Quantum Science and @ @s;;;;m;;;; %% PURPOSELED

and Technology # PUBLISHING™
Technology
PAPER « OPEN ACCESS You may also like
. . . . . - Typical machine learning datasets as low-
Quantifying complexity of continuous-variable depth quantum circuts
. . Florian J Kiwit, Bernhard Jobst, Andre
quantum states via Wehrl entropy and Fisher Luckow et o
. H - Adiabatic dynamics of entanglement
| nfO I"m atIOn Einar Gabbassov and Achim Kempf
- On the role of symmetry and geometry in
To cite this article: Siting Tang et al 2025 Quantum Sci. Technol. 10 045047 global guantum sensing
Julia Boeyens, Jonas Glatthard, Edward
Gandar et al.

View the article online for updates and enhancements.

This content was downloaded from IP address 93.70.67.222 on 12/01/2026 at 10:04


https://doi.org/10.1088/2058-9565/ae08df
https://iopscience.iop.org/article/10.1088/2058-9565/ae0123
https://iopscience.iop.org/article/10.1088/2058-9565/ae0123
https://iopscience.iop.org/article/10.1088/2058-9565/ae0364
https://iopscience.iop.org/article/10.1088/2058-9565/ae08e1
https://iopscience.iop.org/article/10.1088/2058-9565/ae08e1

10P Publishing

W) Check for updates

OPEN ACCESS

RECEIVED
21 May 2025

REVISED
30 July 2025

ACCEPTED FOR PUBLICATION
18 September 2025

PUBLISHED
29 September 2025

Original Content from
this work may be used
under the terms of the
Creative Commons

Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the title
of the work, journal
citation and DOL.

Quantum Sci. Technol. 10 (2025) 045047 https://doi.org/10.1088/2058-9565/ae08df

Quantum Science and Technology

PAPER

Quantifying complexity of continuous-variable quantum states via
Wehrl entropy and Fisher information

Siting Tang"*’©, Francesco Albarelli*®, Yue Zhang"*©, Shunlong Luo"’{ and Matteo G A Paris™*

! State Key Laboratory of Mathematical Sciences, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing
100190, People’s Republic of China

School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049, People’s Republic of China
Dipartimento di Fisica, Universita di Milano, I-20133 Milano, Italy

Scuola Normale Superiore, I-56126 Pisa, Italy

2
3
4
* Author to whom any correspondence should be addressed.

E-mail: matteo.paris@fisica.unimi.it

Keywords: quantum states, complexity, phase-space distributions, Wehrl entropy, Fisher information

Abstract

The notion of complexity of quantum states is quite different from uncertainty or information
contents, and involves the tradeoff between its classical and quantum features. In this work, we
introduce a quantifier of complexity of continuous-variable states, e.g. quantum optical states,
based on the Husimi quasiprobability distribution. This quantity is built upon two functions of the
state: the Wehrl entropy, capturing the spread of the distribution, and the Fisher information with
respect to location parameters, which captures the opposite behavior, i.e. localization in phase
space. We analyze the basic properties of the quantifier and illustrate its features by evaluating
complexity of Gaussian states and some relevant non-Gaussian states. We further generalize the
quantifier in terms of s-ordered phase-space distributions and illustrate its implications.

1. Introduction

Literally, the word ‘complexity’ refers to the degree to which an object deviates from being ‘simple’ or ‘ideal’.
However, its meaning can vary significantly among different scientific disciplines, such as physics [1],
biology [2], mathematics [3], information theory [4], and computer science [5, 6]. Complexity of quantum
systems is a ubiquitous notion with wide implications and applications [7—24], most of which are related to
the computational complexity of preparing a specific quantum state. In general, quantifiers of complexity are
scenario-dependent. Here, we study statistical complexity of phase-space distributions for
continuous-variable (CV) quantum states from an information-theoretic perspective.

In [11], it was proposed to define a scalar value to capture the complexity of systems having a statistical
description. The main idea is to define complexity as the product of two scalar quantities, one that captures
the spread of the distribution and one with the opposite behavior, i.e. which captures how peaked or ‘far
from equilibrium’ the distribution is. The dynamical behavior of the complexity, introduced in [11], was
studied in [22]. This measure was also generalized to CV distributions in [13, 14]. Similar ideas involving
only entropy have been introduced as well [15]. While these studies are limited to the classical case, a natural
question arises: what about the quantum case? And more specifically, what about the case of CV systems,
where phase-space distributions are naturally defined? In turn, characterizing and quantifying the inherent
complexity of CV quantum states through phase-space distributions would offer deeper insights into their
behavior and properties, along with the resources needed for their preparation.

The Wehrl entropy [25, 26], derived from the Shannon entropy of the Husimi function
(Q-function) [27], quantifies the uncertainty associated with the phase-space distributions of quantum
states. It is the quantum analogue of the differential entropy [28] and has been studied extensively for its
important properties [29-36]. It also offers insights into the quantum—classical correspondence and
coherence properties of quantum states [37, 38], and plays a crucial role in quantifying many quantum
features, such as squeezing [39], entanglement [40, 41], non-Gaussianity [42], and nonclassicality [43]. The
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Wehrl entropy characterizes how a quantum state is ‘spread out’ in phase space, and can be interpreted as the
‘classical’ information contained in CV quantum states, making it a tool for quantifying the complexity of
such states. We also notice that Wehrl entropy is precisely the Shannon entropy of the Husimi Q function,
making it the natural choice for phase-space complexity analysis. Unlike the Shannon entropy of the
eigenbasis, it uses the physically meaningful coherent state basis, thus reflecting operational preparation
complexity.

