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Abstract

We investigate the optimization of graph topologies for quantum sensing networks designed to
estimate weak magnetic fields. The sensors are modeled as spin systems governed by a transverse-
field Ising Hamiltonian in thermal equilibrium at low temperatures. Using a genetic algorithm
(GA), we evolve network topologies to maximize a perturbative spectral sensitivity measure, which
serves as the fitness function for the GA. For the best-performing graphs, we compute the corres-
ponding quantum Fisher information (QFI) to assess the ultimate bounds on estimation precision.
To enable efficient scaling, we use the GA-generated data to train a deep neural network, allow-
ing extrapolation to larger graph sizes where direct computation becomes prohibitive. Our res-
ults show that while both the fitness function and QFI initially increase with system size, the QFI
exhibits a clear non-monotonic behavior—saturating and eventually declining beyond a critical
graph size. This reflects the loss of superlinear scaling of the QFI, as the narrowing of the energy
gap signals a crossover to classical scaling of the QFI with system size. The effect is reminiscent of
the microeconomic law of diminishing returns: beyond an optimal graph size, further increases
yield reduced sensing performance. This saturation and decline in precision are particularly pro-
nounced under Kac scaling, where both the QFI and spin squeezing plateau or degrade with
increasing system size. We also attribute observed even—odd oscillations in the spectral sensitivity
measure and QFI to quantum interference effects in spin phase space, as confirmed by our phase-
space analysis. These findings highlight the critical role of optimizing interaction topology—rather
than simply increasing network size—and demonstrate the potential of hybrid evolutionary and
learning-based approaches for designing high-performance quantum sensors.

1. Introduction

Quantum sensing leverages inherently quantum features—such as coherence, entanglement, and
squeezing—to surpass classical limits in the precision measurement of physical parameters [1-10]. A
prominent example is magnetic field sensing, where quantum systems such as qubits or spins act as
probes to detect weak magnetic fields with high sensitivity [11-20]. While quantum protocols can offer
substantial gains, their performance is often hindered by decoherence and environmental noise under
realistic conditions. Despite these challenges, significant progress has been made in practical implement-
ations, particularly in atomic magnetometry [7, 21-25]. These advances highlight the importance of
optimizing both the structure and dynamics of quantum sensors to reduce noise-induced degradation.
Most theoretical and experimental efforts have focused on simple geometries or regular interaction pat-
terns, such as spin chains and lattices [12, 26-28]. However, recent studies suggest that structured or
networked interaction topologies may offer new pathways to enhance metrological performance [29-31].
Network-based models offer a natural framework for describing interactions in quantum systems,
where qubits are represented by nodes and their couplings by edges. Such graph-based descriptions
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have proven useful in exploring a range of quantum phenomena, including quantum transport [32-36],
coherence preservation [37, 38], and sensing [30, 39—41]. In the context of quantum metrology [2, 4],
the quantum Fisher information (QFI) [42] provides a fundamental bound on the precision with which
a parameter can be estimated. Because QFI is highly sensitive to the underlying interaction topology,
identifying optimal graph configurations for enhanced sensing is a challenging task, made difficult by
the combinatorial growth of possible topologies. While many-body systems have been extensively stud-
ied for sensing applications [9], the specific role of graph structure in shaping metrological perform-
ance remains insufficiently explored. At the same time, emerging quantum technologies demand flexible
strategies for engineering and optimizing interaction networks [43, 44], further motivating the study of
structured spin networks for improving sensitivity to weak magnetic fields.

In this work, we explore the optimization of graph-structured quantum sensors [45-47] for mag-
netic field estimation using a genetic algorithm (GA) [48-50]. The spin networks are governed by a
transverse-field Ising Hamiltonian and are assumed to be in thermal equilibrium with a low-temperature
bath. To quantify the sensitivity of each graph configuration, we employ two complementary metrics: the
spectral sensitivity measure D,,, which captures the perturbative response of the energy spectrum [40],
and the QFI, which establishes the ultimate precision bound for parameter estimation [42].

To identify optimal topologies, we employ a GA to evolve graph structures by maximizing the fitness
function D,,, beginning with an initial population of connected, path-like graphs. At each generation, the
algorithm applies standard evolutionary operations—selection, crossover, and mutation. For the best-
performing graphs identified via the spectral sensitivity measure D,, we compute the corresponding QFIL.
Among these, an important reference case is given by fully connected (complete) graphs, in which every
spin interacts with all the others [51]. To ensure meaningful thermodynamic behavior in fully-connected
spin systems, we apply Kac scaling [52], which rescales the interaction strength by a factor of 1/N. This
normalization ensures that the energy per spin remains finite as the system size increases, thereby pre-
venting divergences in the thermodynamic limit. Spin squeezing, introduced by Kitagawa and Ueda [53],
which is also connected to quantum metrology [54], provides a criterion for multipartite entanglement
that is directly useful for enhanced precision measurements. In this context, the rescaled QFI Fq/N
serves as a generalized spin-squeezing witness [55], and is used throughout this work. Our optimization
results reveal two key phenomena: (i) a diminishing returns effect, where superlinear scaling of the QFI
saturates or even declines with increasing system size; and (ii) even—odd oscillations in both QFI and spin
squeezing, particularly evident in the absence of Kac scaling. To verify and explain these behaviors, we
analyze complete graphs as representative topologies that exhibit strong quantum correlations and Dicke-
like entanglement. In the Kac-scaled regime, the QFI saturates and spin squeezing decreases with system
size, confirming the loss of superlinear scaling in the thermodynamic limit, where the system becomes
extensive and effectively classical. By contrast, in the non-Kac-scaled regime, superlinear scaling persists
even at larger N, with the QFI exhibiting superlinear growth in some cases. Furthermore, we find that
the even—odd oscillations in QFI and spin squeezing originate from quantum interference effects in spin
phase space, rather than from simple spectral parity. These findings underscore that increasing system
size alone is insufficient to enhance metrological performance. Instead, careful optimization of interac-
tion scaling and network topology is essential.

