Physics Reports 1134 (2025) 1-62

journal homepage: www.elsevier.com/locate/physrep

Contents lists available at ScienceDirect

PHYSICS REPORTS

Physics Reports

Review Article

Review: Quantum metrology and sensing with many-body )

systems

Check for
updates

Victor Montenegro ¢, Chiranjib Mukhopadhyay *°, Rozhin Yousefjani "¢,
Saubhik Sarkar *°, Utkarsh Mishra ¢, Matteo G.A. Paris ', Abolfazl Bayat *>&*

2 Institute of Fundamental and Frontier Sciences, University of Electronic Science and Technology of China, Chengdu 611731, China
b Key Laboratory of Quantum Physics and Photonic Quantum Information, Ministry of Education, University of Electronic Science

and Technology of China, Chengdu 611731, China

¢ College of Computing and Mathematical Sciences, Department of Applied Mathematics and Sciences, Khalifa

University, 127788 Abu Dhabi, United Arab Emirates

4 Qatar Center for Quantum Computing, College of Science and Engineering, Hamad Bin Khalifa University, Doha, Qatar
€ Department Of Physics and Astrophysics, University of Delhi, Delhi 110007, India

f Dipartimento di Fisica, Universita di Milano, I-20133 Milan, Italy

& Shimmer Center, Tianfu Jiangxi Laboratory, Chengdu 641419, China

ARTICLE INFO

ABSTRACT

Article history:

Received 30 September 2024
Received in revised form 21 May 2025
Accepted 22 May 2025

Editor: Gong

Quantum systems, fabricated across various spatial scales from nano to micrometers,
are very delicate and naturally sensitive to the variations of their environment. These
features make them excellent candidates for serving as sensors with wide range of
applications. Indeed, the exceptional precision of quantum sensors arises from their
compact size and inherent sensitivity, enabling measurements with unprecedented
accuracy within highly localized regions. A key advantage of quantum sensors lies in
their resource efficiency, as their achievable precision can scale super-linearly with
respect to resources, such as system size, in contrast to the linear scaling characteristic
of classical sensors. This phenomenon, commonly referred to as quantum-enhanced
sensitivity, fundamentally depends on exploiting uniquely quantum mechanical features,
including superposition, entanglement, and squeezing. Originally, quantum sensing was
formulated for particles prepared in a special form of entangled states. Yet, certain
realization of these probes may be susceptible to decoherence and interaction between
particles may also be detrimental to their performance. An alternative framework
for quantum sensing has been developed through exploiting quantum many-body
systems, where the interaction between particles plays a crucial role. In this review,
we investigate different aspects of the latter approach for quantum metrology and
sensing. Many-body probes have been used for sensing purposes in both equilibrium and
non-equilibrium scenarios. Quantum criticality, as a well-studied subject in many-body
physics, has been identified as a resource for achieving quantum-enhanced sensitivity
in both of these scenarios. In equilibrium, various types of criticalities, such as first
order, second order, topological, and localization phase transitions have been exploited
for sensing purposes. In non-equilibrium scenarios, quantum-enhanced sensitivity has
been discovered for Floquet, dissipative, and time crystal phase transitions. While each
type of these criticalities, either in equilibrium or non-equilibrium scenarios, has its own
characteristics, the presence of one feature is crucial for achieving quantum-enhanced
sensitivity and that is energy/quasi-energy gap closing. In non-equilibrium quantum
sensing, time becomes another parameter which can affect the sensitivity of the probe.
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Typically, the sensitivity enhances as the probe evolves in time. In this review, we
provide an overview on recent progresses on different aspects of quantum metrology

and sensing with many-body systems.
© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, Al
training, and similar technologies.
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1. Introduction

The rapidly emerging quantum technologies are expected to revolutionize our lives in the coming decades [1]. In a
broad sense, quantum technologies are developed in three directions, namely quantum simulation and computation [2,3],
quantum communication [4,5], and quantum sensing [6]. Thanks to advancements in fabricating ultra-precise quantum
devices, the progress in all these three aspects have significantly been accelerated. Quantum sensing [6] is one of the
pillars of quantum technologies which allow for developing a new generation of sensors for detecting gravitational,
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magnetic and electric fields as well as estimating physical quantities with unprecedented precision, well beyond the
capability of conventional classical sensors. The application prospect of quantum sensors is very wide and includes
mining [7], environmental monitoring [8], gravimetry [9-15], biological imaging [16-18], space exploration [19], radar
and lidar technology [20-23], searching for fundamental particles [24-30] — the list goes on. There are several reasons
that make quantum sensors superior over their classical counterparts. First, the even smaller sizes of quantum sensors,
which can be fabricated at the atomic scales, allows for measuring environmental parameters within an extremely
localized spatial extensions, such as biological cells [31,32]. Second, the natural delicacy of quantum superposition allows
quantum sensors to detect very weak signals [33,34]. Third, quantum features, such as superposition, entanglement and
squeezing, can be harnessed by quantum probes to achieve quantum-enhanced precision outperforming their classical
counterparts using the same amount of resources [35-37]. Fourth, quantum sensors have been developed on a wide
variety of physical platforms, showing their flexibility in fabrication, control and application. Such platforms includes ultra-
cold atoms [38-48], ion traps [49-54,54,55], atomic vapors [56-63], nuclear magnetic resonance systems [29,30,64-67],
solid state defects in diamond [68-82], superconducting circuits [83-86], photonic setups [87-93], and optomechanical
devices [94-117], the list goes on.

In order to quantify the precision of a sensor for estimating an unknown parameter 6, one needs to specify a proper
figure of merit. In case of maximal-likelihood estimation theory, the imprecision of the estimation can be quantified by
the variance of an unbiased max-likelihood estimator. This variance is bounded through Cramér-Rao inequality [118,119]
by 1/MI(6), where M is the number of samples and I(#) is a quantity called Fisher information, which will be defined and
discussed later. Dependence on M is a direct consequence of central limit theorem, therefore the most important quantity
which bounds the precision of a sensor is the Fisher information. In fact, in estimation theory, Fisher information is the
conventional figure of merit for evaluating the performance of a sensor. Every sensing procedure exploits some resources
such as time, particle number, system size, etc. The resource efficiency of a given sensor is determined by the scaling of
Fisher information with respect to those resources. In other words, such scaling shows how the precision is enhanced by
using more resources. In the absence of quantum features, the Fisher information at best scales linearly with the resource,
which is known as standard quantum limit (or classical shot-noise limit). However, exploiting quantum features such
as quantum coherence, entanglement, and squeezing may result in super-linear scaling of the Fisher information with
respect to their resource. This is known as quantum-enhanced sensitivity and is one of the key properties that makes
quantum sensors superior over their classical counterparts.

Seminal ideas in quantum metrology can be traced back to the 1980s, when debates arose over whether quantum-
mechanical radiation-pressure fluctuations disturb position measurements in an interferometry setup [120], as well as
quantum mechanical noise in linear amplifiers [121] and interferometry [122]. For further insights, see the theoretical
review by Caves et al. [123], along with an experimental progress review by Bocko et al. [124]. Moreover, in 1994,
Samuel L. Braunstein and Carlton M. Caves [125] formulated a more general uncertainty principle based on a Riemannian
metric on the space of quantum-mechanical density operators. Later, quantum-enhanced sensitivity was proposed in an
interferometric setup by V. Giovannetti, S. Lloyd, and L. Maccone [35]. In this paper, the authors show that a special form of
entangled states, such as Greenberger-Horne-Zeilinger (GHZ) states, can enhance the precision of detecting a phase shift
quadratically with respect to the probe size. Optical setups have since been used to experimentally confirm this effect quite
extensively [88,89,92]. Even for matter-based platforms, the effect was tested experimentally in ion-trap systems [49] and
then extended to various physical platforms like superconducting qubits [85] and nitrogen vacancy centers [126]. The
interferometry-based quantum sensing has several advantages, including: (i) the quantum-enhanced precision can be
achieved for all range of parameters; and (ii) the measurement which results in quantum-enhanced precision is fixed
and does not depend on the unknown parameter. Nonetheless, this approach also has inherent limitations, as it relies on
GHZ-type entangled states, which are difficult to create and, in general, might be susceptible to decoherence and particle
loss. In addition, in this strategy a very special form of unitary operation, namely phase shift, is assumed for encoding the
information in the state of the probe. In fact, it has been shown that any disturbance to the considered unitary operation
diminishes the precision [127]. All these challenges may prevent the original interferometric sensing procedure to scale
up for large system sizes or restrict it to special forms of interactions.

An alternative method to interferometric quantum sensing has emerged in many-body systems. There are several
distinct features between the two methods for sensing external parameters: (i) while the interferometric sensing requires
entangled GHZ-type state preparation, in many-body sensors entanglement is either inherently present in the spectrum
of the system or generated freely during the dynamics; (ii) while interaction between particles is usually destructive
in interferometric sensing [127], it plays a crucial role in many-body sensors; (iii) unlike GHZ-type states, many-body
systems are more resistive against decoherence and particle loss; and (iv) in contrast to the interferometric sensors, the
optimal measurement may depend on the unknown parameter which is supposed to be measured. While features (i)-
(iii) show the benefits of many-body sensors over their interferometric counterparts, the feature (iv) shows that taking
advantage of many-body systems for sensing is not free of challenge. These pros and cons motivate further investigations
of many-body systems for developing a new generation of sensors. See, for instance, Ref. [128] for an analytically solvable
many-body problem in Hamiltonian parameter estimation, both for classical and quantum metrology. In general, there
are two different approaches to exploit many-body systems for metrology purposes with quantum-enhanced sensitivity.
The first approach, which typically requires equilibrium states, such as the ground state, exploits quantum criticality for
achieving quantum-enhanced sensitivity. In the second approach, however, non-equilibrium dynamics of a many-body
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Quantum Enhanced
Sensitivity

Interferometric Many-Body
Quantum Sensing Quantum Sensing

Non-Equilibrium Equilibrium
Quantum Probes Quantum Probes

Non-Equilibrium
Steady States

Non-Equilibrium
Transient States

Fig. 1. Schematic for achieving quantum-enhanced sensing. The main advantage of quantum sensors over their classical counterparts is manifested
through quantum-enhanced sensitivity. Various strategies have been discovered to achieve such enhancement. Originally, interferometric quantum
sensors were proposed and realized for measuring a phase shift with quantum-enhanced precision. Later, the capacity of quantum many-body
systems for achieving quantum-enhanced sensitivity was identified which is the subject of this review. Many-body systems have been used for
quantum sensing in both equilibrium (e.g. criticality in the ground state) and non-equilibrium modes. In the non-equilibrium case, we can further
divide the sensors into non-equilibrium steady states and transient dynamics.

Table 1
Quantum-enhanced sensing strategies. A comparison between different means of quantum sensing is provided in this Table. This review is mainly
focused on quantum many-body probes at equilibrium and non-equilibrium configurations.

Sensing Strategy Advantages Limitations

Interferometric Quantum Sensors

1. Difficult preparation
External parameter is induced 1. Heisenberg scaling possible 2. Potentially sensitive to decoherence and
by phase shift 0(9) — ¢itC 2. Universal optimal measurement particle loss

3. Works only for phase shift operations

Many-Body Quantum Sensors at Equilibrium

1. Quantum-enhanced sensitivity achievable 1. Fine tuning is needed (local sensing)
Ground or Thermal - L .
State based for Hamiltoni ¢ by gap-closing phase transitions 2. Optimal measurement parameter-value
ha ef aseﬁ_c;:;‘ ?_Almlg onians o 2. Quantum-enhanced sensitivity possible dependent
the form H=Ho+H(0) 3. Robust against imperfections 3. Preparation might be resource consuming

Non-Equilibrium Many-Body Quantum Sensors

—_

. Initialization does not matter 1. Fine tuning is needed (local sensing)
Quantum-enhanced sensitivity possible 2. Optimal measurement parameter-value
Works even with partial accessibility dependent
Dissipation can also be harnessed 3. Reaching steady state is time consuming

Non-Equilibrium Steady
State based

Quantum-enhanced sensitivity possible
Time control for better precision
May operate across the entire phase
(no fine tuning)
5. Sequential measurements are adaptable

1. Decoherence is a limiting factor
2. Optimal measurement parameter-value
dependent

2.
3.
4.
1. Easy initialization
2.
. 3.
Transient State based 4

system is exploited to accumulate information about the parameters of interest. Further divisions can be considered for
non-equilibrium probes as they might be used at non-equilibrium steady states or transient dynamics. All these methods
for achieving quantum-enhanced sensitivity are summarized in Fig. 1. The advantages and limitations of each of these
methods are comprehensively summarized in Table 1. Additionally, the frequently used notations in this review article
are summarized in Table 2 for convenience.

Quantum criticality has already been identified as a resource for sensing in both equilibrium and non-equilibrium
many-body systems. Originally, quantum phase transition in the transverse Ising model has been explored for metrology
purposes [129]. It has been then extended to various types of criticalities including, second-order [129-144], first-
order [145-148], topological [149-153], and Stark phase transitions [154-157]. Apart from these distinct types of
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Table 2

Notation used throughout the review, unless specified otherwise.

Notation Meaning

1(0) Classical Fisher information (or just Fisher information) with respect to unknown parameter 6.
1p(0) Quantum Fisher information with respect to unknown parameter 6.

2] Statistical estimator corresponding to unknown parameter 6.

9 Partial derivative with respect to unknown parameter 6.

F(p1, p2) Quantum fidelity between two density matrices p; and p,, given by F(p1, p2) = /Tr\/\/p102./P1-
Var[-] Variance of a random variable.

0 Any quantum mechanical operator.

6 Vector of multiple parameters.

Nex Number of particles (or excitations) in a many-body system.

L and N Depending on the context, both have been used for the size of a many-body system.

. 2 x 2 Pauli matrices.

Nseq Number of consecutive steps in sequential measurement sensing protocols.

T Temperature.

B and h Magnetic fields.

criticalities at equilibrium, non-equilibrium quantum phase transitions can also demonstrate quantum-enhanced sen-
sitivity. This includes dissipative [158-167], Floquet [168,169] and time crystal [ 170-174] phase transitions. Each type of
quantum criticality comes with its own features and characteristics. For instance, second-order quantum phase transitions
take place in the ground state of a many-body system and are accompanied by spontaneous symmetry breaking and
long-range correlations which are described by Landau-Ginzburg formalism [175]. On the other hand, topological phase
transitions neither show symmetry breaking nor follow the Landau-Ginzburg theorem [176] and Stark localization takes
place across the entire spectrum and not just the ground state [177,178]. While different types of quantum criticalities
have their own characteristics, one feature is common among all of them for showing quantum-enhanced sensitivity
which is energy/quasi-energy gap closing. This is an interesting observation which guides us in searching for finding new
potential quantum sensors with the capability of achieving quantum-enhanced precision. Interestingly, the realization of
criticality-based quantum sensors are becoming viable in various physical platforms, including nuclear magnetic resonance
systems [140], Rydberg atoms [179] and superconducting devices [86].

Quantum criticality is in general a property of equilibrium states such as the Gibbs thermal state (which becomes
the ground state at zero temperature limit) [175,180]. Preparing such equilibrium states can be challenging in practice,
demanding ultra-low temperatures or extremely long preparation times. One can in fact analyze the ratio of the Fisher
information and the time cost to discern the practical quantum advantage. The time-dependent bound on the Fisher
information [181] provides valuable insights on the prediction of such advantage. As will be discussed later within a
broader resource analysis segment, this leads to outcomes specific to the critical system. In addition, criticality-enhanced
quantum precision is only achievable around the phase transition point. This requires fine tuning and thus is mostly
beneficial in the context of local sensing, where significant prior information about the parameter of interest is available.
Beyond criticalities, the sensing capability of many-body systems have also been investigated in their strongly correlated
phases, even in the presence of thermal fluctuations [144,182,183]. Moreover, as an alternative approach, one can
also use non-equilibrium dynamics of many-body systems for sensing unknown parameters. These setups are more
experimental friendly as their initial state can be a simple product state and entanglement is generated naturally during
the dynamics. Non-equilibrium dynamics in many-body systems can be induced through different methods, including
quantum quench [184-189], measurement quench [190-193], external driving [194-196] and adiabatic evolution [183].
Apart from the probe size, in non-equilibrium quantum sensors, time is also a key resource which plays an important
role and has to be included in the definition of standard quantum limit and quantum-enhanced sensitivity. In general,
Fisher information scales as I ~ t*L?, where t is time, L is the system size and « and § are two exponents [165]. In
non-equilibrium sensors, the standard quantum limit is defined as «=8=1. Any situation with « > 1or 8 > 1is
called quantum-enhanced sensitivity with the special case of Heisenberg limit, defined as a=f8=2. In certain systems
in which the unitary dynamics preserves the number of excitations, the Fisher information may scale with the number
of excitations too. In fact, in Ref. [197] it was shown that in excitation-preserving dynamics Fisher information scales as
I ~ t*LPNk,, where Ny is the number of excitations and y is its corresponding exponent. This is an interesting observation
which shows how the sensitivity increases from single excitation subspace, i.e. Nex=1, to half filling, i.e. Nex=L/2. In
addition, Ref. [198] proposes using spin-orbit coupled quantum gases which they claim can be utilized to overcome the
Heisenberg limit, and Ref. [189] demonstrates that Fisher information can exhibit exponential scaling as a physical effect
by quenching dynamics far beyond the critical point. Unlike criticality-based quantum sensors, the criteria for achieving
quantum-enhanced precision is not yet well-characterized in non-equilibrium quantum many-body probes. For instance,
we know that localized phases are not good for sensing [154-156,199] but what features in extended phases are crucial
for quantum-enhanced sensitivity are not yet identified.

In practice, no quantum device is perfectly isolated from its environment and thus decoherence is an inevitable part of
any quantum protocol. Consequently, any quantum dynamics is actually an open system evolution. Different formalisms
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have been developed for addressing open system dynamics, among them are: (i) master equation [200]; and (ii) non-
Hermitian Hamiltonians [201]. In the former, the evolution of the system and its environment is described by a unitary
operation. By tracing out the environment, the evolution of the system, typically within Born—-Markov approximations, is
thus characterized by the Lindblad (or Gorini-Kossakowski-Sudarshan-Lindblad) master equation [202]. In this formalism
a quantum system initially prepared in a pure state may indeed evolve to a mixed state due to the action of jump
operators—a signature of information leakage (irreversible process) to the environment. In non-Hermitian formalism, the
environment is monitored for tracking a trajectory in which no jump operator action takes place [203,204]. As a result,
an initially pure quantum state remains pure throughout the dynamics, despite being evolved effectively as an open
quantum system. Other mechanisms that address or profit from dissipation include decoherence-free subspaces [205,206],
by coupling the quantum resources to a common environment that can be measured at least in part [207] and coherent
averaging [208] more generally leading to quantum-enhanced measurements without entanglement [209], dynamical
decoupling [210,211], and quantum reservoir engineering [212]. The latter technique involves adding an engineered
Lindbladian term to the open system dynamics. This approach can be designed to steer the system into a desired
pure steady-state, effectively cooling the system to that state [213-216]. Both master equation and non-Hermitian
formalisms have been investigated for quantum sensing. Indeed, a general joint (system plus environment) quantum
Fisher information upper bound has been formulated [217]. Hence, one would expect that such open quantum system
dynamics may also achieve quantum-enhanced sensitivity provided that the system goes through a phase transition,
which is again accompanied by an eigenvalue gap closing. In the master equation formalism, the phase transition is
determined for the steady state of the system at the point that the eigenvalues of the Liouvillian operator shows gap
closing [218]. An example of such systems with quantum-enhanced sensitivity is boundary time crystals [170]. In the
non-Hermitian systems, quantum-enhanced sensitivity has been shown to emerge at the exceptional points [219], where
two or more eigenvalues and corresponding eigenstates coalesce, as well as in the cases of different types of gap closing
in the complex energy plane [153].

In this review, we explore the capacity of many-body systems for serving as quantum sensors in both equilibrium and
non-equilibrium regimes. Our paper is complementary to a few previous review papers on different aspects of quantum
sensing. In Ref. [220], the theoretical aspects of quantum estimation theory are comprehensively discussed. On the other
hand, Ref. [6] mostly focuses on experimental implementation of quantum sensors. More recent reviews have been
dedicated for exploring Fisher information and its properties [221,222] and entanglement-enhanced metrology [223].
In addition, recently an essay has also been dedicated to atomic, molecular, and optical platforms for realizing quantum
sensors [224]. While quantum many-body sensors have received significant attention in recent years, these aforemen-
tioned recent progresses have not been covered in the previous review articles. This makes it timely to provide a review
on the progress towards quantum many-body sensors.

2. Elements of parameter estimation

Precise measurements of relevant quantities are essential in science. In physics, high-precision measurements lead
us to test the theory of special relativity [225-230], scrutinize the theory of general relativity via gravitational wave
detection [225,231], and validate the Standard Model of physics by confirming the existence of the elusive Higgs
particle [232-235]. Thus, pursuing novel schemes and strategies for achieving high-precision measurements are highly
desirable for advancing science. However, measuring a relevant quantity is only sometimes a straightforward procedure.
Furthermore, quantities such as coupling strengths, temperature, and in general, those lacking corresponding quantum
observables, such as entanglement [236,237] or purity [238], can only be determined indirectly. Therefore, one requires
to infer a relevant quantity of the system by indirect means. The art of inferring such a relevant quantity by means
of measuring another is known as parameter estimation [220,239,240]—see recent studies on the connection between
quantum speed limits and quantum parameter estimation [241-243]. For a comprehensive review of this relationship,
see Ref. [244].

The central aim of parameter estimation theory is to infer the unknown parameters of interest as precisely as possible.
Any parameter estimation scheme is composed of four basic steps, see Fig. 2:

1. Choosing an adequate probe,

2. Encoding the unknown parameters dynamically into the probe,

3. Extracting information about the parameters of interest by performing measurements onto the probe,
4. Inferring the true (unknown) parameters via a classical estimator.

