼ cosð�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þN

p
Þ:

ð76Þ

By convention, the outcome 0 is obtained if the atom is measured in the ground state

and the outcome 1 if measured in the excited state. From Eq. (26), the measurement

operators and the corresponding probability operators are given by

M0;! ¼ hgjUtjgi ¼ cosð�t
ffiffiffiffiffi
N

p
Þ; M1;! ¼ hejUtjgi ¼ �i

sinð�t
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þN

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffi

1þN
p a; ð77Þ

Fig. 1. Ancilla-assisted estimation of the frequency of a bosonic mode in a cavity. A nonregular mea-

surement can be engineered by coupling the bosonic mode to a two-level atom, which is initially in its

ground state jgi, and by measuring whether the atom has been excited or not after an interaction time t. In
the right panel, we show the regions in the !� t plane where the ratio � ¼ FCð!Þ=FQð!Þ is larger than
one. The dark-gray region is for � ¼ 0:5

ffiffiffi
!

p
and the light-gray one for � ¼ 1:5

ffiffiffi
!

p
.
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�0;! ¼ cos2ð�t
ffiffiffiffiffi
N

p
Þ; �1;! ¼ sin2ð�t

ffiffiffiffiffi
N

p
Þ: ð78Þ

They depend on the parameter ! via the coupling constant �. The Fisher information

is then given by

FCð!Þ ¼
�t

!

� �
2 j�1j2cos2ð�tÞ
1� j�1j2sin2ð�tÞ ; ð79Þ

which is not necessarily bounded from above by the QFI. For instance, if the system

is initially prepared in the excited state, then the QFI vanishes (there is no regular

measurement that can estimate the parameter with ¯nite precision), but

FCð!Þ ¼ ð�t=!Þ2. More generally, for small values of �0 we have a diverging ratio

FCð!Þ=FQð!Þ ’ �2=ð4!2j�0j2Þ, and we have FCð!Þ=FQð!Þ > 1 for values of �0

satisfying the condition

j�0j2 <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

! 2 tan2ð�tÞ
q

� 1

2 tan2ð�tÞ : ð80Þ

In the right panel of Fig. 1 we show the regions in the !� t plane where the ratio

� ¼ FCð!Þ=FQð!Þ is larger than one. The dark region is for � ¼ 0:5
ffiffiffi
!

p
and the light

one for � ¼ 1:5
ffiffiffi
!

p
.

6.2. Energy measurements of nonlinear Hamiltonians

If the Hamiltonian H� depends on the parameter � in a nonlinear way (i.e. it is not of

the form H� ¼ �G), its eigenstates fj
j;�igd�1
j¼0 are in general parameter-dependent.

An energy measurement corresponds to the projective probability operators

�
j;� ¼ j
j;�ih
j;�j, thus the measurement is nonregular. As an example, let us consider

the estimation of the strength g of a uniform gravitational ¯eld. The probing system

is a mechanical oscillator, with Hamiltonian Hg ¼ �@ 2
x=2mþ kx2=2þmgx, where

m is the mass of the oscillator, k its elastic constant and x denotes the vertical

displacement of the oscillator from equilibrium, see Fig. 2.

The energy eigenstates have the following wavefunctions:

 j ¼
m!

�

� 	
1=4 1ffiffiffiffiffiffiffiffi

2jj!
p Hjð{ þ {gÞe�ð{þ{gÞ2=2; ð81Þ

where j 2 N0, Hj is the jth Hermite polynomial, ! :¼
ffiffiffiffiffiffiffiffiffiffi
k=m

p
, { is the dimensionless

coordinate { :¼ x=‘, ‘ is the characteristic length of the oscillator ‘ :¼ 1=
ffiffiffiffiffiffiffiffi
m!

p
and

{g :¼ mg=k‘. The corresponding eigenvalues are 
j;g ¼ !ðjþ 1=2Þ �mg2=2!2. At

time t ¼ 0, the oscillator is cooled to its ground state  0; it is henceforth mechanically

displaced from its equilibrium point by a distance �x, so that the initial state is

 ðx; 0Þ ¼ m!

�

� 	
1=4

e�ð{þ{�Þ2=2; {� :¼ �x=‘: ð82Þ

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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At the generic time t, the wavefunction of the oscillator reads

 ðx; tÞ ¼ m!

�

� 	
1=4

e�i!tð1�{
2
gÞ=2e�ð{þ{gÞ 2=2exp½�g�; ð83Þ

where

�g ¼ �e�i!t
ð{� � {gÞ2

2
cos!tþ ð{� � {gÞð{ þ {gÞ

� �
: ð84Þ

The computation of the QFI for the statistical model of Eq. (84) can be carried out

straightforwardly (see Ref. 5 for details); the ¯nal result is

FQðgÞ ¼
8m

!3
sin2 !t

2

� �
: ð85Þ

It should be compared with the Fisher information FCðgÞ corresponding to an energy

measurement, which is independent on time and given by FCðgÞ ¼ 2m=!3. Notice

that FCðgÞ exceeds the QFI for certain values of the interrogation time t, i.e.

whenever jsinð!t=2Þj < 1=2, e.g. for !t < �=3 (see the left panel of Fig. 2, where we

show the ratio � ¼ FCðgÞ=FQðgÞ as a function of t=T , T ¼ 2�=! being the period of

the oscillator).

7. Nonregular Estimation of General Hamiltonian Parameters

In this section, we further study nonregular estimation protocols based on energy

measurements of nonlinear Hamiltonians. The plan is to introduce a family of

Fig. 2. Estimation of the strength g of a uniform gravitational ¯eld using a (quantum) mechanical

oscillator as a probing system. The mass of the oscillator is m, k its elastic constant, and x denotes the

vertical displacement of the oscillator from equilibrium. In the right panel, we show the ratio � ¼
FCðgÞ=FQðgÞ as a function of t=T , T ¼ 2�=! being the period of the oscillator.
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measurements that are nonregular and have a clear-cut physical interpretation; to

maximize the Fisher information over such a family; to identify the best-performing

measurement and, ¯nally, to compare it with the optimal Braunstein{Caves mea-

surement.