To extend our analysis to larger systems—where direct optimization becomes computationally
intractable—we train a deep neural network (DNN) using GA-generated data for both even and odd
values of N. The DNN takes either D, or the QFI as input and predicts both quantities for unseen sys-
tem sizes, enabling efficient extrapolation. This hybrid strategy circumvents the need for full quantum
simulations of large graphs, providing a scalable surrogate model for performance estimation. Notably,
our results also show that the GA converges rapidly—often within just a few generations—further
enhancing computational efficiency. These findings support the use of D, as a reliable proxy for QFI,
significantly lowering the cost of designing optimized quantum sensing networks.

The remainder of the paper is organized as follows. In section 2, we describe the methods employed
in this study, including the GA, the spectral sensitivity measure D,,, and the QFI In section 3, we
present the outcomes of the graph optimization process for different parameters, investigate quantum
features and finite-size effects, and employ a DNN to extrapolate the results to larger graph sizes..
Finally, section 4 provides a summary of our main findings.

2. Methods

2.1. Model description
We consider a system of interacting spins or qubits described by a transverse-field Ising Hamiltonian
defined on path-like connected graphs. Each vertex of the graph represents a qubit, and the edges define
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pairwise interactions between them. The Hamiltonian reads

N
H=—Jg » oo —nY o), (1)

(i) €E i=1

where . is the effective coupling strength (see below) between connected spins, E denotes the set of
edges of the graph, and h is the strength of the transverse magnetic field. The operators ol (where a =
x,y,z) are Pauli matrices acting on the ith qubit.

We distinguish between two choices for the effective coupling J.g: in the unscaled (bare) model, we
set Jof = J/2. In the Kac-scaled model, used when discussing thermodynamic behavior, we set Jo = J/2N
to ensure an extensive total interaction energy in the large-N limit. Throughout the paper, we restrict to
the antiferromagnetic case with J = —1, unless stated otherwise.

We assume that the system is coupled to a low-temperature bath and is at thermal equilibrium. The
Gibbs thermal state of the system is given by

e~ BH
PT = z ) (2)

where 5 =1/T (we set kg = 1) denotes the inverse temperature and the partition function Z is given by
Z=Tr (e_ﬁH) = Ze_BE", (3)
n

where {E,, |1,)} are the eigenvalues and eigenstates of the Hamiltonian H, i.e. H|¢,) = E,|1,,).

2.2. The GA

To explore optimal graph topologies for enhancing quantum sensitivity, we employed a GA tailored for
discrete combinatorial optimization over graph topologies. Each individual in the population represents
a connected graph with a fixed number of vertices N, encoded by its adjacency structure. A schematic
overview of the GA structure is shown in figure 1. The GA proceeds through the following standard
evolutionary steps:

Initialization: an initial population p of connected graphs is generated. For N =1, there is only one
possible connected graph, which is a single node with no edges. While for N > 1, a path graph is used as
a seed structure, and random edges are added to introduce diversity.

Fitness evaluation: each candidate graph is evaluated using a fitness function based on the spectral
sensitivity measure D,. This quantity quantifies the perturbative sensitivity of the low-lying energy spec-
trum of the system under a small transverse magnetic field h (see section 2.3 for more details).

Selection: a subset of high-performing graphs is chosen based on their fitness scores. These selected
graphs serve as parents for producing the next generation.

Crossover: pairs of parent graphs are combined by merging their edges into a child graph. To main-
tain diversity, with a 50% probability, an additional edge is randomly added between two previously
unconnected nodes in the child graph.

Mutation: to introduce stochastic variation, random edges are added to the graph with a predefined
mutation probability, without removing existing edges. Specifically, a single new edge is randomly added
between unconnected node pairs if any exist. This ‘add-only’ mutation helps explore new graph topolo-
gies while preserving existing connectivity. For reproduction, the top 50% of graphs by fitness are selec-
ted for reproduction via deterministic truncation to maintain the solution quality.

To visualize the combined effect of crossover and mutation, figure 2 shows an illustrative example
for N =4. Two parent graphs—a linear chain and a square graph—are combined via crossover, resulting
in a child graph that merges their common edges. Mutation then adds a new random edge to the child,
increasing its connectivity. This example illustrates how diversity and exploration are introduced during
GA evolution.

Elitism: the best-performing graph from each generation is preserved unaltered into the next genera-
tion to ensure the current optimal solution is retained throughout the evolution.

This process is iterated over a fixed number of generations ng. At each generation, the best graph
with its edges and its corresponding D, value is recorded to monitor progress. Rather than aiming to
explore behavior at asymptotically large system sizes, this evolutionary approach focuses on efficiently
identifying optimal graph topologies that maximize magnetic field sensitivity.

3



I0OP Publishing

Quantum Sci. Technol. 11 (2026) 015031 A Ullah et al

<.<l<'<l

Yes v No ——
[Output Results: Best Graph with D,, value :l

Figure 1. Genetic algorithm workflow.

