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The statistical complexity of continuous-variable quantum states can be characterized
with a quantifier defined in terms of information-theoretic quantities derived from the
Husimi Q-function. In this work, we utilize this complexity quantifier of quantum states
to study the complexity of single-mode bosonic quantum channels. We define the com-
plexity of quantum channels as the maximal amount of complexity they can generate
from an initial state with the minimal complexity. We illustrate this concept by evaluat-
ing the complexity of Gaussian channels and some examples of non-Gaussian channels.

Keywords: Quantum channels; complexity of states; complexity of quantum channels;
Husimi Q-functions.

1. Introduction

Complexity is a ubiquitous and versatile concept in science, and various notions
such as computational complexity¥® Kolmogorov complexity 5 circuit complex-
ity ™7 communication complexity ST statistical complexity ™2 etc, have been
introduced to characterize and quantify different aspects of complexity in different
contexts. Complexity of states and channels have been investigated from various
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We are interested in complexity of quantum channels in this work, which can be
characterized and quantified from many different perspectives. For instance, Mon-
tina™ quantified it using the minimal amount of classical communication, Levene
et al™ considered the dimension of the Hilbert space, and Araiza et al,lmI used a
resource-dependent approach, to name but a few 234920 1) general, the complex-
ity of quantum systems is a scenario-dependent concept and typically involves the
tradeoff and interplay between classical and quantum features. Here, we consider
it from a statistical point of view via the concept of Fisher information and Wehrl
entropy.

Recently, we introduced a quantifier of the statistical phase-space complexity of
a Continuous-Variable (CV) quantum state based on the Husimi Q-functions?!
Q(alp) = (a|pla) of a single-mode continuous-variable (optical) state p. Here
|a), a € C are the Glauber coherent states. The complexity of the state p is
defined ag??

Clp) = VD=1 (p), (1)
where
d*a

(o) =~ [ Qo) n Qo) =2 )

is the Wehrl entropy?#2% of the state p, and
L[ [5Gt o 5

Qalp) =

is its Fisher information 27 with respect to location parameters. Here, | - || is

the usual Euclidean norm, and d?a = dady is the standard Lebesgue measure on
C ~ R? with a = x + iy, z,y € R.

Quantifier C(p) characterizes the statistical complexity of the CV state p in
terms of coherent states. While complexity is minimal for Gaussian mixture of
coherent states (i.e. displaced thermal states), it increases for non-Gaussian mix-
tures, or as a result of operations that generate quantumness. This suggests that
C(p) may have an operational meaning, given that quantum states are definitely
resources for quantum information processing, and it has recently been shown that
also non-Gaussian mixtures of Gaussian states can be advantageous for certain
discrimination tasks28

In this work, we would like to characterize the ability of a CV quantum channel
to generate complexity, i.e. given a minimal-complex state, can a quantum chan-
nel help to increase the complexity of this state? This inspires us to define the
complexity of a channel £ as follows:

C&)= sup  C(&(po)), (4)

po: Cpo)=1
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where C(p) is the complexity of the state p defined in Eq. (). Note that in Refs.
and it was established that C(p) > 1, with equality attained if and only if
p= Dgl/ﬁDg is a displaced thermal state. Here

De=ef"' €0 ¢cC

are the displacement operators, and

= e (1) W ®)

k=0

is a thermal state with mean photon number 7 > 0. The above definition can be
equivalently written as
CE) = SEI}SC(E(DsVnDQ)) (6)
In the following Sections we are going to consider the Gaussian channels and
some examples of non-Gaussian channels and study their ability to generate com-
plexity.

2. Gaussian Channels

We employ a physical parametrization of single-mode Gaussian channels, defining
them as the dynamical maps arising from the following Lindblad master equation
describing a diffusive Markovian dynamics20:2

% _ AN +1)£(0) + NE(a') ~ M*D(a) ~ MD(al)}p, (7)

where
LX)p=2XpXT - XTXp—pXTX, DX)p=2XpX — X%p— pX?

for any operator X, while N € R and M € C satisfy the constraint |M|? < N(N+1).
The channel can also be parameterized by its asymptotic state, which is a centered
i0

Gaussian state SnVﬁS,j}. Here S, = e%("aw_"*az), n = re'’ are the squeezing oper-

ators. Note that a thermal state vz can be equivalently described by its purity
u=tr(v2) = ﬁ The parameterization of the above Gaussian channel in terms
of its asymptotic state ig3L433l

1

te T N F i AP

A[MJ?
h(2r) = /1 ,
cosh(2reo) \/ TN Tz — 4P

tan(f ) = tan(argh).