7.1. Controlled energy measurements

Let us consider a projective measurement of H�, with � a general Hamiltonian pa-

rameter. It is assumed that H� has eigenvalues 
j;� ¼ �d�jðH�Þ. With no signi¯cant

loss of generality, the spectrum is taken to be nondegenerate. The probability of each

measurement outcome is

Pr�ð
j;�Þ ¼ Trð	�P
j;�Þ ¼ h
j;�j	0j
j;�i; ð86Þ

where 	� ¼ Ut	0U
†
t , Ut ¼ expð�itH�Þ and P
j;� ¼ j
j;�ih
j;�j. The corresponding

sample space X � ¼ f
j;�gd�1
j¼0 is, in general, parameter-dependent. This is a signi¯-

cant complication, since there is no established theory for statistical models with

parameter-dependent sample spaces. In fact, if the sample space is allowed to de-

pend on �, the proof of the classical Cram�er{Rao theorem, Theorem 23, breaks

down. In some cases, it is even possible to construct unbiased estimators having

vanishing variance.31 To exclude such pathological situations, we assume in the

following that either the eigenstates of H� are parameter-dependent, but not its

eigenvalues; or that the outcomes of an energy measurement are processed via a

suitable statistic Y : X � ! Y, where Y is a conventional parameter-independent

sample space. Within these assumptions, estimators having vanishing variance no

longer occur and the Fisher information is again providing the relevant bounds.

Let us now consider a speci¯c family of nonregular measurements, which were

referred to as controlled energy measurements. They are obtained by ¯rst applying

a unitary control V 2 UðdÞ and then performing a projective energy measurement

(see Fig. 3).

Fig. 3. Schematic diagram of an estimation strategy based on a controlled energy measurement. The
optimal performance is quanti¯ed by Gð�Þ, see Eq. (87), which is optimized over both the preparation stage

and the unitary control. The di®erent stages of the schemes correspond to preparation (	0), encoding (Ut),

control (V ), and energy measurement (P
j;� Þ.

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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De¯nition 28 (Controlled energy measurement). A controlled energy mea-

surement MðV Þ
� has sample space Y ¼ f�j :¼ Y ð
j;�Þgd�1

j¼0 and probability operators

f��jg
d�1
j¼0 , where ��j :¼ V †P
j;�V , V 2 UðdÞ is a unitary parameter-independent

control and P
j;� is the projector over the jth energy eigenstate of H�.

The Fisher information of a controlled energy measurement MðV Þ
� is denoted by

F ðV Þ
C ð�Þ. Let us remark that an energy measurement corresponds to the choice

V ¼ Id. Its probability measure (see Eq. (86)) is t-independent, which implies that

also the Fisher information does not depend on t. In contrast, the QFI generically

grows quadratically with t.32 Therefore, for su±ciently long times, an energy mea-

surement can never outperform the optimal Braunstein{Caves measurement. If, on

the other hand, a unitary control is applied before performing the measurement, then

the Fisher information F ðV Þ
C ð�Þ may grow again like t2 and, in fact, it may even

outperform the optimal Braunstein{Caves measurement at any t, as it will be dis-

cussed in the following. If an experimentalist is allowed to implement arbitrary

controlled energy measurements, the maximum Fisher information she can extract is

Gð�Þ :¼ max
	0

max
V2UðdÞ

F ðV Þ
C ½	��: ð87Þ

Compared with regular measurements, an enhancement is achievable if and only if

Gð�Þ > ½�ðg�½Ut�Þ�2. However, computing Gð�Þ directly from its de¯nition is a non-

trivial task. In the following section, a closed-form formula for Gð�Þ is derived under

the assumption that the Hamiltonian H� satis¯es a rather general condition.

7.2. A tight achievable bound for the precision of controlled

energy measurements

For a generic controlled energy measurement MðV Þ
� , the probability of the outcome

�j is

Pr�ð�jÞ ¼ Trð	�V †P
j;�V Þ: ð88Þ

Let us denote by fjjigd�1
j¼0 the computational basis on the Hilbert space H of the

system. The two orthonormal basis fjjigd�1
j¼0 and fj
j;�igd�1

j¼0 are connected by a

unitary transformation, denoted by S 2 UðdÞ, such that jji ¼ Sj
j;�i. Explicitly, the
matrix elements of S are hjjSjki ¼ h
j;�jki. Notice that, for a general Hamiltonian

parameter, the matrix S is �-dependent and that S reduces H� to diagonal form,

i.e. SH�S
† ¼ diagð
0;�; . . . ; 
d�1;�Þ. One may thus rewrite Eq. (88) as follows:

Pr�ð�jÞ ¼ Tr½ðSVUtÞ	0ðSVUtÞ†Pj� ¼ Trð ~U ðV Þ
	0 ~U

ðV Þ†
PjÞ; ð89Þ

where Pj :¼ jjihjj and all dependence on � has been collected into the unitary matrix

~U
ðV Þ

:¼ SVUt. Formally, a controlled energy measurement on the model 	� is
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equivalent to a projective measurement in the computational basis on the model

	
ðV Þ
� :¼ ~U

ðV Þ
	0 ~U

ðV Þ†
. The Fisher information corresponding to MðV Þ

� can thus be

written as

F ðV Þ
C ð�Þ ¼

X
j2J �

½@�Trð	
ðV Þ
� PjÞ�2

Trð	 ðV Þ
� PjÞ

; ð90Þ

where J � is the subset of J :¼ f0; . . . ; d� 1g such that j 2 J � if and only if

Pr�ð�jÞ 6¼ 0. The task is to maximize the RHS of Eq. (90) over the unitary group UðdÞ
of available controls V and over the initial preparation 	0.