Parent 1 (Linear Chain) Parent 2 (Square) Child Graph
Edges: [(1, 2), (2, 3),(3,4)]  Edges: [(1, 2), (1, 4), (2, 3), (3, 4)] Edge (1,4); Random

4 —_— 3 /N

1e—2=—=3=—=13a 4

1 — 2 1 — 2

Figure 2. Example of graph evolution through genetic operations for N = 4 nodes. Left to right: (1) Parent 1 is a linear (path)
graph with edges (1,2), (2,3), (3,4). (2) Parent 2 is a square graph with edges (1,2),(2,3), (3,4), (1,4). (3) Child (Crossover)
combines common edges from both parents, and the Mutated Child further modifies the child by adding another random edge
(1,4) (red colored), increasing the graph’s connectivity.

2.3. Fitness function D,,
To quantify the sensitivity of a graph-structured quantum system to an external perturbation h, we
employ the spectral sensitivity measure D,, as the fitness function for the GA. While the QFI is a natural
candidate for evaluating the sensitivity of a quantum system and could, in principle, be used as a fitness
function in our graph optimization scheme, its computation is significantly more expensive, particularly
for large system sizes and dense graphs. To validate our choice, we compared both approaches exactly
for small systems and found that optimization with either the QFI or D, yields the same optimal graph
structures and sensitivity. This consistency arises because D,,, defined as the Euclidean distance between
the ground states at h =0 and h > 0, is maximized precisely when the system exhibits enhanced response
to perturbations, which directly correlates with a larger QFI. Therefore, in practice, we employ D, as an
efficient and scalable proxy for QFI in our optimization process.

Given a graph defined by its edge set, we construct the transverse-field Ising Hamiltonian at two val-
ues of the transverse field strength: the unperturbed case h =0 and a small perturbation & > 0 with the
Hamiltonians such as H(0) and H(h), respectively.
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We compute the lowest n eigenvalues of each Hamiltonian with E;(0) and E;(h), where i = 1,...,n.
We define the fitness function as the Euclidean distance between the lowest #n eigenvalues (we set n=2
in our case), such as [40]

Dy(h) = | > (Ei(h) - Ei(0)). (4)

i=1

This measure captures the shift in the low-energy manifold induced by the magnetic field perturb-
ation, providing a scalar fitness score that guides the evolutionary search towards graphs exhibiting the
largest spectral sensitivity.

2.4. QFI for thermal states

We use QFI to assess the metrological performance of graph sensors for magnetic field estimation. To
calculate the QFI for the thermal state of the graph-based quantum sensing networks, we follow the
formalism developed in [56]. Given the Gibbs thermal state in equation (2), we define the Hermitian
operator

G:=—BH(h) —In2Z2, (5)

sothat p=eC. Let G=3 ;&ilej) (¢ be the spectral decomposition of the operator G, with orthonormal
eigenvectors {|e;)}. Note that gi = —3\; —In Z, where ); are the energy eigenvalues of H, i.e, H|¢;) =
Ajle)-
To evaluate the QFI with respect to h, we introduce the symmetric logarithmic derivative L, defined
via
% :%(LHPL)- (6)

In the eigenbasis of G, the matrix elements of L are given by

L =f(g.8) Gr,  with Gy := (e Glex), .
where

1, ] _k,
o)~ o)

—aw o 7k

2
Let X := %I Then,
- = |

where I denotes the identity matrix. By defining p; := e% = e %%/ Z, we obtain

; —p (X — mem 5 j = k,
Gy = B( i = 2_mP ) ] (10)
_BX]'IU J 7& k7
with Xjx = (¢j|X|ex). The QFI is then given by
.2
Fq="Tr(pL?) = pilLul* = pi|f(g.8¢) G| - (11)
Jik Jik

This expression provides an efficient route to computing the QFI in thermal equilibrium, based on the
spectral decomposition of G and the matrix elements of the derivative operator X.

3. Results

In section 3.1, we present the results obtained from the GA and analyze how different parameter sets
affect the performance of graph-based quantum sensors. In section 3.2, we discuss quantum features and
scalings in both non-Kac (section 3.2.1) and Kac scaling (section 3.2.2) regimes. Finally, in section 3.3
we use the GA-generated data to train a DNN, enabling extrapolation of sensitivity trends to larger
graph sizes.
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N=1 N=2 N=3 N=4

Figure 3. Optimal connected graph structures obtained via the genetic algorithm for N =1 to N = 12. Each graph with the max-
imum D, value maximizes the QFI under the given model, reflecting the topologies most sensitive to magnetic field estimation.
These graphs are obtained for the parameters T = 0.08, h = 0.05, p = 100, and ng = 15.

3.1. GA-based optimization of D, and QFI

We now present the results from the GA optimization of graph topologies aimed at maximizing mag-
netic field sensitivity via the spectral sensitivity measure D,. Figure 3 shows the optimal graphs obtained
at T=0.08 and h =0.05, corresponding to the highest D, and thus the maximum QFI. For complete-
ness, we also examine how the optimal graph structures vary with the magnetic field strength 5, as
detailed in appendix B. This analysis reveals how graph connectivity adapts during optimization to
enhance sensitivity under different conditions.

To assess robustness, we verified that the GA, run with multiple random seeds and different ini-
tial populations, consistently converged to the same optimal topology (up to graph isomorphism) for
the system sizes considered. We note that other gradient-free optimizers (e.g. particle swarm or simu-
lated annealing) could, in principle, identify different candidate graphs [57]. However, establishing that
an alternative topology is superior requires direct benchmarking using the same figures of merit (QFI
and D). Since exhaustive QFI evaluation across the full graph space is feasible only for small N, we
rely on exact enumeration for these sizes and use the GA as an efficient heuristic for larger systems.
Consequently, while other algorithms could in principle be applied, D, provides a physically motivated
and efficiently implementable objective for the GA, and its heuristic, non-analytic structure can make it
nontrivial to integrate into alternative optimization schemes.