All the above steps need optimization to successfully estimate the parameters. It is important to note that the
actual values of the parameters are always unknown by definition, and one must infer them indirectly. One common
methodology to quantify the uncertainty in estimating a single unknown parameter ¢ is accessing the system of
interest through measurements with observable O, which leads to estimating the error of # using the error propagation
formula [239]:

= 0 (1)
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Step 4:

Step 3:
Probe
Measurement

Parameter
Estimation

Fig. 2. Sketch of parameter estimation steps: Standard scheme for estimating an unknown parameter 6. An initial quantum state p dynamically
encodes the parameter 6 to be estimated as p(f). To extract information about 6, a set of measurements via positive operator-valued measure
(POVM) {ﬁx}, are performed on the probe with random outcomes x. The resulting measurement outcomes are fed into a classical estimator @ to
infer the unknown parameter 6.

where A0 and (6) are the standard deviation and the expectation value of the outcomes associated with 0, respectively.
The denominator in Eq. (1) indicates that in order to decrease the error in the estimation of 6 (i.e., §6 < 1), one needs to

increase the denominator, i.e., 39(6)’ > 1. To achieve this, it is necessary to find a set of outcomes with an expectation

value (6) that varies significantly with respect to 6. Conversely, a set of outcomes that varies weakly with 6 (i.e., flat slope
|89(0)| <« 1) will result in a substantial error (i.e., 86 >> 1). While Eq. (1) offers a heuristic explanation of a necessary
ingredient for estimating a parameter, a more rigorous and operational framework must be provided to determine a formal
figure of merit for quantifying estimation performance. In fact, Eq. (1) does not take into account the entire probability
distribution of the outcomes and cannot provide the framework to determine a proper figure of merit for quantifying the
performance of an estimation strategy.

2.1. Global and local estimation theory

A suitable strategy to estimate a parameter usually depends on the amount of a priori information one has on the
parameter itself. If no a priori information is available, the estimation strategy, i.e. the choice of the measure to be
performed on the probe and the procedure employed to process data, should be optimal in average i.e. should be equally
good for any value of the parameter. The set of techniques and methods used to choose and optimize the figure of merit
in this case is known as global estimation theory [245,246], see Ref. [247] for a recent review on global estimation theory.
Once a global estimation has been performed an experimenter is left with some a priori information to be improved,
i.e. one should look for figures of merits that select the best estimation strategy for a specific value or range of values of a
parameter. This optimization problem is addressed by local estimation theory [245,248,249] which allows one to achieve
the ultimate bound on precision. The quantum version, namely the local quantum estimation theory [125,220] is the
fundamental tool of quantum probing, sensing and metrology and is the main subject of the present review, with the
exception of Section 14, where various aspects of global estimation theory are discussed.

2.2. Single-parameter classical estimation bound

Cramér and Rao [118,119] first introduced such operational and formal framework for quantifying the performance in
estimating a parameter, with the variance with respect to such parameter as the natural figure of merit. For the single-
parameter case, where 6 is the only unknown parameter to be determined, one gets the Cramér-Rao inequality (for
unbiased estimators) as:

~ 1
Var[@] > ———, 2
(O] > MI(9) (2)
where M is the number of measurements (trials), ® = ©(x) is known as_the estimator of 6, with x being a set of

measurement outcomes (discrete or continuous). Note that the estimator ® is a function that only depends on the
measurement outcomes x, and it maps the set of measurement outcomes to a parameter space with an estimated value
of 6. The expression I(#) is known as Fisher information (FI), denoted as:

1) = [ s @uplxio) . (3)
p(x|0)

for a continuous set of measurement outcomes, or I(f) = Zip(xile)”(agp(x,-le))z for the discrete case. Here p(x|0) is

the conditional probability of obtaining outcome x given 6. Eq. (2) sets the precision one can achieve with a particular

measurement for a single trial. The equality is reached by using an optimal estimator.

The Fisher information I(#) quantifies the sensitivity of the conditional probabilities with respect to the parameter to be
estimated. To enhance sensing precision, it is necessary to increase I(6) by identifying conditional probability distributions
that exhibit more significant changes as the unknown parameter varies. This results in dyp(x|0) > 1, leading to I(6) > 1.
The question of how to identify such advantageous scenarios is addressed in the following section.
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2.3. Optimizing the classical bound: the QFI

The Fisher information defined in Eq. (3) is known as the classical Fisher information (CFI) and is unique for a given
measurement basis [221,250]. Probability distributions that significantly vary with respect to the unknown parameter
are preferred, as they yield larger values of CFI and, consequently, better parameter sensitivity. Thus, finding such
probability distributions is of paramount importance. Classically, searching for them is an arduous task, as optimization
needs to be performed over all possible measurement bases. Nonetheless, this optimization task can be achieved for
quantum probes, leading to a tighter bound on the variance of the estimator [125,220,251-253]. Consider a quantum
probe p encoding the unknown parameter ¢ as p(0) and a set of general quantum measurements {I1.}. Il is a
positive operator valued measure (POVM) with outcome x, such that fxﬂxdx = I Note that we have not specified
a particular encoding for the parameter. In fact, throughout this review, while we will encounter several cases where
the encoding is governed by a unitary transformation, any encoding that ensures p(f) remains a valid quantum state
is permissible. This includes scenarios where the unknown parameter is not a Hamiltonian parameter, as investigated
in thermometry [254-260], or more generally, when quantum probes are in thermal equilibrium [261]. It also extends
to cases such as the estimation of the spectral density of a quantum reservoir [262] or situations involving unknown
parameters in non-unitary dynamics [263,264].

The conditional probability of obtaining the outcome x for a given 6 obeys the Born rule:

p(x16) = Tr[Tup(0)]. (4)

Assuming regularity conditions, and since the trace and the derivative are linear operators, the derivative of the probability
distribution dyp(x|6) translates into taking the derivative of the quantum state 9y 0(0), specifically 9y p(x|0) = Tr[I1;d5 p(6)].
Here, the derivative of the quantum state satisfies the Lyapunov equation given by:

00(0) = 5 110), p(0)) (5)

with {*, A} = *A 4+ Ax being the anticommutator between operators * and A, and i(@) is a self-adjoint operator called
Symmetric Logarithmic Derivative (SLD). Following Ref. [220], the CFI I(#) can be upper bounded as

1(0) < Ig(6) == Tr[p(6)L(O)?]. (6)

Io(0) denotes the quantum Fisher information (QFI), leading to the quantum Cramér-Rao bound [125,220,239,252,253,
265,266]:
Var[@] > ELEN (7)
—16) T 1o(9)

Note that the derivative of the quantum state satisfies other expressions, e.g., the Right Logarithmic Derivative
(RLD) [265]. This gives rise to different quantum lower bounds—see Ref. [221] for a thorough discussion on the uniqueness
of CFI and QFI, and Ref. [265] for an overview of different achievable bounds.

The QFI of Eq. (6) accounts for the ultimate precision limit for the estimation of 6. Note that the QFl, as the maximization
of the CFI over all possible measurements, depends on the quantum statistical model p(#) and the SLD L(6) only, and
it does not depend explicitly on a particular measurement basis. The optimal POVM can be composed with the set of
projectors over the eigenstates of L(6) with an associated optimal quantum estimator [220].

To saturate the quantum Cramér-Rao bound in Eq. (2), one needs both the optimal POVM (as determined by the
support of L(6)) and an optimal classical estimator for post-processing data, such as the maximum-likelihood estimator
in the limit of large data sets [89,118,125,251,267-269] (refer to Refs. [270,271] for Bayesian analysis in the scenario
of limited data). The optimal POVM ensures that the CFI equals the QF], i.e., I(6) = Io(0). Thus, in practical scenarios,
any observable measurement used to extract information about an unknown parameter must be compared against the
fundamental sensing benchmark set by the QFI (For example, see Refs. [12,272] for a theoretical demonstration of QFI
saturation via magnetization measurements and near-saturation through homodyne techniques [257], as well as Ref. [273]
for experimental work achieving near QFI saturation in the phase estimation of a solid-state spin system). Crucially, the
optimal POVM always exists and plays a key role as it guarantees that the quantum Cramér-Rao for single-parameter
estimation can always be attained, provided that both the estimator and the measurement basis are chosen optimally.

The SLD operator L(#) is an essential ingredient in the quantum parameter estimation framework, which can readily
be obtained from the solution of the Lyapunov equation as [220]:

[o¢]
1e)=2 f e, p(0)e~t P dt, (8)
0
being basis independent, and
(B 09 0(0)In)
=2 9
Z prmn L 9)

which is obtamed from Eq. (8) using the spectral decomposition of p(8), that is:
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p(0) = eildi)(il. (10)
i

where ¢; and |¢;) are the ith eigenvalue and eigenvector of p(0), respectively. From Eq. (9), it is straightforward to obtain
the QFI in this basis as follows:
(|6 0(6)In) |
=2 ——————— € +tc€ 0. 11
Z p——— n+em # (11)
It has been shown that it is also possible to separate the classical from the quantum contributions of the QFI by
observing the dependence of the eigenvalues and eigenvectors with respect to the parameter 6. This leads to the following
formula for the QFI [220]:

Io(0) =1(0)+2 ) enml(mldopn) . (12)
n#m
where I(6 = (%) 2 /¢; is the CFI of the distribution of the eigenvalues of p(6), and €,, may be written as [220]
(en — € )2
€nm = —— + any antisymmetric term. (13)
€n+ €nm

The second term of Eq. (12) shows the detailed contribution arising from the dependence of the eigenstates of the quantum
probe with respect to the parameter 6.

The QFI of Egs. (6)-(11) applies to any quantum state. However, for pure quantum states p(6) = |¥(8))(¥(0)| such
that Tr[p(6)?] = 1, SLD L9 = 20y p(0) and the QFI adopts a simpler form given by [220,239,266]:

Io(0) = 4((3 106 ) — (¥ |V ) (W |06Vr)). (14)

Particular instances of relevant quantum states, for example, two-qubit states in Bloch representation, a single-qubit
dephasing along the z-axis in a magnetic field along the z-axis, and X-shape two-qubit states, can be found in [266].

Other formulas to evaluate the QFI for specific quantum statistical model have been found, which are useful in several
situations of interest, e.g. unitary families [274], Bloch-sphere representation [275,276], qubit X-states [277], and Gaussian
states [278-284].

2.4. Multi-parameter estimation

Consider the situation where d unknown parameters § = (61, 65, .. ., 64) need to be estimated. In this multi-parameter
case, the Cramér-Rao inequality generalizes to (for the sake of simplicity M = 1) [220,239,266]
Cov[O®] = 1()", (15)

where Cov[@] is the covariance matrix with elements
[Cov[B1]; = (€:0;) — (B:)(E)), (16)
and I(#) is the CFI matrix with elements [266]

1)), = f P(x18) (2 Inp(xI0)]) (3 In[p(xI6)]) dx. (17)

where the diagonal elements fulfill Var[®;] > [1(0)‘1]ii.~

The matrix inequality in Eq. (15) means that (Cov[ @] — I(#)~!) is a positive semidefinite matrix. While the above is
the general case, dealing with this matrix form is challenging. Hence, it is convenient to transform the matrix inequality
of Eq. (15) into a scalar bound by introducing a positive and real weight matrix W such that [265]:

Tr[WCov[ @1] > Tr[wWI(6) 1. (18)

Similarly to the single-parameter scenario, it is possible to obtain a tighter bound of Eq. (15) leading to the multi-
parameter quantum Cramér-Rao bound [220,266]:

Cov[O] = 1(6)" = Io(0) ™", (19)
where the matrix elements of QFI matrix Iy (@) are given by [220,266]
1 N
[o(0)]l5 = Tr[p( Li(0), Li(0)}]. (20)
As before, one can convert the matrix inequality in Eq. (19) into a scalar bound using W as follows:
Tr[WCov[ @]] > Tr[WI(0)'] > Tr[Wiy(8)~']. (21)
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As a particular case, one can consider W to be the identity. This choice prioritizes the precision of @ as the sum of the
variances of the unknown parameters

d d
D var[&] = ) [1(6) i := Tr[I(6)~"] = Tr{lo(6) 1. (22)
i=1 i=1

While the above tighter estimation bound includes the SLDs i,-(O) and I;-(G), other bounds can also be achieved by
defining the Right Logarithmic Derivative [252] and the Holevo approach [285,286]. However, the precision bound using
the SLDs already contains the same information found in both the Holevo and the RLDs bounds [265]. For this reason, it
is common to use Eq. (19) with their corresponding matrix elements defined in Eq. (20) as the ultimate precision limit
for the multi-parameter estimation case.

One of the main differences between the single- and multi-parameter scenarios is that, while the CFI can be achieved
in both scenarios, in principle, the QFI is attainable only in the single-parameter case and not for the jointly multi-
parameter estimation [265]. This can be understood because, generally, there is no single symmetric logarithmic derivative
L;(@) that defines an optimal measurement basis suitable for all the unknown parameters. To quantify this notion of
incompatibility between parameters [287] - those that cannot be estimated optimally with a single set of measurements -
the incompatibility matrix D has been introduced [265,288], also known as mean Uhlmann curvature [288], with elements:

D; = —%Tr[p(o)[i,-w), Lo, (23)

here [o, e]=ce—eo. The case D; = 0 for all i,j is known as the compatibility condition [287]. In a recent work [156],
it was shown that when the above compatibility condition is met, it leads to quantum-enhanced precision in the
simultaneous sensing of multiple parameters. Moreover, quantum critical sensing can be applied to multi-parameter
estimation [144,289,290]. A key advantage of using quantum many-body probes undergoing quantum phase transitions
is that they have been argued to help mitigate the fundamental incompatibility that arises when estimating multiple
parameters simultaneously [291]. Lastly, a genuine quantum incompatibility measure with a geometric character has also
been proposed [292], along with a comprehensive study of incompatibility under general p-local measurements [293].

The expressions given by Egs. (6)-(11) to obtain QFI and SLD for single parameter estimation, and generalizations
thereof to the multiparameter case all involve diagonalizing the quantum state p explicitly to find out its spectral
decomposition. For quantum many-body density matrices whose dimensions increase exponentially with system-size, this
generally presents a significant computational challenge. To overcome this, Ref. [294] noted that the Lyapunov equations
can be expressed as a set of linear equations in the vectorization picture [295,296], and thereby provided the following
formula for the QFI matrix

llg(®)); = 2vecliq @)1 (B & 1

-1
+1® p(8))  veclty p(6)], (24)
where vec|[.] denotes the vectorized form of a matrix and p(0) denotes complex conjugation of p(@). The corresponding
SLDs are given as

vec[Li(0)] = 2 (@ QI+1® ,0(0))71 vec[dy, p(6)] (25)

In case the quantum state p is not full-rank, the inverse is to be replaced by the Moore-Penrose pseudoinverse. Thus,
the problem of fully diagonalizing a large matrix is replaced by matrix inversion. In optical systems, states are often
expressed in the coherent state basis, which is a non-orthogonal basis. Accordingly, an extension of Eq. (24) for general
non-orthogonal bases was achieved in Ref. [297].

2.5. Geometry of parameter estimation

Close links between Fisher information quantities and statistical distances have been found [125,298]. In terms of
the CFI, which quantifies the sensitivity of the probability distributions p(x|6) concerning the unknown parameter 6, the
notion of distinguishability between different probability distributions among M trials arises naturally (see Bengtsson
and Zyczkowski [299], and Kok and Lovett [300]). It turns out that distinguishing between two probabilities p(x|6;) and
p(x]6;), taking ds (ds being the infinitesimal distance on the probability simplex space) along a line element df, results
in [299,300]

ds\? 1 (dp*)? 1 [op*\*
(@) T =T (%) ~© )
"

I

which is the CFI of Eq. (3). Further analysis leads to:

(86) >

MI6)
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where 86 is the segment of the path in the probability simplex—rather than the variance of §. Note that the above has
been derived solely from a distance measure (a metric) by distinguishing probability distributions on the simplex space. It
has also been shown that for distinguishing two probability distributions, one can use the relative entropy (not a metric)
for this purpose, and consequently, a close connection between the CFI matrix and the relative entropy emerges [239].

In quantum mechanics, on the other hand, the notion of distinguishing between normalized vectors in a complex
Hilbert space can be addressed by the fidelity F(v1, ¥2) = [(¥1]¥2)] (not a metric). Indeed, this defines the Wootters
distance [125,298,301]

ds2, = (arccos[F(¥(0), (8 + 86))1)°, (28)

with the Fubini-Study metric given by [302]
(B 10e¥)  (BoVIV)(¥10e¥)

s = - = (29)
(Yly) (Wly)
where y := ¥(0). By setting (¥ |y) = 1, it corresponds to the QFI for pure states (see Eq. (14)), that is
10(8) = 4hs. (30)

Extending the Fubini-Study metric to density matrices, one finds that the Bures metric is proportional to the QFI
matrix [302] and is given by
1—F(p(8), p(6 4 86))
(80)?
where §0 is an infinitesimal increment of 6 and the fidelity is the square root of the Uhlmann fidelity [303]

F(p1, p2) = Trly/ / 01024/ 01]- (32)

For pure states p; = |¥1){¥1| and p; = |2) (Y2, the Uhlmann fidelity reduces to F(p1, p2) = [{¥1|¥2)].

; (31)

IQ(Q) = 4hBures = 851(}210

2.6. Alternatives to QFI for metrology

Gauging the precision of parameter estimation through the quantum Cramér-Rao bound is undoubtedly the most
popular approach in the literature, thanks to its geometrical properties and its utility as a signature of multipartite
entanglement. However, the Cramér-Rao bound suffers from two practical difficulties. Firstly, although this bound is
asymptotically tight for single parameter estimation, it may perform quite poorly in the non-asymptotic regime and
especially if the likelihood function is highly non-Gaussian. This is a known issue even in classical parameter estimation
theory, and several alternate bounds have been proposed in statistical literature [304]. Perhaps the most well-known is
the Ziv-Zakai bound [305], which is obtained by turning the continuous parameter estimation problem to a hypothesis
testing problem for each coarse-grained interval in the domain of the parameter. By noting that hypothesis-testing at
each interval amounts to a quantum state discrimination problem, Tsang in Ref. [306] constructed a quantum version of
the Ziv-Zakai bound. Although such bounds are not generally tight, they can be shown to perform significantly better
for finite set of observations in highly non-Gaussian environments [307]. Extensions of the quantum Ziv-Zakai bound to
multiparameter estimation [308] and noisy environments [307] have also been investigated. Lu and Tsang also considered
the quantum generalization of the classical Weiss-Weinstein bounds [309]. In yet another direction, Liu and Yuan [310]
obtained a tighter version of the Bayesian quantum Cramér-Rao bound valid for both biased and unbiased estimators.
For a function f(@) of the quantum parameter 6 which is estimated via a (generally) biased estimator of bias b(6) with a
prior probability distribution p(6) on a quantum state p(8), Liu and Yuan’s bound reads

! / 2
Varlf(60)] = / woy | LOHYOL oy o, (33)
10(0)

where I4(0) is the QFI for p(6) with respect to the parameter 6. One can note that this bound reduces to the biased
version of the Bayesian Quantum Cramér-Rao bound for a uniform prior. Secondly, and of significant relevance to many-
body sensing, the QFI is not fully expressible in terms of experimentally easily accessible one and two-point correlation
functions [311]. This was addressed recently in Ref. [312], where an alternative functional dependent only on one and
two-point correlators was proposed. More economic sensing with fewer copies was studied in Ref. [313].

3. Interferometric quantum sensing

V. Giovannetti, S. Lloyd, and L. Maccone [35] addressed the problem of estimating the unknown phase 6 imprinted in a
quantum state through a unitary operation of the form U (0) = e where H is a Hermitian operator with real eigenvalues
Ex and their corresponding eigenvectors [E), such that I:I|Ek) = Ey|Ex). This implies that the eigenvalues of the unitary
operator U(6) are given by u, = ef while the eigenvectors do not depend on # and remain the same as H, namely
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0(9)|Ek) = ug|Ex). The unknown parameter 6 can be encoded in a quantum state through |¥(0)) = 0(9)|lI/0) for a given
initial state |¥p). In this case, one can easily show that the QFI of |¥(6)) is directly proportional to the variance of H

Io(6) = 4 (WEOII2(6) — (O ©)?). (34)

One can maximize the above QFI with respect to the initial state. In fact, the maximum of I, is achieved for the initial
state |¥y) = (|Emin) + |Emax)) /ﬁ, where |Enin) (|[Emax)) is the eigenvector of H with the corresponding smallest (largest)
eigenvalue Enin (Emax). Thus, the corresponding QFI becomes

IQ = (Emax_Emin)2~ (35)
To analyze the scalmg of Iy, in Eq. (35), with respect to the system size one has to consider the details of the interaction
in the Hamiltonian H. For a given interaction of H= Z h}(f i where h -, Tepresents a k-body interaction between

particles at sites j; to ji, the QFI, at best, scales as I ~ NZ" [181] see e.g. Ref [314] and Ref. [315] for its generalization
to many-body open systems. In this review, we consider this quadratic scaling as Heisenberg limit, although, in the
literature, there is not much agreement on the definition of the Heisenberg limit. For instance, sometimes I, ~ N, for
k-body interacting A, may be defined as Heisenberg limit. Indeed, the most fundamental limit for interferometry-based
sensing is given in Eqs. (34) and (35).

Interferometry-based quantum sensing, presented above, has clear advantages. First, the quantum-enhanced sensitiv-
ity, i.e. super-linear scaling of the QFI with respect to the system size, is achievable for all values of the unknown parameter
6. Second, the measurement basis which achieves this quantum-enhanced precision is independent of the unknown
parameter 6 which implies that no prior information about the unknown parameter is needed to achieve quantum-
enhanced precision. These two features clearly make interferometry-based quantum sensors very useful. Although, this
approach has its own limitations too. The first limitation comes from the fact that the quantum-enhanced sensitivity
with interferometric approach relies on creating GHZ-type entangled states or equivalently NOON [88] or squeezed
states [316,317]. Preparation of these special forms of entangled states is not an easy task and is resource consuming. In
fact, delocalization of quantum correlation is found to be essential for fast generation of metrologically useful entangled
states [318]. In Ref. [319], a strong metrological limit for the preparation time of such large-scale entanglement has been
established through studying the Lieb-Robinson light cone. The second limitation of interferometry-based sensing is
that it is only applicable to the situations where the unknown parameter is encoded through a phase shit operator,
namely U(6). This obviously does not represent the most general encoding method and thus not every quantum probe
lies in this category. The third limitation is the spacial form of the initial state, namely the GHZ-type state |¥,) =
(|Emin) + |Emax)) /fz which are also known as Schrddinger cat states. These states are hard to implement in practice
and, in general, prone to decoherence which transforms the superposition into a classical mixture with no quantum
advantage for sensing. In fact, robust and scalable realization of GHZ states is an active area of research with several
recent developments [320-325]. The interferometric quantum sensing has been implemented experimentally in various
platforms [88,89,92,326-328].