Theorem 29. The maximum Fisher information Gð�Þ that can be extracted via

controlled energy measurements satis¯es the inequality

Gð�Þ � �ðg�½Ut�Þ þ �ðg�½S�Þ½ �2; ð91Þ

where Ut ¼ expð�itH�Þ is the unitary encoding, S is the similarity transformation

diagonalizing H�, g�½Ut� (respectively, g�½S�) is the generator of Ut (respectively, S),

i.e.

g�½Ut� ¼ i@�UtU
†
t ; g�½S� ¼ i@�SS

†; ð92Þ

and �ðMÞ denotes the spectral gap of a matrix M 2 HerdðCÞ.

Proof. The Fisher information for MðV Þ
� is given by Eq. (90). Introducing the

symmetric logarithmic derivative L
ðV Þ
� of 	

ðV Þ
� ,

F ðV Þ
C ð�Þ ¼

X
j2J �

<2 Trð	 ðV Þ
� L

ðV Þ
� PjÞ

Trð	 ðV Þ
� PjÞ

: ð93Þ

Using the inequality <z � jzj, 8z 2 C, and then the Cauchy{Schwarz inequality, the

numerator can be bounded as follows:

<2 Trð	 ðV Þ
� L

ðV Þ
� PjÞZ � jTrð	 ðV Þ

� L
ðV Þ
� PjÞj2

� TrðL ðV Þ
� 	

ðV Þ
� L

ðV Þ
� PjÞTrð	

ðV Þ
� PjÞ: ð94Þ

Therefore,

F ðV Þ
C ð�Þ �

X
j2J �

TrðL ðV Þ
� 	

ðV Þ
� L

ðV Þ
� PjÞ �

X
j2J

TrðL ðV Þ
� 	

ðV Þ
� L

ðV Þ
� PjÞ ¼ Tr½	 ðV Þ

� ðL ðV Þ
� Þ2�:

ð95Þ

Taking the maximum over the initial preparation

max
	0

F ðV Þ
C ð�Þ � max

	0
Tr½	 ðV Þ

� ðL ðV Þ
� Þ2�: ð96Þ

By convexity, the maximum of the expression on the RHS is achieved when the

system is prepared in a pure state. Let us set 	0 ¼ j 0ih 0j. One can then rewrite it as

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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Tr½	 ðV Þ
� ðL ðV Þ

� Þ2�j	0¼j 0ih 0j ¼ 4Varj 0ið ~U
ðV Þ†

g�½ ~U
ðV Þ� ~U ðV ÞÞ; ð97Þ

where

g�½ ~U
ðV Þ� ¼ g�½S� þ ðSV Þg�½Ut�ðSV Þ† ð98Þ

is the local generator of ~U
ðV Þ

. By Popoviciu's inequality, we have,

max
	0

F ðV Þ
C ð�Þ � ½�ðg�½S� þ ðSV Þg�½Ut�ðSV Þ†Þ�2; ð99Þ

and after maximizing over the unitary control V ,

Gð�Þ � max
V2UðdÞ

½�ðg�½S� þ ðSV Þg�½Ut�ðSV Þ†Þ�2: ð100Þ

The above maximization may be carried out explicitly. To this aim we employ the

following lemma: the maximum spectral gap of the sum of any two Hermitian

matrices with given spectra is equal to the sum of their spectral gaps, i.e.

max
U1;U22UðdÞ

�ðU1M1U
†
1 þ U2M2U

†
2 Þ ¼ �ðM1Þ þ �ðM2Þ; M1;M2 2 HerdðCÞ: ð101Þ

See Ref. 6 for a proof. From Eq. (101), Eq. (91) follows immediately.

Let us now discuss tightness of inequality (91). The proof of Theorem 29 can be

broken down into three main steps:

(S1) In Eq. (95), the Fisher information F ðV Þ
C ð�Þ was bounded from above. This step

actually made use of three di®erent inequalities: the inequality <z � jzj (on the

¯rst line of Eq. (94)), the Cauchy–Schwarz inequality (on the second line of

Eq. (94)) and the inequality on the second line of Eq. (95), which follows from:X
j2J nJ �

TrðL ðV Þ
� 	

ðV Þ
� L

ðV Þ
� PjÞ � 0: ð102Þ

(S2) Next, the quantity on the RHS of Eq. (96) was maximized over the initial

preparation 	0, which led to Eq. (99).

(S3) Finally, maximization over the unitary control V was performed.

Steps (S2) and (S3) are proper maximizations, that can be made tight by imple-

menting the optimal control V ðoptÞ and the optimal initial preparation j ðoptÞ
0 i. It is

easy to check that the optimal control has the form

V ðoptÞ ¼ S †R†
1R2; ð103Þ

where R1 (respectively, R2) is the similarity transformation that diagonalizes g�½S�
(respectively, g�½Ut�), with eigenvalues ordered decreasingly, i.e.

R1g�½S�R†
1 ¼ diagð�1ðg�½S�Þ; . . . ; �dðg�½S�ÞÞ;

R2g�½Ut�R†
2 ¼ diagð�1ðg�½Ut�Þ; . . . ; �dðg�½Ut�ÞÞ:

ð104Þ

L. Seveso & M. G. A. Paris
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Moreover, from Popoviciu's inequality, the optimal initial preparation is

j ðoptÞ
0 i ¼ 1ffiffiffi

2
p ~U

ðV ðoptÞÞ†½j�1ðg�½ ~U
ðV ðoptÞÞ�Þi þ ei�j�dðg�½ ~U

ðV ðoptÞÞ�Þi�; � 2 R; ð105Þ

where ~U
ðV ðoptÞÞ ¼ SV ðoptÞUt. The previous expression for j ðoptÞ

0 i can be slightly sim-

pli¯ed by noticing that the extremal eigenvalues of the generator of ~U
ðV ðoptÞÞ

coincide

with the extremal eigenvalues of the generator of S. This can be proven as follows.

