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Abstract
When two successive squeezing operations with the same phase are applied to a field mode, reli-
ably estimating the amplitude of each is impossible because the output state depends solely on
their sum. In this case, the quantum statistical model becomes sloppy, and the quantum Fisher
information matrix turns singular. However, estimation of both parameters becomes feasible if
the quantum state is subjected to an appropriate scrambling operation between the two squeez-
ing operations. In this work, we analyze in detail the effects of a phase-shift scrambling transform-
ation, optimized to reduce sloppiness and maximize the overall estimation precision using only
classical probes. We also compare the optimized precision bounds of joint estimation with those
of stepwise estimation methods, finding that joint estimation retains an advantage despite the
quantum noise induced by the residual parameter incompatibility. Finally, we analyze the preci-
sion achievable by general-dyne detection and find that it approaches the optimal precision when
one of the two squeezing amplitudes is large enough.

1. Introduction

Quantum metrology aims to optimize measurement techniques using quantum resources to exceed clas-
sical precision limits [1, 2]. In doing this, the task is to find an effective encoding of the quantity of
interest onto the states of a quantum system, and to design a suitably optimized read-out measurement
to effectively extract the encoded information. Quantum estimation theory provides the tools to perform
this optimization and to establish the ultimate limits on the precision of parameter estimation in the
quantum domain [3–6], and it aims to identify potential advantages for classical protocols by leveraging
quantum resources [7–9].

When dealing with a single parameter, one calculates the symmetric logarithmic derivative (SLD)
operator and use it to determine the quantum Cramér–Rao bound (QCRB) [6, 10]. This bound repres-
ents the highest precision that can be achieved in estimating the parameter. It is directly related to the
quantum Fisher information (QFI), which measures how much useful information can be extracted by
the best quantum measurement. To enhance precision, we need to maximize the QFI by suitable choice
of quantum probes [11–15]. In many cases, these quantum-enhanced setups can surpass the perform-
ance of any classical measurement strategy, achieving higher accuracy in parameter estimation [16].

In multi-parameter estimation, the task is to estimate the multiple unknown parameters encoded
in a system [17, 18]. This field has received much attention in recent years, ranging from its applica-
tions in quantum imaging and super-resolution microscopy [19], to quantum-enhanced sensing of mag-
netic and gravitational fields [20, 21], and from simultaneous estimation of multiple phases in optical
interferometry [22] to quantum networks [23].

As a matter of fact, multiparameter quantum bounds are not a trivial generalization of the single-
parameter ones [3], as it is the case in the classical scenario. In quantum systems, the measurements
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we use to estimate the unknown parameters are quantum observables, which may not always com-
mute with each other [24]. This means that the best measurement for estimating one parameter might
not work well for another, which makes it hard to estimate all parameters simultaneously with the
highest possible precision. Because of this, the commonly used precision limit in quantum metrology,
the QCRB based on SLDs, is often not tight when estimating multiple parameters at once. This actu-
ally reveals the unique quantum features of the system, such as measurement incompatibility [25] or
quantum correlations [26]. To address this issue, a more accurate bound known as the Holevo Cramér–
Rao bound (HCRB) has been derived [4, 27, 28]. The HCRB takes into account the incompatibility of
quantum measurements, as well as the weight one may want to assign to each parameter, and provides a
tight limit on how precisely all parameters can be estimated together [17]. Refined bounds and adaptive
strategies have been also proposed to quantify and overcome the limitations due to incompatible observ-
ables in different applications [26, 28–33].

In multiparameter models with inefficient encoding, measurement outcomes may depend only on
specific parameter combinations rather than on each parameter individually. This often arises when the
encoding is distributed across time or space, effectively creating a model where individual parameters
represent values at distinct times or locations. If the encoding fails to allow estimation of all parameters,
the model is termed sloppy [25, 34–36]. Sloppiness manifests in the QFI matrix as singularity or near-
singularity—where one or more eigenvalues vanish or become negligible—rendering some parameters
unestimable. While this limits achievable precision, sloppiness can be mitigated by strategically ‘opening’
the encoding box and scrambling information. This approach was successfully demonstrated in [34] to
mitigate—and in some cases eliminate—sloppiness in a two-phase Mach–Zehnder interferometer.