4. Equilibrium quantum sensing: Second order quantum phase transition

It is interesting to consider a more general unitary operation ﬁ’(e) = ei0A+A) for encoding the parameter 6, as
[¥(0)) = U'(0)|%). For such an unitary operation, the sensing performance is again quantified by QFI of the parameter ¢
denoted as Ié(@). Note that as far as [H, H'] # 0, both the eigenvectors and eigenvalues of U’(6) depend on 6. In Ref. [127] it

has been shown that for all choices of initials states |¥,) and perturbing interactions H we always have I (6) > 1{2(9). This

means that in the interferometric phase sensing scenario, the presence of perturbing interaction H is always destructive.
For the case of sensing an external field, H' can represent interaction among the particles of the probe. In such cases, the
interaction between the constituents of the probe can reduce the performance of the system [127,136,181,329].

An alternative method to interferometric sensing is to harness the interaction between the particles in strongly
correlated many-body systems. The interplay between different parts of the Hamiltonian can induce phase transition
in the system, also known as quantum criticality. Many-body systems exhibiting quantum criticality have been identified
as resources for quantum-enhanced sensitivity. Recently, C. Hotter et al. proposed a unified protocol that combines critical
and conventional approaches to metrology [330]. A more fundamental limit to many-body quantum metrology was
recently obtained in Ref. [261]. In this section, we review various forms of quantum criticality for sensing and show
that a common feature among all these systems is the emergence of a sort of “gap-closing” in their energy spectrum.
This is an important observation as it clearly shows that any phase transition which is accompanied by gap-closing is a
potential resource for quantum sensing.

As we have discussed in the previous section, despite the theoretical appeal, interferometry-based quantum sensing
may face practical limitations. An alternative approach for achieving quantum-enhanced sensitivity is to exploit quantum
criticality. The most conventional manifestation of quantum criticality is the second-order phase transition which
describes a large set of phenomena. Second-order quantum phase transition occurs at zero temperature, where quantum
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Fig. 3. Sub-shot-noise scaling with critical quantum transverse field Ising chain probes for various dimensions. In (b) and (c) x-axis is Na,

the number of spins inside any subsystem A as depicted in (a); y-axis is (b) variance of the estimator of y-component of collective spin operator
=3 §iy normalized by Na, and (c) collective spin squeezing parameter E,f.

Source: Figure taken from Ref. [332].

fluctuations lead to spontaneous symmetry-breaking at the critical point. Interestingly, this opens up the possibility of
quantum-enhanced sensing near criticality [129]. Consider a many-body probe which is described by the Hamiltonian

H= 91:11 +I:12, (36)

with H; representing the action of the target parameter 6 on the probe, and H, representing the internal physics of the
probe itself. The interplay between H; and H, often leads to rich phase diagrams with the strength of the parameter
6 determining the relevant phase. When unhindered by thermal fluctuations, a second order quantum phase transition
may occur at a specific value of 6 = 6., where the ground state of the system undergoes a global transformation. There
are several common features in second-order quantum phase transitions: (i) spontaneous symmetry breaking; (ii) the
emergence of a scale invariance behavior for all observables in the system; (iii) the appearance of a diverging length scale
& which behaves as £~]0 — 6.|~", where v is a critical exponent; and (iv) an anti-crossing between the ground and the
first excited state whose energy gap vanishes at the transition point as the system sizes reaches thermodynamic limit. As
we will discuss, a significant enhancement in sensitivity is often associated with the critical points in the phase diagram.

At this point, a distinction should be made between two different approaches to many-body critical quantum sensing.
In the first approach, the ground state of a many-body system, potentially at criticality, is used as the input state for
an interferometry-based quantum sensing. The critical ground state is a delicate superposition of several states which
can reveal significant variance with respect to certain observables and thus maximizes the QFI in an interferometry-
based sensing, as given in Eq. (34). For instance, in Ref. [316] many-body spin squeezed states are used as inputs to
interferometric phase estimation protocols. Atom-interferometry based quantum metrology has grown substantially in
recent years, and their detailed description lies outside the scope of the present review. We direct the interested reader
to Ref. [331] for a comprehensive review. However, even for interferometric phase sensors with equilibrium probe states of
genuinely many-body quantum systems, Frerot and Roscilde [332] showed the possibility of quantum criticality enhanced
sensmg They considered the problem of estimating a phase angle 6 for the collective spm operator ] > Sl, with
S = (S,", Sly , Sf) being the vectorized spin operator at site i, such that the unitary U= exp(if jxy- ) represents the action
of the interferometer along the relevant axis. By considering the ground state of a transverse field Ising chain as the
input of an interferometer, they showed that at the critical point, the scaling of precision of estimation of 6 for a N-atom
transverse field Ising chain in d-dimensions is given by

n—1
CORES (37)

where 7 is the scaling exponent of the long-range correlation function of the order parameter, as defined by (5,6}, ,) o
r2=4=n_at critical point for a d-dimensional model, and d,, = min(d, d.), with upper critical dimension d. = 3 for the
transverse field Ising chain. The results, plotted in Fig. 3, attest that sub-shot-noise scaling is indeed achievable with such
probes. Similar results have also been found in Ref. [333] in which interferometric quantum-enhanced sensitivity, using
the critical ground state of a many-body system, can be exploited for detecting quantum phase transitions.

The second approach, which is the main topic of this section, is that of Hamiltonian parameter estimation, where the
many-body ground state is directly measured to gain access to the physical parameter in question. In the thermodynamic
limit, where the system size N— o0, the QFI diverges [131,334-338]

I(0) ~ 16 — 6c]7%, (38)
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where >0 is the corresponding critical exponent. In finite-size systems, at the transition point =60, the QFI shows
algebraic dependence on the system size

Io(6=6:) ~ N*. (39)

The two expected asymptotic behaviors in Egs. (38) and (39) can be merged in a single ansatz
1

TN A =6

with A being a constant. Note that in the thermodynamic limit (i.e. N— 00) one retrieves Eq. (38) and for finite system sizes

at 6=60. one recovers Eq. (39). The emergence of scale invariance behavior at the second-order quantum phase transition
implies that the QFI follows a conventional finite size scaling ansatz [339]

Io(0)=N*""g (N'"(6 — 6.)) , (41)

Io(6) (40)

where g(-) is an arbitrary function which depends on the model and the quantity of interest. This ansatz is routinely
used for determining critical exponents & and v using finite size systems. Plotting the rescaled QFI, namely N=%/"I5(9),
versus N'/”(6 — 6.) collapses all the curves for different system sizes for the right choice of critical parameters, namely
(6¢, a, v). Since the two ansatzes in Eqs. (40) and (41) describe the same quantity, they are not independent. In fact, by
factorizing N# from Eq. (40), one can show that the identicality of both ansatzes imposes the following identity between
the critical exponents

p="2. (42)
v
This shows that the three critical exponents are not independent from each other and knowing two of them is enough
for determining the other. While the identity in Eq. (42) is valid for one-dimensional systems, its generalization to d
dimensional probes is obtained as 8 = 7~ [137,335,336]. This is a remarkable discovery which shows that unlike the
interferometry-based sensing scenarios, e.g. using GHZ states, the precision of criticality-based quantum sensing is not
bounded by the Heisenberg scaling. In fact, quantum-enhanced sensitivity with § > 2 can be achieved if « > 2dv.
It is worth mentioning that for all realization of the second-order phase transition in the ground state, one can show
that «=2 [335,336]. However, some non-ground state continuous phase transitions behave like the second-order phase
transition with « different from 2 [154]. Therefore, for keeping generality of the paper, we keep « as a general parameter
in our notations.

It is worth emphasizing that in criticality-based quantum sensing, quantum-enhanced precision can only be harnessed
in the notion of local sensing, where significant prior information about the unknown parameter is available. Two primary
reasons for this are: (i) as discussed above, quantum-enhanced precision can only be achieved when the probe is operating
near its criticality, namely 6~6.; and (ii) the optimal measurement basis, in general, depends on the unknown parameter
6 and thus prior information is required to perform a measurement which is nearly optimal. In other words, when the
parameter 6 is roughly known and the purpose of sensing is to estimate its value with more precision, one can tune
the probe to operate near its criticality and then perform a measurement which is optimal based on the prior value of
the parameter. In such scenario, one can obtain the exact value of the parameter 8 with achieving quantum-enhanced
precision.

4.1. Free fermionic many-body probes

The above discussion on second-order quantum phase transitions is very general. It will be more insightful to go
through some examples and explicitly determine the scaling of QFI, namely I, ~ N#, at the vicinity of the critical point.
Free fermionic systems are an important class of many-body systems in condensed matter physics. In particular, they are
analytically solvable which makes them an excellent toy model for understanding several complex phenomena, such as
criticality. In addition, many spin chain systems can also be mapped to free fermion systems through Jordan-Wigner
transformation and thus become solvable [175]. A general free fermion model with N particles can be described by
Hamiltonian H(0) which in the Nambu formalism notation is written as [340]

H(O) = &'H(6)d, (43)
where @1 = (ﬂég ... 6,36162 ... 51\1) is a 2N x 1 vector with 61-(6;) being bare-particle annihilation (creation) operators

and H’ being the 2N x 2N Hermitian matrix containing information about 6. The collection of normalized eigenvectors
{|Ex)} of H' are expressible in terms of N x N-matrices U and V as

(1E0) = (f,’ E) , (44)
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with o denoting complex conjugation and each column representing one eigenvector. The QFI for the ground state with
respect to parameter 6 can then be expressed as [341]

ool (g?U) Y el (v 2 v
e 96 962 96 962
ou_,aVv
+2Tr | UT —VI—
a0 960
This closed form of QFI can be used to study the scaling of QFI in free fermion systems. Another useful perspective for

calculation of QFI for systems governed by generic quadratic fermionic Hamiltonians was provided by Carollo et al. [342],
where the SLD of fermionic Gaussian states associated with such quadratic Hamiltonians was considered. In this

(45)

case, instead of the Dirac-representation of fermions {6,',6;} = §;{G, ¢} = 0, it is more convenient to work
with the Hermitian Majorana representation given by fermion operators w such that én;_; = ¢ + EJ.T, and &y =

i — ¢l ). Fermionic Gaussian states with n-fermionic modes and parametrized by the sensing parameter 6, can

j
then be defined as states of the form p(0) = exp(—id'2(0)d)/Tr [exp(—ﬁ'(bT.Q(G)(I))], where £2(0) is a 2n x 2n
real anti-symmetric matrix and @ = (@1, @y, ..., @y,) are the 2n Majorana fermions. Owing to the above Gaussian
structure, such states can be completely described in terms of the second moment, i.e., the two-point correlation
matrix Ij(6) = %Tr[p(&)(&)jé)k—&)k&)j)]: tanh (i£2jx(6)/2). Following the established mathematical approach for photonic
Gaussian states [343], Carollo et al. used the ansatz that the SLD in this case is also given by the quadratic form

o) = %&)TK(@)Q) +ET(0)d + n(o) (46)

with &€ = 0, and n = %Tr [K(6)I"(6)]. The 2n x 2n matrix K was ultimately shown to have been given in terms of the
correlation matrix I"(6) and its eigenvalues {y,(6)} with corresponding eigenvectors |k(6)) as

ar
(aT))jk
Yi@n(0) — 10
Recalling that QFI is just the expectation value of the square of the SLD operator and armed with the ease of calculating
such moments for Gaussian systems, it is easy to calculate the QFI from this expression. Although strictly speaking this

form of QFI technically only holds for full-rank states, one can nonetheless add an arbitrarily small white noise to the
system to regularize the QFIL

((O)K(0)Ik(0)) = (47)

4.2. Bosonic many-body probes

Apart from Fermionic systems, there are also Bosonic many-body quantum systems, e.g., interacting Bosonic atoms in
a lattice, which are canonically described by the Bose-Hubbard Hamiltonian as

PO PO . U A
H=—-] Z (bjbi-H + b;r+1bi) - Zn,‘ + 5 Zn,- (ni — 1) (48)
i i

1

where lﬂ),»(IAJiT )-s are the Bosonic annihilation (creation) operators, ﬁi:faf b; is the number operator at site i, and J, U, u
are the hopping, onsite interaction, and chemical potential parameters, respectively. The Bose-Hubbard model can be
implemented by loading cold bosonic atoms in Harmonic oscillator traps [344-346]. At zero temperature, the phase
diagram consists of a Mott insulating phase (] <« U) and a Superfluid phase (J > U). The quantum phase transition
between these phases from the Mott insulator phase to the Superfluid phase involves the spontaneous breaking of the
U(1) symmetry of the Bose-Hubbard Hamiltonian. Quantum sensing in these atomic systems combines the theoretical
formalism of photon-interferometry based metrology with reasonable ease of producing quantum states and robustness
against particle loss. Considering a single-mode description of the resulting interacting BEC, where atom-atom interactions
are described by a non-linear correction to the Harmonic trap potential, Gross et al. obtained the first experimental
demonstration of quantum-enhanced metrology in cold Bosonic atoms [347]. Dunningham et al. proposed the use of
number-correlated squeezed BEC states [348], which are more robust to particle loss than NOON states. Another scheme by
Dunningham and Burnett suggested that one can recreate the action of a (multiport) beam-splitter in an interferometer by
simply tweaking the potential barrier between sites, thus enabling quantum-enhanced sensitivity [349,350]. Heisenberg-
limited quantum analogs of inertial guidance systems, also known as atomic gyroscopes, have been proposed in optical
ring lattices [351]. A multiconfigurational Hartree type self-consistent theoretical method for calculation of quantum
metrological quantities for interacting trapped Bosonic systems has also been proposed [352] . Precision estimation of
chemical potential has also been studied in Bosonic quantum gases [353]. While strictly not many-body systems, criti-
calities associated with superradiant phase transitions engineered in optical cavities with Rabi or Jaynes-Cummings type
interactions have also received renewed attention for the possibility of quantum-enhanced sensing [354]. Moreover, effect
of engineering anisotropies between coupling strengths of rotating wave and counter-rotating atom-cavity interactions
of such models have also been studied in detail [355,356].
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4.3. Spin chain probes with criticality-enhanced sensitivity

Spin chains are among the key models in many-body physics. They can be exploited as quantum probes in both static
and dynamic scenarios. In this section, using explicit examples of critical spin chains, we study criticality in these models
as a resource for quantum sensing. The most conventional type of criticality in spin chains is the second-order phase
transition which has been described above in a general way. Some of these systems indeed support a second-order
quantum phase transition, however this is not the only manifestation of criticality in spin systems. Consider a simple
one-dimensional quantum Ising model in a transverse magnetic field h with the following Hamiltonian

N N—-1
H=h) 6i4]) 616}, (49)
i=1 i=1
L\/-‘ ;\r-'
Ay A,

By factoring J and defining 6=h/], the Hamiltonian takes the general form of Eq. (36). One can analytically solve the
transverse Ising model Eq. (49) through Jordan-Wigner transformation [357] which connects spin operators to fermionic
ones as §; = ]_[;;}(—6,.2)&1.’ (and equivalently &/ = H};}(—&f)&f), where 6*=(6* + i67)/2. The corresponding QFI for
the dimensionless parameter 6 has been analytically calculated for the ground state [132,133] and has been shown to
scale quadratically with system size, namely I, ~ N? near the critical point h/] — =+1. Recently, a modular approach
effectively augmenting these systems with periodic coupling defects [341] has been proposed, which exploits the fact that
multiple criticalities can be created in such a construction, all of which inherit the critical scaling behavior of the original
chain. Alternatively, even for uniform chains, extending the ensemble measurement setup to real-time feedback control,
i.e., adaptive strategies, allows one to overcome shot-noise scaling across the phase diagram [358].

Other quantum spin models have also been extensively studied in the literature for determination of quantum-
enhanced scaling. In addition to their relevance for quantum sensing, such QFI-based analysis often reveals the nature of
multipartite entanglement in many-body quantum systems. These include the 1D quantum XY models [136,359,360] with
Dzyaloshinsky-Moriya interactions [361-363], XXZ models [274] which show Kosterlitz-Thouless phase transition [364],
Heisenberg-type rotationally symmetric models [365,366], and even applied to the quantum Hall probes [367]. See
Ref. [134] for more references and earlier reviews. In addition to spinless fermion models, metrological advantage was
also investigated for short-range spinful Fermi gases and QFI was shown to be an order parameter in such systems [368].
Higher dimensional spin chains have also been shown to improve magnetometry with arbitrary spin-number transverse
Ising models [369]. Effect of lattice imperfections and disorder was considered in Ref. [138], whereby QFI analysis reveals
that the two paradigmatic quantum disordered 1D lattices, namely Anderson [370] and Aubry-Andre models [371] belong
to different universality classes. Experimental demonstration of quantum-enhanced critical sensing has also been recently
performed [140] with a small NMR system. Extensions to multiparameter estimation by calculating the QFI matrix have
also been considered [372,373] along with experimental demonstration for NMR systems [374]. Departure from T = 0,
i.e,, ground state assumption has been considered in several directions. One direction is to consider metrology in finite-
temperatures. Similar to other markers of quantumness, presence of a quantum critical region fanning out from the critical
point at T = 0 has been detected with QFI [311]. Another popular direction of departure, namely considering driven
quantum many-body sensors instead of probes at equilibrium has been discussed in a later section of this review.

4.4. Quantum many-body probes with long-range interactions

Since local interactions are useful in quantum-enhanced sensing, it is natural to ask whether criticality in models
with longer-range interactions are also beneficial for metrology tasks [375]. Unfortunately, exact results are rare for
such systems and approximate methods, such as Density Matrix Renormalization Group (DMRG), are often unsatisfactory
for generic Hamiltonians with long-range interactions because of an area law violation. However, QFI has indeed been
studied in many systems showing interesting physics. Perhaps the most studied model is the Lipshin—-Meshkov-Glick
(LMG) Hamiltonian for N sites in 1D, which generalizes the anisotropic XY Hamiltonian by dropping the nearest-neighbor
assumption. The Hamiltonian can be written as

Bo= 15" (6167 +7687) +h Y67, (50)
INNES] ]
where y is the anisotropy parameter, J is exchange coupling, and h is the magnetic field. This model has been solved
through Bethe ansatz [376,377], or alternatively by a Holstein-Primakoff transformation [378,379]. Considering ] as the
unit of interaction, this model has three estimable parameters, the magnetic field strength h, anisotropy y, and the
temperature T when system is in thermal equilibrium. At zero temperature, this system shows quantum criticality at
h=h.=]J. In Ref. [380], it has been shown that the QFI with respect to h diverges at criticality as I ~ (h — h.)™2 (namely
«=2) in the symmetric phase (h/] > 1) and I ~ (h; — h)~"/? (namely «=1/2) in the broken phase (0 < h/] < 1).
Remarkably, these exponents for QFI do not depend on the anisotropy y. While at the critical point h., one obtains
Io(he) ~ N%3, indicating quantum-enhanced sensitivity, two-site reduced density matrices results in Iy (h.) ~ N?/3 [381].
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In [382], the authors considered the estimation of y and T. In the thermodynamic limit near criticality, the leading
contribution to QFI for both scales as Ig(h;) ~ T? at both phases, thus making this system attractive for relatively
high-temperature thermometry. At this point, one should note that this also reflects a long-standing challenge for low-
temperature thermometry, i.e., when T — 0, the QFI tends to vanish and the estimation error diverges. Other approaches
like engineering non-Markovian interactions bosonic probes have been proposed to overcome this [383] divergence,
although we are not aware of any such attempt in this many-body spin-chain context. Moreover, QFI for estimating
anisotropy y in the thermodynamic limit shows a divergence at y = 1 and scales differently in the ordered phase (h > 1)
compared to the symmetry-broken phase (0 < h < 1) following the formula

+ B8 4 o(h) h>1
lo(y)~ 4“'9”2 2552 e (51)

Garbe et al. [384] have recently considered the influence of various driving protocols on QFI-based sensing in LMG and
other fully connected systems. In LMG and other fully connected models, all interactions are equally strong, in contrast
to models where all interactions except the nearest or next nearest are ignored. Thus, one may wonder what happens
for models where long-range interactions are present, but the interaction strength decays following a power law [385].
Such models become extremely relevant for ion-trap based platforms, where the decay exponent can be fixed by tuning
the lasers [386]. In Ref. [387], the authors considered a long-range Kitaev chain, which is an extension of the N-site
tight-binding model, and whose Hamiltonian is given by

H= %ZCC,H—I—H] chcj—f

Nle

+ 5 20 Do iGGu+ ), (52)

j=1 I=1

>

where «,, | is the coefficient for interaction between two sites [ distance apart, ] is the nearest neighbor coupling and u
is the chemical potential. The power-law decay is a specific case when «, ; o< 1/I". The exponent 7, controls the range
of interaction. For example, n=0 represents a fully connected graph in which all pairs interact equally while n — oo
represents nearest neighbor interaction. The following expression for QFI for estimating the parameter A was obtained
in [387]

N2(InN)YX1=1  pe[o0, 1)
Ig(A)~ { N*(InInN)*>  n=1 (53)
N2 n>1.

Clearly, QFI shows quantum-enhanced sensitivity if the long-distance couplings decay slower than Coulombic, i.e. n < 1.
5. Equilibrium quantum sensing: Localization transition

So far, second-order quantum phase transition in the ground state of many-body systems, manifested in different
setups, has been investigated as a resource of enhanced precision sensing. In contrast, localization transitions, exemplified
through Anderson and many-body localizations, affect the entire spectrum of the system and thus their impact is more
drastic. Originally disorder was used for suppressing the effect of particle tunneling and thus inducing localization in which
particles’ wave functions extend only locally across a few sites. Localization takes place in both non-interacting (Anderson
localization) and interacting (many-body localization) systems. The many-body localization transition is energy dependent
such that each eigenstate localizes at a different value of disorder [388-390)]. Localization transition can also be induced
by Floquet dynamics [391] pseudo-random potentials [392,393] or Stark fields [178,394]. In this section, we investigate
the application of both single- and multi-particle systems under the effect of such localization effects for quantum sensing.

