acta physica slovaca vol. 49 No. 4, 639 Ű 642 August 1999

RECONSTRUCTION OF THE DENSITY MATRIX AS A CONSTRAINED OPTIMIZATION PROBLEM^∗

K. Banaszek^1, G. M. D’Ariano, M. G. A. Paris, M. F. Sacchi

Theoretical Quantum Optics Group, INFM Ű Unitťa di Pavia Dipartimento di Fisica ’A. Volta’ dell’Universitffia di Pavia via Bassi 6 Ű I-27100 Pavia, Italy

Received 29 April 1999, accepted 10 May 1999

We present a numerical algorithm for the maximum-likelihood estimation of the density matrix, and apply it to the homodyne tomography of a single-mode radiation �eld. The algorithm is based on a speci�c form of the Gauss decomposition for positive de�nite Hermitian matrices. Results from Monte Carlo simulated experiments are presented.

PACS: 42.50.Dv, 03.65.Bz

Over past several years a great deal of interest has been paid to the reconstruction of the complete quantum state from experimental data [1]. Theoretical research in this ^eld, apart from designing new measurement schemes, explores also the problem of extracting the optimal amount of information from data available in a realistic experimental setup. In this communication, we present a numerical algorithm for reconstructing the density matrix using the maximum-likelihood method [2, 3]. We discuss this algorithm in the context of quantum homodyne tomography [4, 5], which is actually the most successful method for quantum state reconstruction, and, in fact, the unique technique that has been so far experimentally implemented to measure nonclassical states of light [4, 6].

The realistic homodyne measurement of the quadrature x̂_θ = (âe^{−iθ} + â^†e^{iθ})/ √ 2 is described by the positive operator-valued measure

Ĥ(x; θ) = 1√ π(1 − η) exp ( − (x − √ ηx̂_θ)^2 1 − η ) , (1)

where η is the detector ef^ciency. After repeating the measurement N times, we obtain a set of pairs (x_i; θ_i) consisting of the outcome x_i and the local oscillator phase θ_i for the ith run, where i = 1, . . . , N.

�Presented at the 6th Central-European Workshop on Quantum Optics, ChĹateau Chudobť”n, Czech Republic, April 30 - May 3, 1999.

1Permanent address: Instytut Fizyki Teoretycznej, Uniwersytet Warszawski, Hoźa 69, PLŰ00Ű681 Warszawa, Poland

0323-0465/99 © Institute of Physics, SAS, Bratislava, Slovakia 639

In the maximum-likelihood approach, these data are used to construct the likelihood functional [2]

L(ϱ̂) = N∏ i=1 Tr[ϱ̂ Ĥ(x_i; θ_i)] (2)

de^ned on the manifold of density matrices. The maximum-likelihood estimate of the quantum state is then de^ned as the density matrix ϱ̂ML that maximizes the likelihood functional.

Quantum state estimation using the maximum-likelihood method, despite its elegant formulation, presents in general a highly nontrivial constrained optimization problem. The central dif^culty lies in the appropriate parameterization of the manifold of density matrices. The parameter space should be of the lowest possible dimension in order to preserve the maximum of the likelihood functional as a single isolated point. Moreover, the expression of quantum expectation values in terms of this parameterization should enable fast evaluation of the likelihood functional, as this step is performed many times in the course of numerical maximization.

Here, we introduce a parameterization of the manifold of density matrices which provides an ef^cient algorithm for maximizing the likelihood functional. We shall represent the density matrix ϱ̂ in the form

ϱ̂ = T̂^†T̂ (3)

which automatically guarantees that ϱ̂ is positive de^nite and Hermitian. The remaining condition of unit trace Trϱ̂ = 1 will be taken into account in the maximization procedure using the method of Lagrange multipliers.

To achieve the minimal parameterization, we shall assume that T̂ is a lower-triangular matrix with real elements on the diagonal and complex ones below. This form of T̂ is motivated by the Cholesky decomposition known in numerical analysis [7], and exists for an arbitrary positive de^nite Hermitian matrix. For the M-dimensional Hilbert space, the number of free real parameters in the matrix T̂ is M + 2M(M − 1)/2 = M^2, which equals the number of independent real parameters for a Hermitian matrix. This con^rms that our parameterization is minimal.

