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Abstract

We exhibit explicit examples of very general special cubic fourfolds with discriminant d admit-
ting an associated (twisted) K3 surface, which have non-isomorphic Fourier-Mukai partners. In
particular, in the untwisted setting, we show that the number of Fourier-Mukai partners for a very
general special cubic fourfold with discriminant d and having an associated K3 surface, is equal
to the number m of Fourier-Mukai partners of its associated K3 surface, if d = 2(mod 6); else, if
d = 0(mod 6), the cubic fourfold has [m/2] Fourier-Mukai partners.

1 Introduction

A cubic fourfold Y is a (smooth) hypersurface of degree 3 in P%. In [15], Kuznetsov studied the
derived category Db(Y) of bounded complexes of coherent sheaves on Y to address the problem of the
(non)rationality of the cubic fourfold. More precisely, for ¢ = 0, 1,2, let Oy (i) be the pullback of the
line bundle Ops (i) with respect to the embedding of Y in P%. The derived category DP(Y) admits a
semiorthogonal decomposition of the form

D°(Y) = (Ay, Oy, Oy (1), Oy (2)),
where Ay is the right orthogonal of the subcategory of DP(Y) generated by {Oy, Oy (1), Oy (2)}, i.c.
Ay := {FeDP(Y): Home(Y)(Oy(i), F) =0 for every i = 0,1, 2}.

Moreover, the triangulated subcategory Ay has certain similarities with the bounded derived category
of coherent sheaves on a K3 surface. Indeed, the Serre functor on Ay is the shift by two and the
Hochschild cohomology of Ay is isomorphic to that of a K3 surface (see [14], Corollary 4.3 and [16],
Proposition 4.1).

The only non-trivial piece Ay of the decomposition above should carry the information about the
birational type of the cubic hypersurface. In fact, it has been conjectured that the cubic fourfold Y
is rational if and only if the category Ay is equivalent to the derived category of coherent sheaves
on a K3 surface (see [15]|, Conjecture 1.1). To support this guess, Kuznetsov proved in [15] that the
cubic fourfolds which were known to be rational satisfy this condition (see also [19]). Furthermore, this
conjecture descends from a more general one, concerning the Clemens-Griffiths components associated
to a (maximal) semiorthogonal decomposition (see [16], Section 3).

On the level of the Hodge theory, the existence of an associated K3 surface as an indicator of
rationality was deeply studied (see [9], for a complete survey). Actually, Kuznetsov’s conjecture would
imply that a cubic fourfold with a Hodge associated K3 surface is rational, by results of Addington,
Thomas and Bayer, Lahoz, Macri, Nuer, Perry and Stellari, relating the categorical and the Hodge
theoretical setting (see [1], Theorem 1.1 and [2], Corollary 1.7). Nevertheless, these conjectures have
not been proved yet.

In [11], Huybrechts deeply studied the category Ay, in order to develop a theory for cubic fourfolds
which parallels that of the derived category of a (twisted) K3 surface. In particular, he proved the



analogous version for Ay of some results concerning Fourier-Mukai partners of a K3 surface. In general,
we recall that a functor Z : DP(Z) — DP(Z’), between the derived categories of two algebraic varieties
Z and Z', is of Fourier-Mukai type if there exist an object K in the derived category Db(Z x Z') of
the product and an isomorphism of exact functors

E(—) = () = RPZ’*(KQ%LPE(_))’

where pz : Z x Z' — Z and py : Z x Z' — Z' are the natural projections (see [16], Section 1.5). A
cubic fourfold Y’ is a Fourier-Mukai partner of Y if there exists an equivalence of categories

Ay = Ay

which is of Fourier-Mukai type, i.e. such that the composition
D (V) 5 Ay = Ays > DP(Y)

is a Fourier-Mukai functor; here, i* denotes the left adjoint functor of the full inclusion i : Ay —
Db(Y). Usually in the literature this denomination is used to identify smooth projective varieties with
equivalent derived categories. However, cubic fourfolds satisfying this condition are isomorphic by a
result of Bondal and Orlov (see |5], Theorem 3.1). Thus, it becomes interesting to address the same
problem by considering the K3 categories.