By solving Eq.([d) with the initial state pg = DEVﬁDg, one finds that the evolving
state py = &(po) maintains its Gaussian character. Additionally, we have that for
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any Gaussian state p;, = DgSnyﬁS;f]Dg, complexity can be explicitly expressed in
terms of its purity p and squeezing parameter r as
1+ % cosh(2r

)
Clpg) = )
(ko) \/1 + %cosh(Zr) + %

Therefore for Gaussian channels, it holds that

CE) = iugC(s(DgyﬁDg)) = s%p(,’(g(yﬁ)),

with v; defined by Eq. (B). We only need the time evolution of the parameters p
and r, which has been solved in Ref. 31|

[N

) _
w(t) = po M_zo(l —eTH2 2t 9 1o cosh(2rs)(1 — e Tt)e T ,
1

50 Hoo

cosh(2r(t)) _ ie—l"t . cosh(2rs) (1— T,
p(t) Ho fhoo
where pg = H% is the purity of the initial state pg.

We calculate the complexity of the Gaussian channel at time ¢,

C(&) = SBPC(pt)

B 1+ ﬁ cosh(2r(t))
= sup

Ko \/1 + % cosh(2r(t)) + —/Lé)z

1+ Le P4 2N +1)(1—e 1)

Ho

2
\/[1 + e Tt 4 (2N +1)(1 - e—Ft)} —A[MJ2(1 — eTt)2

= sup
Ho

_ l+e "+ (2N +1)(1—e1)
VIL+e T+ 2N + 1)1 — e TP — 4 MP(1L - et

_ ! . (8)

2
_ [M]
\/1 4 (coth(rzt)+2N+1>

Note that in the second last line, the maximum is achieved at pg = 1, i.e. when

the initial state pg = |a) (] is a coherent state. We point out that for a nonsqueezed
bath (M = 0, or equivalently, 7o, = 0), the complexity stays constant, C(&;) = 1,V,
i.e. the bath never produces any complexity. On the other hand, for any fixed N, we
note that C(&;) increases monotonically when M increases, i.e. a Gaussian channel
with a stronger degree of squeezing is able to produce more complexity. However,
due to the constraint |M|? < N(N + 1), the complexity is upper bounded at any
time .
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Let t — oo, we get

C(En) = (9)

2
|M]
1-(¥)
In this case, we have C(£) < VN + 1. Equality is attained when |M|? = N(N+1),
which is equivalent to poo = 1, i.e. the maximal complexity is produced when the
asymptotic state is a pure squeezed state. This is consistent with the result in
Ref. 22l that among all Gaussian states with a fixed energy, the most complex ones

are the pure squeezed states, while the least complex ones are the displaced thermal
states.

3. Phase Diffusion Channels

In this section, we consider the phase diffusion channels®¥ Suppose the initial state
is a displaced thermal state pg = DgyﬁDg (without loss of generality, we assume

¢ > 0). The Husimi Q-function for this state is a Gaussian distribution
1 _la-—g?
Q(alpw) = (alpola) = (o DevaDlla) = ——e~ 5. (10)

Phase diffusion corresponds to applying random phase rotations e

07 where f =
ata. Let us model this using the von Mises distribution® (the circular analog of a
Gaussian distribution)

e cos

p(0) = ma 0 € [—m, ),

where £ > 0 is the concentration parameter, and Iy(x) is the modified Bessel
function of the first kind. The phase-diffused state is

pr(,m) = /Tr p(0)e™ " poedf. (11)

The Husimi @-function of the evolved state is given by (we denote Q(alpx (€, 7)) =
Qx(a|&, 1) for short)

s

Qu(alé.7) = (alon(€, m)|a) = / p(6)(0e™% poe®® ) db.