The Fisher information, which is introduced to quantify ‘the information amount of a probability
distribution’ in statistical theory [44], provides a significant way to measure the sensitivity of a statistical
model to perturbations in its parameters [45—47]. This concept can be extended to the quantum setting
leading to a whole family of quantum generalizations of the classical Fisher information [48—54]. These
quantities have found several fundamental applications in analyzing various quantum phenomena and
protocols [55—63]. In this work, however, we focus on the phase-space properties of CV states and we
consider the classical Fisher information stemming from the Husimi Q-function. Specifically, we will
consider a quantity that operationally corresponds to the trace of the Fisher information matrix for
displacement parameters. This quantity can be understood as a functional of the CV state only, yet it is
distinct from the family of quantum Fisher informations mentioned above.

In this paper, we aim to explore the utility of the Wehrl entropy and the Fisher information (with respect
to the location parameters of the Husimi function) in quantifying the phase-space complexity of CV states.
The motivation is rooted in the fact that phase-space distributions are fundamental for CV systems, making
measures based on them is more natural than quadrature-specific quantities like standard deviation, which
does not capture the joint phase-space behavior of CV quantum states. Our proposed measure combines
Wehrl entropy (reflecting global spread) and Fisher information (reflecting localization), offering a more
comprehensive characterization of complexity that accounts for both classical and quantum features. This is
particularly relevant for applications in quantum optics and metrology, where phase-space properties are
central.

The remainder of the work is arranged as follows. In section 2, after reviewing some aspects of the
phase-space complexity, we introduce a quantifier of complexity in terms of Wehrl entropy and Fisher
information based on the Husimi functions of quantum states. We reveal some basic properties of this
quantifier. In section 3, as illustrations, we evaluate the complexity of some typical quantum states including
all Gaussian states and some non-Gaussian states. In section 4, we compare our quantifier of complexity of
quantum states with a previous one, as well as some other quantifiers of important quantum features. In
section 5, we introduce a family of alternative complexity quantifiers in terms of the s-ordered phase-space
distributions. Finally, we conclude with a summary and some discussions in section 6. We will only treat the
single-mode quantum states in this work.

2. Complexity of CV states via Wehrl entropy and Fisher information

To introduce our study of complexity, we first consider complexity of classical systems described by
probability distributions. For classical systems, a measure of statistical complexity of a probability vector
p = (p1,p2, -+ »pu) can be defined as [11]

Cime(p) = H(p)D(p) - (1)

Here, H(p) and D(p) represent measures of the information content and disequilibrium of p, respectively.
This definition captures the idea that complexity should vanish (or be minimal) both for perfect order and
perfect disorder, e.g. both a perfect crystal at zero temperature and an ideal gas at equilibrium.

A possible way to generalize this idea to CV probability distributions f(x) on R is the so-called
Fisher—Shannon complexity quantifier [14]. The main idea remains similar, however in this case the role of
the measure of information is played by the Shannon entropy power

_ 1 aspr
](f) - 27Tee 9 (2)

where S(f) = — [ f(x)Inf(x)dx is the Shannon differential entropy, which in general can also be negative,
and d is the dimension of the domain of f. On the other hand, the role of the measure of disequilibrium is
played by the Fisher information defined as
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where ||[V(x)||? = VAx)TVAx) = Zf: 1[0 f(x)]? is the Euclidean norm of the gradient. From an

operational point of view, this quantity corresponds to the trace of the Fisher information matrix of the d

location parameters, i.e. the statistical model f(x — @), where 6 € R. For location parameters, the Fisher

information does not depend on the value of 6, which can be seen by a change of variables in the integral [47].
The Fisher—Shannon measure of complexity is thus defined as [14]

c( = JHI. @

where I(f) and J(f) are intimately connected, and represent respectively the ‘surface area’ and the ‘volume’ of
the typical set associated to the probability distribution f (x). The isoperimetric inequality for entropies
implies that C(f) > 1, where the equality holds for multivariate normal probability distributions [64].
Geometrically, there is an analogy between the fact that given a certain volume, balls (spheres) are the objects
with minimal surface area and the fact that given a certain entropy, normal distributions are the ones with
minimal Fisher information.

In the context of quantum systems, the generic distribution f(x) has to be replaced by a quantum version.
For a single quantum particle, it would just be the probability coming from the Born rule f(x) = |¥(x)|? for
the wavefunction ¥ (x). However, it has been observed that using the momentum or position density can
yield different results, therefore different ways were proposed to treat every quadrature democratically [20].

On the other hand, since quantum states can be completely characterized via phase-space distributions, it
is natural to consider those phase-space distributions as the quantum substitutes of f(x). A similar idea has
been explored [52] to define quantum Fisher information by using the class of phase-space probability
distributions introduced by Cohen [65]. However, when coming to the Shannon differential entropy, the
phase-space distributions could cause troubles because they are not necessarily positive for all quantum
states [66, 67]. Hence, we choose a particular member from the phase-space distributions, the Husimi
function, because it is nonnegative everywhere for every quantum state. Therefore, in this work, the
complexity of a quantum state will be quantified by combining the Shannon differential entropy and the
Fisher information defined in terms of the associated Husimi function.