5.1. Pseudo-random localization transition
A paradigmatic model which exhibits localization-delocalization transitions has been studied for quantum sensing

purpose [199]. It is represented by one-dimensional fermionic lattice in presence of a quasi-periodically modulated onsite
potential i.e., the potential varies from site-to-site. The Hamiltonian of the system is written as

—]Z G Cio1 +ho)+ VZcos Zma))c C;

+U Z Aifti1, (54)

where J is tunnehng, w is an irrational number, U is interaction strength, and V is the unknown parameter which we wish
to estimate. In addition, the operator éif (¢;) is fermionic creation (annihilation) operator at site i and 71; = éféi accounts
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Fig. 4. Quasi-random disordered probe. (a) QFI as a function of V for different interaction strengths U (see Eq. (54)) for particular case at half-
filling (L = 89 and n; = 45). The plot shows I, as a function of V for varied interaction strengths (up to the interaction strength comparable to the
kinetic energy). (b) The maximum QFI, 13, as a function of L for U=0. The number of fermions n; for L = 21, 55, 89, 233, 377,987, and 1597 are

11, 28, 45, 116, 189, 494, and 798, respectively. The I{i nearly saturates the Heisenberg limit, i.e., 13~L2 for both, the bare system and a system with
moderate interaction (U=1.2).
Source: Figure is adopted from [199].

for particle number. The non-interacting case, i.e. U = 0, is known as the Aubry-André-Harper (AAH) model [395]. In the
AAH model with a single particle, there is an energy independent localization transition at a finite modulation strength,
V. = 2. For a given V, all the states are either localized (for V > V. ) or extended (for V < V.) [396]. For finite size systems,
proper scaling emerges at the transition for system sizes F, with either odd or even sequences from the Fibonacci series
and for w to be approximated by w,=F,/F,,1. Here F, and F, . are two consecutive Fibonacci numbers with the property
w=limy_ oo(Fy/Fpt1) = (/5 — 1)/2, which is the so-called golden ratio.

In addition to the single-particle case, one may consider the half-filled case in the presence of interaction U. The
localization transition persists in the ground state in the presence of interaction [397,398]. Moreover, further theoretical
works have argued in favor of many-body localization (MBL) [399-401], albeit with different universality properties than
the uncorrelated disordered systems.

Interestingly, the AAH model can be of potential use for quantum sensing of the strength of the quasi-modulated
potential, V [199]. Fig. 4 presents I, as a function of V for different interaction strength U and fixed L. Two observations
are noted: First, the peak tends to shift towards a higher V* (V* is the value of V where I is maximum in finite system
of size L) with increasing U. This is expected as many-body localization transition is supposed to occur at V. > 2 in the
presence of interaction; and second, the value of I tends to slightly decrease at V* with increasing U. The scaling of
the peak of the QFI which occurs at V = V*, namely I = Io(V*) is presented in Fig. 2(b) which reveals scaling of the
form IE(U:O):UQS(Z) in the non-interacting limit. Despite the lack of enough data points, it is evident that the effects of
interaction on the scaling exponent remain pretty small in the range of weak to intermediate range.

5.2. Stark localization

Stark localization caused by an applied gradient field across a lattice has been exploited for ultra-precise sensing [ 154-
156,402]. The extended-localized transition in the limit of large one-dimensional systems takes place at an infinitesimal
gradient field. This allows for sensing weak fields with great precision. This section is devoted to Stark probes and their
capability to serve as a weak-gradient field sensor.

For a single particle that tunnels to its neighbors in a one-dimensional lattice affected by a linear gradient field with
strength h, the Hamiltonian is given by

-1 L
A=1 (iyi+ 1]+ i+ 1)) +6 Y ili)il, (55)

i=1 i=1
where ] is the tunneling rate. In this setup, the gradient-field strength 6 is the unknown parameter and aimed to be
estimated. It is well known that in the thermodynamic limit (i.e. L—o0), all energy levels of the Hamiltonian Eq. (55)
go through a phase transition from an extended to a localized phase at 6,.=0 [177,178,403-405]. Focusing on the ground
state, Fig. 5(a) presents QFI as a function of h for different sizes of the probe. The initial plateaus represent the extended
phase in which the QFI takes its maximum for 6 <6,,.x. Clearly, hy.x skews to zero and tends to the critical point 6,=0, as
the length of the probe increases. The maximum values of the QFI, denoted by I (6max), increase dramatically by enlarging
the probe, evidencing divergence of the QFI in the thermodynamic limit. In the localized phase, namely 6 >0, the QFI
is size-independent and decays algebraically according to Iox|60 — Omax|™* with «=2 for the ground state. The scaling of
the QFI with the system size at the critical point has been plotted in Fig. 5(b). The QFI shows strong quantum-enhanced
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Fig. 5. Single-particle Stark probe; (a) QFI as a function of the Stark field 6 for single-particle Stark probe, prepared in the ground state of Eq. (55)
with various sizes. The dashed line is the best fitting function to describe the algebraic behavior of the QFI in the localized regime when L— ooc.
(b) the maximum of the QFI at 6, versus probe size L. The numerical results (markers) are well-fitted by function Iy ocL? (line) with f=5.98. The
inset shows the scaling behavior far from the criticality.

Source: Figure is adapted from [154].

sensitivity, i.e. Io(6max)ocL? with B~~6. The inset of Fig. 5(b) shows how B changes by getting distance from the critical
point, i.e. Oax. As the Stark localization transition happens in the entire energy spectrum of Eq. (55), one can inquire about
higher energy eigenstates’ scaling. Interestingly, one can obtain the quantum-enhanced sensitivity with S~4 for all excited
eigenstates. Following Section 4, establishing finite-size scaling analysis results in critical exponents («, v)=(2.00, 0.33)
and (o, v)=(4.00, 1.00) for the ground state and a typical eigenstate from the mid-spectrum, respectively. Indeed, three
exponents 8, @ and v obey B=«/v in Eq. (42), regardless of the energy level.

The offered quantum-enhanced sensitivity by Stark localization is not limited to the non-interacting probe. To study the
effect of the interaction, one can consider a one-dimensional probe of size L containing N.x=L/2 excitations with tunneling
to their next neighbor and interaction range that decay algebraically depends on the exponent n>0. The Hamiltonian reads

L-1 L

- Z XA Ay a Z J . Z A

H =] (Ui"a,-’jﬂ + O'iyO'i)_/'_]) + WO’,ZO}Z + 0 lO'iz, (56)
i=1 i<j i=1

with J and 6 as the coupling strength and the magnitude of the gradient field, respectively. By changing the exponent
n, one can smoothly interpolate between a fully connected graph for =0 and a conventional nearest-neighbor one-
dimensional chain for n—oo. In the following, after presenting the results for the probe with short-range interaction
(i.e. n—o00), we investigate the impact of long-range interaction (i.e. n<o0) to address this question that whether longer
range of interaction can provide more benefits for sensing tasks.

Short-range interaction.— Fig. 6(a) represents the QFI as a function of 6 for various L obtained for the ground
state [154]. By increasing the Stark field, the system goes through a phase transition from the extended phase to the
localized one. Clearly, the QFI peaks at some 6p,x which gradually moves to zero, indicating that the Stark localization
transition in the many-body interacting probe takes place at an infinitesimal gradient field. While finite-size effects
are evident in the extended phase (0 <60nax), in the localized phase (6>6n.x), the QFI is size-independent and decays
algebraically as I x|0 — Omax| ~* with «=4.00. The scaling behavior of the Stark probe has been presented in Fig. 6(b) for
both extended phase (§=10"%]) and transition point (§=6n.x). The best fitting function to describe the numerical results
(markers) obtained as IchL/g (lines) with $=3.67 and =4.26, for extended phase and transition point, respectively.
Obviously, similar to the single particle probe, the many-body interacting probe also results in strong quantum-enhanced
sensitivity.

Long-range interaction.— To explore the advantages offered by long-range interactions in the Stark probe, Ref. [155]
presents the QFI for a Stark probe of size L=30 prepared in the ground state of Hamiltonian Eq. (56) with different »’s. The
results are shown in Fig. 6(c). Regardless of the range of the interaction, increasing 0 results in transition from extended
phase to localize one, highlighted by a peak at 6n.x(n). Various n’s leaves different imprints on the QFI. By decreasing
the range of the interaction the induced Zeeman energy splitting on each site changes from a uniform to nonuniform
(resembling disorder) which causes diminution in QFI The effect of nonuniform energy splitting gradually vanishes as the
interaction tends to short-range. By considering a fitting function of the form I, ~ L?, one can estimate the exponent j for
various choices of (6, n). The results are presented in Fig. 6(d) which clearly shows the possibility of quantum-enhanced
sensitivity over a wide range of interactions.

Capturing the ultimate precision limit provided by the QFI, and equally saturating the Cramér-Rao bound in Eq. (7),
demands an experimental-friendly measurement setup. In Ref. [154] it has been shown that a simple position measure-
ment described by local projectors {I1; = |i) (i|}iL=1 results in CFI closely matches with the QFI in single particle probe. For

many-body interacting case, the best observable to closely catch the QFI is obtained as @:ﬁf: 167 [155,156].
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Fig. 6. Many-body Stark probe; (a) QFI versus 6 for many-body Stark probe with nearest-neighbor interaction prepared in the ground state of
Eq. (56) with n— o0 and different sizes. The dashed line which is the best-fitting function shows the asymptotic behavior of the QFI in the localized
phase. (b) the QFI versus L in extended phase, i.e. §=10"%], and critical point, i.e. #=60n.. The numerical results (markers) are well-described by
fitting function IQo<L“3 (line) with =3.67 and $=4.26 for the extended phase and critical point On.y, respectively. (c) QFI versus 6 for many-body
Stark probe prepared in the ground state of Eq. (56) with different n and L=30. (d) The obtained scales of the QFI, namely S(6, n) versus range of
the interaction 7, in both extended phase (§=10"%) and critical points (§=60ax)-

Source: Figure is adapted from [154,155].

6. Equilibrium quantum sensing: Topological phase transitions

Second order quantum phase transitions are known for various features including spontaneous breaking of a continu-
ous symmetry, local order parameters, gap closing and scale invariance behavior. While such critical phenomena is usually
good for quantum-enhanced sensitivity, it is not clear which of these features are responsible for achieving quantum-
enhanced sensitivity. Moreover, although these models are not as noise-sensitive as interferometric schemes, detailed
analysis shows reduction in the QFI scaling with increasing noise [406]. Thus, building quantum many-body sensors based
on beyond second-order phase transitions is crucial. There also exists phase transitions where the corresponding order
parameter is global. These are called topological phase transitions and are characterized by discrete jump in topological
indices of the ground state of the physical system such as the Chern number [407-409]. In addition, topological systems
are expected to be naturally more robust against local noise and thus their performance as a sensor be less noise-affected.
In this section, we consider two different topological sensors, namely Symmetry Protected Topological (SPT) systems and
non-Hermitian topological probes.

6.1. Symmetry protected topological sensors

Topological phase transitions, exemplified through SPT transitions in free-fermionic systems, are fundamentally differ-
ent from conventional second-order quantum criticality. In fact, SPT transitions are characterized by: (i) the emergence
of robust edge/surface states which are protected against symmetry-preserving local perturbations [410,411]; (ii) an
integer-valued nonlocal quantity called a topological invariant [412]; and (iii) the absence of long-range correlations and
entanglement [413].

One of the simplest and earliest examples of free-fermionic systems with SPT transition is the Su-Schrieffer-Heeger
(SSH) model [414] which consists of one excitation in a 1D tight-binding lattice with N sites consisting of two different
sublattices characterized by bonds of alternating strengths. The Hamiltonian is given by

I:ISSH = — Z <t15}&j + t2&f+15j) . (57)

]

where t; and t, are intra- and inter-site hopping rates and d;, Bj are the annihilation operators for the two sublattices.
The parameter of interest is 6=ty /t,. For 2D and higher dimensional systems, the quintessential examples of topological
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Fig. 7. QFI scaling near transition. Top panels : Scaling exponent of QFI of edge state (for & < 6.) and corresponding bulk state (for 6 > 6.) as a
function of 6 for (a) SSH model, and (b) Chern insulator model. Bottom panels : Scaling exponent of QFI of many-body ground state as a function
of 6 subject to PBC (blue) and OBC (red) for (c) SSH model, and (d) Chern insulator model.

Source: Figures adapted from Ref. [150].

systems are the so called Chern insulators and generalizations thereof (see Ref. [415] for a detailed review). For a simple
system that has been realized in optical lattices with cold atoms [416], the spin-orbit coupled Hamiltonian is given by

Ch ei et ] pen e & 1
H™ = Z [Ctm Ck.,i] He' [Ger Gel] (58)
k

where ﬁ,fh = B - ¢ is the Bloch Hamiltonian with B = (2t1 cosky, 2ty cosky, m, + 2t(sin ky + sin ky)) and ¢ the vector
of Pauli matrices. Here 7, | denote spin-1/2 up and down states, and m,, t1, t, are lattice parameters of a N x N square
lattice. The parameter to be estimated can be considered as the ratio between the two parameters of the Hamiltonian,
namely 6=m,/t,, which is a dimensionless parameter. The eigenvectors form two bands that touch at phase transition
at the Dirac points (ky, k,)= = (7 /2, 7/2) for nonzero 6. By varying 6 the system goes through a phase transition at
0=6.= F 4 [415]. These SPT models are generically short-range entangled and their topological order are protected only
under transformations with respect to some discrete symmetry.

For topological systems, Ginzburg-Landau theory fails since local order parameters do not exist and no continuous
symmetry is broken. Hence the fidelity susceptibility or QFI based approach to detect topological phase transitions holds
special relevance for such models, in addition to the practical task of building many-body quantum sensors. Extensive
studies in this regard has been made on lower dimensional systems, including 1D Kitaev chain [417], and Kitaev’s
deformed toric code models [418] and honeycomb models [419,420] in 2D. Gu and Lin [421] also pointed out that the
critical exponent of fidelity for the honeycomb model is super-extensive and different for two sides of the critical point.
Thus, fidelity susceptibility is indeed an useful tool for detecting topological phase transitions. In [150], the possibility
of quantum enhancement of sensing in edge and ground states of topologically non-trivial single-excitation subspaces
of generic free-Fermion Hamiltonians was investigated. For edge states, N# scaling, with 8=2 of QFI was obtained at
the transition point and constant scaling away from criticality, as shown in Figs. 7(a) and (b). Significantly, the optimal
measurement for saturating the Cramér-Rao bound was revealed as a constant site-location measurement on the lattice
for every value of the parameter 6. For many-body ground states, quadratic scaling of QFI was again obtained around the
topological phase transition point, with classical linear scaling away from criticality, as shown in Figs. 7(c) and (d).

For multiparameter estimation, it has been suggested recently that the Berry curvature and related topological
invariants (e.g., the Chern Number) act as physically relevant bounds for the QFI matrix used for multiparameter
estimation [422]. Cai and his collaborators [152] have succeeded in experimentally demonstrating these bounds for a
2D Chern insulator system synthesized in an NV-center based setup.

6.2. Non-Hermitian quantum sensors

Non-Hermitian Hamiltonians can generate non-Unitary dynamics which is closely connected with open system
dynamics [423]. For example, in the Lindbladian description, the evolution of the density operator can be expressed
in terms of the properties of the non-Hermitian Liouvillian super-operator. Also, for the dynamics during which no
Lindbladian jump operator acts (the probability of which decreases exponentially in time), an effective non-Hermitian
Hamiltonian can describe a pure state evolution. With recent experimental progress, it is possible to design specific non-
Hermitian Hamiltonians that determine the evolution of the system. In particular, the topological systems bear many
surprising features due to the unique properties of the eigenstates and complex eigenvalues [424]. In the absence of
degeneracy, the eigenstates are linearly independent and form a complete basis, but they are not orthogonal. This stems
from the fact that the right- and left-eigenstates are not the same. For a non-Hermitian Hamiltonian Hyy, they are defined
as

Ayl v ) = Eqlyl),
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(WnlHn = En(yl = Hlylvm) = Exly), (59)
where E; is the corresponding eigenvalue. However, these states are biorthogonal [425], and upon normalization gives,
(w |1p y=8mn. Here, |¢/ y=|¥Ry//(wEyR), and |1p _|¢ Y/+/(Wk|l¥R) *. This helps in writing down the completeness
relation ), |1p w |=1 and the spectral decomposmon HNH_ >, Enlw )(w |. A crucial point to note while considering
sensing with non-Hermitian systems is that the norm of the state is not conserved during evolution. Therefore, to
obtain a normalized probability distribution from the measurement outcomes, the state needs to be divided by the
norm calculated with standard inner products. In this context, the valid probe corresponding to a right-eigenstate is
[ R) (WRI/Tr(|9R) (¥ R]). Under the action of a non-Unitary operator U=e~"Nut/" on an initial state |), the dynamical
probe is given by the normalized density operator U |¢0)(w0|ﬁ t /Tr(0|w0)(w0|UT). This approach has been standardized
through both theoretical works [426,427] and experimental realizations [93,428]. It ensures that the probe is a valid
density operator with which the standard QFI definition [125,220] in Eq. (14) can be applied.

Non-Hermitian Hamiltonians can have degeneracies analogous to Hermitian systems, i.e. identical eigenvalues with
distinct eigenstates. The points in the Hamiltonian’s parameter space where this happens are known as diabolic points.
There are also parameter values where more than one eigenvalues and the corresponding eigenstates can become
identical. These are known as Exceptional Points (EP) and have no Hermitian counterpart. The right- and left-eigenstates
corresponding to the EP are orthogonal to each other and the biorthogonal framework breaks down as the Hamiltonian
is not diagonalizable anymore. If the Hamiltonian has parity-time (PT) symmetry, then it commutes with the antilinear
and antiunitary 7 operator. For example, in spin-1/2 systems on a lattice, the parity operator is P= Zjl—j)(ﬂ ® &j",

and the time-reversal operator is 7= Z N {l® 6y12 Here the term |—j)(j| swaps the position of spins at sites j and —j.

The action of K is complex conjugation, and ajxy 2 are the Pauli spin operators on jth site that affect the spin degree of
freedom [429, 430] In an appropriate parameter regime, a PT-symmetric Hamiltonian supports a real energy spectrum,
and it is known as the PT-unbroken phase. In this case, the Hamiltonian and the PT operator share the same eigenstates,
known as PT-symmetric eigenstates. Upon variation of the Hamiltonian parameters, a PT-broken phase can be entered
where some or all eigenvalues become complex that appear in complex conjugate pairs. This happens through a phase
transition associated with spontaneous PT-symmetry breaking. The PT-symmetry breaking point is an EP of the system.

EPs are branch point singularities in the complex energy manifold and generate non-trivial topology, quantified by
winding of eigenvalues and eigenvectors [431]. Sensing based on EP was proposed first in Ref. [432] for coupled cavity
systems — with photon loss and gain terms - that have resonant modes at EP. A non-Hermitian perturbation with strength
€ would move the system away from the EP. For an EP of degree n (i.e. n eigenstates coalescing), the resulting energy
splitting ~¢!/". In contrast, for Hermitian degeneracies or diabolic points, the leading order splitting is ~¢. The advantage
of the EP based sensors can be quantified by the susceptibility d.e'/" o e~(1=1/" which diverges as ¢ — 0. This
was experimentally demonstrated with optical microring resonators [433,434] and also with further imposition of PT
symmetry [435,436] (see Fig. 8). However, these schemes do not reveal the precision of the sensor which is the smallest
change in € that can be measured. The standard measurement is done by first implementing an excitation, followed by
analyzing the resonant scattering output. The signal-to-noise ratio of the output is a measure of the precision, which
corresponds to the QFI if the associated observable can be chosen to be optimal. As the eigenstates participating in the
excitation-deexcitation process become more and more non-orthogonal while approaching EP, it was debated that the
resulting quantum noise would overwhelm the advantage of EP based sensors [437,438]. Experimental observation also
confirmed this [439]. Signal enhancement was nevertheless predicted at specific frequencies [440] or with additional gain
terms [441] and was also observed experimentally for systems slightly detuned from EP [442]. The effectiveness of EP
based sensors is still a topic of active research [219].

In Ref. [441], another resource for enhanced signal was shown to be the non-reciprocity. For tight-binding non-
Hermitian Hamiltonians, a concrete proposal based on the Hatano-Nelson model [444] was put forward in Ref. [443].
Here the non-reciprocity is provided by different hopping rates to left and right, namely J; and Ji, in the 1D Hamiltonian

Hin =) (i) G+11 + Jeli+1) 6D - (60)
J

The imbalanced hopping terms generate an unique non-Hermitian topology even in the single-band structure, unlike
Hermitian cases. Considering a N-site chain of coupled bosonic modes with a classical resonant drive at site 1, it was
shown that the dynamics of the two quadrature modes are governed by a ‘doubled’ Hatano-Nelson Hamiltonian, with
opposite reciprocities for the two modes. This imposes a Z, symmetry which is broken by a perturbation on site N that
mixes the two modes with strength €. An input drive in terms of one mode would generate a large signal as the output
in the other mode in the steady state. With judicious choice of the optimal homodyne measurement [445], the signal-to-
noise ratio gives the QFI with respect to ¢ which scales exponentially with system size, namely QFI ~ |e|etN—1108Ur/L)/2,
This kind of exponential sensitivity was also reported in Ref. [151] with a similar coupled cavity system with input drive
but here the perturbation term - with strength € - connects the boundary modes (sites 1 and N). Here, the dynamics
is governed by a non-Hermitian extension of the SSH model with balanced loss and gain terms on alternating sites.
This breaks the sublattice symmetry, but makes the systems PT-symmetric. In the topologically non-trivial regime, the
sensitivity of the steady state output field scales exponentially with system size, i.e. ~e*N, where « is a positive coefficient.
This behavior is closely connected to the acute spectral sensitivity of non-Hermitian topological systems [446-448]. In
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Fig. 8. EP based and non-reciprocity based sensors. (a) Energy slitting versus perturbation strength ¢ near EP shows enhancement over standard
splitting near a diabolic point (DP). For EP of order 2 in Ref. [433], the black line shows the expected €'/? behavior. The inset shows scaling exponent
of EP based sensor (blue squares) increasing form 1/2 (black line) as ¢ increases. The exponent for DP based sensor is 1 (red circles). Figure adapted
from Ref. [433]. (b) For a PT-symmetric system in Ref. [436], EP of order 2 appears at the symmetry breaking point. The black circles are the
experimental data for the energy splitting with perturbation €. The red line shows the expected /€[ behavior. In the PT-unbroken regime, the
energies are real and the upper panel shows the splitting. In the PT-broken regime of the system considered, the real part of energy stays constant
while the splitting is observed in the imaginary part (lower panel). As the EP is approached, deviation from the expected value occurs due to
excessive noise. Figure adapted from Ref. [436]. (c) The signal-to-noise ratio (SNR) shows the exponentially enhanced sensitivity with system size N
in the non-reciprocity based sensing protocol in Ref. [443]. It is based on the Hatano-Nelson model in Eq. (60) and A = log (Jg/J.)/2. The analysis is
based on linear response theory which breaks down for very large N, due to amplification of noise. The expected value of N for this to happen with
fixed values of other parameters is shown with dashed vertical line. Figure adapted from Ref. [443]. (d) CFI with respect to perturbation coupling
the boundaries (") as a function of system size N for the non-Hermitian SSH model based proposal in Ref. [151]. Here t; and t; are the intra- and
inter-site hopping terms. The CFI increases exponentially with coefficient « (solid line) until it saturates to a value that increases with decreasing
r.