—T

By using ¢"|a) = |e??a),we get
(ale™ " poe’™|a) = (“alpole™a) = Qe alpo),

and therefore,

s

Qulal¢. n) = / P(0)Q(c o) d0

—T

T Kk cos 0 i

e 1 letfa—g|?

= — . ———¢  att d0.
/_ﬂ 27 1y(kK) ﬁ+16
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Let us now express « in polar coordinate a = re'®, so e’ = re’(?*t%) . Then

lefa — ¢ = [re @) — €2 =12 4 €2 — 2r€ cos(¢ + 6),

and thus
1 2462 [T g 2récos(s+0)
w(7, n)=————— At1 K Ccos RS de.
Qulr ) = e [ et
If one defines the parameter
r_ 2r¢
a+1’

then the integral becomes

I = / e cos 0+r' cos(¢+0)d0'

—T

By combining the exponents, we get
kcosO + k' cos(¢p + 0) = K cos O + k' (cos ¢ cos f — sin ¢ sin 0)
= (k + K" cos ¢) cos O + (—k' sin ¢) sin

= Rcos(§ — 9),
where
R =/(k + K cos ¢)? + (k' sin )2 = \/k2 + k> + 2kk/ cos ¢,
O = arctan (%) .
Thus,

I= / eteos(0=0)4g — 271y (R).

Substituting back, we finally obtain the expression of the Husimi Q-function
of a displaced thermal state undergoing phase diffusion described by a von Mises
distribution:

QK(T7 ¢|£’ ﬁ) =

1 g 2re \?
. S—— K2+ [ = re + 2k
(n+1)Io(k) n+1
0

2
(%_fl) cos ¢ |,
or in complex coordinate,

242 2¢2 *
Qn(a\ﬁ,ﬁ):ﬁe—%% (%u YoP€ 2ot >> 12

(n+1) (n+1)2 n+1

Now, we maximize the complexity of the evolved state p.(&,7) for fixed k. Sup-
pose the maximal complexity is attained at (&o,70), i.e. supg;C(px(§,n)) =
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C(px(€0,70)). Then counsider another state p.(&o/+v/No + 1,0), whose Husimi Q-

function is

2 2¢2 *
Qn (a o ,0) _ L el ez Aol | 2efolatat) )
Vi +1 Io(k) fig +1 Vg +1
Let A = 1/v/fip + 1, and note that

a2 o
Qr(alé,10) = N Qx (/\Oz 7\/@,0) .

So, by the scaling invariance property?2 of the complexity measure C(-), we have

C(pr(o.M0)) =C (p“ (%O» ’

which means the maximum is also attained at (&y/v/fg + 1,0). Therefore, it suffices
to consider sup, C(px(€,0)).

In Fig. Di(a), we plot the complexity C(p.(£,0)) as a function of £ for different
values of k. Note that x > 0 is the concentration parameter, where a large value of
k corresponds to a small degree of phase diffusion. As long as k < oo, the channel is
non-Gaussian. We see that the complexity increases in the displacement parameter
£, and as £ — oo, the complexity is unbounded. Therefore we find that a small
non-Gaussianity is enough to give the channel the ability to produce an unbounded
complexity, i.e. we have

C(&) = . (13)

However, in order to generate a large complexity, we need an initial state pg with
some energy, i.e. £ cannot be too small. From Fig.[Il(a), we see that when £ > 1, the
growth is almost linear in ¢, and a smaller x (i.e. a larger non-Gaussianity) gives
a faster growth. We illustrate this by plotting C(p,(&,0)) in terms of x in Fig.

Cipde o) Clp(, 0)
1.0012
25 1.0010
1.0008
2.0 1.0006
15 1.0004
1.0002

1'8.0 05 10 15 20 25 d 1'0008

(a) (b)

Fig. 1. (a) The complexity of the phase-diffused state C(px(§,0)) as a function of £ with K =
0.001, 3,10 (from top to bottom). (b) Blowup of (a) for small £, and the dashed lines are the fitted
functions 1 + 7K§4.