Consider a single-mode CV quantum system described by the annihilation and creation operators a and
a' satisfying the canonical commutation relation

[a, aT] =1.
The displacement operators and the squeezing operators are defined as
D§ = egané*u’ 6 € C,
8, = el =id e,

respectively. They play a fundamental role in CV quantum technology. The Husimi function of a quantum
state p for such a system is defined as

Q(alp) = {alp|a) (5)
and it is normalized as
d2
/Q(alp)i 1, (6)
C i

where d’ac = dxdy denotes the Lebesgue measure on C = R*, o = x+1y,x,y € R, and where |«) are the
coherent states, defined as the eigenstate of the annihilation operator: a|la) = ala),a € C. The Husimi
function Q(«) contains the complete description of the quantum state (i.e. it is tomographically
complete) [68, 69] and may be sampled experimentally in a variety of systems [70-72].

The Shannon differential entropy of Q(«|p) is the celebrated Wehrl entropy [25]

su(9) = - [ Qalpmalaln 2. )

which is specifically tailored to capture the phase-space properties of quantum states. Instead of orthogonal
decompositions, the Wehrl entropy is based on coherent states, a ‘natural’ basis for CV systems. The Wehrl
entropy has many interesting properties. One of these is that it is minimal for single-mode CV states and
equal to 1 for coherent states. Despite being a type of Shannon differential entropy, the Wehrl entropy never
becomes negative (actually possesses a positive lower bound due to the uncertainty relations for the position

3
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and the momentum quadratures of the CV system), which is due to the fact that the Husimi function cannot
be too concentrated in phase-space in view of the uncertainty relations [34, 35] and the corresponding added
noise [73, 74]. Additionally, at fixed average energy, the Wehrl entropy is maximized by thermal states, like
the von Neumann entropy [75]. In summary, the Wehrl entropy of the Husimi function not only avoids
negative values, but also captures important physical aspects of quantum states.

In the context of the Husimi function, the Fisher information defined by equation (3) can be expressed
as [76, 77]

™

\Y )|]? 2
L[ ImQtlnlE g ©

where the gradient operator are with respect to the real and imaginary parts of the complex number «.
Notice that we have introduced a factor 1/4 for convenience compared to equation (3). In this way, the Fisher
information of the Husimi function of any pure state is 1 [77], while for mixed states we have [76, 77],

I(p) <1 )

Operationally, I(p) is proportional to the trace of the Fisher information matrix for the problem of
estimating the two parameters of a single-mode displacement [78-81].

Let us now introduce a quantifier of complexity of CV quantum states by employing both Wehrl entropy
and Fisher information.

Definition 1. The complexity of a quantum state p is defined as
Cp) = D7 (p) (10)

with Sw(p) and I(p) defined by equations (7) and (8), respectively.

Throughout the paper, we will use the shorthand C(v)) instead of C(|1) (1/|) for pure states |¢)). Notice that
in this case, I(¢)) = 1 and therefore C(v)) = e>"(¥)~1, Next, let us discuss some important properties of this
quantifier.

Proposition 1. The complexity C(p) is invariant under displacements and phase-space rotations in the sense
that

C(DngE) =C(p), (11)
c (eiqﬁa*apefi(ﬁu‘hu) —C(p), (12)

where Dg = ef “Lg*“, & € C, are the displacement operators, and ei‘z’“T”, ¢ €10,2m), are the rotation operators.

Proof. Since the displacement operators and the phase-space rotations act as translations and rotations in the
phase space, respectively, i.e.

Q(a|D§ng) — Q(a—¢|p), Q(a|ei¢aupe—i¢aw) — Q(ealp).

And the measure d’a;/7 is invariant under the displacements and rotations of the complex plane C, they
have no effect on the Fisher information or the Wehrl entropy of any state. Therefore, C(p) is invariant for
these transformations. By contrast, the squeezing operators S,, = e%”(“r)z’%”*“z7 1 € C do not have a simple
impact on the complexity, and their effects on complexity depend crucially on the initial state. For example,
the complexity of the vacuum state will increase after it is squeezed, i.e.

C(5,00)) = coshln| >C(0) =1, n#0.
But since S;l = S_,, it also holds that
C(0) = C(S-4Sy[0)) <C(Sy[0)),  n#0.

That is, the complexity of the squeezed vacuum S,,|0) will decrease if it is further squeezed by S_,,. O
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Proposition 2. The complexity C(p) is invariant under a uniform phase-space scaling, in other words, if any
two states p and p, satisfy that

Q(alp) = NQ(Aalp2), (13)

where A > 0 is the scaling parameter, then we have

C(p1) =C(pa).

Proof. For states p; and p, that satisfy the condition defined by equation (13), direct calculation leads to

Sw(p1) = —In(X*) + Sw(p2), (14)
I(pr) = NI (p2). (15)

Consequently, by equation (10), we have C(p;) = C(p;). This property will be useful in evaluating the com-
plexity of photon-added thermal states, see example 2 of section 3. O

Proposition 3. The complexity C(p) satisfies the following isoperimetric inequality
Clp)=1, Vp, (16)

and the equality holds if and only if p is a (displaced) thermal state.