Huybrechts showed that the number of (isomorphism classes of) Fourier-Mukai partners for a cubic
fourfold Y is finite (see [11], Theorem 1.1), as in the case of Fourier-Mukai partners for a K3 surface
(see [4], Proposition 5.3). Moreover, he proved that a very general cubic fourfold Y, i.e. such that
tk(H?2(Y,Z)) = 1, has no non-trivial Fourier-Mukai partners (see [11], Corollary 3.6).

It is natural to ask whether a special cubic fourfold Y, i.e. such that tk(H>2(Y,Z)) > 2, admits
Fourier-Mukai partners which are not isomorphic to Y. In particular, we may wonder if for special
cubic fourfolds it is possible to prove a version of Theorem 1.7 and Corollary 1.8 of [21], which state
that there are examples of K3 surfaces having a prescribed number of non-isomorphic Fourier-Mukai
partners.

In the third section of this paper, we prove that the answer is positive in the case that the rank of
H?2(Y,Z) is exactly two and the cubic fourfold Y admits an associated K3 surface X with “enough”
non-trivial Fourier-Mukai partners. More precisely, given a positive integer d, we denote by C; the
divisor parametrizing special cubic fourfolds with discriminant d (see Section 2.1). We recall that:

e (see [8], Theorem 1.0.1) the divisor C4 is non empty if and only if

d> 6 and d =0,2(mod6); (0)

e (see [8], Theorem 1.0.2 or Section 2.1) a cubic fourfold Y € Cy4 has an associated K3 surface if
and only if
4td, 91d, ptd for any odd prime p such that p = 2(mod 3). (a)

The first result of this paper is a counting formula for the number of Fourier-Mukai partners for
very general special cubic fourfolds admitting an associated K3 surface.

Theorem 1.1. Let d be a positive integer satisfying (0) and (a). Let Y be a very general special cubic
fourfold in Cq and let m be the number of non-isomorphic Fourier-Mukai partners of an associated K3
surface to Y. Then, the cubic fourfold Y has exactly m non-isomorphic Fourier-Mukai partners, when
d = 2(mod 6); otherwise, if d = 0(mod6), the number of non-isomorphic Fourier-Mukai partners of Y
is equal to [m/2].



As a consequence of Theorem 1.1, we deduce that there exist cubic fourfolds admitting an arbitrary
number of Fourier-Mukai partners, depending on the number of distinct odd primes in the prime
factorization of the discriminant (see Proposition 3.2).

More generally, we recall that a cubic fourfold Y € C4 has an associated twisted K3 surface (see
[11], Section 2.4 or Section 2.4) if and only if

n; = 0(mod 2) for all primes p; = 2(mod 3) in 2d = Hp;” (a’)

A weaker formulation of Theorem 1.1 holds for very general special cubic fourfolds Y in Cy, admitting
an associated twisted K3 surface (X, a), if 9 does not divide the discriminant d. Indeed, in Section
4.1, we show that the number of non-isomorphic twisted Fourier-Mukai partners of (X, «) with the
Brauer class of the same order as «, gives a lower bound for the number of Fourier-Mukai partners of
the cubic fourfold.

Theorem 1.2. Let d be a positive integer satisfying (0) and (a’). Assume that 9 does not divide d.
Let Y be a very general special cubic fourfold in Cq with associated twisted K3 surface (X, ), where
a has order k; let m’ be the number of non-isomorphic Fourier-Mukai partners of (X, ) with Brauer
class of order k. Then the cubic fourfold Y admits at least m’ non-isomorphic Fourier-Mukai partners,
when d = 2(mod 6); otherwise, if d = 0(mod 6), the number of non-isomorphic Fourier-Mukai partners
of Y is at least [m'/2].

In particular, under the hypotheses of Theorem 1.2, the value m’ is controlled by the number of
distinct primes in the prime factorization of d/2 divided by the square of the order of the Brauer class
a and by the Euler function evaluated in ord(«), as we show in Proposition 4.7.