Source: Figure adapted from Ref. [151].
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Fig. 9. Non-Hermitian energy gaps. Two types of gaps can occur in the complex energy plane (middle panel). Line gap (blue dashed line) separates
two bands (red loops). Point gap resides inside a spectral loop (e.g. Ep). Line gap closes when the loops merge (left panel). Point gap closes when
the loop shrinks to an arc (right panel).

Source: Figure taken from Ref. [153].

particular, exponential sensitiveness of the edge state energy E, to the coupling at the boundary € (i.e. 3.Eg ~ e*V),
has also led to sensing proposal in Ref. [149]. These proposals function anywhere in the topologically non-trivial regime
and does not require fine-tuning to an EP. An experimental confirmation of edge state sensitivity at the EP was also
performed recently with an optical resonator setup [449]. Even in the absence of EP, superiority of sensing has been
shown experimentally [93] and Heisenberg scaling in time has also been demonstrated with non-Unitary dynamics [428].
Such scaling behaviors are quite promising regarding sensing in open systems, although recent theoretical arguments cast
doubts about actual advantages of non-Hermitian sensors over their Hermitian counterparts [450].

Beyond sensing boundary perturbations, non-Hermitian topology also can be used for estimating bulk Hamiltonian
parameters. The notion of band gaps are extended in the non-Hermitian regime to two different gap structures: line
gap and point gap (see Fig. 9) [451]. A spectral loop (for 1D systems) or finite spectral area (in higher dimensions)
correspond to the presence of non-Hermitian skin effect in finite systems [452,453], where most of the eigenstates
are localized at a boundary [454-457]. Changes in the bulk Hamiltonian parameters can make the spectral structure
contract to a curve with zero spectral area. This signals a closure of the point gap, which makes the skin effect vanish.
The corresponding localization transition in the eigenstates can be used for sensing. As was shown in Ref. [153],
precision with Heisenberg scaling can be achieved using such probes. This extends the role of gap closing for quantum-
enhanced sensitivity to a truly non-Hermitian domain. For the aforementioned Hatano-Nelson model, this scaling can be
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Fig. 10. Bulk Hamiltonian parameter estimation with Hatano-Nelson model with 6 = Jz/J; in Eq. (60). (a) Bulk spectrum with periodic boundary
conditions (PBC). (b) Cumulative site-population for open boundary conditions (OBC) eigenstates shows the non-Hermitian skin effect and its absence
(inset). (c) Quadratic scaling of QFI with system size N at the transition & = 6, = £1. (d) QFI Scaling exponent near transition.

Source: Figures adapted from Ref. [153].

obtained analytically (see Fig. 10). The robustness against local disorders is also shown by mapping it to a non-Hermitian
Aubrey-André-Harper model [458]. Apart form extension to prototypical multi-band models [453] and 2D systems [459],
experimental implementation is also possible in discrete-time non-Unitary quantum walk setups [460,461].

7. Resource analysis for critical quantum sensing

As discussed above, various forms of criticality can achieve quantum-enhanced sensitivity. The resource for achieving
such enhanced precision is the system size N and the figure of merit is the QFl. However, in some cases the time t
needed for accomplishing the sensing task also has to be considered as a resource. This might be due to practical issues,
such as limited coherence time, or size dependent t which can make the sensing time extremely long for large system
sizes. To account for such complexity, one can use normalized QFI as a figure of merit, namely I, /t [462-467]. This
can be understood by considering the total time ty, that is needed for collecting the data through probe preparation
and measurement with M repetitions. The number of measurements that are possible within the available total time
is M=t /t. Now from Eq. (7) one can see that the upper bound of achievable precision is given by 1/,/t;,:/2/t. This
clearly suggests that the rescaled QFI I¢/t is the suitable figure of merit. For instance, in the case of many-body ground
state sensing, one may consider an adiabatic approach for generating the complex ground state. This can be achieved by
slowly evolving the system initialized in the ground state of a simpler Hamiltonian which is transformed into the desired
Hamiltonian over the time interval t. If the transformation is slow enough, namely t is large, the quantum state remains
in the ground state of the instant Hamiltonian throughout the evolution. This guarantees that at the end of evolution
when the Hamiltonian takes the final form and, hence, the system is in the desired ground state. When the system is
adiabatically driven towards a second-order quantum phase transition, the required time t scales as t~N? [137], where
z is the dynamical critical exponent showing how the energy gap AE vanishes at the critical point by increasing the
system size AEn;, ~ 1/N?. Incorporating this into the scaling of the QFI across second-order quantum phase transitions
in Eq. (39) leads to

Io(0=6.)/t ~ NP2, (61)

This clearly shows that the scaling diminishes as time is included in the resource analysis. Note that the issue of time
as a resource can arise in interferometric setups as well, for example in the adiabatic sweeping through quantum phase
transitions for entanglement generation and detection [468-470].

Similar results can be found for different quantum sensing strategies where the required time depends on the system
size. For instance, in Ref. [170] quantum-enhanced sensitivity, i.e. 8>1, is achieved for the steady state at the boundary
time crystal transition when the figure of merit is the QFI Io. However, if one changes their figure of merit to normalized
QF], i.e. Io/t, with t being the time that the system reaches its steady state, the scaling with respect to system size is
reduced to standard quantum limit. On the other hand, in the case of Stark systems, presented in Section 5.2, it has been
shown that regardless of the number of particles and the range of the interaction, one always has 8 — z>1 ensuring that
the quantum-enhanced sensitivity is always achievable for the Stark probes [154,155].

Valuable insights on the normalized QFI can be obtained from the fundamental bounds on QFI. When the probe is the
ground state of the Hamiltonian in the form Hy=H,(6)+H;, with a control term H; and the parameter dependent term
Hy(0), the upper bound of the QFI is given by [261],

0 2
< [ 89 Ho ()l

Io(6) = ~F5 (62)
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Table 3

QFI upper bounds for probes prepared dynamically, at thermal equilibrium
(with inverse temperature §), and as ground states.

Source: Table adapted from Ref. [261].
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where the operator seminorm ||.|| is the difference between the maximum and minimum eigenvalues of the operator,
and A is the energy gap between the ground state and the first excited state. On the other hand, when the probe state
is prepared by evolving an appropriate initial state with a Hamiltonian with a time-dependent control term in the form
Hy +=Ho(0)+H:(t), the QFI is upper bounded by the generalized Heisenberg limit [181,471]

Io(6, t) < £2]|3sHo(0)I1%. (63)

According to the adiabatic theorem, the time needed for adiabatic preparation of the ground state probe is inversely
proportional to the square of the critical energy gap. However, with certain case specific shortcuts to adiabaticity, it can
be made inversely proportional to the critical gap, namely ~ 1/ A, [472]. Therefore, the rescaled critical QFI in this case

is bounded as I /t < W This indicates that the rescaled QFI can benefit from the scaling of both the energy gap as
well as the seminorm factor. The fundamental bounds of the QFI in the context of different probes is provided in Table
3, which is adapted from Ref. [261].

The time needed for accomplishing the sensing task, is directly related to the strategy that one exploits. In Ref. [473], the
authors show that by adiabatic evolution, one cannot reach Heisenberg scaling for quantum sensing. However, the proof
relies on a specific choice of the adiabatic evolution. In their formalism the Hamiltonian is written as H= 6H0+H1( ), where
Ho and H; do not depend on the target parameter 6. In this scenario, HO is always on and the time dependent Hamiltonian

H(t) varies slowly. The resulted dynamics encodes the information about 6 into the state of the system whose initial state
does not depend on 6. In this case, as proved in Ref. [473], Heisenberg scaling cannot be reached. Nonetheless, one may
consider to prepare the probe in the ground state of H; and as H; is turned off, the probe is put under the action of a
general Ho( ) adiabatically to prepare the probe in the ground state of a general HO(G) instead of QHO In this situation,
obtaining Heisenberg scaling is possible.

Note that a true resource analysis depends on the sensing scheme. If the time is not a restricting issue QFI can be used
as the figure of merit. Equivalently, for those sensing schemes where time is a key limiting factor, a better figure of merit
is normalized QFI, namely I /t.

8. Non-equilibrium quantum sensing: Dynamical quantum phase transitions

The footprints of the ground state quantum criticality in equilibrium can also be observed in non-equilibrium dynamics.
For a closed system described by a time-independent Hamiltonian H, its time evolution which is described by Schrédinger
equation as

w(0) = e ™ w(0)), (64)
where |¥(0)) is the initial state. There are two different notions of dynamical quantum phase transitions, which we will
discuss separately in the following subsections.

8.1. Dynamical quantum phase transitions quantified by Loschmidt echo

Considering the projection of the state with the initial state that changed in time, one can define the Loschmidt echo,
£(t) = |[(¥(0)|¥(t))|?, interpreted as the probability of return. One can define the rate of return probability G, as

G(t)= —l\}Lngo % log £(t). (65)

It is discovered that if |¥(0)) and |¥(t)) belong to two different equilibrium phases, then G(t) can be non-analytic at a
certain time t=t.. The occurrence of non-analytic behavior has been rigorously established as the dynamical quantum
phase transition (DQPT) [474]. On the other hand, if |¥(0)) and |¥(t)) belong to the same equilibrium phase, then G(t) is
a regular function of time. There are a few peculiarities to these cases [475] as well as their extension in non-Hermitian
systems [476,477]. Such dynamical phase transitions have been experimentally realized in large quantum simulators [478].
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Fig. 11. DQPT quantum sensor. (left) A Gaussian longitudinal magnetic field of the form By(t) = Bexp{—(t — 7)?/(20%)} improves the Fisher
information for measuring the coupling at t = 3t.,. On the other hand for other 7 and By = O does not provide improvement in the Fisher
information. The other parameters are B =200 G, 0 = 7/2, and B, = 50G is fixed for both cases. Figure is adapted from [479]. (right) The scaling
exponent of quantum Fisher information I[fDc ~ Nb corresponding to §2 at the critical points £2 = §2. of non-equilibrium phase transition. Abscissa

represents the initial state for various choices of # and ¢ = 0 of the spin-coherent state, w/x = 1074, and N € [100, 200]. The lines are obtained
numerically and dots are obtained using long-time secular contribution [329].
Source: Figure is adapted from [480].

Some recent efforts have been made to explore its relevance as a useful resource for various quantum technologies,
including quantum-enhanced sensing [479], where the authors have proposed a negatively charged Nitrogen-Vacancy
(NV™) center in nearby Carbon-13 nuclear spins as a platform for studying dynamical phase transitions. First, they have
shown that the system undergoes a dynamical phase transition by a suitable choice of a Gaussian time-varying magnetic
field. Then it is shown that the Fisher information, for estimating the coupling strength between the two carbon-13 nuclear
spins, improves for ¢ = 3t., as compared to the other choices of = at regular times. This is shown in the left panel of
Fig. 11.

8.2. Dynamical quantum phase transitions quantified by a time-averaged order parameter

A second category of dynamical phase transitions in many-body systems is detected by the time-averaged order
parameter O(t). The time average of the order parameter in the evolved state |W¥(t)) is given by

T
(o(t))y = lim 1 dt(o(t)). (66)
=00 T Jy

The order parameter distinguishes an ordered phase when (O(t)) # O from a disordered phase when (O(t)) = 0. It has
been shown that Fisher information can be a tool for identifying such steady state phase transitions [480-484]. Moreover,
using a suitable collective spin model, steady-state phase transitions have been identified for quantum-enhanced sensing
of single-parameter estimation [480]. In this paper, the authors have studied a fully connected spin model under sudden
quenching. They focused on the LMG model which is given by

I:ILMG= — %ézz - ng - a)§z (67)

where $%V2=3Y"" 57 /2 are defined as collective spin operators and 6;** are the Pauli matrices for the ith spin-1/2
particle. The criticality of the ground state of the model occurs at §2./x=0.5 and w./x=0. The Fisher information in long-
time state behaves as an order parameter and shows a peak at the critical point. Moreover, the scaling of the long-time
QFI at the critical point as a function of system size N reaches a sub-Heisenberg limit for the transverse field, Ié"“ N1
and Iy HOO ~ N175 for the longitudinal field. For various choices of initial state, the scaling exponent b, obtained by fitting

the numerlcal data in the function If—’Oo ~ Nb, is shown in the right panel of Fig. 11.
9. Non-equilibrium quantum sensing: Discrete time crystal phase transitions

Apart from dynamical phase transitions, discussed in Section 8, there are other categories of phase transitions which
occur through non-equilibrium dynamics of many-body systems. An important class of such systems are discrete-time
crystals (DTCs) which are defined in an isolated non-equilibrium quantum many-body system that undergoes periodic
drives. Breaking the transnational symmetry of time results in the emergence of a new phase of matter known as the
DTC phase with persistent indefinite oscillations [485-488]. This concept has also been studied in the non-Hermitian
systems [489]. Recently, long-range spatial and time-ordered dynamics in the DTC phase have been harnessed to measure
an AC field [490-492]. The optimal performance for long periods along with intrinsic robustness to the imperfections
in the sensing protocol based on DTC phase allows one to hit the standard quantum limit in estimating the AC field.
However, obtaining a true sensing enhancement based on a resource such as system size requires a wised mechanism
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Fig. 12. DTC quantum sensor; (a) The QFI versus 6 in stroboscopic times in a system of size L=30. The onset of the phase transition is determined
by #=6max (dashed line), the point where QFI peaks in different period cycles n’s. (b) The values of the QFI after n = 2 in DTC phase (for §=10"%r/2)
and at transition points (§=6may) versus L. The numerical simulation (NS) is well-mapped by a function as IoxL? (solid lines) with 8>3. Results
are obtained for £¢=0.01.

Source: Figure is adapted from [174].

for establishing DTC. In Ref. [174] the proposed mechanism results in a stable DTC with period-doubling oscillations
that persist indefinitely even in finite-size systems. The time-dependent Hamiltonian that governs the dynamic in the
considered spin-1/2 chain is

H(t) =JH; + ) _ 8(t — nT)Hp,

n
L-1 L
A=) j6i6,. H=0) o (68)
j=1 j=1

Here ] is the spin exchange coupling, and 6].” # are the Pauli operators. For one period of evolution, the Floquet unitary

operator reads
Up(82, &) = e~ ifr i (69)

here ©®=JT, and @ is tuned to be ®=(1—¢)7, with ¢ as deviation from a 5 /2 x-rotation. While setting ®=x /2 results in
a stable period doubling DTC that is robust against arbitrary imperfection ¢ in the rotating pulse, the system goes through
a sharp second-order phase transition as the spin exchange coupling, namely ® varies from Z, denoting this variation as
6=|© — Z|. Relying on this transition, a DTC quantum sensor has been devised to sense ¢ with benefits from multiple
features. As it is clear from Fig. 12(a), in the DTC phase the QFI provides a plateau whose value depends on period cycles
n, and in the non-DTC region it shows nontrivial and fast oscillations. By approaching the transition point, denoted by
Omax (dashed line), the QFI shows a clear peak at all stroboscopic times. The extreme sensitivity to the exchange coupling
across the whole DTC phase (6 <6nax) as well as at the transition point (6,.x) providing quantum-enhanced sensitivity
as IchLﬁ with >3 (see Fig. 12(b)). The obtained quantum enhancement is independent of the initial state and can be
boosted by increasing imperfection in the pulse to a certain value.

10. Non-equilibrium quantum sensing: Floquet phase transition

Quantum metrologically advantageous states can also be generated using the application of external time-periodic
driving to the system. In fact, in interferometry-based quantum sensing one can overcome the detrimental effect of
decoherence by driving the system in a proper way to restore Heisenberg scaling [493]. In periodically driven systems,
the frequency of the external driving can resonate with the lowest energies of the unperturbed systems. This resonance can
be harnessed for quantum-enhanced sensing [168,169,273,494-499]. This resonance phenomena has also been observed
in gaped many-body quantum systems when the frequency of external driving matches with the lowest energy gap of
the unperturbed Hamiltonian. [168,169,500]. Various important physical features of systems with time-periodic influence
can be extracted by employing Floquet formalism. For a time-periodic Hamiltonian, H(t 4+ ) = H(t), with periodicity
T = 27 /w, the solution of the Schrédinger equation follows from the Floquet theorem. The Floquet theorem gives an
ansatz of the form |¥(t)) =", e~ et |, (t)). Here w,s are quasienergies (the Floquet phase), |®@,(t)) the Floquet modes,
and ¢ € Z. Substituting the ansatz to the Schrédinger equation, i BW;—EU) = I:I(t)|lP(t)), the Floquet modes satisfy

)P = el @e(t)). (70)

27

(H(t) — i%
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It can be noted that |®,(t + 7)) is also a solution of the above equation with Floquet quasienergies ¢, therefore, one can
write |@,(t + 1)) = |D,(t)). Furthermore, the time evolution propagator, describing the dynamics of the system, is given
by

l}(t,tg):?;exp(—i/ H(t)dt'), (71)

to

where 7; represent time ordering operator. It is noted that U(t + 1)|¥(t)) = |¥(t+ 1)). Using the ansatz for |¥(t)) in the
above equation, one gets U(t + f)e:iu{t|¢[(f)> = e~ (t 4+ r)). This shows that the Floquet modes are eigenvectors
of the one time-period propagator U(t, 0) with {e~"*¢7} the corresponding eigenvalues.

Properties of Floquet modes {|®,(t)} and Floquet phases {1} have been explored for sensing periodic magnetic fields
due to clusters of few qubits [494]. Here, the effective magnetic field due to the cluster of spins is detected using a single
qubit as a sensor. The initial state of the system is W(O)):%(ITH—IJ,)) ® |B(0)), where |B(0)) is the initial state of the
detected spin cluster at time t = 0 and [1), || ) are the computational basis states of the electronic spin, respectively.
At later times, due to the interaction with the sensor (the qubit state), the spin cluster state becomes entangled with
the sensor. The magnetic field signal is detected from the data of temporal coherence of the time-evolved state of the
detected spin cluster. The coherence can be expressed in terms of the eigenvalues and eigenstates of the one-period
unitary evolution operator or Floquet operator. The coherence displays a dip which occurs at the avoided crossings of the
Floquet eigenstates where e/t a e~ or when the Floquet gap, Ar = 1t — ik, vanishes. Thus, by measuring the location
of the coherence dip, the energy-difference between Floquet states can be observed with precision higher than the one
predicted by the average Hamiltonian theory. However, this method can only be applicable for a sensing around the
resonance frequencies. Sensing of arbitrary frequency fields has been proposed using a single qubit as a sensor in Floquet
systems [495]. In addition, periodically driven systems and the transition of Floquet quasienergies have been used for
magnetic-field signal amplification [496]. In Ref. [497], an optimal control method is developed to estimate the amplitude,
B, of a time-periodic magnetic field B(t) = B(cos(wt)ox + sin(wt)d;). In Ref. [501], a systematic variational approach for
establishing optimal control was set up, where it was shown that for magnetometry, restricted controls in the form of one
and two-body interactions are already sufficient to approximately achieve Heisenberg scaling. It is shown here that the
QFI with respect to B can achieve quantum-enhanced sensitivity with interrogation time, t, by applying an optimal control
pulse as compared to the one without control. A solid state sensor with an ensemble of high density Nitrogen Vacancy
(NV) centers in diamonds has been investigated both theoretically and experimentally by Floquet formalism [498]. The
system, here, is a dense ensemble of electronic spins. Each electronic spin act as an independent probe for the external
signal. Thus, one would expect that, by increasing the number of particles in the system, the sensitivity can be improved.
The improvement, however, is severely hindered by interaction between the spins, since a large spins are confined in a
small volume, the spin-spin interaction is unavoidable. By applying a series of dynamical decoupling pulses, the interaction
between the spins has been suppressed, which results in a larger coherence time. In this way the standard quantum limit
is shown to be restored which is lost due to spin-spin interaction.

It is important to note that the above sensing protocols either do not employ interaction between the particles directly
or use schemes to suppress the particle-particle interaction. Thus, the above schemes are equivalent to the single-particle
probe quantum metrology schemes with several rounds of repetition of the protocol. It is natural to extend the formalism
to many-body systems with Floquet dynamics without applying any dynamical decoupling pulses and ask if still one can
harness any property for improving the precision well beyond the standard quantum limit. Sensing protocols have been
developed in many-body systems using Floquet formalism for detecting both static [168] and periodic fields [169]. The
Hamiltonian considered in those studies is

N
N J T14+Y\ayn 1—9y\.ya~
H(t) = -3 2[(7)@"@11 + ( 5 )Giyai)-,i—l:l
1=

_ o+ HO) g

2 %

(72)
i
where, 6% are the Pauli matrices, J is the exchange coupling, —1<y <1 is the anisotropic parameter, and the periodic-

boundary conditions, i.e., &Ii‘,;{f 56{‘” ., is imposed. Furthermore, the time-dependent field h(t) is periodic with a period

T = %’ Thus, the Hamiltonian is a time-periodic I:I(t + nt) = I:I(t), where n € Z. In the absence of the periodic field,
i.e. h(t) = 0, the Hamiltonian (72) shows quantum criticality at hp=h.=J for all values of y [175]. Using Floquet formalism
for solving the dynamics driven by the Hamiltonian in Eq. (72), one can estimate both the static field hy [168] and the
amplitude of the periodic field h(t) [169] even with partial accessibility to a block of spins. Note that partial accessibility
implies that one only has access to a certain block of spins to perform measurement and gains information about the
parameter of interest. It is to be emphasis here that the sensitivity to the parameter of interest naturally deceases as
the accessibility reduces to smaller blocks. For example, it is shown that the QFI with respect to hq in the ground state
of Eq. (72), when h(t) = 0, decreases as compared to the full system [168]. By driving the system periodically using an
external drive field h(t) the QFI can be made to exhibits peaks not only at the critical field, but at the points where the
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Fig. 13. Driven enhanced sensing. (a-b) DC field sensing for h(t) = ho + hy sin(wt). (a) Steady-state QFI I as a function of hp for y = 1, @ = 1,
h; = 1.5, and the total system size N = 6000. (b) The scaling of QFI as a function of L in the steady-state (lfzs) and the ground state (Igs). The
total system size here is N = 6000 and the other parameters for the IflS and Igs are same as in panel (a). (c-d) AC field sensing of the form
h(t) = hg + hy Z;’io 8(t — nt). (c) The line of maximum of Ifzs and minimum of Floquet gap. (d) Scaling of Iff as a function of L for points (ho, hy)
such that Ar = 0 in blue diamonds and for points A # 0 in the blue circles. For (c-d), 7 = 0.2.