Motivated by these developments, we examine a paradigmatic two-parameter estimation model
involving two consecutive squeezing operations, each inducing a hyperbolic phase shift on an initial
probe [37, 38]. The model is inherently sloppy, but this sloppiness can be reduced or suppressed by
introducing a scrambling transformation [34], a phase shift, between the two squeezings. By optimiz-
ing both the scrambling phase and the initial phase of the probe, we minimize sloppiness, which in turn
maximizes estimation precision, even in the presence of residual incompatibility, and using only clas-
sical probes. We validate these findings by comparing the optimized precision bounds of joint estima-
tion with those of stepwise methods, demonstrating that joint estimation retains an advantage despite
quantum noise from parameter incompatibility, at variance with the qubit case [39]. Furthermore, we
analyze general-dyne detection and show that, in certain regimes, its precision can approach the optimal
level.

The paper is structured as follows. In section 2, we review multiparameter quantum estimation
theory. In section 3 we describe our estimation scheme, where two successive hyperbolic phase-shift
(squeezing) are imposed to an initial probe state, as well as the scrambling technique to optimally tune
and reduce the sloppiness of the model. Section 4 describe the separate (stepwise) measurement of para-
meters. In section 5 we discuss the phase-space description of system’s dynamics, and in section 6 we
analyze joint estimation of the hyperbolic phases by general-dyne measurement. Section 7 closes the
paper with some concluding remarks.

2. Multi-parameter quantum estimation

Multi-parameter statistical models may depend only on some functions of the parameters that are fewer
than the number of initial parameters themselves. For example, a multi-parameter estimation problem
consists of l real unknown parameters λ1,λ2, . . . ,λl. We aim to build a statistical model that estimates
all these parameters and depends on the parameters that are fewer than the number of initial paramet-
ers themselves. Reducing the dependency of the number of parameters is called sloppiness. Such sloppy
statistical models are characterized by a degenerate Fisher information matrix [17, 34].

In the multi-parameter quantum estimation problem we consider a statistical model, ρ̂λ, which
is a family of density operators parameterized by a column vector of l real unknown parameters λ=
(λ1,λ2, . . . ,λl)

⊺. To estimate the parameters, we define a positive-operator valued measure (POVM){
Π̂κ

}
κ=1,...,l

such that Π̂κ ⩾ 0 and
∑

κ Π̂κ = 1. The conditional probability for measurement out-

come κ is evaluated using Born, namely p(κ|λ) = Tr[ρ̂λΠ̂κ]. If we repeat the measurement N times
the set of outcomes, K= {κ1,κ2, . . . ,κN} (assumed to be identically distributed and independent), can
be estimated using an estimator λ̃. This estimator provides the value map from the space of measure-
ment outcomes to the space of the possible values of the parameters λ ∈ Rl, whose accuracy is generally
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addressed in terms of its mean-square error matrix

Ô (λ) =
l∑

κ=1

p(κ|λ)
(
λ̃−λ

)⊺(
λ̃−λ

)
. (1)

For locally unbiased estimators, the following conditions are satisfied

l∑
κ=1

p(κ|λ)
(
λ̃i −λi

)
= 0,

l∑
κ=1

λ̃i ∂jp(κ|λ) = δij, (2)

where ∂j = ∂/∂λj. Which provides the classical Cramér–Rao bound, puts a constraint on all possible
mean-square error matrices, and can be written as

Ô (λ)⩾ F−1

N
, (3)

where F is the classical Fisher information matrix with elements

Fij =
∑
κ

p(κ|λ)(∂i logp(κ|λ))
(
∂j logp(κ|λ)

)
. (4)

This bound is valid for any fixed classical statistical model p(κ|λ) and can always be achieved using
locally unbiased estimators for any N. For more practical estimators, such as the maximum likelihood
estimator [40, 41], the Cramér–Rao bound is asymptotically reached as the number of measurements N
approaches infinity (N→∞). In this scenario, the mean square error matrix becomes proportional to
the inverse of the Fisher information matrix, scaled by 1/N.