From Eqs. (98) and (103), the generator of ~U
ðV ðoptÞÞ

can be written as

g�½ ~U
ðV ðoptÞÞ� ¼ g�½S� þR†

1R2g�½Ut�R†
2R1 ¼ R†

1DR1; ð106Þ
where D is the diagonal matrix

D ¼ diag½�1ðg�½S�Þ þ �1ðg�½Ut�Þ; . . . ; �dðg�½S�Þ þ �dðg�½Ut�Þ�: ð107Þ

Therefore, the extremal eigenvectors of g�½ ~U
ðV ðoptÞÞ� are given by

j�1ðg�½ ~U
ðV ðoptÞÞ�Þi ¼ R†

1j0i; j�dðg�½ ~U
ðV ðoptÞÞ�Þi ¼ R†

1jd� 1i: ð108Þ

But, by the very de¯nition of R1, R
†
1j0i ¼ j�1ðg�½S�Þi and R†

1jd� 1i ¼ j�dðg�½S�Þi,
which establishes our claim. One may thus write

j ðoptÞ
0 i ¼ 1ffiffiffi

2
p ~U

ðV ðoptÞÞ†½j�1ðg�½S�Þi þ ei�j�dðg�½S�Þi�; � 2 R: ð109Þ

Proving tightness of inequality (91) is therefore equivalent to proving that of step

(S1), under the constraints that the control and the initial preparation are chosen

according to Eqs. (103) and (109), respectively. Let us ¯rst consider the majorization

based on the Cauchy{Schwarz inequality, which is saturated if and only if, 8j 2 J �,

there exist complex numbers f�jg such thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	
ðV ðoptÞÞ
�

q
Pj ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	
ðV ðoptÞÞ
�

q
L

ðV ðoptÞÞ
� Pj: ð110Þ

When the model is pure, condition (110) is automatically satis¯ed since it reduces to

h ðV ðoptÞÞ
� jjij ðV ðoptÞÞ

� ihjj ¼ �jh 
ðV ðoptÞÞ
� jL ðV ðoptÞÞ

� jjij ðV ðoptÞÞ
� ihjj ð111Þ

(where we have set j ðV ðoptÞÞ
� i :¼ ~U

ðV ðoptÞÞj ðoptÞ
0 i), which implies

�j ¼
h ðV ðoptÞÞ

� jL ðV ðoptÞÞ
� jji

h ðV ðoptÞÞ
� jji

: ð112Þ

The remaining two inequalities used in step (S1) cannot be saturated without making

further assumptions about the Hamiltonian H�. For the inequality <z � jzj to be

tight, one should have, 8j 2 J �,

=½hjjL ðV ðoptÞÞ
� j ðV ðoptÞÞ

� ih ðV ðoptÞÞ
� jji� ¼ 0: ð113Þ

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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Upon writing explicitly the SLD L
ðV ðoptÞÞ
� and using the optimal preparation given in

Eq. (105), one may prove that the inequality is tight provided that

jhjj�1ðg�½S�Þij ¼ jhjj�dðg�½S�Þij; 8j 2 J �; ð114Þ
i.e. the extremal eigenvectors of the generator of S, written in the computational

basis, are such that corresponding entries have the same complex moduli.

It remains to discuss tightness of inequality (102). Let j 2 J nJ �. This is equiv-

alent to hjj ðV ðoptÞÞ
� i ¼ 0 where, as before,

j ðV ðoptÞÞ
� i ¼ 1ffiffiffi

2
p ½j�1ðg�½ ~U

ðV ðoptÞÞ�Þi þ ei�j�dðg�½ ~U
ðV ðoptÞÞ�Þi�: ð115Þ

For hjj ðV ðoptÞÞ
� i ¼ 0 to hold, there are two possibilities: either both

hjj�1ðg�½ ~U
ðV ðoptÞÞ�Þi ¼ 0 and hjj�dðg�½ ~U

ðV ðoptÞÞ�Þi ¼ 0; ð116Þ

or they are di®erent from zero, have the same moduli and the correct phase di®erence

to cancel each other out. This last possibility can be excluded since the phase � is

arbitrary and can always be set such that no cancelation occurs. So, the only pos-

sibility is for Eq. (116) to hold. Now, to prove tightness, one should show that

hjjL ðV ðoptÞÞ
� j ðV ðoptÞÞ

� i ¼ 0; 8j 2 J nJ �: ð117Þ

Using Eqs. (114) and (115), one arrives at the equivalent condition

�1ðg�½ ~U
ðV ðoptÞÞ�Þhjj�1ðg�½ ~U

ðV ðoptÞÞ�Þi þ �dðg�½ ~U
ðV ðoptÞÞ�Þei�hjj�dðg�½ ~U

ðV ðoptÞÞ�Þi ¼ 0;

ð118Þ

which is trivially satis¯ed because of Eq. (116). Thus, no additional assumption is

needed for equality to hold in Eq. (102). We summarize our results via the following

proposition.

Proposition 30. If H� is such that the extremal eigenvectors of the generator of its

diagonalizing matrix S satisfy the condition

jhjj�1ðg�½S�Þij ¼ jhjj�dðg�½S�Þij; 8j 2 J �; ð119Þ

then the maximum Fisher information extractable via controlled energy measure-

ments is

Gð�Þ ¼ ½�ðg�½Ut�Þ þ �ðg�½S�Þ�2: ð120Þ

The optimal preparation is given by Eq. (105) and the optimal control by Eq. (103).