Source: Figure adapted from Refs. [168,169].

Floquet resonances occur. Thus, even with partial accessibility, the probe state becomes more sensitive with respect to
the magnetic field hyp when a suitable controlled driving magnetic field is applied such that the Floquet gap closes.

By utilizing the time translation invariance of the Hamiltonian, the unitary dynamics in the integer multiple of
time-period t can be given by

U(r, 0) = e M7, (73)
where Hy is called the Floquet Hamiltonian and it describes the evolution of the system at the stroboscopic times t = nr.
The knowledge of the state of the system at the later times t = nt can be fully obtained by successive application
of U(z, 0). The U(t, 0) admits spectral decomposition in terms of eigenvectors {|x)} and eigenvalues {u(7)} of U(z, 0)
which depends on unknown parameter to be estimated. The eigenvalues are periodic and are given by uy = u¢ + no.
Starting from a initial state, |¥p), the time-evolved state can be written as [¥(nt))=), e |y (i | W0) 2.

Since the system is continuously absorbing heat from the driving, it may heat up to an infinite temperature state
which does not carry any information about the unknown parameter hg [502]. This time is exponentially large for most
of the generic integrable finite-size and disorder-free many-body systems. Thus, a lot of information about the unknown
parameter is gathered by performing measurements at the intermediate time, especially at the transient time. For a system
with partial accessibility, one can only perform measurement on a block of size L. This practical limitation makes the
sensing even more challenging as due to entanglement between the spins in the block and the rest of the system some
information might get lost. To investigate the sensing with partial accessibility, the QFI has to be computed for the reduced
density matrix po; = Try_( | (t))(¥ (t)l). This reaches a non-trivial steady-state which serves as a potential probe state.

For static field sensing, i.e., for estimating hy, the time-dependent external driving field h(t) = h; sin(w t) is used as a
control field to enhance sensitivity. The QFI of the reduced density matrix o, with respect to ho, denoted as I, tends to
a steady-state [168]. It is shown that IflS exhibits Floquet resonances at hy = h; 4+ fw, £ € Z. Thus, at these points of hg,
the Ias displays peaks, as can be seen in Fig. 13(a). Moreover, the driving of the system with certain frequency w recovers
the Heisenberg scaling of [ ~ LP@) as a function of L which is absent in the ground state. In the ground state the QFI Igs
scales with L as I ~ L' as shown in Fig. 13(b). While for the steady-state, the exponent f(w = 2) = 2.06, obtained in
Fig. 13(b).

Now for periodic field sensing, the Hamiltonian in Eq. (72) is taken to be a transverse-field Ising model (y = 1) with
a time-dependent magnetic field of unknown amplitude h; added to the Hamiltonian [169]. For simplicity, the form is
taken as Dirac-delta pulse h(t) = hy Z;’io 8(t —nt). The aim is to estimate the unknown amplitude h;. The 155 is maximum
and has a peak along a line in the (hg — hy) plane. Interestingly, this line corresponds to the line of vanishing Floquet gap.
Moreover, in the steady-state, the Fisher information Iéf with respect to h; exhibits the Heisenberg type scaling Igf ~ P,
An important finding is that at the location of the vanishing Floquet gap, the exponent 8 ~ 1.96 while for points where
the Floquet phases do not cross, the exponent decreases towards the standard quantum limit.

11. Non-equilibrium quantum sensing: Dissipative phase transitions

Physical systems unavoidably interact with their environment, often referred to as the bath or reservoir, which
possesses a larger number of degrees of freedom than the system of interest. The study of open quantum systems,
which involves understanding the interaction between our system and the environment, has led to remarkable theoretical
findings and practical applications [202]. However, the presence of noisy environments causes the systems to lose their
coherence (decohere) and, consequently, results in unavoidable detrimental effects on their dynamics. This issue is
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particularly relevant for upcoming quantum technologies, as fighting against decoherence is essential for achieving more
efficient quantum probes [503], developing algorithms for specific quantum tasks [504], and quantum simulators with
significantly longer coherence times [505]. See Ref. [506] for a recent and comprehensive review on quantum metrology
in the noisy intermediate-scale quantum (NISQ) era. Moreover, various sensing strategies have been proposed to estimate
unknown parameters in open quantum systems. A few notable examples include recent works [262,264,507-509]—see
also Ref. [254] for a thorough and comprehensive review on thermometry. Since the interaction between the system and
its environment is unavoidable, a natural question arises: Can the detrimental effects of decoherence be mitigated or even
exploited to enhance metrological performance? In the following, we review these possibilities in detail.

11.1. Profiting from dissipation

Since non-classical states are crucial for countless applications and theoretical advances, it would be highly desirable
to have a mechanism where instead of avoiding dissipation, one could harness the very process of dissipation to one’s
advantage. The seminal work by Alfred Kastler in 1950 pointed in that direction [510]. The process, known as optical
pumping, prepares any initial quantum state into a well-defined target state via selection rules of spontaneous emission.
Building on Kastler’s work, coherent population trapping was experimentally demonstrated in the 1970s by Arimondo and
Orriols [511,512]. Ina nutshell, a three-level energy configuration with transitions levels |a) <— |b) and |a) «<— |c)
and Hamiltonian H = h&2(|a)(b| — |a){c| + h.c) allows for a quantum state with a zero eigenvalue (a dark state).
Remarkably, such a dark state, denoted as [y4) ~ |b) + |c), decouples from the external pumping field §2, thus allowing
excitations that reach that energy level to remain there. In contrast, the bright state, denoted as |y,) ~ |b) — |c),
oscillates with the driving field £2 and the state |a). Indeed, this idea lies at the heart of laser cooling [513] as the
ground state represents another specific quantum state. The paradigm shift of harnessing dissipation as a resource rather
than a drawback has led to systematic studies of decoherence itself [213], the ability to prepare a quantum state from
any arbitrary initial state [212], the use of atomic engineered reservoirs to create two-mode Einstein-Podolsky-Rosen-
entangled states [214,215], protection against noise through the engineering of pointer states [514], dissipative quantum
computation [515], the creation of many-body states and non-equilibrium quantum phases [516], thermometry of cold
Fermi gases with dephasing-impurities [517-519], quantum memories using dissipative mechanisms [520], the generation
of Bell states on an open-system quantum simulator [521], and the possibility to enhance sensing precision nearly to the
Heisenberg limit [503].

Other proposals include decoherence-free subspaces [205,206,522-524], dynamical decoupling [210,211,522,525],
and reservoir engineering techniques [212-215,514-516]. The latter technique has been utilized to prepare maximally
entangled states of two qubits [526,527], W-states [528,529], and many-body entangled states [530,531]. In the continuous
variable scenario, this technique allows the study of multi-mode entanglement [532,533] and the preparation of steady
entanglement in bosonic dissipative networks [534]. Notably, it also enables the generation of quantum many-body
entangled states which remains robust in the presence of dephasing, thermal effects, and exhibits scalability and
robustness against disorder in the model parameters [535].

These approaches could provide efficient solutions for the fields of quantum computation, quantum communication,
and quantum metrology where long-lived quantum states and quantum correlations are essential.

11.2. Restoring quantum sensing advantage in noisy environments

The previous section demonstrates the ability to deterministically prepare strongly correlated multi-mode and
many-body quantum states by harnessing dissipation. Generating such quantum states is particularly advantageous
for advancing quantum metrology. For instance, in lossless optical interferometry, the use of NOON states |¥noon) ~
IN, 0) + |0, N) in Mach-Zender interferometers enables achieving the Heisenberg limit of precision for phase estimation.
Therefore, the deterministic production of NOON states is highly desirable. However, even if the NOON state is faithfully
prepared, the loss of a single excitation destroys all the information about the unknown phase. This poses a significant
challenge for quantum state preparation, as unavoidable noise can severely undermine sensing precision, even if states
are efficiently prepared. In fact, in the asymptotic limit of the number of photons N > 1, it has been proven that phase
estimation in the presence of losses can only improve the phase sensitivity up to a certain factor [536,537]. Similarly, S.
Knysh et al. [538] demonstrated that in dissipative systems and in the asymptotic limit N >> 1, the scaling with respect to
the number of photons N transitions from the Heisenberg limit towards the shot-noise limit. Interestingly, the crossover
between the Heisenberg to standard quantum limit scaling is solely a function of dissipation.

One solution to overcome photon losses was experimentally demonstrated by M. Kacprowicz et al. [539]. They
employed a modified NOON state of the form |y) = x1]2, 0) + x,|0, 2) + x3|1, 1) with non-negative weights x;, which
enhances the robustness of phase estimation in the presence of single excitation loss. Remarkably, even if one excitation
is lost, the modified NOON state remains maximally entangled. However, it is essential to note that the above approach
still falls under the category of quantum probe preparation.

A more fundamental route to overcome noisy metrology was proposed by B. M. Escher et al. [217]. Their proposal in-
volves treating the system in addition to the environment as a whole unitary process, aiming to restore quantum-enhanced
sensitivity. This approach entails an upper bound given by

Colos+e(0)] = Ig[ps1e(8)] = I [os(0)], (74)
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Table 4
Non-exhaustive comparison of thermal phase transitions (TPT), quantum phase transitions (QPT) and dissipative phase transitions (DPT): The concepts
for DPT parallel in many respects the considerations for QPT and TPT. || - ||, denotes the trace norm and S the entropy. Note that if the steady state

is not unique, additional steady states may come with a non-zero imaginary part of the eigenvalue and then appear in pairs: £p = %iyp, (y € R).
Source: Table and caption taken from [551].

TPT QPT DPT
Hamiltonian Hamiltonian Liouvillian
System operator H H H H ﬁA - Lindblad
Free energy Energy eigenvalues “Complex energy" eigenvalues
Relevant quantity F(p) = (H), — T(S), Ey : Hly) = Ey|v) Ap it Lp=i,p
Gibbs state Ground state Steady state
pr = argmin [F,] |Y0) = argmm 1//|H|w po = argmin[||£p]|]
p=0.Ti(p)=1 vli=1 pllr=1
State pr o exp[—H /ksT] [H— E,,,U ]|¢0> =0 £po=0
Phase transition Non-analyticity in F(pr) A = Ey, —Ey, vanishes ADR = max[Re(A,)] vanishes

where Io [ps+£(6)] represents the QFI of the joint system plus environment (S + E), and I [0s(6)] denotes the QFI of the
system (S) only, i.e. with the environment traced out. This framework enables the retrieval of information lost in the
environment. Such a general approach has found applications in lossy optical interferometry and atomic spectroscopy
in the presence of dephasing [217], force and displacement estimation using a noisy quantum-mechanical oscillator
probe [540], and in variational approaches [541]. The proposed general protocol in the extended space entails a purified
evolution and, remarkably, demonstrates that there is always a purification channel such that one can restore the
quantum-enhanced limit of precision. However, observing the joint system plus environment might be practically very
challenging.

Another strategy in noisy quantum metrology is the use of time-continuous monitoring [542]. Indeed, continuous
monitoring of the environment has been proposed as a method to restore Heisenberg-limited precision [462]. For a
pedagogical introduction, see Albarelli et al. [543]. Within this framework, the following chain of inequalities has been
established [462] (for the case of continuous measurements in linear Gaussian quantum systems, see M. G. Genoni [544]):

IQ [)Ounc] =< iQunr,nj =< ELH$ (75)

where Ig [ punc], iQunr,nj' and ELO denote the QFI for the unconditional state, the unraveling process, and the joint system
plus environment, respectively [462]. This continuous sensing methodology has been applied in various contexts, including
quantum frequency estimation under independent dephasing, where the recovered sensing precision matches the
noiseless case [545]; noisy quantum metrology enhanced by continuous nondemolition measurement [463]; Heisenberg-
limited quantum magnetometry [546]; characterization of spin-squeezing via continuous monitoring of the output field
in a cavity-QED setup [547]; fundamental tests of physics, such as discriminating wave function collapse models [548];
and applications in quantum batteries [549].

11.3. Dissipative phase transition as a sensing resource

As opposed to zero temperature (zero entropy) phase transitions lead by quantum fluctuations, dissipative phase
transitions emerge due to the competition between the unitary (Hamiltonian) and the non-unitary (Lindbladian) system’s
parameters [550]. Leading to a phase transition in the steady-state as this competition varies. Indeed, in the thermody-
namic limit, the competition between external drivings, the Hamiltonian evolution, and the dissipation mechanisms can
trigger a non-analytical change in the steady-state of the system [218]. One of the first studies on general properties of
the dissipative phase transitions was addressed by Kessler et al. [551] by investigating the steady-state properties of the
central spin model

. S Al A 1 apa
0 = —i[Hcss, pl+]y (5 pSt — 5{5+5 ,P}> , (76)

where the central spin system (CSS) Hamiltonian Hcss A_ H5 + H, + Hs, decomposes in H5 = ].Q(S+ + 5 ), A = 8a)fz,
and Hs, = a/2(S+I +5 I+) +aS*t§- Iz In the above, S* and Iz are the collective electron and nuclear spin operators,
respectively. ] €2 is the Rabi frequency, dw is the difference of hyperfyne detuning w, a is the individual hyperfine coupling
strength, and y the dissipation rate [551]. Interestingly, the character of the dissipative phase transitions, which may
entail pure or mixed quantum states, was describe by having one or more steady states. This is conjectured to happen
when the Liouvillian spectral gap closes for both the real and imaginary parts [551], see Table 4.

A more rigorous (general) theory of Liouvillian spectra analysis was indeed addressed by Minganti et al. [218],
confirming that the Liouvillian gap, i.e., Re[1] such that the Liouvillian superoperator £ satisfies £0; = Aip;, is Re[A1] = 0
only at the critical point if the transition is of the first-order [see Fig. 14(a)], whereas for the second-order type, Re[A1] = 0
in the whole region of broken symmetry [218] [see Fig. 14(b)]. Consequently, the steady state of the system exhibits a
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Fig. 14. Sketches illustrating the paradigms of first-order and second-order dissipative phase transitions: (a) First-order case. In the
thermodynamic limit, both the real part Re[A;] and the imaginary part Im[A;] of the Liouvillian gap close when the parameter ¢ (that triggers
the transition) of the Liouvillian reaches its critical value ¢, i.e., ¢ >~ ¢. At the critical point ¢ = ¢, the steady state pg is bimodal. Specifically, pss
is a statistical mixture of p;” and p;, which represent two distinct phases of the system. (b) Second-order case. In the sketch, it is considered the
breaking of a Z, symmetry with n = 5. In the thermodynamic limit, the Liouvillian gap closes over the entire region ¢ > ¢.. Moreover, for ¢ > ¢,
all eigenvalues Ag, Aq, ..., An—1 of the Liouvillian are zero. When A # 0 (here ¢ < ¢.), the steady-state density matrix ps is mono-modal. In the

symmetry-broken phase (A = 0 and ¢ > &), pss is an n-modal statistical mixture of density matrices p;, which are mapped one onto the other
under the action of the symmetry superoperator Z,.
Source: Figure taken from [218].

divergent susceptibility with respect to parameters of the system [551]. Other analyses include the use of the Keldysh
formalism [552,553] and numerical approaches [554,555].

Intense theoretical work has been pursued to understand the critical behavior at the dissipative phase transition [354,
554,556-562], including photonic systems [563-574], lossy polariton condensates [561,575], and spin systems [550,551,
558,576-579]. In addition, fundamental limitations on criticality and driven-dissipative phase transitions in quadratic open
systems, namely bilinear Hamiltonian, linear Lindblad operators, and bilinear Hermitian Lindblad operators, have been
recently studied [580]. Example of the above have been investigated for driven-dissipative Bose-Einstein condensate [581].
Exact steady-state expressions [567,582,583] and approximate methods for their evaluation based on variational ap-
proaches have been pursued [145,584]. The presence of phase symmetry breaking in a single qubit-laser system [158],
semiclassical first-order dissipative phase transition in Kerr parametric oscillators with parity symmetry breaking [585],
and second-order transitions in the two-photon Kerr resonator [143]. The universality class of driven-dissipative systems
has also been extensively addressed [553,575,579,586,587] with in-depth analysis of the phase diagram and critical
exponents of a dissipative transverse Ising spin chain [588]. From a geometric perspective, the Uhlmann curvature has
been proposed to shed light upon the nature of criticality [589], and a recent method based on the coherent anomaly
approach has been proposed for determining critical exponents [590].

In addition to the above extensive theoretical findings, several experiments have already been realized in vari-
ous systems, including trapped ions [591], ultracold atoms [159,592-595], cavity-polariton [596,597], superconducting
circuits [163,598], Rydberg atom ensembles [557,599], to name a few.

Dissipative phase transitions have been extensively studied in quantum optics, particularly in the context of coop-
erative resonance fluorescence [600-605]. Notably, the quantum optical model used to explain cooperative resonance
fluorescence has also been employed to investigate Boundary Time Crystals (BTCs), which are open quantum many-
body systems situated at the boundary of a large bulk undergoing everlasting oscillations of a certain observable in the
thermodynamic limit [606-608]. Time crystals are intriguing phenomena resulting from the breaking of time-translational
symmetry [609-611]. They have been studied for both discrete and continuous temporal symmetry breakings.

Discrete time crystals and their potential for serving as quantum sensors in closed quantum systems were discussed
in Section 9. Here, the focus is on the case of continuous symmetry breaking, which is responsible for the emergence of
BTC, the Liouvillian spectral gap closes only for the real part, while the imaginary part forms band gaps [218,606,612],
see Fig. 15. This is the most distinctive feature of BTC as the presence of bands give rise to everlasting oscillations in
their stationary dynamics [606,613]. BTCs have been studied using mean-field analysis [607] and through continuous
monitoring [614]. Recently, a correspondence between second-order dissipative phase transitions and dissipative time
crystals in the thermodynamic limit [612] and a thorough analysis of genuine multipartite correlations in a BTC have
been put forward [615].

BTCs serve as valuable probes for addressing key issues in quantum sensors, namely: (i) they avoid the need for
specific quantum many-body probe preparation through open dynamics and inherently benefit from dissipation, and (ii)
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Fig. 15. BTC Liouvillian spectra analysis: (Left) Finite size scaling for the real part of the Liouvillian eigenvalues in the BTC phase. The index j
labels the eigenvalues. The Liouvillian eigenvalues A; are ordered as a function of their real part (|Re(%;)| < |[Re(A;41)l, and j = 0 has zero real part).
In the wo/k > 1 phase, they scale to zero as a power-law of the inverse system size. (Right) The imaginary parts of the eigenvalues show a band

structure, with a fundamental frequency separation I, ;. For fixed excitation thresholds (A; is selected such that v = {Vi < €) [Ny being the system
size of the boundary], the width of the bands remains finite in the thermodynamic limit (here v < 0.025). The widths of the bands tend to decrease
as lower excitation thresholds are considered. The eigenvalues are plotted in units of «.

Source: Figure taken from [606].

an undemanding measurement basis can extract a fair fraction of the ultimate sensing. In concrete terms, the BTC probe
is governed by the following non-unitary dynamics [600,606,607]

d A K (a4 1 (a.n R

L= il o1+ S (5 s+—f{5+s—, } = Zlpl, 77

i iw[S*, p] + S ( P 5 P L] (77)
where N non-interacting spin-1/2 particles are described by a (pseudo-)spin of length S=N/2. The collective angular

momentum operators are given by 3"‘4"2:‘1/2 Zj OA}.X,_Y.Z' where 6jx,y,x is the Pauli matrix at site j. In Eq. (77) w is the single

particle coherent splitting, Z[p] is the Liouvillian operator, and « is the effective collective emission rate. Deviations of
Eq. (77), including local pumping and anisotropies in the coherent splitting, shows the robustness of such BTC probes
even in this noisy case [616]. Such modified master equation faithfully represents state-of-the-art experiments [617,618].
The steady-state pss = p(t — oo) of the boundary undergoes a phase transition from an unbroken symmetry phase
(determined by @ < «) to a boundary time crystal phase with everlasting total spin oscillations (determined by w > «).

Quantum-enhanced sensitivity using the BTC probe of Eq. (77) can be evidenced in Fig. 16(a) via QFI analysis [170].
As seen from the figure, the maximum of the QFI 1{2“3" grows polynomially with the system size N. A fitting function of
the form I = aN® + ¢ (¢ — 0) reveals a coefficient b = 1.345. Interestingly, in Fig. 16(a), a simple measurement basis
of the totacf magnetization also scales super-linearly with the system size N. A fitting function of the same form as above
exhibits quantum-enhanced sensitivity with a coefficient b = 1.338. To show the performance between the QFI and the
CFl, in Fig. 16(b), the ratio between their maximum values is plotted, showing an asymptotic performance of 90%—a fair
fraction achieved with a sub-optimal measurement basis.

12. Non-equilibrium quantum sensing: Quantum many-body scars and sensing

Quantum many-body scars (QMBSs) [619-621], observed in isolated interacting many-body systems, are known
for violation of the eigenstate thermalization hypothesis [622-624] and, hence, exhibiting non-equilibrium dynamics.
Recently, the potential application of QMBSs in quantum sensing, using either their long-lived coherence time [625] or
their strong multipartite entanglement [626,627], has been identified. In Ref. [625], the authors consider N spin-1 particles
in a 1D lattice with Dzyaloshinskii-Moriya interaction (DMI). The aim is to estimate the strength of an unknown magnetic
field & which acts uniformly on particles. The Hamiltonian reads

H(g) =) L[cos oSSy +8!S)

—
= (=)
o N
+ sing(S1S) — 8751 + 2 > s (78)
i=1
where §f Y% are the spin-1 operators, and J as the coupling strength. The interaction part of the Hamiltonian rotates

between a pure XX interaction for ¢=0, 7 and DMI for ¢= + 7 /2. Spins that are prepared in the initial product
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Fig. 16. BTC quantum-enhanced sensing: (a) Maximal quantum (classical) Fisher information I3** (I™®) as a function of the system size N. Fitting
functions with super-linear coefficient b > 1, evidencing quantum-enhanced sensing using a suboptimal observable. (b) Efficiency ratio I™* /I as
a function of the system size N.

