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The statistical complexity of continuous-variable quantum states can be characterized
with a quantifier defined in terms of information-theoretic quantities derived from the
Husimi Q-function. In this work, we utilize this complexity quantifier of quantum states
to study the complexity of single-mode bosonic quantum channels. We define the com-
plexity of quantum channels as the maximal amount of complexity they can generate
from an initial state with the minimal complexity. We illustrate this concept by evaluat-

ing the complexity of Gaussian channels and some examples of non-Gaussian channels.

Keywords: Quantum channels; complexity of states; complexity of quantum channels;
Husimi Q-functions.

1. Introduction

Complexity is a ubiquitous and versatile concept in science, and various notions
such as computational complexity1–3 Kolmogorov complexity,4,5 circuit complex-
ity,6,7 communication complexity,8–10 statistical complexity,11,12 etc, have been
introduced to characterize and quantify different aspects of complexity in different
contexts. Complexity of states and channels have been investigated from various
perspectives.13–20

‖Corresponding author.
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We are interested in complexity of quantum channels in this work, which can be
characterized and quantified from many different perspectives. For instance, Mon-
tina10 quantified it using the minimal amount of classical communication, Levene
et al.15 considered the dimension of the Hilbert space, and Araiza et al.18 used a
resource-dependent approach, to name but a few.9,14,19,20 In general, the complex-
ity of quantum systems is a scenario-dependent concept and typically involves the
tradeoff and interplay between classical and quantum features. Here, we consider
it from a statistical point of view via the concept of Fisher information and Wehrl
entropy.

Recently, we introduced a quantifier of the statistical phase-space complexity of
a Continuous-Variable (CV) quantum state based on the Husimi Q-functions21

Q(α|ρ) = 〈α|ρ|α〉 of a single-mode continuous-variable (optical) state ρ. Here
|α〉, α ∈ C are the Glauber coherent states. The complexity of the state ρ is
defined as22

C(ρ) = eSW (ρ)−1I(ρ), (1)

where

SW (ρ) = −
∫

C

Q(α|ρ) ln Q(α|ρ)
d2α

π
(2)

is the Wehrl entropy23,24 of the state ρ, and

I(ρ) =
1
4

∫
C

‖∇Q(α|ρ)‖2

Q(α|ρ)
d2α

π
(3)

is its Fisher information25–27 with respect to location parameters. Here, ‖ · ‖ is
the usual Euclidean norm, and d2α = dxdy is the standard Lebesgue measure on
C ∼ R

2 with α = x + iy, x, y ∈ R.

Quantifier C(ρ) characterizes the statistical complexity of the CV state ρ in
terms of coherent states. While complexity is minimal for Gaussian mixture of
coherent states (i.e. displaced thermal states), it increases for non-Gaussian mix-
tures, or as a result of operations that generate quantumness. This suggests that
C(ρ) may have an operational meaning, given that quantum states are definitely
resources for quantum information processing, and it has recently been shown that
also non-Gaussian mixtures of Gaussian states can be advantageous for certain
discrimination tasks.28

In this work, we would like to characterize the ability of a CV quantum channel
to generate complexity, i.e. given a minimal-complex state, can a quantum chan-
nel help to increase the complexity of this state? This inspires us to define the
complexity of a channel E as follows:

C(E) = sup
ρ0: C(ρ0)=1

C(E(ρ0)), (4)

2540014-2
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where C(ρ) is the complexity of the state ρ defined in Eq. (1). Note that in Refs. 29
and 22 it was established that C(ρ) ≥ 1, with equality attained if and only if
ρ = Dξνn̄D†

ξ is a displaced thermal state. Here

Dξ = eξa†−ξ∗a, ξ ∈ C

are the displacement operators, and

νn̄ =
1

1 + n̄

∞∑
k=0

(
n̄

1 + n̄

)k

|k〉〈k| (5)

is a thermal state with mean photon number n̄ ≥ 0. The above definition can be
equivalently written as

C(E) = sup
ξ,n̄

C(E(Dξνn̄D†
ξ)). (6)

In the following Sections we are going to consider the Gaussian channels and
some examples of non-Gaussian channels and study their ability to generate com-
plexity.