The above parameterization of the manifold of density matrices allows one to apply readily one of the standard maximization procedures. In practice, instead of using the likelihood function L(ϱ̂), it is convenient to evaluate its logarithm. Thus the function subjected to maximization is given by

L(T̂ ) = N∑ i=1 log Tr[T̂^†T̂ Ĥ(x_i; θ_i)] − λ Tr(T̂^†T̂ ) (4)

where λ is a Lagrange multiplier. It can be easily shown that λ equals the total number of measurements N [8]. Of course, for a light mode it is necessary to truncate the Hilbert space to a ^nite dimensional basis.

We have applied the present approach to a set of Monte Carlo experiments. We have simulated a homodyne detection for some quantum states, and applied the maximum-likelihood algorithm to reconstruct the density matrix in the Fock basis, truncated upon de^ning the maximum number of photons. We have used the downhill simplex method [9] to ^nd the maximum

Reconstruction of the density matrix 641

of the function L(T̂ ). Results of the reconstruction for a coherent state and a squeezed vacuum are presented in Fig. 1.

Fig. 1. Monte Carlo simulation of the tomographic reconstruction of the density matrix using the maximum likelihood technique. On the left the density matrix for a coherent with ⟨aya⟩ = 1 average photon, and on the right for a squeezed vacuum with ⟨aya⟩ = 0.5 photons. In both simulated experiments Nϕ = 100 phases with Nx = 5000 data each have been used. The truncation of the Hilbert space has been set to NH = 5, and we considered a quantum ef�ciency η = 0.8 at the photodetectors.

In numerical calculations, it is convenient to use an expression for the quantum expectation value Tr[T̂^†T̂ Ĥ(x_i; θ_i)] which is explicitly positive de^nite. This protects the algorithm against occurrence of a negative number as an argument of the logarithm function, which may in principle happen when Tr[T̂^†T̂ Ĥ(x_i; θ_i)] is very close to zero. A simple calculation yields the expression:

Tr[T̂^†T̂ Ĥ(x_i; θ_i)] = M−1∑ k=0 k∑ j=0 | | | | k−j∑ n=0 √( n + j n ) η^n(1 − η)^j ⟨k|T̂ |n + j⟩⟨n|x_i⟩e^{inθi} | | | | 2 (5) where ⟨n|x⟩ = 1 π^{1/4} e^{− 12 x2} H_n(x) √ n! 2^n

are eigenstates of the harmonic oscillator in the position representation (H_n(x) being the n-th Hermite polynomial). This formula has another advantage from the point of view of numerical calculations: the argument of the most inner sum involves a product of terms dependent only on η, x, or θ. After discretization of x and θ, each of these three terms can be evaluated once and ef^ciently stored as a two-dimensional array without extensive memory usage.

642 K Banaszek et al.

In conclusion, we have presented an effective implementation of the maximum likelihood method to the tomographic reconstruction of the density matrix of a light mode. Our approach is based on a suitable parameterization for the density matrix, which allows to use a minimal set of parameters and avoids negative values in the evaluation of the log-likelihood function. Our method can be readily generalized [8] to the reconstruction of quantum states of other systems like spins or trapped ions.

Acknowledgments We would like to thank Zdenek Hradil for interesting discussions. This work has been cosponsored by MURST under the project ŤAmpli^cazione e rivelazione di radiazione quantisticaŤ. K. B. is supported by INFM. M. G. A. P. and M. F. S. are supported by INFM through the project PRA-CAT-1997.

References

[1] See, for example, J. Mod. Opt. 44 (1997) No. 11-12, Special Issue on Quantum State Preparation and Measurement, edited by M. G. Raymer and W. P. Schleich.

[2] Z. Hradil: Phys. Rev. A 55 (1997) R1561 [3] K. Banaszek: Phys. Rev. A 57 (1998) 5013 [4] D. T. Smithey, M. Beck, M. G. Raymer, A. Faridani: Phys. Rev. Lett. 70 (1993) 1244 [5] G. M. D’Ariano, C. Macchiavello, M. G. A. Paris: Phys. Rev. A 50 (1994) 4298 [6] G. Breitenbach, S. Schiller, J. Mlynek: Nature 387 (1997) 471 [7] A. S. Householder: The Theory of Matrices in Numerical Analysis (Blaisdell, New York, 1964) Sec. 5.2 [8] G. M. D’Ariano, K. Banaszek, M. G. A. Paris, M. F. Sacchi: unpublished [9] W. H. Press, S. A. Teukolsky, W. T. Vetterling, B. P. Flannery: Numerical Recipes in Fortran: The Art of Scienti�c Computing (Cambridge University Press, Cambridge, 1992) Sec. 10.4