.0 041 02 03 04
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C(p«(¢, 0))
3.0f_

/’_

-Ink

0 1 2 3

Fig. 2. The complexity of the phase-diffused state C(p«(&,0)) as a function of In % = —Ink with
£ =1,2,3 (from bottom to top).

We see that the complexity is increasing in In %, and thus decreasing in k. If we are
given a fixed initial state pg = |£)(&| with £ > 1, then the phase diffusion channel
&, produces larger complexity as k — 0.

On the other hand, the behavior of the complexity for £ < 1 is enlarged in Fig.
[M(b). In fact, if we expand the complexity C(p,.(&,0)) in Taylor series, we will find

C(pm(f,O)) =1+ '7&54 + 0(54)7

where the coefficient of the fourth degree term depends on x, and reads

1 (2[0(/-c)11(/-€) +rh(k)? 1)2.

=g kIo(K)?

Note that ~, first increases in x and then decreases. This explains the behavior in
Fig.0(b) that x = 3 (blue line) gives the fastest growth for small £&. So when £ <« 1,
the optimal value of k that enables the channel to produce the largest complexity
is nontrivial.

4. Photon Addition and Photon Subtraction

In this section, we discuss the effects of successful photon addition and photon
subtraction. Experimentally they are usually realized by preparing an ancillary
mode in the vacuum state and using a weak parametric amplifier (for addition) or
a weakly reflecting beam splitter (for subtraction), with the detection of a photon
in the ancillary mode heralding a successful addition or subtraction %38 We realize
that these are only probabilistic events, however the overall channels are Gaussian 37
so given an initial state as the displaced thermal the output states are still displaced
thermal states, thus the overall channels do not create any complexity. Therefore,
we put our interest in the ideal sub-channels corresponding to successful photon
addition or subtraction, and they are apparently non-Gaussian.

2540014-8
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As usual, we start with the displaced thermal state py = Dgl/ﬁDg, then photon
addition leads to the state
1
_ T -t . =
E+(po) = TeTn a'Devp Dia =: py (€, 7). (14)
Its @Q-function can be easily obtained as

|of? _laep?

G+re&+mi+tn) . (15)
With the expression of the Husimi Q-function, we can numerically calculate
the complexity of the photon-added displaced thermal state. In Fig. Bl we plot
C(p+(&,n)) as a function of £ and 7, respectively. We observe that the complexity
decreases in £ and increases in 7. Therefore the maximal complexity is achieved at
¢ = 0, giving us a photon-added thermal state vy = p4(0,7) = H%a*uﬁa, whose
complexity has been derived in Ref. and is independent of the thermal photon
number n. Thus,

Q+(alg,n) = (alp+(&;n)|a) =

C(&y) Zzugc(p+(§,ﬁ)) =Cvy)=¢, (16)

where v is the Euler constant.
Next we consider applying photon subtraction to the displaced thermal state

1
E-(po) = “in aDevsDlal =: p_(¢,7). (17)

The Husimi Q-function is given by

Q-(alg,n) = (alp- (& n)|e)

Loyt ( 1 )k|<|D|k>2
= — — — ajal/¢

2

& +nk:01—|—n 1+n
C(p.(&, 7)) C(p. (&, 7))
1.7 170
16 16
15 15
1.4 1.4
13 13
1.2 1.2}
11 1.1
18005 10 15 20 25 ¢ % 2 4 6 8 10

(a) (b)
Fig. 3. (a) The complexity of the photon-added displaced thermal state C(p+(&,7)) as a function

of £ with 7 = 0.1,1,10 (from bottom to top). (b) The complexity of the photon-added displaced
thermal state C(p4(§,7)) as a function of # with £ = 0.1,1,3 (from top to bottom)
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oo

1 1 a A\ )
- o 2 i (i) lelpeta s ole)

[ee]

= gziﬁzliﬁ (1Zﬁ)k(<a—§| (mk—1>+g\k>)f.

k=0

Denote § = a — &, and note that complexity is invariant under phase-space
displacements in the sense that C (Dngf) =C(p), we have

N 1 o 1 n k P ‘Q‘Q(k_l) 52‘6‘2 .
Q—(5§,”)—£2+ﬁ]§1+ﬁ<1+ﬁ)e W(k+ i +f(ﬁ+5)>

1 w2/ 282 A +&B+pY) &2
(( 4 ) (18)

— _e 1+4+n — — —
£24+n 1+n)3 (1+n)? 1+n

The complexity is evaluated numerically, and its properties are illustrated in Fig. [l
As seen in previous examples, the complexity decreases with £ and increases with 7.
Hence, in order to find the maximal complexity generated by photon subtraction,
the parameters of the initial state should be set at £ = 0 and let n — oco.