2. Gaussian Channels

We employ a physical parametrization of single-mode Gaussian channels, defining
them as the dynamical maps arising from the following Lindblad master equation
describing a diffusive Markovian dynamics:30,32

dρ

dt
=

Γ
2
{(N + 1)L(a) + NL(a†) − M∗D(a) − MD(a†)}ρ, (7)

where

L(X)ρ = 2XρX† − X†Xρ − ρX†X, D(X)ρ = 2XρX − X2ρ − ρX2

for any operator X , while N ∈ R and M ∈ C satisfy the constraint |M |2 ≤ N(N+1).
The channel can also be parameterized by its asymptotic state, which is a centered
Gaussian state Sηνn̄S†

η. Here Sη = e
1
2 (ηa†2−η∗a2), η = reiθ are the squeezing oper-

ators. Note that a thermal state νn̄ can be equivalently described by its purity
μ = tr(ν2

n̄) = 1
1+2n̄ . The parameterization of the above Gaussian channel in terms

of its asymptotic state is31,33

μ∞ =
1√

(2N + 1)2 − 4|M |2
,

cosh(2r∞) =

√
1 +

4|M |2
(2N + 1)2 − 4|M |2 ,

tan(θ∞) = tan(argM).

By solving Eq.(7) with the initial state ρ0 = Dξνn̄D†
ξ, one finds that the evolving

state ρt = Et(ρ0) maintains its Gaussian character. Additionally, we have that for
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any Gaussian state ρg = DξSηνn̄S†
ηD†

ξ, complexity can be explicitly expressed in
terms of its purity μ and squeezing parameter r as

C(ρg) =
1 + 1

μ cosh(2r)√
1 + 2

μ cosh(2r) + 1
μ2

.

Therefore for Gaussian channels, it holds that

C(E) = sup
ξ,n̄

C(E(Dξνn̄D†
ξ)) = sup

n̄
C(E(νn̄)),

with νn̄ defined by Eq. (5). We only need the time evolution of the parameters μ

and r, which has been solved in Ref. 31

μ(t) = μ0

[
μ2

0

μ2
∞

(1 − e−Γt)2 + e−2Γt + 2
μ0

μ∞
cosh(2r∞)(1 − e−Γt)e−Γt

]− 1
2

,

cosh(2r(t))
μ(t)

=
1
μ0

e−Γt +
cosh(2r∞)

μ∞
(1 − e−Γt),

where μ0 = 1
1+2n̄ is the purity of the initial state ρ0.

We calculate the complexity of the Gaussian channel at time t,

C(Et) = sup
μ0

C(ρt)

= sup
μ0

1 + 1
μ(t) cosh(2r(t))√

1 + 2
μ(t) cosh(2r(t)) + 1

μ(t)2

= sup
μ0

1 + 1
μ0

e−Γt + (2N + 1)(1 − e−Γt)√[
1 + 1

μ0
e−Γt + (2N + 1)(1 − e−Γt)

]2

− 4|M |2(1 − e−Γt)2

=
1 + e−Γt + (2N + 1)(1 − e−Γt)√

[1 + e−Γt + (2N + 1)(1 − e−Γt)]2 − 4|M |2(1 − e−Γt)2

=
1√

1 − 4
(

|M|
coth( Γt

2 )+2N+1

)2
. (8)

Note that in the second last line, the maximum is achieved at μ0 = 1, i.e. when
the initial state ρ0 = |α〉〈α| is a coherent state. We point out that for a nonsqueezed
bath (M = 0, or equivalently, r∞ = 0), the complexity stays constant, C(Et) = 1, ∀ t,
i.e. the bath never produces any complexity. On the other hand, for any fixed N , we
note that C(Et) increases monotonically when M increases, i.e. a Gaussian channel
with a stronger degree of squeezing is able to produce more complexity. However,
due to the constraint |M |2 ≤ N(N + 1), the complexity is upper bounded at any
time t.