The proof follows directly from [64]. We remark that the vacuum |0) is a special case of thermal states (with zero
thermal photon), and all coherent states achieve this lower bound as well. Also, the inequality shows the
Wehrl-Fisher complementarity in phase space.

3. Examples

In this section, we evaluate the complexity of several classes of CV quantum states. Our aim is twofold: to
assess whether our measure aligns with the intuitive understanding of quantum state complexity, and to
explore the relationships—and distinctions—between this notion of complexity and the various definitions
of nonclassicality employed in CV quantum technologies.

3.1. Gaussian states
Any single-mode Gaussian state can be expressed as a displaced squeezed thermal state in the form

ps = DeSypnSiD},  €meC, (17)
where
1 o0 Fl n
= >0, 18
=y () e (19

is a thermal state, and 7 = tr(pgnata) > 0 is the average thermal photon number. The Husimi function of
this Gaussian state reads

1 —i 0/« ox
Q(a|pg) _ 76(—A|a—£|2+3(e (=€) +e¥(a"—¢ )2))/2A, a€eC, (19)

VA

wheren = rel?, r >0, § € [0,27), and

A = (i+1)" + (274 1)sinh’r, (20)
A =1+ (2n+1)cosh(2r), (21)
B = (n + ;) sinh (2r). (22)

By direct calculation, the Wehrl entropy and the Fisher information can be evaluated as

Sw (pg) = 1+%lnA, (23)
A

5
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Figure 1. (a) The complexity C(pg) of the Gaussian state p, defined by equation (25) as a function of # with r = 0.5,1,1.5,2
(from bottom to top). (b) Semilog plot of complexity C(pg) as a function of r with 7 = 0.1, 1,10 (from bottom to top).

We see that they do not depend on the displacement parameter £ and the squeezing angle . Evidently, the
Fisher information is exactly 1 when 77 = 0 and also tends to 1 as we fix 71 and increase the squeezing
parameter r to infinity. This observation highlights that even if the Fisher information is constant for pure
states, it is not solely a function of the purity of the Gaussian states (which only depends on 7). Now, we
readily obtain the complexity of the Gaussian state pg as

A

C(Pg) = ﬁ’ (25)

where A and A are defined by equations (20) and (21), respectively. To gain an intuitive understanding of
this quantity, we plot the curves of the complexity C(p,) of Gaussian state with respect to the parameter # for
fixed r = 0.5,1,1.5,2, on the left panel of figure 1, and with respect to the parameter r for fixed
#1 = 0.1,1,10, on the right panel of figure 1. The complexity C(pg) tends to cosh(2r) as 71 tends to infinity
with r fixed, and tends to o0 as r goes to infinity.

Consider an energy constraint given by

E=tr (pgaTa) = A+ €] + (274 1) sinh’r, EcR*. (26)

Under this constraint, we aim to maximize the complexity.

Proposition 4. Among all Gaussian states p, defined by equation (17) with a fixed average photon number
E = tr( pgaTa), the most complex states are the squeezed vacuum states, while the least complex states are the
displaced thermal states.

Proof. First, note that C(p,) is an increasing function of r, in order to maximize C(p,), we should set { = 0,
which is obvious from equation (26). The constraint then becomes

2E+1

cosh (2r) = Al
n

Substituting this into the expression of C(pg), i.e. equation (25), we obtain

E+1

C(re) = i+ 1) +E+1

which is a decreasing function of 7. Thus C(pg) is maximized at # = 0, i.e. the maximal complexity C(pg) =
VE+ 1 is achieved by the squeezed vacuum state S,,|0), with r = || = In (VE+ VE+1).

On the other hand, the minimal complexity is of course C(ps) = 1 when 1 = 0, which corresponds to all
displaced thermal states with 71 + |£|> = E.

O
3.2. Photon-added thermal states
A k-photon-added thermal state p o< (a’)¥pma*, k = 1,2,---, can be expressed as
! i( " )n( F R (1) 1+ K 4 K] (27)
Pk = — n e (n n n ,
k’ (Fl—i_ l)k-H n=0 n+ 1

6
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C(Wpac)
1.8

1.6+

1.4+

1.2¢

1 L L
0 1 2 3 4 1]
Figure 2. The complexity C (%) pac) of the photon-added coherent state |1 pac) as a function of the amplitude 8. The complexity
does not depend on the phase of 5.

where py, is the thermal state defined by equation (18), and 11 = tr( prat a) > 0 is the average thermal
photon number. Its Husimi function is

2k o2
I(n+1

Q(alpr) =
Note that the Husimi function of the Fock state |k) is

2k
Q(alk) = {afk)(kla) = Te"“‘z, aeC. (29)

Hence Q(«|py) is a scaled version of Q(a|k), that is,

1
Q(alp) = ﬁi—i—lQ (\/;ﬁ‘k> . (30)

By proposition 2, we obtain that C(pi) = C(k), which implies that the complexity of the k-photon-added
thermal states are independent of the temperature, similar to the case of thermal states. To calculate the
complexity explicitly, we note that since the Fock state |k) is pure and

Clpr) = C(k) = e™BO1 = klek- kot (31)
where the last equality follows from the Wehrl entropy of the Fock state [75]:
Sw(k) = 1+k+In(k!) — k¢ (k+1). (32)

Here ¢p(k+1) = Zk L — ~ is the digamma function and v ~ 0.577 is the Euler constant. As expected,

m=1m
the complexity increases as more photons are added into a thermal state.