Source: Figure from [170].
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Fig. 17. Quantum Scar based sensor; (a) the minimal error |/f,860* obtained numerically for optimal sensing time t*, in a system of size L=10,
versus J and ¢. (b) and (c), some cross-sections of panel (a). The numerical simulation (markers) is well fitted by the function §0*=1.09//titLt*
(solid line). (d) and (e) the optimal sensing time t* and its behavior for different values of the coupling strength J and ¢. The numerical simulation
(markers) can be closely described by the fitting function t*=0.53/|] cos ¢| (solid line).

Source: This figure is adapted from Ref. [625].

state |Y—o)= tX),.L:l (|+1>+|—1))/ﬁ are allowed to evolve under the action of Hamiltonian H for a sensing time t.
Then the local observable @;:e"? ®f:1 (][4+1)(—1] + h.c.), with properly tuned 6, will be measured. In the absence of
interaction between spins, i.e. J=0, the time evolved state can be obtained as |y/;)= ®"_, (e /2| +1)+€"*/2|—1))/+/2
which results in the estimation error §6 = 1/+/tLt;,c without restriction on t. Generally, the interactions between the spins
through generating entanglement and thermalization scramble quantum information irreversibly and, hence, deteriorate
the sensing performance. In this case, one needs to complete the sensing task in an optimal time t* which is much smaller
than the thermalization time, resulting in the minimal value of the estimation error §6*= min, 6.

In Fig. 17(a), the minimal error §h*, for optimal time t* and L=10, as a function of ¢ and the coupling strength J is
presented. Clearly, regardless of the interaction strength, the minimal error can be obtained for ¢==£m /2. For clarifying
the relationship between all the parameters, in Figs. 17(b) and (c) for selected values of ] and ¢, the minimal error /t;,:86*
is plotted. The numerical simulation (markers) are well fitted by the function §6*=1.09//t*Lt, (solid line). The same
approach can be followed to formulate the optimal time of sensing t*, see Figs. 17(d) and (e). The numerical simulation is
well fitted by t*=0.53/|J cos ¢| (solid line). Clearly, for ¢= 4 77 /2, i.e. when the interaction between spins is purely DMI,
one has a diverging optimal sensing time t*— oo and its associated vanishing error, even for strong interactions. The origin
of this quite surprising result is QMBSs, as it has been shown in Ref. [625]. For proving this connection, the authors start

34



V. Montenegro, C. Mukhopadhyay, R. Yousefjani et al. Physics Reports 1134 (2025) 1-62

by introducing the spin-1/2 operators for two local basis states |£1) of each spin-1 particle. The corresponding operators

~

are SF= F1|, an $2—[SF, S with the associated collective operators as J¥= S* and J7= _SZ_ It has
SE=|£1)(F1], and S?=[S;", ;"] with th d coll + S*, and J7=(1/2)Y ;% It h

i i~i

been shown that the symmetric Dicke states {|y(s)) §=0 defined as

(L—s)!
[ (s) = Sl

are the scar states of Hamiltonian Eq. (78) with ¢= =& 7 /2 [628]. In other words, the eigenstates |y/(s)), defined by
H(op==m /2)|y(s))=60(s—L/2)|¥(s)), violate the eigenstate thermalization hypothesis as they show a subvolume-law
entanglement growth. Rewriting the initial product state |y;—o)= ®f=1 (|+l)+|—1))/ﬁ in terms of the elements of

L!
ﬁ,o ————|/(s)). The time-evolved state in this subspace is obtained
=V 2LsI(L — s)!

as |Y))= ®L, (e7"%2|+1) + €"%/2|—-1))/4/2 results in §6=1//t"Ltwr, despite the presence of strong interaction.
Therefore, the initial state which is prepared in the Dicke-scar subspace of Hamiltonian I:I(¢>: 4+ 7 /2) can result in a
vanishing estimation error via its long-lived coherence property t*— o0o. More discussion on the advanced role of quantum
many-body scar in quantum-enhanced sensing can be found in Refs. [625-627].

(TP (1, -1) (79)

the Dicke-scar subspace results in [¢—o)=

13. Non-equilibrium quantum sensing: Sequential measurements metrology

Previous sections have demonstrated that placing the probe at the critical point of a general phase transition or a special
highly entangled state, such as GHZ-type and NOON-type states, leads to quantum-enhanced sensitivity—see Sections
Section 4- 7 for more details. These sensing advantages primarily exploit quantum superposition to achieve enhanced
sensitivity. However, not all quantum probes experience a phase transition, and experimental limitations prevent us
from generating arbitrary superpositions of many-body states. Therefore, it becomes essential to explore other features
of quantum mechanics to attain quantum sensing advantages.

Measurement represents another distinct feature that sets apart the classical from the quantum world. Indeed, the
concept of wave-function collapse due to projective measurements on the quantum system has sparked several discus-
sions within quantum theory itself [629-632]. In quantum many-body probes with partial accessibility, measurements
can only be conducted locally on a subsystem. However, in these scenarios, even though the measurement is local, the
wave function collapse is global and affects the entire system’s wave function. This intriguing phenomenon has been the
subject of intensive studies [633-642], such as a unique feature for quenching many-body systems [190,191,643,644],
leading to potential new types of phase transitions [ 192,645-649]. These measurement-induced phase transitions have also
been recently linked with quantum-enhanced sensitivity [650,651].

In conventional sensing strategies, data is collected through independent and identical (IID) probability distributions.
This means that after measuring the probe, one needs to reset it to its original quantum state for another round
of experiments or, equivalently, use identical copies. Note that the formulation of the Cramér-Rao inequality (see
Eq. (2)) assumes the resetting of the probe after each measurement or equivalently using M identical probes at once.
A simple yet versatile sensing strategy has been devised using sequential measurements on the probe at regular time
intervals [652-657]. This innovative sequential sensing scheme is of significant importance in quantum metrology for
several reasons: (i) it avoids extremely time-consuming resetting times, (ii) it avoids the need for highly correlated or
complex initial states, and (iii) available experimental measurements suffice for evidencing quantum-enhanced sensitivity.
The sequential measurement sensing scheme, see Fig. 18, is an iterative sensing protocol:

(i) A quantum probe p{)(0) freely evolves to p(z;), . o X X
(ii) At time 7; a positive operator-valued measure (POVM) T,, = 17;1_1'1},1., where 7;, > 0 and {7,} are the elements of
the POVM with random outcome y;, is performed on the probe, updating the quantum state into

1, p(r) T,

(1)
=

, (80)

where
p(y)=Tr[IT,, o ()T} ], (81)

is the probability associated to y; at step i,

(iii) The outcome y; is recorded and the new initial state p{*1(0) is replaced in (i),

(iv) The above steps are repeated until ns,q measurements outcomes are consecutively obtained,

(v) After gathering a data sequence y=(y1, - - -, ¥n, )»» the probe is reset to po and the process is repeated to generate
a new trajectory.

In general, the data collected from sequential measurements are non-IID, meaning that the measurement data are not
independent of each other—i.e., one deals with effectively different probes at each measurement step. It is essential to
emphasize that, unlike conventional sensing schemes, there is no need for specific maximally entangled probe, the need
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Fig. 18. Comparison between conventional and sequential measurements sensing strategies: (a) Conventional strategy for estimating a parameter
g of a quantum system, where measurement data {si, ..., sy} are collected by independent and identical experiments. Every time the experiment is
performed, the system is reset to some specific known initial state po. (b) Sequential scheme for estimating a parameter g of a quantum system,
where the measurements are performed sequentially to collect data {sy, ..., sy} without resetting the state of the system every after the measurement
and the initial state po can be arbitrary.

Source: Figure taken from [652].

for supporting quantum phases, feedback mechanisms, or quantum control. Naturally, standard sensing scheme reduces
to the particular case of ngq=1.

By harnessing the sequential measurements followed by free evolution at regular time intervals, the sequential sensing
scheme has led to significant advancements, including Hamiltonian identification [656], sequential measurements sensing
schemes [256,652,654,658-673].

Quantum-enhanced magnetometry powered by sequential measurements sensing in quantum many-body probes has
been investigated for short number of sequential measurement sequences. An unknown local magnetic field B=(B,,0,B,)
is aimed to be estimated using N interacting spin—1/2 particles with Heisenberg Hamiltonian [655]

N—1
H=—]) 6-6ji1+Bo67 +B,67, (82)
j=1
where &j:(&j",&jy ,(%jz) represents a vector composed of Pauli matrices acting on qubit at site j, ] denotes the exchange
interaction, and B=(B,,0,B,) stands for the local magnetic field to be estimated located at first site. For the sake of
simplicity, a ferromagnetic state |y(0)) = || || ...) is probed at site N in the &, basis at regular time intervals Jt = N.
The latter allows enough time for the quantum correlations to spread throughout the spin chain. It has been shown [655]
that a synchronization-like magnetization dynamics occurs between the first and last sites. This opens up the possibility of
extracting information about the local magnetic field (located at the first site) by observing the dynamics of the readout
qubit (located at the last N site). Remote sensing holds special significance in biology, where non-invasive sampling of
organic tissues is desirable to protect the biological material (see quantum illumination techniques [265,674,675] and
networks [676]).

From a practical perspective, both measuring and initializing the probe at each sequential step consume time, which
is a crucial resource in actual experiments. Sequential measurements metrology accounts for these technical constraints
straightforwardly by considering the total interrogation time as follows:

Lot = M(tinit + tevo + tmeasnseq)v (83)

where tinit, tevo, aNd teas are the initialization, evolution, and measurement times, respectively. Typically, tinit>>tmeas>tevo-
Eq. (83) shows that for a fixed total time t, increasing the number of sequences ngq reduces the number of sequential
trials M. However, the total number of measurements M x nseq increases with an increase in nseq for a fixed time tyy. By
introducing the dimensionless average squared relative error given by: 63,2( = ff(Bx|F)(|Bx — By|/|Bx|)?dBy, where f(By|I")
is the posterior distribution of obtaining By given the observed data I' = y, y,, ..., yy, where each sequential run y,
contains nseq spin outcomes, and |By — By|/|Bx| corresponds to the relative error of the estimation. (SBf accounts for both
the uncertainty and the bias in the estimation simultaneously. For short number of sequential measurements, it has been
shown that a suitable fitting function of the form §B2 ~ t/ n;ﬁ with v = 1 and 8 > 1, evidences quantum-enhanced
sensitivity for estimating B, with respect to the number of sequential measurements ngq and a given total protocol time
tior. Hence, one can consistently achieve higher sensitivity by employing sequential projective measurements on a probe
subsystem for a finite and experimental-friendly sequence of measurements [655].
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Nonetheless, sequential measurement sensing schemes rapidly become limited to short measurement sequences due to
the exponential growth of measurement outcomes with the number of sequences—(2")? for N measurements on q qubits.
Thus, evaluating all probabilities distributions becomes intractable. For estimating sensing precision with a large number
of sequential measurements, indirect approaches have been proposed, such as functional analysis of the measurement
outcomes, showing a Fisher information increasing linearly with the number of sequential measurements nsq [652],
namely I(f) =~ ngq, or via correlated stochastic processes [677]. Moreover, single-trajectory based sensing [656,678]
utilizing maximum-likelihood estimators [679] (with convergence proof [668]) has recently been proposed. This approach
demonstrates that a single sequential run (a trajectory) with ns>>>1 is enough to achieve estimation with arbitrary
precision. Recently, using a Monte Carlo methodology, a comprehensive analysis of sequential measurements metrology
for neq > 1 has been presented. This analysis evaluates the increment in Fisher information as [263] (for clarity of
presentation, we have omitted the unknown parameter to be estimated, that is [("sea)(g):=[("sea)):

[M=(n=1) 4 Afm. AIM.— Z ny}'»(“)’ (84)
Y

where IV represents the CFI at step j, AI™ is the increment of the CFI after performing one more measurement following
the recording of (n—1) measurements, and f*W(9):=f*(™ is the CFI obtained from the nth measurement p(y;) in
trajectory y. Utilizing this approach, one can examine the behavior of the CFI for arbitrarily large numbers of sequential
measurements. Conducting local projections on a quantum many-body probe leads to probe’s finite memory, attributed
to repeated local projections and free evolution, resulting in a rank-1 matrix [263]. This probe’s finite memory is linked
to the transition from super-linear to linear scaling of CFI. After losing memory of an early state, CFI scales linearly with
Nseq, limiting the extractable information capacity of the quantum probe in sequential measurements.

For the quantum many-body probe described in Eq. (82), Figs. 19(a)-(b) demonstrate a correspondence between the
transition from super-linear to linear scaling of CFI and the probe’s finite memory. Specifically, the CFI increment AJ("sea)
becomes nearly constant at around the same nsq where the averaged fidelity (F).,; also becomes nearly constant. This
averaged fidelity measures the similarity between two distinct initial states following the same trajectory [263] (a single
trajectory is composed of nsq measurement steps). In Fig. 19(c), the CFI I(sea) s plotted as a function of Nseq. This plot
clearly shows a transition from non-linear to linear behavior, in agreement with the quantum-enhanced sensing shown
for short sequential measurements [655] and the linear scaling with indirect methods for large nsq [641]. The Monte
Carlo-based methodology discussed above for arbitrarily large nsq it has been addressed for both quantum many-body
probes and light-matter probes [263].

In yet another sensing application, sequential measurement sensing directly addresses a fundamental challenge in
quantum sensing and metrology: it overcomes the singularity of the QFIM, thereby enabling the simultaneous estimation
of multiple parameters [680]. As discussed in Section 2.4, in multi-parameter quantum sensing, achieving optimal
estimation for multiple parameters simultaneously is generally not possible due to the inherent non-commutativity of
quantum mechanics [288,373,681]. As a result, the matrix inequality Cov[®] > I(8)"! > Iy(8)~" from Eq. (19) is
not always saturable [220,265,287,288,292,373,681-684]. Furthermore, the Fisher information matrices often become
singular, meaning their inverses do not exist [144,266,685,686].

While existing approaches address QFIM singularity using the Moore-Penrose pseudoinverse of the CFIM [685] or by
formulating the Cramér-Rao bound as an unconstrained quadratic optimization problem [687], sequential measurement
strategies provide a direct and scalable solution. Indeed, by implementing a sequential measurement protocol with
minimal system control [192,263,638,640,644,649,652,655,662,668], it has been shown that one can always ensure the
invertibility of the CFI matrix simply by increasing the length of the measurement sequence [680]. This approach is highly
efficient, as the invertibility condition of the CFI matrix improves exponentially with the sequence length.

In summary, as presented throughout this section, sequential measurement metrology addresses several key chal-
lenges in quantum sensing and metrology. Notably, (i) it eliminates the need for preparing highly entangled quantum
states [652]; (ii) allows for system evolution (whether unitary or governed by open quantum dynamics [256]) with
minimal control [655]; (iii) relies solely on local, experimentally feasible measurements [655]; and (iv) it enables the
simultaneous estimation of multiple parameters by overcoming the QFIM singularity [680].

One challenge, however, is the practical difficulty of implementing a large number of sequential measurements
in an experiment. Yet, as discussed, excessively long measurement sequences would inevitably degrade the encoded
information in the quantum probe, making such an approach impractical [263,652]. Despite the above, experimental
progress in sequential measurement techniques has been already pursued. For instance, in 2012, Nagali et al. [672]
experimentally demonstrated a sequential measurement protocol involving up to two consecutive measurements by
exploiting different degrees of freedom of a single photon. Their experimental setup used a Sagnac interferometer with
a polarizing beam splitter. Furthermore, using an adaptive strategy, they investigated the optimal trade-off between the
maximum extractable information and the disturbance introduced to the system [672].

As a final note, sequential measurement sensing may align well with the framework of weak measurements [688,689],
which has already been shown to enhance metrological capabilities [690-692] as well as play a significant role in various
other contexts [693-697]. In fact, Pfender et al. [698] demonstrated that weak measurement-based techniques enable
the use of measurement-correlation schemes for detecting extremely weakly coupled single-spin signals. By employing
weak measurements, they achieved nuclear magnetic resonance on a '>C nuclear spin at room temperature with a spectral
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Fig. 19. Sequential measurements metrology for the quantum-many body probe of Eq. (82) and large number of consecutive measurements
Nseq: (a) CFI increment AlI"sea) 35 a function of Nseq, (b) Fidelity averaged over 10* different trajectories (each trajectory evaluates the fidelity between
two distinct initial states following the same trajectory) as a function of ngeq, (¢) CFI <) as a function of nsq.

Source: Figure taken from [263].

resolution of 3.8 Hz—with the spin undergoing a quantum dynamical phase transition from coherent trapping to coherent
oscillation. Similarly, Wang et al. [699] characterized correlations in a quantum bath to arbitrary order using a weak
measurement protocol. Meinel et al. [700], exploiting weak measurements in a nitrogen-vacancy center in diamond,
demonstrated that quantum nonlinear spectroscopy can extract arbitrary types and orders of correlations in a quantum
system. As shown above, the potential connection between sequential measurement metrology and weak measurements
might create experimental opportunities to enhance metrological capabilities.

14. Global estimation theory: Parameter estimation with minimal prior information

An implicit assumption underlies all preceding discussions: the assumption that sufficient information about both
the unknown parameter of interest and the control parameters is available beforehand. This scenario is known as local
estimation theory [245,248,249,269,701-703], where the unknown parameter varies within a very narrow interval. It is
important to note that the limitations of local estimation theory have been identified in a wide range of contexts. This
is because the Cramér-Rao inequality of Eq. (2) presents some subtleties, including: (i) although the bound performs
excellently for unbiased estimators, a typical unbiased estimator, such as the maximum likelihood, is sometimes infeasible
due to the large data set needed to saturate the bound asymptotically [704] (see also Rubio et al. [270,271] for metrology
with limited data). Furthermore, in practice, most estimators are biased [705]; (ii) regularity conditions of the Cramér-
Rao bound are hard to verify [706]; and (iii) a limiting variance may not coincide with the variance of a limiting
distribution [705].

In contrast to local estimation theory, global estimation theory applies when no (or some) prior information is available.
Recently, the impact of uncertainty in control parameters on the sensitivity of critical sensors has been explored [707].
Therefore, in these situations the unknown parameter varies within a broader sensing interval. Consequently, the choice
of measurement to be performed on the probe and the analysis of the estimation data should be optimal on average, that
is it should be equally effective for any possible value of the parameter [245,246].

One of the earliest studies on global estimation theory, aimed at overcoming the limitations of local estimation theory,
was proposed by van Trees [705,708] (a stronger type of inequality is also provided by Klaassen [709]). The van Trees
inequality addresses the comprehensive concept of global estimation, where the unknown parameter A varies according
to some prior distribution z(A), determining that the average variance is given by the Bayesian Cramér-Rao bound or
posterior Cramér-Rao bound [220,708]:
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o R 2 1
Var[A] = / 200 [A(x) - A] dxdh = -, (85)

F

where A(x) is the estimator of A (mapped from the measurement outcomes x), and Zr can be demonstrated to be
Zr = / Z(MI(A)dA + M f Z(M)[85. log z(M)]?dA, (86)

where the first term accounts for the average of the CFI over the prior distribution z(1) and the second term is the CFI of
the prior distribution itself [708]. A quantum bound can also be derived [220] by substituting I(1) with I (A). A very narrow
prior distribution reduces Z¢ to the local CFI bound, i.e., f z(AM)I(A)dr — I(A). Examples of van Trees global estimation
are: collisional thermometry (where a series of ancillas is sent sequentially to probe the system’s temperature) utilizing
Bayesian inference, and the significance of prior information using the modified Cramér-Rao bound associated with
van Trees and Schitzenberger [710]; Bayesian thermometry approach based on the concept of thermodynamic length,
applicable in the regime of non-negligible prior temperature uncertainty and limited measurement data, exemplified
using a probe of non-interacting thermal spin-1/2 particles [711]; ultimate bounds in Bayesian thermometry approach
for arbitrary interactions and measurement schemes (including adaptive protocols) are explored. Notably, a derivation of
a no-go theorem for non-adaptive protocols that does not allow for better than linear (shot-noise-like) scaling, even having
access to arbitrary many-body interactions, is presented in Ref. [255]. A strict hierarchy of global estimation protocols was
recently established linking them with local strategies [712].

Note that, in general, van Trees bound is not tight and cannot be saturated. To achieve a tighter bound a systematic and
general metric evaluating the performance of global estimation and its significance for quantum many-body probes with
criticality has been examined in Ref. [141]. The global estimation procedure involves considering a modified quantum
Cramér-Rao bound, which introduces the average uncertainty of the estimation as follows:

z(A)
a5 Mlg(A|B)
where z(A) is the prior distribution of the unknown parameter A to be sensed, M is the number of measurements, Iy (X |B)

is the QFI, B=(Bq, B,, ...) are external tunable parameters interacting with the probe, and the unknown parameter varies
over a sensing interval

A2 = / §X%z(M)dr > g(B) == da, (87)
Al

. )Lmin ) max
Ah € [AMID Hmax] o with  pcen = % (88)
The minimization of the right-hand side of Eq. (87) with respect to the control parameters B defines the figure of merit

for determining the optimal probe, namely:
g(B*):= min [g(B)]. (89)

Note that, in general, the optimal measurement basis varies across A\, and no measurement setup can saturate the
modified global Cramér-Rao bound of Eq. (87) over the entire interval. Note that it has been proven that the van Trees
inequality is always smaller than the mean classical Cramér-Rao lower bound, that is [713]: Var[A] > fz()\)l(l—x)d)\ > %
This indeed shows that the average uncertainty g is a tighter bound than the one given by the Van Trees.

Eq. (89) has been evaluated for the transverse Ising quantum many-body probe:

L
H=]) 616}~ (B.+ 1.5, (90)
i=1

where L is the system size, 61.“’ “ represents the Pauli operator at site i, ] > 0 denotes the exchange interaction,
B, corresponds to the controllable magnetic field that can be adjusted, A, stands for the field to be estimated, and
periodic boundary conditions are imposed. Assuming that the unknown parameter varies over a wide region AJ,, the
protocol introduced in Ref. [141] systematically optimizes the quantum many-body probe to deliver the best sensitivity
performance on average. In the case of single-parameter estimation, the control field B, acts as an offset of the critical
point, see Fig. 20(a). However, when the phase diagram becomes more complex or in the presence of multi-parameter
estimation, such an offset becomes non-trivial, see Fig. 20(b).