2540014-4
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Let t → ∞, we get

C(E∞) =
1√

1 −
(

|M|
N+1

)2
. (9)

In this case, we have C(E∞) ≤
√

N + 1. Equality is attained when |M |2 = N(N+1),
which is equivalent to μ∞ = 1, i.e. the maximal complexity is produced when the
asymptotic state is a pure squeezed state. This is consistent with the result in
Ref. 22 that among all Gaussian states with a fixed energy, the most complex ones
are the pure squeezed states, while the least complex ones are the displaced thermal
states.

3. Phase Diffusion Channels

In this section, we consider the phase diffusion channels.34 Suppose the initial state
is a displaced thermal state ρ0 = Dξνn̄D†

ξ (without loss of generality, we assume
ξ ≥ 0). The Husimi Q-function for this state is a Gaussian distribution

Q(α|ρ0) = 〈α|ρ0|α〉 = 〈α|Dξνn̄D†
ξ|α〉 =

1
n̄ + 1

e−
|α−ξ|2

n̄+1 . (10)

Phase diffusion corresponds to applying random phase rotations e−iθn̂, where n̂ =
a†a. Let us model this using the von Mises distribution35 (the circular analog of a
Gaussian distribution)

p(θ) =
eκ cos θ

2πI0(κ)
, θ ∈ [−π, π),

where κ ≥ 0 is the concentration parameter, and I0(κ) is the modified Bessel
function of the first kind. The phase-diffused state is

ρκ(ξ, n̄) =
∫ π

−π

p(θ)e−iθn̂ρ0e
iθn̂dθ. (11)

The Husimi Q-function of the evolved state is given by (we denote Q(α|ρκ(ξ, n̄)) =
Qκ(α|ξ, n̄) for short)

Qκ(α|ξ, n̄) = 〈α|ρκ(ξ, n̄)|α〉 =
∫ π

−π

p(θ)〈α|e−iθn̂ρ0e
iθn̂|α〉dθ.

By using eiθn̂|α〉 = |eiθα〉,we get

〈α|e−iθn̂ρ0e
iθn̂|α〉 = 〈eiθα|ρ0|eiθα〉 = Q(eiθα|ρ0),

and therefore,

Qκ(α|ξ, n̄) =
∫ π

−π

p(θ)Q(eiθα|ρ0)dθ

=
∫ π

−π

eκ cos θ

2πI0(κ)
· 1
n̄ + 1

e−
|eiθα−ξ|2

n̄+1 dθ.

2540014-5

In
t. 

J.
 Q

ua
nt

um
 I

nf
or

m
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

IL
A

N
 o

n 
01

/1
4/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

January 13, 2026 16:35 WSPC/187-IJQI 2540014

S. Tang et al.

Let us now express α in polar coordinate α = reiφ, so eiθα = rei(φ+θ). Then

|eiθα − ξ|2 = |rei(φ+θ) − ξ|2 = r2 + ξ2 − 2rξ cos(φ + θ),

and thus

Qκ(r, φ|ξ, n̄) =
1

2π(n̄ + 1)I0(κ)
e−

r2+ξ2

n̄+1

∫ π

−π

eκ cos θe
2rξ cos(φ+θ)

n̄+1 dθ.

If one defines the parameter

κ′ =
2rξ

n̄ + 1
,

then the integral becomes

I =
∫ π

−π

eκ cos θ+κ′ cos(φ+θ)dθ.

By combining the exponents, we get

κ cos θ + κ′ cos(φ + θ) = κ cos θ + κ′(cosφ cos θ − sin φ sin θ)

= (κ + κ′ cosφ) cos θ + (−κ′ sin φ) sin θ

= R cos(θ − Θ),

where

R =
√

(κ + κ′ cosφ)2 + (κ′ sin φ)2 =
√

κ2 + κ′2 + 2κκ′ cosφ,

Θ = arctan
(

−κ′ sin φ

κ + κ′ cosφ

)
.

Thus,

I =
∫ π

−π

eR cos(θ−Θ)dθ = 2πI0(R).