3.3. Photon-added coherent states
A photon-added coherent state is defined as

|pac) = a'|p), BeC. (33)

1
VT IE

And the corresponding Husimi function is [82]

2 2
Q(a|wpac) = 1_|EX|5|2 ei‘aim , acC. (34)

The complexity C(¢/pac) does not depend on the phase of the parameter 3 and can be evaluated
numerically. Results are shown in figure 2, where C(t/.c) is depicted as a function of |3|. As it is apparent

7
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from the plot, complexity decreases with | 3|, which can be understood by the following argument: a
photon-added coherent state can be rewritten as
0)

(a"+87)0)

1 n 1
o) = ———0a'Dg|0) = ———-D
e = i T

_ p* 1
DB(W'O” m”)

And, as proved in proposition 1, displacements do not change the complexity. Therefore, the complexity of
[{hpac) is equal to the complexity of a superposition of the vacuum |0) and the Fock state |1), with the
superposing coefficients determined by the amplitude 3. We thus have that C(¢p..) — C(1) = €7 as |3| — 0,
where 7 is the Euler constant, while C(tpac) = C(0) = 1 as || — oo.

(35)

3.4. Cat states
Consider the cat state

[eat) = Niﬁ(m +e?|-B)), BeC,pelo0,2m), (36)

with the normalization constant Ng = \/ 2(1+4 e~ 2P cosp). For ¢ = 0, we have an even-cat state, for

¢ = m, we have an odd-cat state, and for ¢ = 7, we have a Yurke-Stoler cat state. The Husimi function of
this state reads

1 2 2 2 2
Q(a)thear) = N—é (eflo“fﬂ| + e71etBl 4 2e= 1ol =181 cos (¢ + 2Im (a,@*))) ) aeC. (37)
Consistently with [83], we find that states with ¢ = 7 have higher Wehrl entropy, and thus higher
complexity, while the states with ¢ = 0 have the minimal Wehrl entropy. Actually this is not surprising,

because the relative phase is also connected to the energy

1—e 28 cosp

_ T5) — 2
E(¢) =t (|¢cat><wcat|a a) - ‘5| 1+e_2m|2 COS(b'

(38)
Therefore a higher value of complexity and Wehrl entropy corresponds to a higher energy.

In this context, it is interesting to compare the complexity of superpositions versus mixtures of coherent
states. The problem of distinguishing a superposition of coherent states from a mixture by means of the
Wehrl entropy was analyzed in [83]. It is noted that when the component coherent states are ‘far away’, the
Husimi function of the superposition becomes approximately equal to the Husimi function of the
corresponding mixture, independently of the relative phase. It has been pointed out that other distributions
derived from the Husimi function might be more suitable to distinguish coherent superpositions from
mixtures [36]. In our framework, we investigate whether the inclusion of the Fisher information term in the
complexity quantifier we defined allows for a better distinction between superpositions and mixtures.
Intuitively, the complexity of a mixture should be smaller, as the Fisher information of the Husimi function
is less than one for mixed states. Consider the following mixture

ms = SIBY61 + 51~ B~ BeC, (9)

and its Husimi function is simply the sum of the Husimi functions corresponding to the two coherent states.
In figure 3, we compare the complexity C(mg) of the mixture with that of the cat state |1) ) defined by
equation (36), as a function of the amplitude 3, and we assume here 3 € R*. The complexity C(mg) of the
mixture mg is always lower, but beyond a certain amplitude | 3|, the difference becomes negligible. This
behavior is not surprising, considering the results discussed in [83].

4. Comparison with other quantifiers

We first compare our complexity C(p) with the complexity quantifier proposed by Manzano [20], which is
defined as a product of the Fisher information and the entropic power of Shannon entropy. Recall that
instead of the phase-space function Q(«p), in Manzano’s approach to complexity, the Fisher information
and the entropy are defined in terms of the one-dimensional probability distribution obtained by measuring
the observable cos(w)X — sin(w)P, where X and P are the position and momentum observables, respectively.

8
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"0 0.5 1.0 1.5 2.0 25 A
Figure 3. The complexity C(mg) of a mixture of two coherent states (black line) versus the complexity C(tcat) of cat states
(colored lines) as functions of the coherent state amplitude 3. We show results for different values of the relative phase ¢ defined
in equation (36): ¢ = 0, 7, 7, 37”, %,ﬂ (from bottom to top). The odd-cat state tends to the Fock state |1) as 5 — 0, so its
complexity tends to e”, and it is not well defined at 5 = 0 because the normalization constant N g is 0. Other cat states as well as
the mixture tend to the vacuum |0) as 8 — 0, so their complexity reaches the minimum value 1.

Table 1. Comparison between two different quantifiers of complexity: M (p) vs. C(p).

Complexity quantifier (Quasi)probability Minimum achieved by
Manzano’s M(p) marginal Gaussian states
Ours C(p) joint (displaced) thermal states

Therefore, this complexity quantifier depends on the basis of measurement, which is captured by the
parameter w € [0, 7). Two ways are proposed to eliminate the dependence on a specific basis: one involves
averaging over w, while the other involves taking the minimum. In both cases, the complexity quantifier
reaches its minimum value 1 for all Gaussian states [20]. This lower bound reveals the Shannon—Fisher
complementarity, and in our definition of complexity, this relation is revealed by the Wehrl-Fisher
complementarity as stated in proposition 3.