By defining the size of the probe L as the relevant sensing resource, it has been demonstrated that the QFI scales super-
linearly with L over a moderate wide interval of AA, [141]. Fig. 21(a) shows the fitting coefficients a and b obtained from
the fitting function g(B}, A),) ~ al™"+c, as a function of the interval A}, /J. Here, AX,/]— 0 represents the case of local
estimation sensing, where much prior information about the unknown parameter is at hand. As the figure illustrates,
the b coefficient decreases from the (expected) Heisenberg limit (b = 2) to the standard quantum limit (b = 1) as
the interval AA, increases. The global estimation protocol still demonstrates quantum-enhanced sensitivity for sensing
intervals 0 < AA, < 0.07/. In Fig. 21(b), even under the seemingly standard quantum limit (i.e., b = 1), the global
estimation strategy still delivers superior sensing precision compared to a non-optimized probe. This superiority arises
from the global estimation strategy, which ensures probe optimization by minimizing g(B) over the prior distribution.
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Fig. 20. Sketch of phase diagram and the role of global estimation: (a) The global estimation scheme tunes the quantum probe to operate
optimally on average. This procedure ensures that the control fields will optimize the probe to exploit the critical point. (b) As the phase diagram
becomes more complex, the probe’s offset becomes non-trivial. In general, the minimization of g(B) (see Eq. (87)) systematically optimizes the probe
to exploit criticality across the entire phase diagram.

Source: Figure taken from [141].
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Fig. 21. Global estimation protocol for transverse Ising quantum many-body probe (a) Fitting coefficients a and b as a function of Ax,/J. A
smooth transition from the Heisenberg limit (b = 2) to the standard quantum limit (b = 1) is observed. Notably, for a prior distribution as wide as
0 < Ax;/] £0.07, the global sensor still delivers quantum-enhanced sensitivity (b > 1). (b) Minimizing the average uncertainty g(B,) always results
in better sensitivity when compared to a probe without applying control fields.

Source: Figure taken from [141].

Thermometry, the process of estimating the temperature of a sample, plays a crucial role in quantum thermodynam-
ics [714-716] and has various applications, such as determining macroscopic objects in their ground state [257,717]. In
the context of previously discussed equilibrium quantum sensing, it has been demonstrated that finite temperature can
surprisingly enhance the performance of critical quantum metrology protocols [718]. In addition, in certain scenarios,
local estimation for thermometry may not be sufficient, making an alternative estimation strategy highly important. Note
that the bound in Eq. (87) may not be saturated as, in general, the optimal measurement setup vary for different values
of the unknown parameter A. In some cases that the optimal measurement is not a function of A the bound can indeed
be saturated. An example of such scenario is thermometry for which energy measurement is optimal, independent of the
temperature of the system. This allows to design an optimal probe for measuring temperature over an arbitrary interval.
In Ref. [719], it is shown that optimization of the probe reduces to optimizing the energy eigenvalues. In Ref. [720], this
analysis was extended to investigate the spectral features required for sensitivity to multiple temperatures. Interestingly,
for the case of local thermometry, where temperature varies over a narrow interval, the optimal probe contains only
two distinct eigenenergies, with a unique ground state and full degeneracy for the rest of the spectrum. The energy
gap between the ground state and the rest of the spectrum depends on the temperature [721]and can be obtained by
solving a nonlinear equation [719]. Using the global estimation formulation of Eq. (87), one can show that the optimal
probe requires more distinct energy eigenvalues as the temperature varies over a larger interval [722]. In fact, through
exploiting an evolutionary algorithm the authors of Ref. [722] find out that an effective two-level probe for local sensing
turns into a three-level system with the two lowest energy eigenvalues being unique and then the rest of the spectrum
gets fully degenerate as the temperature interval increases. By further enhancing the interval more and more energy levels
are separated from the degenerate band. It is worth emphasizing that the bounds, given by Eq. (87) can be saturated for
all these optimal thermometers.

While both the van Trees and the average uncertainty approaches focus on minimizing the variance of estimation,
a new formalism for global thermometry has been developed based on minimization of the mean logarithmic error. By
exploiting scale invariance and other well-behaved properties, such as symmetric invariance and monotonicity increment
(decrement) from (towards) the actual hypothesis temperature value [723], the mean logarithmic error €. is defined as
the global thermometry figure of merit when the prior information about the temperature is wide
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Fig. 22. Global estimation procedure for temperature estimation: (a) Log-log plot of the global optimum &g, and local Cramér-Rao-like bound
(dot-dashed blue) for a gas of n non-interacting spin-1/2 particles in thermal equilibrium. The global optimum is lower than the local bound unless
n — oo, indicating that the local bound misses information for small n. (b) Data analysis in global thermometry. The global estimate converges to
the true temperature after © ~ 10 shots (x are energy measurements on the n-spin gas). In contrast, the local theory leads to a biased estimate
even for p >~ 500.

Source: Figure taken from [723].
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In the above, E is the energy, 6 is the hypothesis for the true temperature T, p(E, 8) = p(E|6)p(6) their joint probability,
and ©(E) the optimal estimator of T given by

ks O(E) = exp [/ p(6|E)log <k:—9> d@] , (92)
0

€0

with kg the Boltzmann constant, €y an arbitrary constant with energy units, and p(@|E) the posterior function given
by the Bayes rule p(f|E) = p(E|0)p(0)/p(E). Notably, the mean logarithmic error €y applies to both biased and
unbiased estimators. Furthermore, to observe the failure of local thermometry and the performance of the global quantum
thermometer, refer to the example using the mean logarithmic error for a non-interacting gas of n spin-1/2 particles at
thermal equilibrium in Ref. [723], see Fig. 22.

15. Optimal control and machine learning strategies for quantum sensing

Let us recall that the ultimate precision attainable through any quantum sensing algorithm depends on four steps
(see Fig. 2): (i) initialization of the probe, (ii) evolution of the probe under the influence of the system’s (known and
unknown) parameters, subjected to external controls, (iii) extraction of information from the probe’s state through a
suitably chosen measurement, and (iv) estimation of the unknown parameter value from the extracted measurement
statistics. We have so far reviewed results where these steps were all assumed to be perfectly achievable. However, for
practical sensing tasks, three valuable resources are inevitably limited: (i) limited probe size available for sensing, (ii)
finite coherence timescale of the probe available for initialization and evolution, and (iii) finite measurement time leading
to degradation of measurement accuracy and precision with each round. Attempts to lift these restrictions have been
partially discussed in Sections 11.1-11.2-13. In general, performing a constrained optimization over all these valuable yet
limited resources is analytically intractable and numerically demanding in all but the simplest cases. So far, broadly two
approaches have been successfully employed in this direction, which we briefly review here.

15.1. Optimal control based approaches

Quantum optimal control theory (QOCT) is now an area of extensive literature. We refer the interested reader to the
review in Ref. [151] for a more detailed treatment of QOCT in other areas of quantum technology. For sensing purposes
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within QOCT approach, an extra control Hamiltonian is added to the probe’s evolution. If the probe evolves through a
Hamiltonian Hy containing information about the unknown parameter 6, then the time-dependent total Hamiltonian is
given by

Hioe(t) = Hy + He(u(t), t), (93)

where the control Hamiltonian H, is a function of control parameters u(t). The goal is to design the control Hamiltonian
Hc(u(t), t) in such a way that maximum precision in estimation of the parameter 6 is achieved. This can be broadly
accomplished in two ways: (quasi)analytically and numerically. In terms of control strategies, broadly two distinct
strategies are possible, viz., open-loop control and closed-loop, i.e., feedback control.

15.1.1. Open-loop QOCT strategies

The simplest and oldest systematic approach to QOCT is to apply Pontryagin’s Maximum Principle (PMP), which builds
on the calculus of variations to derive a set of necessary conditions for optimal control, see Ref. [724] for a detailed
introduction to PMP in quantum settings. PMP introduces an auxiliary system described in terms of a costate |u(t)) which
must satisfy the original evolution equation backwards in time, i.e., ih‘d’;# = —I:th(t)m(t)) with the same boundary
conditions. Now if the task is to optimize a cost-function C, which can be generally written as a sum of two cost functions,
i.e.,, C = C1 + Cy, with C; being a cost function in terms of some suitable path-dependent quantity integrated over the
trajectory of evolution (say, the average QFI for sensing tasks) and C, being a terminal cost function (say, the fidelity
achieved with a target state etc.); then PMP puts the necessary condition for the control parameters being optimized,
i.e., u(t) = u°PY(t), as the optimization over the following function for every time t and the quantum state |y (t)) along
the original evolution equation

u(t) = arg max [ (Ol ] (94)

For very simple problems, this optimization is sometimes possible to perform analytlcally In Ref. [725], the authors
consider such a problem with the twist and turn angular momentum Hamiltonian H= )(]Z + w]z + .Q(t)]x, where the
unknown parameter o is augmented with a control Hamiltonian .Q(t)]x, which is also the turn term. Ref. [725] then finds
the optimal trajectory of §£2(t) by maximizing the QFI of the final state with respect to w as the cost function. However,
for more complicated problems like those involving many-body interactions, analytically solving Eq. (94) is no longer
presumed to be viable. Thus numerical algorithms must be adopted. Popular gradient-based optimization algorithms for
quantum control include gradient ascent pulse engineering (GRAPE) [726] and Krotov’s method [727]. In the former, updates
are made simultaneously for all times t, while in the latter updates are made sequentially. However, for exponentially
growing Hilbert space dimensions in generic many-body systems, gradient-based algorithms are highly limited. Moreover,
in noisy environments gradient updates are highly unreliable in the first place. Thus gradient-free optimization algorithms
are often required. Primary approach along this direction is to Fourier-decompose the control pulse sequence into a
smaller number of bases. Randomly sampling a small number of bases via chopped random basis (CRAB) [728] thus avoids
the dimensionality problem for many-body systems.

15.1.2. Closed-loop QOCT strategies

The second approach is the so called feedback-based strategies, where measurement results obtained in each round
are fed into the quantum control for the next round. Pang and Jordan [497] considered a phase estimation problem for
a parameter 6 imprinted into a time-dependent Hamiltonian H(6, t). The goal is to optimize the QFI along the entire
trajectory. To do so, they noted that QFI at each instant ¢ is upper bounded by the following integral

t 2
=< |:/ (Vmax(T) = Vmin(7)) dfi| , (95)
0

where vma(7) and vmin(7) are respectively maximum and minimum eigenvalues of 891:1(9, 7) at any time 7. Thus, Pang
and Jordan employed an additional control Hamiltonian H,(t) to steer the trajectory towards the eigenspace of dyH(9, t) as
much as possible. The crucial aspect is that the control Hamiltonian is independent of the actual parameter 6, but written
in terms of 0, a known prior estimate of 6 which is updated at each round. As an illustration, they considered a qubit in a
uniformly rotating magnetic field B(t) = B(cos wt, sin wt, 0), where the goal is to estimate B or the field rotation frequency
w. For estimating w from evolution up to time ¢, their approach furnishes a QFI I (w) = B%t“. In contrast, in the absence
of the control Hamiltonian, QFI scales only quadratically with time. This result indicates that adaptive control strategies
are eminently useful for quantum sensing. Yang et al. in Ref. [729] addressed a slightly different question, preparation of
the optimal probe for maximum precision via adaptive feedback control. They used purity loss instead of QFI for ease of
direct measurement. Their approach circumvents the problem of exponentially growing Hilbert spaces by avoiding any
computation involving matrix representation of the time-independent Hamiltonian H. In particular use for many-body
sensing, they considered a spin-chain probe with the control being limited to a sequence of local rotations and even the
rotation strength can be adjusted only a fixed number of times. Their results, experimentally implemented on an NMR
platform, indicate that Heisenberg scaling is possible even with such a severe limitation on the control.
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Until now, we assumed that the control itself is precisely known beforehand. This assumption can be relaxed by
modeling the control with an extra unknown nuisance parameter, say 6’, in contrast to the parameter 6 of interest. Using
Eq. (18) with the weight matrix W=diag(1, 0), we can immediately derive that the variance of our estimation for the
parameter of interest, namely 6, should satisfy

1
802> — (96)

- Ioo (1 _ 19@,19,9)'

loolyrgr

This clearly shows that the imperfection of control induces a separate error in estimation. The specifics of this correction
will depend on the details of the imperfect control, e.g., whether it originates from calibration error or noise. It will be
an interesting question to consider on a case-by-case basis whether this noise outweighs any potential advantage of the
many-body approach discussed in this review vis-a-vis interferometric approaches.

15.2. Machine learning based approaches

The ongoing revolution in machine learning has already had a significant impact in the study of many-body quantum
physics [730-732]. These range from identification of various exotic phases of matter in hitherto analytically challenging
models [733,734], to Hamiltonian learning [735], and investigation of foundational issues like Bell-nonlocality [736].
Machine-learning algorithms, which learn from previously acquired data, also assist in solving optimization problems
that arise in quantum sensing. For a general overview of machine-learning assisted quantum metrology, we refer the
interested reader to the recent reviews by Huo et al. [737] and Huang et al. [738]. As we describe below, quantum sensing
has already been shown as an especially fruitful area of application for machine learning methods.

15.2.1. Classical machine learning strategies

Critical state preparation is of practical relevance for quantum sensing in many-body systems, where the enhanced
sensitivity of critical states to external fields is leveraged to perform more precise measurements. Reinforcement learning
(RL) methods have started showing significant promise in this task, since it does not assume any prior knowledge and only
has a cumulative reward function which it seeks to optimize. RL was first employed to optimize over driving protocols
to suitably initialize a nonintegrable quantum many-body probe in minimum time and high fidelity by Bukov et al. in
Ref. [739]. This was specialized for matrix product states (MPS) by Metz and Bukov in Ref. [740], which shows that RL can
adapt to control protocols in real time in the presence of stochastic perturbations as well. Meanwhile, RL has also identified
nonlinear measurements as another resource for state preparation in optical cavities [741]. For the estimation part, RL was
used for general time-dependent sensing problems by Xu et al. [742] where the reward function is the QFI given by the
control, and by Xiao et al. [743], where they employ a reward function in terms of the ultimate QFI bound as well as design
a general reward function. Control pulse engineering via a RL algorithm, viz., the Asynchronous Advantage Actor—Critic
(A3C) algorithm, has been demonstrated for atomic spin ensembles [744], resulting in attainment of Heisenberg limit. In
yet another approach, Cimini et al. [745] employed RL to train on the experimental data to learn Bayesian updates in a
multiparameter setting. These general approaches show RL is competitive with GRAPE or other optimal control methods
while being more resource-efficient, robust, and not being restricted by veracity of prior assumptions. Thus RL in particular
holds much promise for being adapted specifically to many-body sensing probes in future.

Apart from RL, one can exploit machine learning as an estimation algorithm. In Ref. [746], the authors explore
regression for inferring a machine-learning estimation of an unknown parameter. The method is necessarily frequentist,
i.e. relying on repeated estimates to build up statistics, and eventually converges to the maximum likelihood Bayesian
estimation algorithm. In a similar approach, parameter estimation can be considered as a sequence of classification tasks,
for which one can use artificial neural networks to efficiently perform Bayesian estimation [747].

15.2.2. Quantum machine learning strategies

The above approaches seek to solve the quantum metrological control problem through classical machine-learning
algorithms. Thus, a natural question arises: can we use recent advances in quantum machine-learning algorithms for
improved sensing? Variational quantum algorithms, seeking to optimize a cost function via parametric quantum circuits,
is perhaps the most important of these advances. Variational quantum metrology (VQM) is a direct offshoot of these
algorithms. The generic recipe for VQM in many-body systems is to build up the Hamiltonian metrological evolution as
a sequence of Trotter steps represented by the quantum circuits and then consider a QFI-like cost function to optimize
over. Koczor et al. [748] used VQM to search for the optimal probe state for an interferometry task. Similar works were
reported in Refs. [749,750] and carried over to the multiparameter setting [751,752], with a complete treatment available
in Ref. [753] and experimental photonic implementation in Ref. [754]. Experimentally, programmable quantum sensors
based on VQM has been demonstrated for ion-trap [755], superconducting qubit [756], and Rydberg interaction based
neutral atomic array [757] platforms, with concrete tasks like building atomic clocks [758] promising to become very
important. Specialized computational packages like MetQuan are also becoming available [759] recently.
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16. Experimental realizations

The main aim of this article is to review the theoretical advancements of quantum many-body probes, as experimental
developments have been explored in previous review articles, e.g. see Ref. [6]. Therefore, we keep this section very brief,
mainly hinting the physical platforms in which quantum many-body probes are developed.

Quantum sensors have been developed across a diverse range of physical platforms, each harnessing unique properties
of these systems. This diversity enables versatility in probe size, spanning atomic to microscales, and operational
temperatures, ranging from ultra-cold atoms and ions to room temperature. These sensors have been used for detecting
electric, magnetic, and gravitational fields, as well as measuring force, acceleration, and mass. Each platform offers
distinct advantages, making them suitable for a wide array of sensing applications—from fundamental scientific research
to practical technologies in navigation, medical imaging, and environmental monitoring. The key physical platforms
for implementing quantum sensors include: ultra-cold atoms [38-48], ion traps [49-54,54,55], atomic vapors [56-63],
nuclear magnetic resonance devices [29,30,64-67], solid state defects such as nitrogen vacancies in diamond [68-82],
superconducting circuits [83-86], photonic systems [87-93], and optomechanical devices [94-117]. For a comprehensive
review on experimental implementation of quantum sensors, one can see Ref. [6].

Thanks to recent advances on quantum technologies implementing quantum many-body probes are now viable.
Quantum criticalities have been exploited for achieving quantum-enhanced sensitivity in several experiments. Nuclear
Magnetic Resonance (NMR) systems have been exploited to harness quantum criticality with Heisenberg scaling [140]
for sensing an external magnetic field. Quantum criticality in Rydberg atoms have also been exploited for sensing electric
fields [179]. Furthermore, dipolar-coupled '*C nuclear spins in diamond have been employed to measure the frequency of
time-varying periodic magnetic fields within a discrete time crystal framework [760]. By leveraging the time crystalline
phase in these sensors, the probe’s lifetime can be exponentially enhanced by up to three orders of magnitude, enabling
highly precise and selective frequency measurements. In a recent experiment, non-equilibrium quantum probes have
also been realized in superconducting quantum processors to mitigate criticality slowing down mechanism and achieve
Heisenberg scaling with respect to the encoding time [86]. All these experiments demonstrate the potential of quantum
many-body systems to serve as quantum probes.

17. Summary and outlook

Exploiting quantum features, such as entanglement, can enhance the precision of a sensor well-beyond the capacity
of a classical sensor, the so-called quantum-enhanced sensing. Such enhanced in precision has placed quantum sensing
as one of the pillars of emerging quantum technologies. In addition to such enhancement, the size versatility of quantum
probes allows for achieving extremely high spatial resolution [761,762]. The potential applications are immense covering
from biological monitoring [17] to mining [763], atomic clocks [764], navigation [765] and space exploration [766].

Interferometric quantum sensing has been the first demonstration of entanglement as a resource for sensing purposes.
Some implementation of these types of sensors might be susceptible to decoherence as well as unwanted interaction
between particles. An alternative approach is to exploit quantum many-body systems for sensing. Unlike interferometry-
based quantum sensors, in many-body probes interaction plays a crucial role. In this review, we have explored different
aspects of quantum sensing using many-body systems.

Quantum many-body sensors have been used in two scenarios, namely equilibrium and non-equilibrium. In the former,
quantum criticality has been identified as a resource for achieving quantum-enhanced sensitivity. There are several
types of quantum criticalities, each with their own characteristics. However, in order to achieve quantum-enhanced
sensitivity the criticality has to be accompanied by some sort of gap closing, for instance, Hamiltonian or Liouvillian
spectral gap closing. This remarkable feature can be a useful guideline for identifying potential quantum sensors in new
materials, which might be even designed by artificial intelligence [767]. Although criticality-based quantum sensors offer
several advantages, they also come with some drawbacks. First, the region over which quantum-enhanced precision is
achievable can be very narrow, requiring probe’s fine tuning [ 141]. Second, preparing the probe near its critical point can
be very resource-consuming because the preparation process slows down significantly as it approaches criticality [137].
In order to avoid these drawbacks, non-equilibrium quantum probes have also been proposed. In such systems quantum
superposition and entanglement can be generated during the dynamics and thus complex initialization is not needed.
Moreover, in non-equilibrium quantum probes, the evolution time acts as an additional parameter that can be used as a
resource to enhance precision. In fact, the precision is often enhanced monotonically as time goes on [169]. Nonetheless,
unlike criticality-based sensors, in non-equilibrium probes the criteria for achieving quantum-enhanced sensitivity with
respect to resources, e.g. system size, is not well-characterized. We summarize the advantages and disadvantages of each
approach in Table 1.

Despite current progress on many-body quantum sensing, there are still several open problems to explore. While
criticality has been identified as a resource for sensing in equilibrium scenarios, the criteria which results in quantum-
enhanced sensing is not specified in non-equilibrium probes. Another problem which requires further investigation
is the performance of quantum sensors under imperfect situations, such as the presence of decoherence [768]. In
general terms, while quantum sensors are naturally expected to be sensitive to the desired parameters, we would
like them to be robust against other system’s parameters or noisy imperfections. Despite several works on noisy
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quantum metrology [144,182,463,465,769-777], the notion of robustness has not yet been formulated quantitatively for
quantum sensors. A related approach is the use of error-correction codes for quantum sensing [773,778-782]. For 1D
interacting many-body systems, presence of even minimal disorder may induce Anderson localization [783], therefore
such approaches may become extremely relevant for many-body sensing.

Furthermore, a general issue for quantum sensors arise in the multi-parameter Cramér-Rao inequality as the bounds
are not tight and thus saturating them may not be achievable [144,222,271,289,291,293,373,374,680,684,784]. Developing
tighter bounds and strategies towards achieving them in many-body sensors require closer connections between quantum
metrology and control theory. One important problem in multi-parameter sensing is the situation where Fisher informa-
tion matrix is singular and thus sensing becomes impossible [144,680,707,785-789]. Specifying the criteria which results
in singularity of the Fisher information matrix in many-body systems and recipes to fix them requires further attention.

Another direction that holds immense promise is that of using multiple spatially separated sensors in a distributed
manner, similar to classical sensor networks [790-792]. So far, this work has mostly been performed for GHZ type [793]
and interferometric quantum sensors, see Ref. [794] and references therein. However, very recently, proposals of dis-
tributed quantum sensing with many-body systems have also been put forward [795] focusing on privacy, i.e., individual
sensor nodes having access to limited information as well as correlated noise estimation [796].

Finally, experimental realization of quantum many-body sensors is a big objective which ultimately defines the success
of these probes. Many physical platforms can implement many-body sensors, including nuclear magnetic resonance
systems, Rydberg atoms, optical lattices, superconducting simulators, nitrogen vacancies and levitated objects. progress
on these setups as well as new physical platforms open further opportunities for developing many-body quantum sensors
with wide range of applications.
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