Substituting back, we finally obtain the expression of the Husimi Q-function
of a displaced thermal state undergoing phase diffusion described by a von Mises
distribution:

Qκ(r, φ|ξ, n̄) =
1

(n̄ + 1)I0(κ)
e−

r2+ξ2
n̄+1 I0(R)

=
1

(n̄ + 1)I0(κ)
e−

r2+ξ2
n̄+1 I0

⎛
⎝

√
κ2 +

(
2rξ

n̄ + 1

)2

+ 2κ

(
2rξ

n̄ + 1

)
cosφ

⎞
⎠ ,

or in complex coordinate,

Qκ(α|ξ, n̄) =
1

(n̄ + 1)I0(κ)
e−

|α|2+ξ2

n̄+1 I0

(√
κ2 +

4|α|2ξ2

(n̄ + 1)2
+

2κξ(α + α∗)
n̄ + 1

)
. (12)

Now, we maximize the complexity of the evolved state ρκ(ξ, n̄) for fixed κ. Sup-
pose the maximal complexity is attained at (ξ0, n̄0), i.e. supξ,n̄ C(ρκ(ξ, n̄)) =

2540014-6
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C(ρκ(ξ0, n̄0)). Then consider another state ρκ(ξ0/
√

n̄0 + 1, 0), whose Husimi Q-
function is

Qκ

(
α

∣∣∣∣ ξ0√
n̄0 + 1

, 0
)

=
1

I0(κ)
e−|α|2− ξ2

0
n̄0+1 I0

(√
κ2 +

4|α|2ξ2
0

n̄0 + 1
+

2κξ0(α + α∗)√
n̄0 + 1

)
.

Let λ = 1/
√

n̄0 + 1, and note that

Qκ(α|ξ0, n̄0) = λ2Qκ

(
λα

∣∣∣∣ ξ0√
n̄0 + 1

, 0
)

.

So, by the scaling invariance property22 of the complexity measure C(·), we have

C(ρκ(ξ0, n̄0)) = C
(

ρκ

(
ξ0√

n̄0 + 1
, 0

))
,

which means the maximum is also attained at (ξ0/
√

n̄0 + 1, 0). Therefore, it suffices
to consider supξ C(ρκ(ξ, 0)).

In Fig. 1(a), we plot the complexity C(ρκ(ξ, 0)) as a function of ξ for different
values of κ. Note that κ ≥ 0 is the concentration parameter, where a large value of
κ corresponds to a small degree of phase diffusion. As long as κ < ∞, the channel is
non-Gaussian. We see that the complexity increases in the displacement parameter
ξ, and as ξ → ∞, the complexity is unbounded. Therefore we find that a small
non-Gaussianity is enough to give the channel the ability to produce an unbounded
complexity, i.e. we have

C(Eκ) = ∞. (13)

However, in order to generate a large complexity, we need an initial state ρ0 with
some energy, i.e. ξ cannot be too small. From Fig. 1(a), we see that when ξ � 1, the
growth is almost linear in ξ, and a smaller κ (i.e. a larger non-Gaussianity) gives
a faster growth. We illustrate this by plotting C(ρκ(ξ, 0)) in terms of κ in Fig. 2.

(a) (b)

Fig. 1. (a) The complexity of the phase-diffused state C(ρκ(ξ, 0)) as a function of ξ with κ =
0.001, 3, 10 (from top to bottom). (b) Blowup of (a) for small ξ, and the dashed lines are the fitted
functions 1 + γκξ4.
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Fig. 2. The complexity of the phase-diffused state C(ρκ(ξ, 0)) as a function of ln 1
κ

= − ln κ with
ξ = 1, 2, 3 (from bottom to top).

We see that the complexity is increasing in ln 1
κ , and thus decreasing in κ. If we are

given a fixed initial state ρ0 = |ξ〉〈ξ| with ξ � 1, then the phase diffusion channel
Eκ produces larger complexity as κ → 0.

On the other hand, the behavior of the complexity for ξ � 1 is enlarged in Fig.
1(b). In fact, if we expand the complexity C(ρκ(ξ, 0)) in Taylor series, we will find

C(ρκ(ξ, 0)) = 1 + γκξ4 + o(ξ4),

where the coefficient of the fourth degree term depends on κ, and reads

γκ =
1
2

(
2I0(κ)I1(κ) + κI1(κ)2

κI0(κ)2
− 1

)2

.