We begin by presenting the results for the optimal values of D, and the QFI as functions of the sys-
tem size N for two different temperature regimes, as shown in figure 4. The transverse magnetic field is
fixed in the weak-field regime, specifically at k= 0.05.

In the low-temperature case (T = 0.08), figure 4(a) clearly shows that both D, and QFI exhibit oscil-
lations between even and odd values of N, which are characteristic of finite-size quantum effects. The
quantum interference between spin states defined along different quantization axes gives rise to these
even—odd oscillations observed in the QFI as a function of system size. These oscillations reflect altern-
ating constructive and destructive interference in the collective spin phase space. The underlying mech-
anism is analogous to the interference phenomena first discussed by W. Schleich and co-workers in the
context of spin and atomic coherent states [58, 59] (see also [60, 61]), where interference between dis-
tinct spin orientations produces oscillatory quantum signatures. Our results, therefore, represent the

6
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Figure 4. D,, (blue) and QFI (red) as a function of number of vertices N for the optimal graphs shown in figure 3 and using two
different values of temperature (a) T=0.08 and (b) T =2 when the magnetic field is set to & = 0.05. The rest of the parameters

are fixed at p =100 and ng = 15.
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Figure 5. QFI as a function of the fitness function D, for the optimal graphs shown in figure 3. The parameters are set to
T =0.08, h=0.05, and N = 12. The rest of the parameters are the same as in figure 4.

same fundamental physics manifested in the behavior of the QFI. A similar phenomenon has been
reported in chains of coupled critical resonators [62], where the observed oscillations were likewise

linked to the structure of the system’s phase space.

In addition, the QFI values are significantly higher in the low-temperature regime, exhibiting both
even and odd oscillations. In contrast, in the high-temperature regime (T =2), figure 4(b) shows that
the QFI is substantially suppressed at higher temperatures, highlighting the detrimental impact of
thermal noise on magnetic field estimation. The QFI exhibits an approximately linear scaling with N,
consistent with the SQL [3]. These results indicate that even a small finite temperature, such as T =0.08,
is sufficient to reduce the quantum interference effects that enhance sensitivity. As temperature increases,
thermal fluctuations progressively wash out these quantum features, suppressing the QFI and driving its
behavior toward that of classical-like systems. Figure 4 thus illustrates the detrimental impact of tem-
perature on quantum features and metrological performance. We discuss these quantum signatures and
finite-size behaviors in more detail in section 3.2. To further quantify the effectiveness of using D, as
the GA fitness function, figure 5 shows the explicit correlation between D,, and the resulting QFI for
the optimal graphs. The data in figure 5 shows that larger values of D, consistently yield higher QFI,
demonstrating the effectiveness of D, as a fitness criterion.

3.2. Quantum features and finite size effects
3.2.1. Magnetization, X, and basic QFI scaling

In this section, we discuss the diminishing returns in the superlinear scaling of the QFI, the even—odd
oscillations in N, and we analyze the energy gap and magnetization variance.

7
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Figure 6. Variance of magnetization (Var(M,)) as a function of number of spins N for complete graphs when T =0.08 (blue) and
T =1.5 (red). The magnetic field is fixed at 1 = 0.05, and we consider the antiferromagnetic case ] = —1. The results are obtained

for connected graphs under the transverse field Ising Hamiltonian.

The total transverse magnetization operator is defined as

N
M, =>"of, (12)

i=1

where o7 is the Pauli X operator acting on site i. The magnetic susceptibility x, quantifies the response
of the system’s magnetization to the transverse field h, defined as

O(My)

Xx = oh (13)

By the fluctuation-dissipation theorem, the variance of the total magnetization relates to the susceptibil-
ity and temperature as

Var (My) = (M2) — (My)? = Nky T = %’Xx. (14)

We calculate x, using the partition function, as follows

2

Xx:Niﬂ%an. (15)
This relation allows us to evaluate quantum fluctuations and magnetic response from susceptibility
calculations. Figure 6 illustrates the variance of magnetization M, as a function of system size N for
distinct connected graphs, examined in both low and high temperature limits. At low temperatures
(T'=0.08), the variance of M, denoted as Var(M,), exhibits even—odd oscillations with respect to N,
which gradually decrease in amplitude as N increases. In contrast, at high temperatures (T = 1.5), these
oscillations disappear, and Var(M,) becomes linearly proportional to N. It is worth noting that the vari-
ance of magnetization M, rather than the susceptibility, is proportional to the QFI [63]. This relation-
ship explains why fluctuations of M, scale proportionally with the system size at high temperatures.
Consequently, the observed Var(M,) aligns with the behavior of QFI: at T=0.08 and h=0.05, it accur-
ately reproduces QFI predictions (see figure 4), and at T'=1.5 and h =0.05, it demonstrates the anticip-
ated linear dependence on N, consistent with QFI behavior.