In order to calculate the QFI, one introduces the SLD operator L̂
S
i for each parameter [3, 42], which

is defined by the expression as

∂iρ̂λ =
L̂
S
i ρ̂λ + ρ̂λL̂

S
i

2
. (5)

From equation (5), Fisher information matrix elements can be written as

Qij = Tr

ρ̂λ L̂Si L̂Sj + L̂
S
j L̂

S
i

2

 , (6)

which provides the measurement-independent quantum CRB matrix

Ô (λ)⩾ Q−1 (7)

where Q is the so-called QFI matrix and we drop the factor N from the above and forthcoming
equations. At variance with the single-parameter case, where the optimal POVM is determined by max-
imizing the QFI and coincides with the spectral measure of the SLD, in the multiparameter case, the
matrix Cramer–Rao bound (7) cannot be achieved in general, and one should introduce a weight matrix
to obtain a scalar quantity to be optimized. Other QFI matrices can be defined by using other defini-
tions of the logarithmic derivative, but none of them provides a tight bound that can be saturated for
the multi-parameter case. Its general non-attainability can be understood by considering parameters
whose SLD operators, corresponding to optimal measurement methods, do not commute. As men-
tioned above, to gain deeper insights into the performance of different multi-parameter estimators, it
is common practice to convert matrix bounds into scalar bounds by introducing a l× l, real and positive
weight matrix W . On taking the trace of equations (3) and (7) with weight matrix W , we can write

Tr
[
WÔ

]
⩾ CF, Tr

[
WÔ

]
⩾ CQ, (8)

where,

CF = Tr
[
WF−1

]
, CQ = Tr

[
WQ−1

]
, (9)

3
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are the scalar classical and quantum CRB, respectively. The achievable most informative bound CMI is then
defined by considering minima over all the possible POVMs

CMI =min
Π̂

Tr
[
WF−1

]
. (10)

The quantity CMI does not, in general, coincide with CQ in the multi-parameter case. If we perform col-
lective measurements on an asymptotically large number of copies, we can achieve the so-called Holevo
Cramér–Rao bound (HCRB) CH . In summary, we have,

Tr
[
WÔ

]
⩾ CF ⩾ CMI ⩾ CH ⩾ CQ. (11)

Therefore, the tightest bound, at least asymptotically and with collective strategies on multiple copies
of the unknown state, is provided by the Holevo bound. The Holevo bound CH is usually difficult to
evaluate compared to CQ and therefore the following relation represents a useful tool in characterizing
the a multi-parameter estimation model

CQ ⩽ CH ⩽ (1+R)CQ, (12)

where the quantumness parameter R is given by

R= ||iQ−1U||∞ , (13)

where, ||X||∞ denotes the largest eigenvalue of the matrix X and U denotes the asymptotic incompatib-
ility matrix, commonly known as the Uhlmann curvature, having matrix elements

Uµν =− i

2
Tr
[
ρ̂λ

(
L̂µL̂ν − L̂ν L̂µ

)]
. (14)

The quantumness parameter R is bounded 0⩽R⩽ 1 and vanishes R= 0 iff U is the null matrix
and the QFI bound may be saturated, which is usually referred to as the weak compatibility condition.
Therefore, it provides a measure of asymptotic incompatibility between the parameters. A relevant prop-
erty of the quantumness parameter R is that it does not depend on the weight matrix W , such that the
bound in equation (12) is valid for any W . On the other hand, it is often the case that a natural weight
matrix emerges from the physical properties of the quantum statistical model. In this case, a weight-
dependent chain of inequalities for the Holevo bound CH may be obtained, which is tighter than that
in equation(12). We have

CQ ⩽ CH ⩽ (1+ T )CQ , (15)

where

TW =
||
√
WQ−1UQ−1

√
W||1

CQ
, (16)

and ||X||1 denotes the sum of the singular values of X [28]. In our case, the two hyperbolic phase
should be treated on an equal foot, and the natural weight matrix is the identity. By this choice and
exploiting the fact that we have 2 parameters we may write

R=

√
S
C
, (17)

TI =
√

2

C
1

Tr [Q]
, (18)

where,

C =
1

det [U]
and S =

1

det [Q]
, (19)

are the incompatibility and sloppiness quantifiers, respectively. Since Q is a positive definite matrix, we
have 2/Tr[Q]⩽ 1/

√
det[Q] and therefore TI ⩽R.