Note that γκ first increases in κ and then decreases. This explains the behavior in
Fig. 1(b) that κ = 3 (blue line) gives the fastest growth for small ξ. So when ξ � 1,
the optimal value of κ that enables the channel to produce the largest complexity
is nontrivial.

4. Photon Addition and Photon Subtraction

In this section, we discuss the effects of successful photon addition and photon
subtraction. Experimentally they are usually realized by preparing an ancillary
mode in the vacuum state and using a weak parametric amplifier (for addition) or
a weakly reflecting beam splitter (for subtraction), with the detection of a photon
in the ancillary mode heralding a successful addition or subtraction.30,36 We realize
that these are only probabilistic events, however the overall channels are Gaussian,37

so given an initial state as the displaced thermal the output states are still displaced
thermal states, thus the overall channels do not create any complexity. Therefore,
we put our interest in the ideal sub-channels corresponding to successful photon
addition or subtraction, and they are apparently non-Gaussian.

2540014-8
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As usual, we start with the displaced thermal state ρ0 = Dξνn̄D†
ξ, then photon

addition leads to the state

E+(ρ0) =
1

1 + ξ2 + n̄
a†Dξνn̄D†

ξa =: ρ+(ξ, n̄). (14)

Its Q-function can be easily obtained as

Q+(α|ξ, n̄) = 〈α|ρ+(ξ, n̄)|α〉 =
|α|2

(1 + ξ2 + n̄)(1 + n̄)
e−

|α−ξ|2
1+n̄ . (15)

With the expression of the Husimi Q-function, we can numerically calculate
the complexity of the photon-added displaced thermal state. In Fig. 3, we plot
C(ρ+(ξ, n̄)) as a function of ξ and n̄, respectively. We observe that the complexity
decreases in ξ and increases in n̄. Therefore the maximal complexity is achieved at
ξ = 0, giving us a photon-added thermal state ν+ = ρ+(0, n̄) = 1

1+n̄a†νn̄a, whose
complexity has been derived in Ref. 22 and is independent of the thermal photon
number n̄. Thus,

C(E+) = sup
ξ,n̄

C(ρ+(ξ, n̄)) = C(ν+) = eγ , (16)

where γ is the Euler constant.
Next we consider applying photon subtraction to the displaced thermal state

E (ρ0) =
1

ξ2 + n̄
aDξνn̄D†

ξa
† =: ρ (ξ, n̄). (17)

The Husimi Q-function is given by

Q−(α|ξ, n̄) = 〈α|ρ−(ξ, n̄)|α〉

=
1

ξ2 + n̄

∞∑
k=0

1
1 + n̄

(
n̄

1 + n̄

)k

|〈α|aDξ|k〉|2

(a) (b)

Fig. 3. (a) The complexity of the photon-added displaced thermal state C(ρ+(ξ, n̄)) as a function
of ξ with n̄ = 0.1, 1, 10 (from bottom to top). (b) The complexity of the photon-added displaced
thermal state C(ρ+(ξ, n̄)) as a function of n̄ with ξ = 0.1, 1, 3 (from top to bottom)

.
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=
1

ξ2 + n̄

∞∑
k=0

1
1 + n̄

(
n̄

1 + n̄

)k

|〈α|Dξ(a + ξ)|k〉|2

=
1

ξ2 + n̄

∞∑
k=0

1
1 + n̄

(
n̄

1 + n̄

)k ∣∣∣〈α − ξ|
(√

k|k − 1〉 + ξ|k〉
)∣∣∣2 .

Denote β = α − ξ, and note that complexity is invariant under phase-space
displacements in the sense that C(D†

ξρDξ) = C(ρ), we have

Q−(β|ξ, n̄) =
1

ξ2 + n̄

∞∑
k=0

1
1 + n̄

(
n̄

1 + n̄

)k

e−|β|2 |β|2(k−1)

(k − 1)!