The condition imposed by Eq. (119) onH� may seem quite restricting. However, it

turns out to be satis¯ed for many Hamiltonians of practical use in quantum me-

trology, see the examples discussed in Sec. 9. Equation (120) thus often provides a

way to directly compute Gð�Þ, without the need of any optimization procedure.
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8. Metrological Applications

In this section, we discuss how to implement controlled energy measurements in a

realistic metrological scenario. In principle, a controlled energy measurement requires

to apply a unitary control V , and then to measure the energy projectively. The

question is how to perform a projective measurement of the Hamiltonian when the

Hamiltonian is not fully known. The problem has ¯rst been investigated in Refs. 33

and 34. In the following, we associate to each controlled energy measurement MðV Þ
� a

family of measurements, called realistic controlled energy measurements, denoted by

MðV Þ
n;m (with n;m 2 N), that are experimentally feasible and allow to approximate

MðV Þ
� to any desired level of accuracy (in the sense that, as n;m ! 1 the probability

measure ofMðV Þ
n;m converges to that ofMðV Þ

� ). Our exposition can be divided into two

parts. First, we describe a simpli¯ed version, denoted byMðV Þ
n , which is based on the

phase estimation algorithm.35{37 It is assumed that the experimentalist can imple-

ment the controlled time-evolution operator

CUt
:¼ j0ih0j � Id þ j1ih1j � Ut: ð121Þ

This is an unrealistic assumption, since CUt
still depends on the true value of the

parameter via Ut. Next, we remove such assumption, which will lead to the intro-

duction of realistic controlled energy measurements. In order to implement MðV Þ
n ,

one introduces n control qubits, each one having Hilbert space Hc ¼ C2. The total

Hilbert space is thusH�n
c �H, with H ¼ Cd the Hilbert space of the original system.

All the control qubits are initially prepared in their ground state j0i, such that at time

t ¼ 0 the state of the total system is j0 � � � 0ih0 � � � 0j � 	0. Then, a Hadamard gate is

applied to each control qubit, i.e. j0i ! Hj0i ¼ ðj0i þ j1iÞ=
ffiffiffi
2

p
and the parameter is

encoded into the model 	� ¼ Ut	0U
†
t . Next, the unitary control V is applied. At time

t, the state of the system is thus given by

1

2n

X
x;y2f0;1g�n

jx1; . . . ;xnihy1; . . . ; ynj � V 	�V
†; ð122Þ

where x stands for the generic binary n-string x1; . . . ;xn and y for the binary string

y1; . . . ; yn.

Next, given an arbitrary unitary U on H, we de¯ne the superoperator CU as

follows:

CU ½	� :¼ CU	C
†
U : ð123Þ

For l ¼ 1; . . . ;n, the n superoperators CU 2 l�1
�

couple the lth control qubit to the main

system (here � represents a free parameter, which corresponds to the typical time of

the measurement process). In particular, when CU 2 l�1
�

is applied to 	l :¼ jxlihylj�

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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V 	�V
†, one obtains

C
U 2 l�1
�

½	l� ¼ jxlihylj � U xl2
l�1

� V 	�V
†ðU †

� Þyl2
l�1
: ð124Þ

Denoting by X ¼ x1 þ 2 � x2 þ � � � þ 2n�1 � xn the decimal representation of the bi-

nary string x, one obtains

1

2n

X2n�1

X¼0

X2n�1

Y¼0

jxihyj � U X
� V 	�V

†ðU †
� ÞY : ð125Þ

Let us now expand V 	�V
† on the energy eigenbasis, i.e.

V 	�V
† ¼

Xd�1

j¼0

Xd�1

k¼0

cjkj
j;�ih
k;�j: ð126Þ

Equation (125) then becomes

1

2n

Xd�1

j;k¼0

X2n�1

X;Y¼0

cjke
�i�ðX
j;��Y 
k;�Þjxihyj � j
j;�ih
k;�j: ð127Þ

The subsequent step of the protocol involves the use of inverse quantum Fourier

transform QFT �1 on the set of n control qubits. The action of QFT �1 on the

computational basis (of H�n
c ) is given by

QFT �1jxi ¼ 1

2n=2

X2n�1

Q¼0

e�
2�iXQ
2n jqi; ð128Þ

and thus the total state of the system after QFT �1 may be written as

1

22n

Xd�1

j;k¼0

X2n�1

X;Y¼0

X2n�1

Q;P¼0

~cjkjqihpj � j
j;�ih
k;�j; ð129Þ

where

~cjk ¼ cjke
�iXð�
j;�þ2�Q

2n ÞeiY ð�
k;�þ2�P
2n Þ: ð130Þ

The ¯nal step consists in a read-out, i.e. one performs a measurement (in the

computational basis) on the n control qubits. The probability Pr�ðqÞ of obtaining the

(binary) string q as outcome is given by

Pr�ðqÞ ¼
1

22n

Xd�1

j¼0

X2n�1

X;Y¼0

Pr�ð
j;�Þe�iðX�Y Þ�j;Q ; ð131Þ

where

�j;Q :¼ �
j;� þ
2�Q

2n
; Pr�ð
j;�Þ ¼ h
j;�jV 	�V †j
j;�i: ð132Þ

L. Seveso & M. G. A. Paris
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After straightforward manipulation, Eq. (131) can also be written as

Pr�ðqÞ ¼
Xd�1

j¼0

Pr�ð
j;�Þ
1

2n

sinð2n�j;Q=2Þ
sinð�j;Q=2Þ

� �2

: ð133Þ

In the limit n ! 1, Pr�ðqÞ converges to the probability Pr�ð
j;�Þ, which corresponds

to a controlled energy measurement MðV Þ
� .