The most significant difference between our quantifier of complexity and Manzano’s lies in that, while
the latter is based on one-dimensional probability distributions, ours is based on the phase-space
distributions, which are two-dimensional in nature. The difference can be illustrated by Gaussian states. If
there is no squeezing, then a Gaussian state has a bivariate normal distribution with equal variance in the
position and momentum quadratures. Such states will have the minimum complexity C(p) = 1, and they are
exactly the displaced thermal states. However, when there is a nontrivial squeezing, the variances will be
unequal and hence do not meet the equality condition of the two-dimensional isoperimetric inequality.
Therefore their complexity will be strictly greater than 1. However, when restricted to one-dimension,
regardless of the chosen basis, Gaussian states will always have a normal distribution, thus satisfying the
equality condition of the one-dimensional isoperimetric inequality. Intuitively, squeezing should increase
complexity, which suggests that it is important to consider a joint phase-space distribution in this context.
We summarize the above comparisons in table 1.

Next, we analyze the relationship of C(p) with some quantifiers for nonclassicality and non-Gaussianity
in the literature.

Mandel’s O factor [84]

r aTz 2) — r t :
) = e atr)(pa(Tta)(pa = 7 (40)

is the first quantifier of nonclassicality, which characterizes the deviations from the Poissonian photon
statistics of states. More specifically, Q(p) > 0, Q(p) = 0, and Q(p) < 0 correspond to photon distributions
being super-Poissonian, Poissonian, and sub-Poissonian, respectively. From the definition, we can easily
show that Mandel’s Q factor is lower bounded by —1, and this lower bound can be achieved by all Fock
states: Q(k) = —1, V k. Mandel’s Q factor for Gaussian states defined by equation (17) can be calculated
straightforwardly as

0(py) = (PH3) coshn) +2(a+3) [€coshr + ¢elsinhrP —f (41)
Pg) = (ﬁ+%)cosh(2r) + [€]? —% '
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While our complexity quantifier depends only on the thermal photon number 7 and the squeezing
parameter r of the Gaussian states, this quantifier depends additionally on the displacement parameter ¢ and
the squeezing angle 6.

The nonclassical depth is defined as [85, 86]

2 —1<s<1

Tm (p) = 1 <1 — sup {s: W(z]p) >0, Vze C}) , (42)

where W(z|p) is the s-ordered phase-space distribution introduced by Cahill and Glauber in a seminal work
of phase-space representation of quantum states [87]. For a fixed s < 1,
af*—a*€ d2§
Wi (a|p) - ¢ Xs (5\P)7, @ E(Ca (43)
C

which is the symplectic Fourier transform of the s-ordered characteristic function

Xs(€lp) = 2w (pDg), € eC. (44)

The special cases where s = —1,0, 1 correspond to the Husimi function, Wigner function, and
Glauber—Sudarshan P-function, respectively. The nonclassical depth 7, (p) describes the minimum amount
of thermal noise to make the singular P-function nonnegative. By definition, we have 0 < 7,(p) < 1,and a
greater value of 7,,,(p) indicates a more nonclassical state. By calculation, the nonclassical depth of the
Gaussian states defined by equation (17) is

n+1)tanhr—n}_ (45)

_ (
™ (Py) = max{O, 1+ tanhr

The original definition requires 71, (p) > 0. However, a negative value of 7, (p) would also make some sense,
because it can be interpreted as the degree of classicality. Therefore we may modify the definition and remove
the floor to define

(n4+1)tanhr—7

46
1+ tanhr (46)

m (pg) =
For instance, 71, (pm) = —n, which may be interpreted as indicating that the thermal states are more classical
than coherent states.

From equations (25) and (46), we see that the two quantifiers, C(pg) and 7, (pg), capture different aspects

of Gaussian states. The complexity C(p,) increases in the thermal photon number 7, while the nonclassical
depth 7, (pg) decreases in 71. Another important difference lies in their bounds. For the complexity,
C(pg) > 1, giving a lower bound on the complexity of Gaussian states, and from the expression we can see
that for the other direction, the Gaussian states can be as complex as needed. In contrast, for the nonclassical
depth, 7, (pg) < 3, giving an upper bound on the maximal degree of nonclassicality. Moreover, sometimes
the nonclassicality depth looks like an all-or-nothing indicator, and for many quite different states, it turns
out to be the same value. For example, all Fock states achieve the maximal nonclassical depth 7, (k) = 1,V k,
but our complexity quantifier shows that those with larger photon numbers are more complex. In turn, this is
capturing the idea that more complex physical interactions are required to generate Fock states with higher k.

Another quantifier of nonclassicality is defined in terms of the Wigner—Yanase skew information as [88]

1
N(p) = =5t (I/psal). (47)
For the Gaussian states p, defined by equation (17), we have
1

N (pg) = <2+ﬁ— 1‘1(71+1)> cosh (2r). (48)

Note that for fixed r, it decreases in 7 as well. For the Fock states, we have

1

N (k) = 3 +k. (49)

Wigner negativity is also a well-known quantifier of nonclassicality, which is defined as the integrated
negative part of the Wigner function [89], i.e.

d2
5(p) = /C|wo<z|p>|7z—1. (50)
10
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Table 2. Comparison among quantifiers for different quantum features. Here C(p): complexity quantifier; Q(p): Mandel’s factor;
Tm(p): nonclassical depth; A/(p): Wigner—Yanase skew information; §(p): Wigner negativity; d4 (p): Hilbert-Schmidt distance; 65(p):
quantum relative entropy.