(
k +

ξ2|β|2
k

+ ξ(β + β∗)
)

=
1

ξ2 + n̄
e−

|β|2
1+n̄

(
n̄2|β|2

(1 + n̄)3
+

n̄(1 + ξ(β + β∗))
(1 + n̄)2

+
ξ2

1 + n̄

)
. (18)

The complexity is evaluated numerically, and its properties are illustrated in Fig. 4.
As seen in previous examples, the complexity decreases with ξ and increases with n̄.
Hence, in order to find the maximal complexity generated by photon subtraction,
the parameters of the initial state should be set at ξ = 0 and let n̄ → ∞.

If we examine again the Husimi Q-function of the photon-subtracted thermal
state ν− := ρ−(0, n̄) = 1

n̄aνn̄a†, we will find

Q(β|ν−) = Q−(β|0, n̄) =
1
n̄

e−
|β|2
1+n̄

(
n̄2|β|2

(1 + n̄)3
+

n̄

(1 + n̄)2

)

=
n̄

1 + n̄
· 1
(1 + n̄)2

e−
|β|2
1+n̄ |β|2 +

1
1 + n̄

· 1
1 + n̄

e−
|β|2
1+n̄

=
n̄

1 + n̄
Q(β|ν+) +

1
1 + n̄

Q(β|νn̄),

(a) (b)

Fig. 4. (a) The complexity of the photon-subtracted displaced thermal state C(ρ−(ξ, n̄)) as a
function of ξ with n̄ = 0.1, 1, 10 (from bottom to top). (b) The complexity of the photon-subtracted
displaced thermal state C(ρ−(ξ, n̄)) as a function of n̄ with ξ = 0.1, 1, 3 (from top to bottom)

.
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which is a mixture of the Husimi Q-functions of the photon-added thermal state ν+

and the thermal state νn̄. Since the Husimi Q-functions are faithful representations
of quantum states, we may conclude that the photon-subtracted thermal state is a
mixture as well

ν− =
n̄

1 + n̄
ν+ +

1
1 + n̄

νn̄.

As n̄ → ∞, we will have ν− → ν+, whose complexity is eγ . Therefore, the complexity
generated by photon subtraction is also

C(E−) = sup
ξ,n̄

C(ρ−(ξ, n̄)) = eγ . (19)

5. Conclusions

In this work, we have advanced the quantification of quantum complexity from
states to channels, building upon our previous framework that defines the complex-
ity of a continuous-variable quantum state via its Husimi Q-function, Wehrl entropy,
and Fisher information. The central question we addressed is: to what extent can
a quantum channel generate complexity when acting on a minimal-complex state,
i.e. a displaced thermal state? We have introduced a natural definition for the com-
plexity of a channel as the supremum of the output state complexity over all such
minimal-complex input states. This allows us to probe the inherent complexity-
generating power of a quantum channel.

For single-mode Gaussian channels, obtained as solutions of a diffusive open
dynamics, we have derived a closed-form, time-dependent expression for the chan-
nel complexity. We have demonstrated that a nonsqueezed bath cannot generate
any complexity at any time. The maximum achievable complexity is bounded and
is attained when the asymptotic state of the channel is a pure squeezed state, con-
sistent with the known fact that pure squeezed states are the most complex among
Gaussian states with fixed energy.

Phase diffusion (a non-Gaussian channel), as modeled via the von Mises distri-
bution, possesses an unbounded capacity to generate complexity. The complexity
grows with the initial displacement of the input coherent state. Interestingly, for
small displacements (ξ � 1), the growth rate of complexity with respect to ξ is
nonmonotonic with the diffusion strength, indicating a nontrivial optimal regime
for complexity generation at low energies.

Concerning photon addition and subtraction, we found that for the ideal, her-
alded sub-channels corresponding to successful photon addition and subtraction,
the generated complexity is bounded and identical for both operations. This max-
imum is achieved for input thermal states (zero displacement) in the limit of high
thermal photon number for subtraction.