In order to obtain acontrolled energy measurement MðV Þ
n;m in a realistic scenario,

one exploitsMðV Þ
n and implements the controlled time-evolution operator CUt

using a

quantum subroutine referred to as universal controllization (see Fig. 4).33 In order to

brie°y illustrate the protocol let let us address the case l ¼ 1 and consider the problem

to approximate the action of CU� on the state 	1 ¼ jx1ihy1j � V 	�V
†. The transforma-

tion CU� is obtained (i.e. replaced) by m applications of the superoperator �U�=m, con-

structed as follows (see Fig. 5). At ¯rst, an ancilla system with the same dimensionality

as the main system, is introduced. The total Hilbert space is H�n
c �H�Ha, with

Ha ¼ Cd. The ancillary system is then prepared in amaximallymixed state: The state of

the ¯rst control qubit, the main system and the ancilla (before application of CU� ) is thus
given bu 	 0

1 ¼ jx1ihy1j � V 	�V
† � Id=d. Let us now consider the quantum operation,

WU� :¼ CSWAPðI2 � U� � IdÞCSWAP; ð134Þ

where CSWAP is the controlled-SWAP gate acting on Hc �H�Ha as

CSWAPðj0i � j i � j�iÞ ¼ j0i � j�i � j i;
CSWAPðj1i � j i � j�iÞ ¼ j0i � j i � j�i:

ð135Þ

At this point, it is crucial to remark that for the realization (implementation) of the

transformationWU� we do not need to know the form of the Hamiltonian, since only the

uncontrolled version of the time-evolution operatorU� is required. Let us divide � intom

subintervals of duration �=m. During each subinterval,WU�=m is applied; then the ancilla

Fig. 4. Circuit diagram of MðV Þ
n with n ¼ 4 control qubits. In a realistic implementation of controlled

energy measurement, one replaces each box CU� by its e®ective implementation, i.e. by m repeated

applications of the transformation �U�=m, de¯ned in Eq. (136).

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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is traced out and ¯nally it is reset to its initial state. As for example: after the ¯rst

interval, one obtains �U�=m ½	1� � Id=d, where

�U�=m ½	1� :¼ TrHa
ðWU�=m	

0
1W

†
U�=m

Þ: ð136Þ

A simple computation reveals that

�U�=m ½	1� ¼
1

d
TrðU y1�x1

�=m ÞCU�=m ½	1�: ð137Þ

For future convenience, we write

1

d
TrðU�=mÞ ¼ a�=me

i��=m ; ð138Þ

where a�=m 2 Rþ and ��=m 2 R. Note that, since x1 � y1 2 f�1; 0; 1g, one can write

�m
U�=m ½	1� ¼ a

jx1�y1jm
�=m eiðy1�x1Þm��=mCU� ½	1�: ð139Þ

Universal controllization thus replaces CU� with �m
U�=m

. In the limit m ! 1, it can be

proven that the error

�m :¼ ½TrðU�=mÞ=d�m � 1 ð140Þ

tends to zero. A realistic controlled energymeasurement is obtained by substituting each

application of CU 2 l�1
�

by 2 l�1m applications of �U�=m . For instance, instead of Eq. (125),

one would have

1

2n

X2n�1

X;Y¼0

�X;Y e
iðY�XÞm��=m jxihyj � U X

� V 	�V
†ðU †

� ÞY ; ð141Þ

where

�X;Y :¼
Yn
l¼1

a
jxl�ylj2 l�1m
�=m : ð142Þ

After applying the inverse quantum Fourier transform and measuring in the compu-

tational basis, the probability of obtaining the outcome q 2 f0; 1g�n is

Pr�ðqÞ ¼
1

22n

Xd�1

j¼0

Pr�ð
j;�Þ
X2n�1

X;Y¼0

�X;Y e
iðY�XÞ
j;Q ; ð143Þ

Fig. 5. Circuit diagram of WU�=m .
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with


j;Q :¼ �j;Q þm��=m: ð144Þ

Equation (143) can be further expanded by rewriting it as follows:

Pr�ðqÞ ¼
1

22n

Xd�1

j¼0

Pr�ð
j;�Þ
Yn
l¼1

X1
u;v¼0

a
ju�vj2 l�1m
�=m eiðv�uÞ2 l�1
j;Q

¼ 1

2n

Xd�1

j¼0

Pr�ð
j;�Þ
Yn
l¼1

½1þ a2 l�1m
�=m cosð2 l�1
j;QÞ�: ð145Þ

If m ! 1, then ��=m ! 0 and a�=m ! 1, so that Eq. (145) converges to Eq. (133).

In conclusion, a realistic controlled energy measurement allows to approximate to any

desired precision a controlled energymeasurementMðV Þ
� , without requiring any a priori

knowledge about the parameter �.

9. Examples

In this section, we work out a collection of examples. For each example, we compute

the QFI FQð�Þ and compare it with Gð�Þ. We will ¯nd that, in general, Gð�Þmajorizes

FQð�Þ, thus controlled energy measurements lead to a precision enhancement.

Moreover, we study numerically the performance of realistic controlled energy

measurementsMðV ðoptÞÞ
n;m . From the previous section, as n;m ! 1,MðV ðoptÞÞ

n;m converges

to MðV ðoptÞÞ
� , and thus its Fisher information also converges to G�. We will show that,

already for relatively small values of n and m, realistic controlled energy measure-

ments perform very close to the the ultimate bound G�.

9.1. Estimation of the direction of a magnetic ¯eld

Let us consider a situation where the parameter of interest is direction of a magnetic

¯eld. More precisely, we want to estimate that the polar angular direction � of an

external magnetic ¯eld, whose magnitude B is known. The probing system is a two-

level atom, with Hilbert spaceH ¼ C2 and Hamiltonian isH� ¼ !ðcos ��z þ sin ��xÞ.
The energy splitting ! is proportional to the magnitude B of the ¯eld and it is thus

known. At time t ¼ 0, the atom is initialized in its ground state: j 0i ¼ j0i. At the

generic time t, the state of the probe is j �i ¼ Utj 0i, with Ut :¼ expð�iH�tÞ, see the
left panel of Fig. 6 for a schematic diagram.