The explicit evaluation of the above bounds may be carried out analytically for pure models, where
the QFI matrix elements can be expressed as

Qjk = 4Re
[〈
∂jψ

∣∣∂kψ 〉
−
〈
∂jψ

∣∣ψ 〉〈
ψ
∣∣∂kψ 〉]

, (20)

4
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and the analogous expression for the elements of the Uhlmann curvature is given by

Ujk = 4Im
[〈
∂jψ

∣∣∂kψ 〉
−
〈
∂jψ

∣∣ψ 〉〈
ψ
∣∣∂kψ 〉]

. (21)

3. Scrambling information in two-parameter hyperbolic phase estimation

Let us consider the scheme in figure 1: we have two unitary operators defined as

Ûk = exp

(
− i

2
λk Ĝ

)
, k= 1,2 , (22)

where λk denote the encoded parameters to be estimated and Ĝ= â2 + â†2 is the squeezing generator
with â (â†) as the photon annihilation (creation) operator. If no operation is performed between the two
unitaries, then the output state will depend only on the sum of the two parameters λ1 and λ2, which
cannot be estimated separately. The model is thus sloppy.

To decouple the parameters, we introduce a scrambling operation

V̂= exp
(
−iϕ â†â

)
, (23)

with ϕ as the phase of the scrambler, in between the unitary operations Û1 and Û2. The scrambler
makes it possible to encode the two parameters independently, supposing that we can jointly estimate
both parameters.

We assume that the probe initially prepared in a coherent state |α⟩ (eigenstate of annihilation oper-
ator) with amplitude α= |α|eiθ, where |α| ∈ R+ is amplitude and θ is the phase of coherent state. In
the following, to simplify notation, we denote the amplitude of coherent state with α. The final state can
be written as

|ψ ⟩= Û2V̂Û1|α⟩. (24)

Our task is to calculate the QFI and Uhlmann matrix elements defined in equations (20) and (21). We
can write

|∂1ψ⟩=− i

2
Û2V̂Û1Ĝ|α⟩, (25)

|∂2ψ⟩=− i

2
ĜÛ2V̂Û1|α⟩, (26)

where we use the unitary operator defined as in equation (22). Therefore, we can write the QFI matrix
elements as

Q11 =

[〈
α
∣∣Ĝ2∣∣α〉−

〈
α
∣∣Ĝ∣∣α〉2

]
(27a)

Q12 =Re
[〈
α
∣∣ĜÛ†

1V̂
†
ĜV̂Û1

∣∣α〉−
〈
α
∣∣Ĝ∣∣α〉〈α∣∣Û†

1V̂
†
ĜV̂Û1

∣∣α〉] (27b)

Q21 =Q12 (27c)

Q22 =

[〈
α
∣∣Û†

1V̂
†
Ĝ
2
V̂Û1

∣∣α〉−
〈
α
∣∣Û†

1V̂
†
ĜV̂Û1

∣∣α〉2
]
, (27d)

where Û
†
j Ûj = ÛjÛ

†
j = 1 and V̂

†
V̂= 1. The elements of the Uhlmann curvature matrix become

U11 = U22 = 0 (28a)

U21 =−U12 = Im
[〈
α
∣∣ĜÛ†

1V̂
†
ĜV̂Û1

∣∣α〉−
〈
α
∣∣Ĝ∣∣α〉〈α∣∣Û†

1V̂
†
ĜV̂Û1

∣∣α〉] . (28b)

Using equations (27b) and (28), we can write the incompatibility and sloppiness parameters as

C =
1

U11U22 −U12U21
, (29)

and

S =
1

Q11Q22 −Q12Q21
, (30)

5
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Figure 1. Schematic diagram of our proposed model to reduce the sloppiness in the estimation of two successive squeezings.
Here, Û1 and Û2 are the unitary operators encoded with parameters λ1 and λ2 respectively. V̂ is the scrambler with the phase ϕ to
decouple the parameters.