Quantifier Gaussian state pg Fock state |k)
C(p) equation (25) Klek—kw (k1)
Q(p) equation (41) —1
Tm(p) max{0, 7<"+122$:7” } 1
N(p) (3 +7n—/n(n+1))cosh(2r) 14k
d(p) 0 numerical results
k
ba(p) 0 31+ 557) = e
d(p) 0 (k+1)In(k+1) — klnk

We mention that this notion of nonclassicality also has a resource-theoretical interpretation [90, 91]. For
Gaussian states, their Wigner functions are non-negative, which lead to

5 (pg) = 0. (51)

For other quantum states the Wigner negativity is usually not easy to calculate. For the Fock states, analytical
results are only available for the first few ones [89], and for other Fock states, there are only numerical results.

Finally, let us compare C(p) with two quantifiers of non-Gaussianity. One is the Hilbert-Schmidt distance
from a Gaussian [92, 93]

6a(p) = M (52)
T ()
And the other is the quantum relative entropy to a Gaussian reference state [93, 94]
dp(p) = tr(p(Inp—Ino)), (53)

where in both definitions, o is the Gaussian reference state with the same mean vector and covariance matrix
as p.

Since both quantifiers characterize the degree of non-Gaussianity, naturally, they vanish for Gaussian
states

0a (Pg) = 0p (pg) = 0. (54)

Therefore, we immediately see that our quantifier of complexity is different from a quantifier of
non-Gaussianity.
The above comparison is summarized in table 2.

5. Generalization to s-ordered complexity

In this section, we generalize our complexity quantifier C(p) to other phase-space distributions. At first, we
notice that while the Husimi function is nonnegative everywhere, i.e. Q(a|p) > 0 for any quantum state p, in
general the s-ordered quasiprobability distribution W;(«|p) could be negative somewhere for some states,
and a state-dependent threshold on s should be introduced.

Definition 2. The s-ordered complexity of an optical state p is defined in terms of its s-ordered phase-space
distribution as

Cs (p) = es“g(p)_lls (p), (55)
where
d?a
Sw.(p) = — Ws(alp)ans(a\p)7, (56)
2 12
Tl .
 We(alp) 7

In particular, whens = —1,C_(p) reduces to the complexity C(p) introduced by Definition 1. When W;(«|p)
is nonnegative everywhere, Sw,(p) and I;(p) are the Shannon differential entropy and the Fisher information

11
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Cs (pﬁ )

2 J
-1.0 -0.5 0.5

Figure 4. The s-ordered complexity C;(pg) of the phase-averaged coherent state pg as a function of the ordering s, with
|8] = 0.5,1,1.5 (from bottom to top).

S

of W;(«|p). In order to elucidate some points here we explore three classes of classical states: coherent states
|3), thermal states py, defined by equation (18), and phase-averaged coherent states

2Wd0 )
pa= [ Tl 5= 1ol 58)

obtained by averaging the phase of coherent states |/3). We remark that these states are also diagonal on the
Fock state basis since

_ e—lﬂlziWWw (59)
e = — '
These three classes of states are all classical, and their s-ordered phase-space distributions can be directly eval-
uated as
2 —rla—pp
W (o] 8) = T , aeC, (60)
—s
Wi(alpw) = o m=ll aec (o)
s « = %e n—+1—s y o s
P 2n+1—s
2 2 2 4
Wi(alps) = T—e e (J“m) a€eC, (62)
-5 —s

where Iy(+) is the modified zeroth-order Bessel function of the first kind.

For the coherent states characterized by the distributions W;(«|3), as s — 1 the differential entropy
Sw.(B) — —o0, so the entropy power 5% (#) =1 — 0, while the Fisher information I,(3) — + co. However,
C:(B) = (B =11 (B) = 1, which is independent of s. Therefore for any value of the ordering s, the
statistical complexity of coherent states remains to be the minimal value 1.

For the thermal states, we have exactly the same result and the complexity remains to be 1 for any
ordering. No limiting procedure is needed, as the P-functions are Gaussian. The results for coherent states
and thermal states are actually just a consequence of the isoperimetric inequality, as their distributions are
bivariate normals for any ordering.

For the phase-averaged coherent states pg, in general the s-ordered phase-space distributions defined by
equation (62) are non-Gaussian [95]. In figure 4 we plot the s-ordered complexity Cs(pg) of the
phase-averaged coherent states with respect to the ordering parameter s for fixed 5 = 0.5,1,1.5. We see that
larger value of s gives a more sensitive measure of complexity in the sense that the complexity quantifier is an
increasing function of the physical amplitude | 3], but by going from the Husimi distribution towards the
P-function, the complexity rises more quickly.