Regarding the observed diminishing returns, we attribute this to finite-size quantum effects. We cla-
rify that ‘diminishing returns’ here means increasing N yields only linear, not nonlinear, improvements
in precision. Initially, the QFI exhibits nonlinear scaling with the number of spins, N, which consti-
tutes a genuine quantum signature. However, this behavior is not indefinitely robust: as N increases, the
influence of quantum interference diminishes, leading to a crossover where the QFI grows linearly with
N, akin to classical scaling. This transition is expected as in the thermodynamic limit, where quantum
effects are progressively washed out by thermal fluctuations or averaging over large system sizes. To
quantify this crossover from quantum to classical behavior and to clarify the onset of diminishing
returns in QFI scaling, we compute the energy gap AE = E; — E; between the ground and first excited

8
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Figure 7. Rescaled QFI as a function of system size N for the optimal graphs shown in figure 3. The plot shows Fq/N (blue solid
line) as a function of system size N, indicating the gain per spin and Fq/N? (brown dashed line) versus N, revealing the scaling
behavior and the onset of diminishing returns as N increases. The rest of the parameters are the same as in figure 6.

states. The energy gap provides a natural scale against which external perturbations or thermal energies
T can be compared. A finite energy gap isolates the ground state from excitations, preserving coher-
ence and quantum correlations that support enhanced QFI scaling. When the gap closes, low-energy
modes mix, coherence is reduced, and the system approaches classical behavior. Thus, the gap beha-
vior helps reveal the spectral origin of the even—odd oscillations. Analyzing the behavior of the energy
gap as a function of system size thus provides insight into the spectral origin of the observed even—odd
oscillations. In addition, we relate this choice to the spectral sensitivity measure D,, which quantifies
the energy shift between ground states for h >0 and h=0 [40]. Since D, effectively captures the sys-
tem’s response to external perturbations, its dependence on the energy gap provides further motivation
for using the gap as a natural indicator of the quantum-to-classical crossover. In particular, as the gap
diminishes with increasing system size, quantum features are progressively washed out, consistent with
the expected crossover from nonlinear to linear QFI scaling. When T >> AE or when N is sufficiently
large, the energy gap effectively closes, leading to diminishing returns in metrological quantities such
as the QFL To illustrate the scaling behavior explicitly, in figure 7, we plot the scaled quantities Fo/N
and Fq/N? as functions of system size N for the optimal graphs shown in figure 3. After strong fluc-
tuations at small N, the quantity Fq/N settles to a slowly decreasing trend for N > 3, indicating that
Fq/N does not grow further with system size. In contrast, Fq/N? rapidly drops from its initial value and
remains close to zero for larger N, confirming the onset of diminishing returns, indicating a transition
from quantum-enhanced to classical-like scaling.

In figure 8, we compute the energy gap of the 1D transverse field Ising model with periodic bound-
ary conditions, defined on both linear chain graphs and complete graphs. As shown in figure 8(a), the
linear chain rapidly loses quantum features as the system size N increases, with the energy gap closing
quickly. In contrast, complete graphs preserve quantum characteristics over a much broader range of N,
as shown in figure 8(b), although they too eventually lose superlinear scaling of the QFI. Interestingly, as
N increases, the optimal graph structures tend to resemble complete graphs, implying that the observa-
tion of quantum-to-classical crossover might require even larger N in such highly connected systems.

Therefore, while features such as enhanced QFI and nontrivial magnetization persist at small N,
these effects gradually weaken as the system size increases. Our simulations indicate that the trans-
ition to diminishing returns—manifested as the onset of linear QFI scaling—is not readily apparent for
small systems (e.g. N < 12), particularly in highly connected graphs like the complete graphs shown in
figure 3. Nevertheless, the progressive closing of the energy gap with increasing N signals that enhanced
quantum sensitivity will inevitably vanish, consistent with expectations in the thermodynamic limit.

3.2.2. Finite-size scaling, spin squeezing, and the role of graph structure at T=10

In this section, we investigate the finite-size scaling behavior of key physical quantities relevant to our
model at T =0: the QFI Fq, the ground state energy E,, and the spin squeezing parameter Fq/N. We
consider two ways of scaling the interaction strength. In the Kac-scaled case, the coupling is normalized
by the system size, giving an effective coupling J.r = J/2N. This scaling ensures that the total interaction
energy remains extensive (i.e. proportional to N) in the thermodynamic limit [64]. In contrast, the non-
Kac-scaled case retains the bare coupling Je = J/2, which does not depend on N. These two approaches
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Figure 8. Energy gap E| — Ey between the ground and first excited states as a function of system size N for (a) a 1D transverse-
field Ising linear chain with periodic boundary conditions and (b) fully connected (complete) graphs. The parameters are set to
J=—1land h=0.1.

allow us to compare the effects of system-size-dependent and system-size-independent interaction
strengths.
We compute the ground state energy E, of Hamiltonian H, and evaluate the QFI specifically for
estimating a small perturbation in the transverse field, given by [63]:
Fq = 4((M3) = (M)?), (16)
where M, = Zf;l o7 is the collective spin operator along the x-direction. This expression (16) is valid

only for the ground state. Finally, the metrologically relevant spin-squeezing parameter is defined as the
normalized QFI [54]

&= (17)

W.

Figures 9 and 10 present a comparative analysis of finite-size scaling in complete graphs without and
with Kac scaling, respectively, at zero temperature. To analyze the finite-size scaling behavior of the QFI
and spin squeezing, we perform polynomial fits of degree up to 4 on the data as a function of the sys-
tem size N, given by

d
y(N) =) N, d<4 (18)
k=0

where y(N) represents the quantity of interest (e.g. Fq or Fq/N, ay are the coefficients of the polyno-
mial, and the degree d is chosen based on the number of data points to avoid overfitting. While higher-
than-quadratic scaling is not physically expected for qubit systems in the thermodynamic limit, the
fourth-order polynomial fit is used here only to capture finite-size effects that arise for small N. When
Kac scaling is not applied, these finite-size corrections can lead to apparent superlinear trends, whereas
with Kac scaling, the asymptotic scaling remains linear for large N. Thus, the higher-order fit serves as
a numerical interpolation to describe the crossover from small-N quantum-interference behavior to the
linear extensive regime. In addition, for the QFI Fq, we also perform polynomial fits in the logarithmic
scale:

d
logy (N) = b (LogN)",

k=0

(19)

and to test whether QFI follows a scaling law of the form Fq ~ N®.