Figure 2. The sloppiness S as a function of (a) ϕ with λ1 = 1, θ = π/4, (b) θ with λ1 = 1, ϕ = π/4, and (c) λ1 with ϕ = θ =
π/4 for the values of α= 0,1 and 20.

respectively, and thus, equations (17) and (18) provides the R and TI respectively.
For calculating the lower bound, we need to calculate CQ given in equation (9). For W= 1, CQ can

be written as

CQ =
Q11 +Q22

Q11Q22 −Q12Q21
=

Tr [Q]

det [Q]
. (31)

Our task is to reduce the dependency on parameters to measure both parameters simultaneously and
precisely. As we can see from equations (27b) and (28), the matrix elements of the QFIM and of the
Uhlmann curvature, are independent of λ2. This means that CQ, S and R are independent on λ2.

Upon inspecting analytically the expression of sloppiness, we found that ϕ = θ = π/4 provide the
minimum value of S , which is given by

S =
1

2(2α2 + 1) [4α2 sinh4λ1 +(4α2 + 1)cosh4λ1 + 1]
(32)

where α⩾ 0.
Those values will be employed from now on in further analysis of the model. In figure 2, we illus-

trate the behavior of S (a) with ϕ for the values λ1 = 1, θ = π/4, (b) with θ for λ1 = 1, ϕ = π/4,
and (c) with λ1 for ϕ = θ = π/4. Here we have taken the values α= 0,1 and 20. We can see that as
we increase the value of λ1 the sloppiness decreases, and this is true also by increasing the coherent
amplitude.

Equation (12) says that the Holevo bound lies between CQ and CQ(1+R). In figure 3, to illustrate
how the gap between CQ and CQ(1+R) depends on the relevant parameters, we show the behavior
of R as a function of λ1 for α= 0 and α= 1. For a vacuum probe, R is independent on λ1, while for
nonzero coherent amplitude it does depend on λ1, but quickly saturates for increasing λ1. For large λ1
we have

R=
1+ 4α2

√
1+ 10α2 + 16α4

+O
(
e−4λ1

)
. (33)

The quantifier R provides a general, weight-matrix independent, bound to the Holevo limit.
However, when the parameters are well identified and their relevance is known, a more tight weight-
matrix dependent bound may be introduce. This is given in terms of the parameter TW defined in
equation (16). In this case, equation (15) provides the limits for Holevo bound. Since our parameters
are equally important, we consider W= I and study the dependence of TI on α and λ1. In figure 3,

6
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Figure 3. The quantitiesR and TI as functions of λ1 for α= 0,1. Blue region shows theR values while red one shows TI. The
dashed lines denote results for α= 0 and solid line for α= 1, respectively. The phases are set to ϕ = π/4, θ = π/4.

Figure 4. The bounds CQ, CQ(1+ TI) and CQ(1+R) as a function of λ1 for α= 0,1, ϕ = π/4, θ = π/4. Dashed lines denote
the bounds for α= 0 and solid lines are for α= 1. The insets show results for large λ1.

we show the behavior of TI as a function of λ1 for α= 0 and α= 1. In both cases, TI decreases quite
quickly with λ1. For small and large λ1, we have, respectively

TI =
1√
2
− 2

√
2α2

1+ 2α2
λ21 +O

(
λ31
)

(34)

TI =
√
2

(
1+

1

1+ 8α2

)
e−2λ1 +O

(
e−6λ1

)
. (35)

Let us now illustrate the behavior of the various bounds, i.e. CQ, CQ(1+ TI) and CQ(1+R) as a func-
tion of λ1. This is shown in figure 4 for α= 0 and α= 1 . As it is apparent from the plot, increasing λ1
the regions between CQ and CQ(1+R) become narrower, and this phenomenon is even more accentu-
ated for the regions between CQ and CQ(1+ TI), which become negligible for large λ1 (as shown in the
insets).