Our results reveal a fundamental distinction: while Gaussian channels are lim-
ited in their complexity generation, the introduction of even simple forms of non-
Gaussianity, such as phase diffusion, can lead to an unbounded complexity. This
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underscores the role of non-Gaussian operations as a critical resource for achiev-
ing high complexity in quantum systems, which is often linked to some form of
operational advantage. Our results pave indeed the way to investigate the direct
operational implications of channel complexity in quantum metrology, communica-
tion and computation.

The differences and relations between various notions of complexity are worth
further investigation.

Acknowledgments

This work has been done under the auspices of GNFM-INdAM and has been par-
tially supported by MUR and EU through the projects PRIN22 RISQUE (CUP
G53D23001110006), PRIN22-PNRR QWEST (CUP G53D23006270001), NQSTI-
Spoke1-BaC QBETTER (CUP G43C22005120007), NQSTI-Spoke2-BaC QMORE
(CUP J13C22000680006), the National Natural Science Foundation of China, Grant
Nos. 12426671, 12401609, 12341103, and the Youth Innovation Promotion Associ-
ation of CAS, Grant No. 2023004.

ORCID

Siting Tang https://orcid.org/0009-0001-9116-3889
Francesco Albarelli https://orcid.org/0000-0001-5775-168X
Yue Zhang https://orcid.org/0000-0003-4012-537X
Shunlong Luo https://orcid.org/0000-0003-4362-051X
Matteo G. A. Paris https://orcid.org/0000-0001-7523-7289

References

1. S. A. Cook, An overview of computational complexity (ACM Turing Award Lectures),
Commun. ACM 26 (1983) 400–408.

2. C. H. Papadimitriou, Computational complexity, in Encyclopedia of Computer Science
(ACM, 2003), pp. 260–265.

3. S. Arora and B. Barak, Computational Complexity: A Modern Approach (Cambridge
University Press, 2009).

4. M. Li and P. Vitanyi, An Introduction to Kolmogorov Complexity and Its Applications
(Springer, 2008).

5. A. Shen, V. A. Uspensky and N. Vereshchagin, Kolmogorov Complexity and Algorith-
mic Randomness (American Mathematical Society, 2017).

6. A. Chi-Chih Yao, Quantum circuit complexity, in Proc. 1993 IEEE 34th Annual Foun-
dations of Computer Science (1993), pp. 352–361.

7. A. Bhattacharyya, Circuit complexity and (some of) its applications, Int. J. Mod.
Phys. E 30 (2021) 2130005.

8. H. Buhrman, R. Cleve and W. van Dam, Quantum entanglement and communication
complexity, SIAM J. Comput. 30 (2001) 1829–1841.

9. G. Brassard, Quantum communication complexity, Found. Phys. 33 (2003) 1593–
1616.

2540014-12

In
t. 

J.
 Q

ua
nt

um
 I

nf
or

m
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

IL
A

N
 o

n 
01

/1
4/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.

https://orcid.org/0009-0001-9116-3889
https://orcid.org/0000-0001-5775-168X
https://orcid.org/0000-0003-4012-537X
https://orcid.org/0000-0003-4362-051X
https://orcid.org/0000-0001-7523-7289


2nd Reading

January 13, 2026 16:35 WSPC/187-IJQI 2540014

Phase-space complexity of CV quantum channels

10. A. Montina, Epistemic view of quantum states and communication complexity of
quantum channels, Phys. Rev. Lett. 109 (2012) 110501.

11. K. Bu, D. E. Koh, L. Li, Q. Luo and Y. Zhang, Statistical complexity of quantum
circuits, Phys. Rev. A 105 (2022) 062431.

12. K. Bu, D. E. Koh, L. Li, Q. Luo and Y. Zhang, Effects of quantum resources and
noise on the statistical complexity of quantum circuits, Quantum Sci. Technol. 8
(2023) 025013.

13. M. A. Nielsen, C. M. Dawson, J. L. Dodd, A. Gilchrist, D. Mortimer, T. J. Osborne, M.
J. Bremner, A. W. Harrow and A. Hines, Quantum dynamics as a physical resource,
Phys. Rev. A 67 (2003) 052301.

14. T. S. Cubitt, J. Eisert and M. M. Wolf, The complexity of relating quantum channels
to master equations, Commun. Math. Phys. 310 (2012) 383–412.