First, we observe that the law of diminishing returns manifests only in the Kac-scaled case
(figure 10), where both the QFI and the spin squeezing parameter Fq/N saturate or even decrease with
increasing N, indicating the loss of superlinear scaling in the thermodynamic limit. In contrast, in the
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Figure 9. Results for complete graphs without Kac scaling (non-Kac regime) at T = 0. (a) Ground state energy Ey as a function
of system size N (non-Kac, complete graphs). (b) QFI Fq as a function of N on a linear scale (non-Kac, complete graphs). (c)
QFI Fq as a function of N in log-log scale with separate fourth-order polynomial fits for even and odd N (non-Kac, complete
graphs). (d) Spin squeezing parameter Fq /N (Kitagawa-Ueda definition, as a measure of multipartite entanglement) versus N,
with fourth-order polynomial fits for even and odd N (non-Kac, complete graphs). Here, we set ] = —1 and h=0.05.

non-Kac case (figure 9), both the QFI and spin squeezing continue to increase with N, demonstrat-
ing persistent scaling of both QFI and spin squeezing with system size. Second, while the ground state
energy Ey exhibits diminishing even—odd oscillations with increasing N in both cases, these oscillations
persist in the QFI data, especially pronounced in the Kac-scaled model (figure 10). This indicates that
the oscillations cannot be fully explained by energy spectrum features or parity effects alone, pointing
instead to more subtle quantum origins that we explore further in the following section through phase-
space analysis in section 3.2.3.

The complete graph topology naturally supports Dicke-like collective states characterized by strong
global entanglement. This is evident in the behavior of the spin squeezing parameter (figures 9(d)
and 10(d)), which serves as a witness for multipartite entanglement [54]. However, this witness does
not fully quantify entanglement depth in large-spin systems. Furthermore, the persistence of squeezing-
related oscillations in the non-Kac case correlates with phase-space interference effects, as evidenced
by the Husimi function analysis we present in section 3.2.3. This supports previous findings that spin
squeezing is associated with interference structures in phase space, even without definitive multipart-
ite entanglement characterization [61]. Notably, in the non-Kac case, spin squeezing oscillations persist
without attenuation, indicating robust multipartite entanglement as the system size grows. Conversely,
in the Kac-scaled case, the squeezing parameter decreases steadily after N ~ 10, coinciding with a trans-
ition to linear QFI scaling, and exhibits the suppression of even—odd oscillations. The Kitagawa—Ueda
squeezing parameter, computed perpendicular to the mean spin, indicates entanglement but is not
a definitive multipartite measure for many-spin systems. Furthermore, since similar squeezing beha-
vior occurs across multiple graph topologies for given parameters, thus, QFI scaling arises not solely
from entanglement, but also from the topology-dependent spectral properties of the system. In addi-
tion to quantum correlations, spectral sensitivity [40] plays a significant role in determining which graph
topology achieves the highest QFI.

These findings highlight that the observed oscillations in QFI are not only a manifestation of quant-
ized energy levels, emblematic of the first quantum revolution, but also a hallmark of the second
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quantum revolution, characterized by non-local correlations and quantum interference. In the next
section, we elucidate these interference effects through a detailed phase-space analysis using the Husimi
Q-function. We remark that temperature plays a secondary but predictable role: it tends to wash out
these interference-induced oscillations and suppress squeezing, thereby reducing the benefits of non-
Kac scaling. Nonetheless, even at low but finite T, the non-Kac case retains superlinear scaling of the
QFI, although this requires the challenging engineering of equal-strength all-to-all couplings across many
qubits, similar to the challenges encountered in scaling quantum processors with dense connectivity [65—
67]. To further clarify the contrasting scaling behaviors observed in the two regimes, we include table 1,
which summarizes the main differences in scaling behaviors between the Kac and non-Kac regimes.
These insights underscore the need for optimizing graph structures tailored to realistic, finite-
temperature conditions. While the complete graph is optimal at T =0, alternative graph topologies may
offer enhanced robustness against thermal noise, preserving useful quantum correlations for quantum
metrology. Identifying such topologies remains an open direction for both theoretical exploration and
experimental realization.

3.2.3. Phase space interference at T= 0

We analyze the origin of the even—odd oscillations observed in the QFI for optimal (complete) graphs,
where each spin interacts equally with all others. These oscillations arise from phase-space interfer-
ence between squeezed spin states and the eigenstates of the S, operator, analogous to interference
effects between photonic squeezed states and Fock states in quantum optical phase space (x, p), which
exhibit similar even—odd oscillations in photon number distributions [61]. Our analysis focuses on the
zero-temperature regime (T =0), where such quantum interference effects are most pronounced. We
compute the Husimi Q-function as follows

|<93¢||1/}0>|27 (20)

1
T

Q(6,9)
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Table 1. Comparison of key behaviors in the non-Kac-scaled and Kac-scaled regimes in figures 10 and 9. All results correspond to the
antiferromagnetic case (J = —1) and zero temperature (T = 0) regime.