We conclude that when the true value of λ1 is large enough, the ultimate bound to precision joint
estimation of the two hyperbolic phase-shift coincides with the SLD bound CQ, which itself is achievable

7
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by measurements performed on repeated preparations of the probe, independently on its amplitude. On
the other hand, for lower values of λ1 (a regime which may be of interest in certain situations [43]),
the gap between CQ, and CQ(1+ TI) is larger and reaching the ultimate precision bound likely requires
collective (entangled) measurements on a collection of repeated preparations.

4. Stepwise estimation of parameters

In the previous sections, we have addressed the joint estimation of the two parameters λ1 and λ2.
Now we are interested in comparing the precision of those strategies with that resulting from stepwise
strategies, i.e. protocols where the available copies of the probe state are split in two sets and then used
to estimate only one of the two parameters [44]. In conducting separate measurements, we can opt for
two different approaches: measuring λ1 first and then λ2, or we can start with λ2 and then estimate λ1.
Let us denote by M the total number of available copies, and by γ the fraction of copies used in the
first step. Thereafter, γM copies are exploited to estimate λ1 and (1− γ)M for λ2, with 0⩽ γ ⩽ 1. If we
estimate λ1 first, the precision bound can be obtained from the equation (9) and for a diagonal weight
matrix W= Diag(1,0), i.e.

∆λ21 ⩾
[
Q−1

]
11

γM
, (36)

where [Q−1]11 denotes the first diagonal element of the inverse QFIM, Q−1. If we now proceed to estim-
ate λ2, we can take into account the information gained about λ1 in the first step. As a consequence,
this second step becomes a single parameter estimation task, and the precision bound can be written as

∆λ22 ⩾
1

Q22 (1− γ)M
. (37)

The total variance in this strategy would be the sum of both measurements, i.e. ∆λ21 +∆λ22, which is
bounded by Csep1/M where

Csep1 =

[
Q−1

]
11

γ
+

1

Q22 (1− γ)
. (38)

Similarly in the second scenario, we first estimate λ2 and then λ1, and the total variance is bounded by
Csep1/M, where

Csep2 =

[
Q−1

]
22

γ
+

1

Q11 (1− γ)
. (39)

Upon inserting the explicit expression of the elements of the inverse QFIM (as functions of the Q matrix
elements) we have

Csep1 =
SQ22

γ
+

1

Q22 (1− γ)
, (40)

Csep2 =
SQ11

γ
+

1

Q11 (1− γ)
, (41)

where S is the sloppiness of the model, defined in equation (19) and the values of Q11 and Q22 are
given in equation (27b). The value of γ may be tuned to minimize the quantity Csepk , this is obtained
choosing

γk =
Qkk

√
S

1+Qkk

√
S
,

leading to

Cmin
sepk

=
1

Qkk
+QkkS + 2

√
S . (42)

To compare the performance of the separate strategy to that of the joint one, in figure 5 we show the
optimized value of Csep1 and Csep2 (they are equal) alongside CQ and CQ(1+ TI), as a function the para-
meter λ1 and the coherent probe amplitude α (there is no dependence on the value of the second para-
meter λ2). We observe that the stepwise bounds, even when optimized, are larger than CQ(1+ TI) in the
entire region. Hence, we conclude that at variance with the qubit case [39], joint estimation is always
better than separate one for two-parameter estimation in our model.

8
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Figure 5. The optimized stepwise bounds Csep1 = Csep2 compared to CQ, CQ(1+ TI) as a function the parameter λ1 and the
coherent probe amplitude α for ϕ = π/4, θ = π/4.

5. Phase-space analysis

A further insight into our results can be obtained considering the phase-space description of the evolved
state after the two squeezing operations [45]. If we introduce the quadrature operators:

q̂=
â+ â†√

2
, p̂=

â− â†

i
√
2
, (43)

we can define the first moment vector:

X= (⟨q̂⟩,⟨p̂⟩)⊺ (44)

the covariance matrix:

σ =

(
∆q2 ∆qp
∆qp ∆p2

)
(45)

where ∆q2 = ⟨q̂2⟩− ⟨q̂⟩2 and a similar definition holds for ∆p2, while ∆qp= ⟨q̂p̂+ p̂q̂⟩/2−⟨q̂⟩⟨p̂⟩.
It is worth noting that the covariance matrix of an optical state can be experimentally measured

resorting, for instance, to the homodyne detection [46].
For the final state |ψ⟩ in equation (24), we have:

⟨q̂⟩=
√
2αeλ2

(
eλ1 cosθ cosϕ − e−λ1 sinθ sinϕ

)
, (46a)

⟨p̂⟩=−
√
2αe−λ2

(
e−λ1 sinθ cosϕ + eλ1 cosθ sinϕ

)
, (46b)

and

∆q2 =
e2λ2

2

(
e2λ1 cos2ϕ + e−2λ1 sin2ϕ

)
, (47a)

∆p2 =
e−2λ2

2

(
e−2λ1 cos2ϕ + e2λ1 sin2ϕ

)
, (47b)

∆qp=−1

2
sin(2ϕ) sinh(2λ1) . (47c)

We easily see that if we set ϕ= 0 the first moment vector and the covariance matrix elements
reduce to:

⟨q̂⟩=
√
2αeλ1+λ2 cosθ, (48a)

⟨p̂⟩=−
√
2αe−(λ1+λ2) sinθ, (48b)

9
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and:

∆q2 =
e2(λ1+λ2)

2
, ∆p2 =

e−2(λ1+λ2)

2
, ∆qp= 0, (49)

respectively, while for ϕ = π/2 we find:

⟨q̂⟩=−
√
2αeλ2−λ1 sinθ, (50a)

⟨p̂⟩=−
√
2αe−(λ2−λ1) cosθ, (50b)

and:

∆q2 =
e2(λ2−λ1)

2
, ∆p2 =

e−2(λ2−λ1)

2
, ∆qp= 0. (51)

In both these cases, the cross-correlation term ∆qp vanishes and the expectations of the quadrature
operators as well as their variances ∆q2 and ∆p2 come to depend only on the sum, λ1 +λ2, or differ-
ence, λ1 −λ2, of the two unknown parameters, thus allowing their joint estimation. Moreover, now the
absolute value of the cross-correlation term reaches its maximum.

6. Joint estimation of the hyperbolic phases through general-dyne measurement

A general-dyne measurement is described by the POVM:

Π̂z (β) =
D̂† (β) ρ̂m (z) D̂(β)

π
, (52)

where β ∈ C is related to the measurement outcome and ρ̂m(z) is a pure Gaussian state with null first
moment vector and covariance matrix, defined as in equation (45), given by:

σm =
1

2

(
z 0
0 z−1

)
, (53)

with z ∈ R, z⩾ 0. The general-dyne measurement reduces to the well-known double homodyne (hetero-
dyne) one if z= 1, whereas in the limits z→ 0 and z→∞ it leads to the homodyne detection POVM
associated with the measurement of the quadratures q̂ and p̂, respectively. In our scenario, both the
measured state and the measurement are Gaussian, thus outcome statistics is Gaussian, too. As usual, the
collected data sample can be processed to perform the joint estimation of the two involved hyperbolic
phases, λ1 and λ2 through suitable unbiased estimators. In the following, we use the Fisher information
matrix as a figure of merit to assess the performance of the particular measurement we have chosen.

The Fisher information matrix F can be written as a function of the state first moment vector X and
of the state covariance matrix σ introduced in section 5. The Fisher information matrix elements are
given by:

Fjk =

(
∂X⊺

∂λj

)
Σ−1

(
∂X

∂λk

)
+

1

2
Tr

[
Σ−1

(
∂Σ

∂λj

)
Σ−1

(
∂Σ

∂λk

)]
(54)

where Σ= σ+σm is the covariance matrix of the measured statistics.
Starting from F, we can obtain the following classical bound:

Cg = Tr
[
F−1

]
, (55)

which depends on λ1, λ2, but also on the probe parameters α and θ, on the scrambling phase ϕ and on
the general-dyne parameter z. The analytical expression of Cg is rather cumbersome and it is not repor-
ted here explicitly. However, it can be optimized, namely, minimized, with respect to θ, ϕ and also to
z. The optimization leads to the choice θ= 0, ϕ = π/4 and z= exp(2λ2). Indeed, the last condition on
the general-dyne parameters requires resorting to an adaptive method to first retrieve the value of the
hyperbolic phase λ2. Eventually, the optimized Fisher information, F(opt) is independent of λ2, as in the

case of the QFI matrix investigated in section 3, it is diagonal, i.e. F(opt)12 = F(opt)21 = 0, and the non-null
elements reads:

F(opt)11 = 1+ tanh2λ1 + 2α2 (1+ tanhλ1) , (56a)

10
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F(opt)22 =
2α2 e3λ1

coshλ1
+

cosh2 2λ1
coshλ1

, (56b)

thereafter one can calculate the bound Cg.
Upon inspecting the explicit expression of Cg and exploiting the hierarchy of bounds CQ ⩽ CH ⩽

CQ(1+ TI)⩽ CQ(1+R) one obtains that

1

2
⩽ CH

Cg
⩽ 1 .

For large values of λ1, one has

Cg =
1

2

1

1+ 2α2
+

α2

(1+ 2α2)
2 e

−2λ1 +O
(
e−3λ1

)
(57)

CQ =
1

2

1

1+ 2α2
+O

(
e−4λ1

)
(58)

CQ (1+ TI) =
1

2

1

1+ 2α2
+

√
2
(
1+ 4α2

)
(1+ 2α2)(1+ 8α2)

e−2λ1 +O
(
e−4λ1

)
(59)

meaning that the Holevo bound may be saturated by general-dyne detection, at least in the regime of
moderately large values of the first squeezing (the asymptotic regime is achieved already for λ1 ≃ 3).

7. Conclusion

In conclusion, we have analyzed in detail an interaction scheme involving two successive unknown
squeezings (hyperbolic phase shifts), which are the quantities to be estimated. The quantum statistical
model is inherently sloppy, and the QFI matrix becomes singular. However, estimating both paramet-
ers becomes feasible if an operation is performed between the two squeezings to scramble information
across the Hilbert space.

In particular, we have considered the effects of a phase-shift scrambling transformation, optimized to
reduce the model’s sloppiness and maximize overall estimation precision. We found that when the true
value of the first squeezing, λ1, is sufficiently large, the ultimate bound on joint estimation precision
coincides with the SLD bound—which itself is achievable through measurements on repeated prepara-
tions of the probe. On the other hand, for smaller values of λ1, reaching the ultimate precision bound
likely requires collective (entangled) measurements on multiple probe preparations.

We have also compared the optimized precision bounds of joint estimation with those of stepwise
estimation methods, finding that joint estimation remains advantageous despite quantum noise induced
by parameter incompatibility. Finally, we examined the precision achievable via general-dyne detec-
tion and found that it can approach the optimal precision in certain regimes. Our results pave the way
for further developments, e.g. the use of non-classical probes such as squeezed states. In this case, one
could potentially design a strategy that optimizes the input squeezing parameter to counteract the initial
squeezing operation, thereby reducing the problem to a single-parameter estimation.
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Appendix. Calculation for the joint measurement

After performing the calculations, we will get the matrix elements of Qjk and U jk, which are

Q11 = 4α2 + 2 (A1)

Q12 = Q21 = 4α2 cos(2θ) sinh(2λ1) sin(2ϕ)+ 2
(
2α2 + 1

)
cos(2ϕ) , (A2)

Q22 = 2
(
−4α2 sinh(λ1)cosh

3 (λ1) sin(2(θ− 2ϕ))− 4α2 sinh3 (λ1)cosh(λ1) sin(2(θ+ 2ϕ))

+α2 sin(2θ) sinh(4λ1)− 2cosh2 (λ1)
((
4α2 + 1

)
sinh2 (λ1)cos(4ϕ)−α2

)
+
(
4α2 + 2

)
sinh4 (λ1)+ 2

(
α2 + 1

)
sinh2 (λ1)+α2 sinh2 (2λ1)+ 1

)
(A3)

and

U11 = U22 = 0 (A4)

U12 =−U21 = 2sin(2ϕ)
[
2α2 sin(2θ) sinh(2λ1)+

(
2α2 + 1

)
cosh(2λ1)

]
, (A5)

respectively.
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