Another interesting observation is that if we rescale the amplitude |3| = |3]/+/1— s, then the complexity
quantifier does not depend on the ordering s. The proof of the invariance property is easy. After rescaling, the
s-ordered quasiprobability distributions become

2 pponer [ 4lollf]
—e = T , aeC. 63
- o\ T (63)

Ws(alps) =
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Then different orderings s just correspond to different scalings. So the same proof of proposition 2 applies.
This is true as long as we consider the other parameters of the state fixed, however the rescaling is also
applied to other parameters of the distribution. In the case of the coherent states, this is not important, as the
results do not depend on the displacement. However in the case of the phase average coherent states, the
change of ordering also affects the amplitude parameter 3, so in order to observe the same behavior of the
complexity, we need to use the rescaled amplitude |3|/+/1 — s. This property of the complexity under
rescaling of variables of the phase-space distribution has been already observed [14]. In future study, it would
be interesting to investigate the precise conditions for which changing the ordering of the phase-space
distribution amounts only to a rescaling of the argument of the distribution.

We can also derive the s-ordered complexity for some nonclassical states. For any single-mode Gaussian
state pg defined by equation (17), whenever the ordering satisfies s < 1 — 271, (pg ), where 7y (pg) is the
nonclassical depth given by equation (45), the s-ordered quasiprobability distribution is a well-defined
Gaussian function [96]

1 2 —i 2 i * *\2
W (alpg) = \/Ke(ﬂ%laigl T ot o aeC, (64)
where
2
1—
A = (T_l-l- 25) — (2 + 1)sinh’r, (65)
Ay = —s+ (2n+ 1) cosh (2r), (66)

and B is defined as in equation (22) which does not depend on s. Following our definition, we have

1

Sw,(pg) =1+ SInA, (67)
As

L (ve) = 55 (68)

Then the s-ordered complexity of the Gaussian state p, reads

As
VA,
Another interesting example is the Fock state |k). Of course, for s > —1 the quasiprobability function

W (a|k) will have negative values. So we focus on s < —1. In this case, W;(«|k) is a convolution of the
Husimi function Q(«|k) with Gaussian noise [87], i.e.

C:(pg) = (69)

Nea—pB|2 d2
w(alk) = == [ Qe 2 (70)

which is nonnegative everywhere, V' s < —1. The explicit form of the above function has been calculated

in [85], as
k
W (alk) = 2 <_1_5> 6125|a,sz<4|a|2>’ (71)

1—s\ 1—s 1—s2

where Li(-) is the Laguerre polynomial. Then we can evaluate numerically the s-ordered complexity C;(k). In
figure 5 we plot C(k) as a function of s for the first few k. We see that C;(k) tends to 1 as s goes to minus
infinity, which makes sense because we are adding too much thermal noise so that the complexity approaches
the complexity of a thermal state, which is always 1.

In this example, we also observe that a smaller value of s corresponds to a less sensitive measure of
complexity, because Cs(k) — 1 as s — —o0, regardless of k, which means that the different Fock states will
become indistinguishable. This is consistent with the observation we made for the phase-averaged coherent
state example. Therefore, in order to have a more sensitive measure we want to choose a larger value of s.
However when s > —1 we may encounter negative values in the quasiprobability distributions. Overall, this
justifies our choice of s = —1, i.e. the Husimi function, as the optimal one to introduce a sensible measure of
complexity.

13
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Figure 5. The s-ordered complexity C;(k) of the Fock state |k) as a function of the ordering s, with k = 1,2, 3,4 (from bottom to
top).

6. Conclusions and outlooks

Complexity is a rather subtle aspect of quantum states, and we cannot expect a single quantity to capture all
its features. In this work, by using the Wehrl entropy and the Fisher information of the Husimi functions, we
have introduced a quantifier of complexity of CV quantum states. We have revealed some basic properties of
our complexity measure, and analytically evaluated the quantifier for various states such as Gaussian states.
We have illustrated the behaviors of the quantifier under variation of various parameters. Moreover, we have
compared the quantifier with some other quantifiers of important quantum features. Finally, we have
introduced a family of alternative complexity quantifiers in terms of the s-ordered phase-space distributions.

Since the operational meaning and significance of both the Wehrl entropy and Fisher information are
well established, we expect our complexity quantifier to find applications in quantum information tasks,

e.g. in operationally quantifying physical resources required to generate quantum states with a given
complexity. Moreover, since complexity is determined both by classical and quantum features, it may play an
interesting role in studying the classical-quantum boundary, which is a key issue in quantum theory.

In this work, we have focused on single-mode CV quantum states. It would be natural to extend our
definition to multi-mode states. For example, consider the case of two-mode states p;, with Husimi function
Q(ag,an|p12) = (a1, az|pi2|ar,az), where |a,a,) = |ag) ® |ay), a1, a; € C, are the two-mode coherent
states. Based on this, the phase-space complexity of two-mode states can be defined as C(p;,) = e2Swlpn)=1
I(p12), where Sw(p12) and I(p;2) are defined similarly as in equations (7) and (8), with the Husimi function
Q(ap) replaced by Q(ay, az|p12) and the measure ‘127“ replaced by % dzﬂﬂ. Then again by the isoperimetric
inequality [64], we have C(p12) > 2. From the definition, the quantifier C(-) is not additive for product
states: Sw(-) and I(-) are indeed additive in the sense that Sw(p12) = Sw(p1) + Sw(p2) and
I(p12) = I(p1) +1(p2) if p12 = p1 ® po. However, C(+) is not additive as there are cross terms because of the
multiplication. Thus correlations come into play as an essential ingredient of complexity, a feature that
correctly captures our intuition. This multi-partite extension and its correlating aspects present interesting
challenges and will be investigated elsewhere.
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