If an experimentalist is constrained to perform regular measurements, the best

performance she can achieve is quanti¯ed by the QFI

FQð�Þ ¼ 4 sin2ð!tÞ � sin2ð2!tÞsin2�: ð146Þ

Optimizing also over the initial preparation,

max
j 0i

FQð�Þ ¼ 4 sin2ð!tÞ: ð147Þ

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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If instead the experimentalist is allowed to implement only controlled energy mea-

surements, the maximum Fisher information that she can extract is given by Gð�Þ. To
compute Gð�Þ, one ¯rst computes the matrix S, built from the eigenvectors ofH�, and

its generator g�½S�

S ¼
�scð�Þ sin �

2
scð�Þ cos �

2

ssð�Þ cos �
2

ssð�Þ sin �
2

0
BB@

1
CCA g�½S� ¼

0 � i

2
ssð�Þ

i

2
ssð�Þ 0

0
B@

1
CA: ð148Þ

where scð�Þ ¼ sgn½cos �2�, ssð�Þ ¼ sgn½sin �
2�, and sgnðxÞ :¼ jxj=x. The extremal

eigenvectors of g�½S� are then given by

j�1ðg�½S�Þi ¼
1ffiffiffi
2

p ð�i; 1Þt; j�2ðg�½S�Þi ¼
1ffiffiffi
2

p ði; 1Þt: ð149Þ

Since condition (119) is satis¯ed, Gð�Þ can be obtained via Proposition (30). The

explicit expressions for Ut and its generator are

Ut ¼
A B

B A�

� �
; g�½Ut� ¼

�C D

D� C

� �
; ð150Þ

where

A ¼ cos!t� i cos � sin!t; C ¼ 1

2
sin � sin 2!;

B ¼ �i sin � sin!t; D ¼ ðcos � cos!t� i sin!tÞ sin!t:

One thus obtains

Gð�Þ ¼ ð2jsinð!tÞj þ 1Þ2: ð151Þ

As an overall check, in the central panel of Fig. 6 we report Gð�Þ computed by

Eq. (151) together with its values computed by numerical optimization from its

de¯nition (87). In the right panel we instead show a comparison of Gð�Þ with the QFI

Fig. 6. Left: schematic diagrams of the qubit-based estimation of the direction of a magnetic ¯eld. Center:
the line corresponds to Gð�Þ, computed by Eq. (151), whereas the circular marks correspond to values of

Gð�Þ computed by the numerical optimization involved in its de¯nition, see (87). Right: comparison be-

tween the optimal Braunstein{Caves measurement and the optimal controlled energy measurement, the
plot shows the ratio between the QFI, optimized over the initial preparation and Gð�Þ, computed by

Eq. (151).
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in terms of the ratio � ¼ maxj 0iFQð�Þ=Gð�Þ, which is apparently below unit at

all times.

In order to check whether the above protocol may be of practical interest one may

also study numerically the performance of MðV ðoptÞÞ
n;m (with V ðoptÞ the optimal control

of Eq. (103)). Recall that n is the number of ancillary qubits needed to implement the

phase estimation algorithm, while m is the number of subintervals the timescale � is

subdivided into. During each subinterval, the action of the controlled time-evolution

operator CU� is approximated by applying m times the superoperator �U�=m of

Eq. (136). As n;m ! 1, the probability measure ofMðV ðoptÞÞ
n;m converges to that of the

optimal controlled energy measurement. Our results show that already for reasonably

small values of the two parameters, say n ¼ 6, m ¼ 3, one is close to the ultimate

bound Gð�Þ.

9.2. Estimation of a component of a magnetic ¯eld

The parameter to be estimated is the component of a magnetic ¯eld along the x

direction. The probing system is again a two-level atom. The Hamiltonian is H� ¼
�!�z þ ��x, with eigenvalues ��� and �� :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 þ �2

p
. We report the matrices

Ut and S, with their corresponding generators. For Ut and g�½Ut�, one obtains

Ut ¼
A B

B A�

� �
; g�½Ut� ¼

�C D

D� C

� �
; ð152Þ

where

A ¼ cosð��tÞ þ
i! sinð��tÞ

��

; C ¼ � !�½sinð2��tÞ � 2��t�
2�3

�

;

B ¼ � i� sinð��tÞ
��

; D ¼ sinð2��tÞ!2 � i�� cosð2��tÞ!þ ��ð2t�2 þ i!Þ
2�3

�

:

For the matrix S and its generator,

S ¼ 1ffiffiffiffiffiffiffiffi
2��

p
� !þ ��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�� þ !
p �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�� þ !
p

�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�� þ !

p �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�� � !

p

0
BB@

1
CCA; g�½S� ¼

i!

2�2
0 1

�1 0

� �
: ð153Þ

The maximum QFI is

max
j 0i

FQð�Þ ¼
2

�4
�

½2�2
�t

2�2 � !2 cosð2��tÞ þ !2�: ð154Þ

Since the eigenvectors of g�½S� satisfy condition (119), Gð�Þ can be computed directly

and is given by

Gð�Þ ¼ !

� 2
�

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½2�2

�t2�
2 � !2 cosð2��tÞ þ !2�

q
�2
�

0
@

1
A

2

; ð155Þ
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which is larger than the QFI at any time. In particular, we may write

Gð�Þ ¼ !

�2
�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max
j 0i

FQð�Þ
r !

2

: ð156Þ

The ratio � ¼ maxj 0iFQð�Þ=Gð�Þ may be written as � ¼ 1� !=ð�2tÞ for !
 1,

whereas the di®erence between the di®erence between FQð�Þ and Gð�Þ may be more

pronounced in other regimes. For !
 1, the ratio � oscillates at small times, and then

it approaches unity for large times. In Fig. 7, we show the ratio � as a function of time

for ! ¼ 1 and di®erent values of �).