15. R. H. Levene, V. I. Paulsen and I. G. Todorov, Complexity and capacity bounds for
quantum channels, IEEE Trans. Inf. Theory 64 (2018) 6917–6928.

16. A. Anshu and S. Arunachalam, A survey on the complexity of learning quantum
states, Nat. Rev. Phys. 6 (2024) 59–75.

17. L. Brenner, L. Caha, X. Coiteux-Roy and R. Koenig, Complexity of Gottesman-
Kitaev-Preskill states, Phys. Rev. X 15 (2025) 031073.

18. R. Araiza, Y. Chen, M. Junge and P. Wu, Resource-dependent complexity of quantum
channels, arXiv: 2303.11304 (2025).

19. T. Nuradha and M. Wilde, Query complexity of classical and quantum channel dis-
crimination, Quantum Sci. Technol. 10 (2025) 045075.

20. L. Li, Z. Ji, Q.-W. Wang, S.-Q. Shen and M. Li, Sampling complexity of quantum
channel discrimination, Commun. Theor. Phys. 77 (2025) 105101.

21. K. Husimi, Some formal properties of the density matrix, Proc. Phys. Math. Soc.
Japan 22 (1940) 264–314.

22. S. Tang, F. Albarelli, Y. Zhang, S. Luo and M. G. A. Paris, Quantifying complexity
of continuous-variable quantum states via Wehrl entropy and Fisher information,
Quantum Sci. Technol. 10 (2025) 045047.

23. A. Wehrl, General properties of entropy, Rev. Mod. Phys. 50 (1978) 221–260.
24. A. Wehrl, On the relation between classical and quantum-mechanical entropy, Rep.

Math. Phys. 16 (1979) 353–388.
25. R. A. Fisher, Theory of statistical estimation, Math. Proc. Camb. Philos. Soc. 22

(1925) 700–725.
26. H. Cramér, Mathematical Methods of Statistics (Princeton University Press, 1999).
27. A. J. Stam, Some inequalities satisfied by the quantities of information of Fisher and

Shannon, Inf. Control 2 (1959) 101–112.
28. L. Turner, M. Guta and G. Adesso, All non-Gaussian states are advantageous for chan-

nel discrimination: Robustness of non-convex continuous variable quantum resources,
New J. Phys. 27 (2025) 094507.

29. A. Dembo, T. M. Cover and J. A. Thomas, Information theoretic inequalities, IEEE
Trans. Inf. Theory 37 (1991) 1501–1518.

30. D. F. Walls and G. J. Milburn, Quantum Optics (Springer, 1994).
31. A. Serafini, M. G. A. Paris, F. Illuminati and S. De Siena, Quantifying decoherence

in continuous variable systems, J. Opt. B Quant. Semiclass. Opt. 7 (2005) R19–R52.
32. A. Serafini, Quantum Continuous Variables: A Primer of Theoretical Methods (CRC

Press, Boca Raton, USA, 2017).
33. A. Ferraro, S. Olivares and M. G. A. Paris, Gaussian states in continuous variable

quantum information (Bibliopolis, Napoli, 2005), ISBN 88-7088-483-X, arXiv: quant-
ph/0503237.

2540014-13

In
t. 

J.
 Q

ua
nt

um
 I

nf
or

m
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

IL
A

N
 o

n 
01

/1
4/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

January 13, 2026 16:35 WSPC/187-IJQI 2540014

S. Tang et al.

34. G. J. Milburn, Intrinsic decoherence in quantum mechanics, Phys. Rev. A 44 (1991)
5401–5406.

35. H. Risken, Fokker-Planck Equation: Methods of Solution and Applications (Springer,
1989), pp. 63–95.

36. G. S. Agarwal, Quantum Optics (Cambridge University Press, 2013).
37. S. Barnett and P. M. Radmore, Methods in Theoretical Quantum Optics (Oxford

University Press, 2002).

2540014-14

In
t. 

J.
 Q

ua
nt

um
 I

nf
or

m
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

IL
A

N
 o

n 
01

/1
4/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