If we examine again the Husimi @-function of the photon-subtracted thermal
state v_ := p_(0,n) = Lavzal, we will find

Q) = Q- (o) = 1B (o P

n LEES P 1 -
— —e n . e n
1+7n (14n)? 1+n 14n
7 1
= H—ﬁQ(ﬁlw) + H—ﬁQ(ﬂ‘Vﬁ)a
C(p-(¢, m) C(p-(¢, m)
1.4 1.4
1.3 1.3
1.2 1.2
1.1 1.1
1.0 -
00 05 10 15 20 25 ¢ 10 2 4 6 8 10

(a) (b)
Fig. 4. (a) The complexity of the photon-subtracted displaced thermal state C(p—(§, 7)) as a

function of € with 2 = 0.1, 1, 10 (from bottom to top). (b) The complexity of the photon-subtracted
displaced thermal state C(p—(§,7)) as a function of 7 with £ =0.1,1,3 (from top to bottom)
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which is a mixture of the Husimi Q-functions of the photon-added thermal state v
and the thermal state v . Since the Husimi Q-functions are faithful representations
of quantum states, we may conclude that the photon-subtracted thermal state is a
mixture as well

_n 1
"1 At T 1ya

Vi

Asnn — oo, we will have v_ — v, whose complexity is 7. Therefore, the complexity
generated by photon subtraction is also

Ce-) = Sfugc(p— (§,m)) = e (19)

5. Conclusions

In this work, we have advanced the quantification of quantum complexity from
states to channels, building upon our previous framework that defines the complex-
ity of a continuous-variable quantum state via its Husimi Q-function, Wehrl entropy,
and Fisher information. The central question we addressed is: to what extent can
a quantum channel generate complexity when acting on a minimal-complex state,
i.e. a displaced thermal state? We have introduced a natural definition for the com-
plexity of a channel as the supremum of the output state complexity over all such
minimal-complex input states. This allows us to probe the inherent complexity-
generating power of a quantum channel.

For single-mode Gaussian channels, obtained as solutions of a diffusive open
dynamics, we have derived a closed-form, time-dependent expression for the chan-
nel complexity. We have demonstrated that a nonsqueezed bath cannot generate
any complexity at any time. The maximum achievable complexity is bounded and
is attained when the asymptotic state of the channel is a pure squeezed state, con-
sistent with the known fact that pure squeezed states are the most complex among
Gaussian states with fixed energy.

Phase diffusion (a non-Gaussian channel), as modeled via the von Mises distri-
bution, possesses an unbounded capacity to generate complexity. The complexity
grows with the initial displacement of the input coherent state. Interestingly, for
small displacements (£ < 1), the growth rate of complexity with respect to & is
nonmonotonic with the diffusion strength, indicating a nontrivial optimal regime
for complexity generation at low energies.

Concerning photon addition and subtraction, we found that for the ideal, her-
alded sub-channels corresponding to successful photon addition and subtraction,
the generated complexity is bounded and identical for both operations. This max-
imum is achieved for input thermal states (zero displacement) in the limit of high
thermal photon number for subtraction.

Our results reveal a fundamental distinction: while Gaussian channels are lim-
ited in their complexity generation, the introduction of even simple forms of non-
Gaussianity, such as phase diffusion, can lead to an unbounded complexity. This

2540014-11
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underscores the role of non-Gaussian operations as a critical resource for achiev-
ing high complexity in quantum systems, which is often linked to some form of
operational advantage. Our results pave indeed the way to investigate the direct
operational implications of channel complexity in quantum metrology, communica-
tion and computation.

The differences and relations between various notions of complexity are worth
further investigation.
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