Feature

Non-Kac scaling (Jegg = J/2)

Kac scaling (Jer = J/2N)

Interaction type
Energy gap AE
QFI scaling with N

Spin squeezing Fo /N

Graph topology

Physical interpretation

Unnormalized couplings;
superextensive total energy
Remains finite for larger N; slower
closing

Superlinear, Fq ~ N*>';
persistent quantum advantage
Remains high; oscillations between
even/odd N persist

Dense or complete graphs remain
optimal

Non-extensive collective
correlations

enhance sensitivity; quantum
regime

Normalized couplings; extensive total
energy

Rapidly closes with N, leading to
classical limit

Saturates or decreases; crossover to
linear Fq o< N (SQL)

Decreases beyond N ~ 10;
oscillations

suppressed with N

Same topology but reduced
metrological gain

Extensive energy scaling suppresses
interference and squeezing;
classical-like regime

where [t) is the ground state of H and |0,¢) is the spin coherent state defined by

0.0 -® (cos(§) oheesin (5 )11 a1

k=1

We also compute the absolute overlap [(6 = 7/2,¢|10)| as a function of the azimuthal angle ¢, i.e. along
the equator of the Bloch sphere (6 = 7/2), as shown in figure 11(top panel). This provides a direct
measure of how the ground state aligns with coherent states localized in the equatorial plane. Our res-
ults show that for N =4, the overlap peaks sharply at ¢ = 7, indicating that the ground state points
predominantly along the negative X-axis. On the other hand, when N =5, the peak shifts to ¢ =0, cor-
responding to the positive X-axis. Thus, the preferred orientation of the ground state alternates between
even and odd N, reflecting an even—odd parity effect in the phase space localization of the state. To fur-
ther understand these oscillations, we calculate the mean spin (S,) via the Husimi integral:

s 21
(Sy) :/0 /0 Q(0,¢)sinfcos¢ deo db. (22)

We observe oscillations in the variance of S, which are mirrored in the behavior of the QFI. Notably,
only the mean (S,) oscillates while (S2) does not. To visualize this, we plot the Husimi Q-function of
the ground state and overlay it with the classical spin projection S, = Scos¢ sinf, where S = N/2 in
figure 11(bottom panel). These contour plots of Husimi Q functions reveal that for even N, the dom-
inant Husimi contours center around the origin, while for odd N, they are biased away from it. This
alternating localization pattern in phase space directly contributes to the observed even—odd oscillations
in the QFI. Therefore, these even—odd oscillations in QFI and variance are direct manifestations of the
underlying phase space interference in the ground state, as visualized via the Husimi Q-function and

overlap analysis.

3.3. Learning graph sensitivity metrics with a deep feedforward neural network

To better understand the trend of QFI versus N, we employ separate DNNs trained on odd and even N

subsets (see figure 12) to predict the perturbative sensitivity D, and QFI for graph sizes beyond those

optimized by the GA. In particular, we utilize separate DNNs trained on odd and even N data subsets to

capture their distinct behaviors.
The input to each network is the scalar spin number N € R, and the output is the predicted D, or

QFI F values. Formally, the networks approximate functions, such as

and

FURSR, N BN or DY), (23)

]_—eeven . R N R, N — ﬁg/en (N) or ﬁ;ven (N) , (24)
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Figure 11. Top panel: absolute overlap | (0, ¢ |1)o)| of the ground state |1y) with spin coherent states |, ¢) as a function of the
azimuthal angle ¢ along the equator (§ = 7/2) of the Bloch sphere for N =4 and N = 5 spins. This plot illustrates the projection
distribution of the ground state on the coherent spin basis. Bottom panel: Husimi Q-function contour plots of the ground states
for N =4 and N =5 spins projected onto the ZX plane. The calculations are performed on complete graphs using Hamiltonian
in equation (1). The rest of the parameters are set to ] = —1 and h = 0.05.

Hidden layers

HL1 HL2

Figure 12. Architecture of the fully connected feedforward neural network used to predict D,, or the QFI data obtained from
GA. The input is a scalar number N € R which represents the QFI of D,, values. The network consists of two hidden layers with
64 and 32 neurons, respectively, each followed by a rectified linear unit (ReLU) activation function. The final output produces a
single scalar value, which corresponds to the predicted D, or the QFI values.

where 6 denotes the network parameters. Given training data {(N;,Fq;)}, or {(N;,D,;)}*L, separated
into odd and even subsets, the networks minimize the mean squared error (MSE) loss, such that

M
1 (12
£(0)=+ Z; (Fo (Ni) =71, (25)

1=
where j; is either Fq; or D, ; and y; = Fy(N;) is the prediction. The DNN models, illustrated in
figure 12, are trained separately on odd and even system sizes N. Each network consists of two fully con-
nected hidden layers with 64 and 32 neurons, respectively. The hidden layers use the ReLU activation
function. Training is performed by minimizing the MSE loss function using the Adam optimizer [68],
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Figure 13. Comparison of true and neural network predicted values of the perturbative sensitivity metric D, (panel (a)) and

QFI (panel (b)) for graphs with sizes N =1 to 12 (for optimal graphs in figure 3). The model is trained on the known odd N
(blue circles) and even N (red circles) data and accurately captures the underlying trends, enabling reliable extrapolation to larger
graphs (N = 13 to 21, green squares). The parameters are set to T'=0.08. h = 0.05, p =100, ng = 15, and n = 0.001.

with the entire dataset used as a batch for each update. The models are trained for 4000 epochs with a
fixed learning rate of 1 =0.001.

The DNN is trained separately on even and odd system sizes and generalizes to predict values y for
larger N beyond the training range. Figure 13 presents the results, showing excellent agreement between
true and predicted values for D, and QFI up to N = 12. Extrapolated predictions for N=13 to N =21
are shown as dashed lines. As illustrated in figure 13(a), the predicted D, for odd N increases approx-
imately linearly with system size, while for even N, the growth is slower. In fact, it is the difference
AD, = D,SNH) — D,gN) which gradually decreases as N increases. Figure 13(b) compares the QFI pre-
dictions to true data, demonstrating that the model successfully captures the increasing trend of the QFI
with N for both even and odd subsets and extrapolates accurately beyond the training range. The neural
network also shows excellent agreement with training data and robust extrapolation to larger graphs.
These results underscore the model’s ability to capture size-dependent trends and scaling behavior of D,
and QFI effectively.