9.3. Estimation of a weak magnetic ¯eld by spin-1 probes

NV-center in diamond has been suggested as quantum probes to precisely

estimate the magnitude of a weak magnetic ¯eld. The probing system is made of a

nitrogen atom (N) inside a diamond crystal lattice, having a vacancy (V) in one of

its neighboring sites. Two di®erent classes of the defects are known and employed:

the neutral state, usually referred to as NV0, and the negatively-charged

state NV�. The second class NV� is the one exploited in metrological applications,

since it provides a spin triplet state which can be accurately prepared, manipulated

with long coherence time, and ¯nally read out by purely optical means.38 Upon

assuming that the interactions with the surrounding nuclear spins may be

neglected, the Hamiltonian HNV governing the evolution of the triplet state is

given by

HNV ¼ �B � S þDS 2
z þEðS 2

x � S 2
yÞ; ð157Þ

2 4 6 8 10
t

0.2

0.4

0.6

0.8

1.0
γ

Fig. 7. Left: schematic diagrams of the qubit-based estimation the x-component of a magnetic ¯eld.

Right: the ratio � ¼ maxj 0iFQð�Þ=Gð�Þ as a function of time for ! ¼ 1 and di®erent values of �. From

lower to upper curves, we have � ¼ 0; �=50; �=20; �=10; �=5; �=3; �=2. Notice the loss of periodicity for
higher values of �.
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where the external magnetic ¯eld is denoted by B and S ¼ ðSx;Sy;SzÞ is a vector

whose elements are the three spin 1 matrices:

Sx ¼
ffiffiffi
2

p 0 1 0

1 0 1

0 1 0

0
@

1
A; Sy ¼

ffiffiffi
2

p
i

0 �1 0

1 0 �1

0 1 0

0
@

1
A; Sz ¼ 2

1 0 0

0 0 0

0 0 �1

0
@

1
A:

In the above formulas � is the Bohr magneton and the couplings D and E are given

by D � �� 1:44GHz and E � �� 50 kHz, respectively. Upon assuming that the

magnetic ¯eld is weak, the two transverse components Bx and By may be neglected

in comparison to the component Bz, which is aligned along the NV-center defect

axis. By renaming Bz as �, the Hamiltonian becomes

H� ¼ ��Sz þDS 2
z þ EðS 2

x � S 2
yÞ: ð158Þ

The maximum QFI is

max
j 0i

FQð�Þ ¼
8�2½2�2�2t2�2 þ E2 � E2 cosð4�tÞ�

�4
; ð159Þ

where � :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2�2 þ 4E2

p
. Instead, Gð�Þ is given by

Gð�Þ ¼ 2E�

�2
þ 2

ffiffiffi
2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�2�2t2�2 þ E2 �E 2 cosð4�tÞ

p
�2

 !
2

¼ 2E�

�2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max
j 0i

FQð�Þ
r !

2

� max
j 0i

FQð�Þ; ð160Þ

with the maximised QFI approaching the value of Gð�Þ only in the limit �
 1.

10. Conclusion

In this paper, we have addressed nonregular measurements as a novel resource for

quantum metrology. In particular, we have analyzed the family of controlled energy

measurements and applied them to Hamiltonian parameter estimation problems. A

controlled energy measurement is obtained by applying a unitary control and then

performing a projective energy measurement. It is nonregular whenever the Hamil-

tonian depends nonlinearly on the parameter �.

We have then maximized the Fisher information over the set of controlled energy

measurements and initial preparations. The maximum, denoted by Gð�Þ, can be

computed by the closed-form expression given in Eq. (120), and it may be larger than

the QFI of the corresponding regular statistical model. We have discussed how

controlled energy measurements can be implemented in realistic scenarios, via an

adaptation of the quantum phase estimation algorithm.

Quantum enhanced metrology of Hamiltonian parameters beyond the Cram�er{Rao bound
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Finally, in order to to clarify the details of our estimation techniques, we have

worked out a collection of examples, showing that a precision enhancement, com-

pared with regular measurements, is often possible. In particular, we have empha-

sized that, if the parameter is not a simple phase, the quantum Fisher information no

longer necessarily embodies the ultimate precision limit. Our results show that pre-

cision of quantum metrological protocols is not necessarily bounded by the inverse of

the quantum Fisher information, i.e. quantum enhanced estimation may be more

precise than previously thought. We foresee further applications in the ¯eld of

quantum sensing39 and quantum probing.40{43
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Appendix A. Abbreviations and Symbols Used in this Paper

MSE mean-square error

POVM Positive operator-valued measure

FI Fisher Information

SLD Symmetric logarithmic derivative

QFI Quantum Fisher Information

N Set of positive integers

N0 Set of nonnegative integers

R Set of real numbers

R Extended set of real numbers

Rþ Set of nonnegative real numbers

C Set of complex numbers

jSj Cardinality of a set

PðSÞ Power set of S

convðSÞ Convex hull of a set of points S

vertð�Þ Set of vertices of a convex polytope �

Mij Element ij of M

Mt Transpose of a matrix M

specðMÞ Spectrum of a matrix M

rkðMÞ Rank of a matrix M

�ðMÞ Spectral gap of a matrix M

colðMÞ Set made up of the columns of a matrix M

diagðf�ign
i¼1Þ Diagonal matrix, with diagonal elements f�ign

i¼1

imSðMÞ Image of a matrix M on a set S
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Mn;mðKÞ Set of n�m matrices over a ¯eld K

HernðKÞ Set of n� n Hermitian matrices over a ¯eld K

Herþn ðKÞ Set of n� n positive semi-de¯nite Hermitian matrices over a ¯eld K

In n� n identity matrix

On n� n zero matrix

Jp�q p� q matrix made up of all ones

X;Y . . . Classical random variables

EðXÞ Expectation value of X

VarðXÞ Variance of X

CovðX;YÞ Covariance of X and Y
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