4. Conclusion

We employed a computational framework that combines a GA with neural networks to optimize graph-
based networks for quantum sensing of magnetic fields. We modeled the interactions within each graph
by a transverse-field Ising Hamiltonian, assuming the system is in thermal equilibrium at a known tem-
perature. We used two key metrics to assess each network topology, defined by its graph structure for

its ability to estimate a weak magnetic field: the spectral sensitivity measure D,,, used as the fitness func-
tion, and the QFI, which quantifies the metrological performance of the graph sensors. We employed

the GA to explore the large combinatorial space of possible graph configurations, identifying those with
enhanced sensitivity to external fields. We guided the optimization by the spectral sensitivity measure D,
which we showed to correlate strongly with the QFI while being computationally more efficient.

Our results demonstrate that the GA converges rapidly, often within the first 10 generations, and fre-
quently identifies optimal graph configurations within the initial generations. The QFI exhibits a super-
linear increase with system size, signaling enhanced quantum sensitivity. Despite this promising behavior,
beyond a critical size N, the QFI saturates and transitions to linear scaling with N, reflecting the onset
of the standard quantum limit where sensitivity improves only as 1/v/N. This behavior highlights a phe-
nomenon of diminishing returns, which becomes apparent when Kac scaling is applied. Since Kac scal-
ing normalizes the interaction strength and reveals extensive behavior. The transition towards classical
behavior is associated with the closing of the energy gap. Specifically, for complete graphs, both the QFI
and spin squeezing tend to saturate—or even decline—as N increases. Notably, this diminishing returns
effect is challenging to observe for finite N without Kac scaling, which could lead to misleading inter-
pretations of scaling trends. For example, in the high-temperature regime (T =2), the QFI scales lin-
early with N, indicating the absence of superlinear scaling and thus no enhanced sensitivity as N grows.
Beyond the global scaling trends, we also observe even—odd oscillations in both D, and QFI, which
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we attribute to quantum interference effects. We explored these effects through a phase-space analysis
based on the Husimi Q-function, highlighting the direct correspondence between interference effects

and QFI oscillations. Our analysis reveals that the even—odd oscillations in the QFI are direct mani-
festations of phase interference patterns in the ground state, as visualized by the Husimi Q-functions.
Therefore, phase-space interference emerges as the fundamental origin of the oscillations observed in our
results [58—61]. Furthermore, our findings indicate that only graph topologies with an even number of
nodes (N > 6) are sensitive to variations in the magnetic field.

To probe system-size scaling beyond the optimized datasets, we separately trained a DNN on the
even and odd N data identified by the GA. Using D, and the QFI as inputs, the network efficiently
learned the sensitivity metrics and successfully extrapolated them to larger system sizes. Our results
reveal that, for odd N, the QFI increases linearly with system size, whereas for even N, it initially exhibits
a decreasing trend before transitioning to linear scaling with N.

Taken together, our results underscore the critical role of interaction topology, quantum interfer-
ence, and scaling behavior in determining quantum sensing performance. We show that neural net-
works can serve as efficient surrogate models, enabling exploration of large-scale sensing architectures
without the need for exhaustive quantum simulations. By integrating evolutionary algorithms with
machine learning, our data-driven framework offers a scalable and resource-efficient approach to design-
ing quantum sensors. These findings highlight the importance of topology-aware design strategies in
advancing both the theoretical understanding and practical implementation of next-generation quantum
sensing technologies.
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Appendix A. Efficiency of the genetic algorithm (GA)

To demonstrate the efficiency of our GA in finding highly sensitive graph structures with the highest
value of D,,, we analyze the generation index at which the maximum value of the D, is achieved for dif-
ferent graph sizes N.

Figure 14 shows that, for most values of N, the optimal graphs are identified within the first few
generations. This indicates that the GA converges quickly and does not require a large number of gen-
erations to locate high-performing solutions. Based on this observation, we limit our GA runs to a max-
imum of ng = 15 generations, significantly reducing computational cost without sacrificing performance.

14 1

124

10 1

—e— Generation for max D,
---- Generation cutoff (15)

Generation Index

2 4 6 8 10 12

Figure 14. Generation index at which the maximum value of D,, is found for each N for optimal graphs in figure 3. The dashed
line indicates the generation cutoff at ng = 15, which we adopted based on early convergence.
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Appendix B. Effect of magnetic field on the graph structures

In this section, we present the optimized graph structures for various values of the magnetic field
strength. Figure 15 illustrates the structural variations of the graphs for two different magnetic field val-
ues (h=0.02 and h=0.04.). We observe that changes in the magnetic field strength can alter the con-
nectivity patterns within the graphs, particularly for even system sizes. Notably, this effect becomes signi-
ficant when N > 6, indicating that the magnetic field plays a nontrivial role in determining the optimal
interaction network for larger systems. For odd values of N, the graph structures remain unchanged
across variations in h.

h=0.02, N=6 h=0.02, N=8 h=0.02, N=10
3—=2

\ / \ 4// \

/ \ { \

0

\ \ .
/7 \7\_8/
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Figure 15. Graph structures optimized via GA for different values of magnetic field strength. The top row corresponds to the
best-performing graphs (in terms of D, and QFI) at h = 0.02, while the bottom row shows the corresponding optimal graphs at
higher h = 0.04. Each column displays results for system sizes N = 6,8, 10. The variation in edge connectivity illustrates how the
strength of the magnetic field affects the optimal topology for quantum sensing tasks.
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