These results complete the expected analogy between cubic fourfolds and K3 surfaces, stated in
[11], and prove that the isomorphism class of a cubic fourfold is in general not determined by its K3
subcategory. They also represent a first step in order to understand whether cubic fourfolds which are
Fourier-Mukai partners are birational.

Related works. In [3], Proposition 6.3, the authors prove that a cubic fourfold Y in Cg with H>2(Y, Z)
of rank 2 has only one isomorphism class of Fourier-Mukai partners. Also in [3], Remark 6.4, they

explain how to construct examples of non-isomorphic Fourier-Mukai partners for cubic fourfolds in Cg
with H*2(Y,Z) of rank > 2.

Plan of the paper. In Section 2 we recall some preliminary material on cubic fourfolds and K3
surfaces we will use in the next sections. In Section 3.1 we count the period points defined by the
Fourier-Mukai partners of a K3 surface associated to a very general special cubic fourfold. Section 3.2
is devoted to the proof of Theorem 1.1. In Section 4.1 we prove Theorem 1.2. In Section 4.2 we give a
counting formula for twisted non-isomorphic Fourier-Mukai partners of a twisted K3 surface which is
associated to a cubic fourfold as in Theorem 1.2. In Section 4.3 we explicit the lower bound of Theorem
1.2.

Notation. We use the following terminology: a cubic fourfold Y is very general if rk(H?*2(Y,Z)) = 1,
while a very general special cubic fourfold Y has rk(H?2(Y,Z)) = 2 and belongs to the complement of
a countable union of divisors in a divisor Cy.

The number of non-isomorphic Fourier-Mukai partners of a K3 surface is denoted by m, which
could be also equal to 1.

Note. Using the new results in [2], it is possible to prove that Theorem 1.1 and Theorem 1.2 hold for
every cubic fourfold with associated (twisted) K3 surface and tk(H?2(Y,Z)) = 2, not only for the very
general special ones. See Remark 2.12, Remark 3.3 and Remark 4.2 for more details.
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2 Recollection of results and notation

In this section we recall some results about cubic fourfolds and K3 surfaces we will use in the next.

2.1 Special cubic fourfolds and associated K3 surface

Let Y be a cubic fourfold; we denote by H*(Y,Z)(1) the degree four integral cohomology group
of Y with weight two Hodge structure and intersection form (, ) with reversed sign. By classical
results of Hodge theory and classification of quadratic forms, we have that H*(Y,Z)(1) is isometric
to the odd unimodular lattice L := Z®?@7Z(—1)®2!. Tt contains an element h such that (h,h) =
—3, corresponding to the square of the class of a hyperplane in Y. Moreover, the primitive lattice
H*(Y,Z) prim (1) (with weight two Hodge structure and intersection form with reversed sign) is isometric
to
L0 := Ay(—1) @ U®? @ Eg(—1)%2;

0 1

1 0) , Eg(—1) is the unique even, uni-

here U denotes the free group Z®? with intersection form (

modular lattice of signature (0,8) and Ay(—1) := <_12 _12) (see [8], Proposition 2.1.2). We set

Q:={yeP(L°QC): (y,y) =0, (y,y) > 0}. (1)

The choice of a connected component D’ of Q determines the local period domain for cubic fourfolds.
Let I't be the subgroup of the group of automorphism of L, preserving the class h and the component
D'. The global period domain of cubic fourfolds is the quotient D := I'"\D’. We denote by C the
moduli space of cubic fourfolds and let

7:C—>D

be the period map. Voisin proved that 7 is an open immersion, i.e. Torelli Theorem holds for cubic
fourfolds (see [23]).

A cubic fourfold Y is special if there exists a rank-two (negative definite) primitive sublattice
(K, (,)) of H{Y,Z) n H*2(Y), containing the class h. This lattice K is a labelling for Y and the
discriminant of the pair (Y, K) is the determinant of the intersection matrix of K. We will write Ky to
underline the fact that the labelling has discriminant d. By Hassett’s work, special Hodge structures
with labelling K, form a divisor D/, in the local period domain. If Dy = I'*\D/,, then Cq = C n Dy (via
7) is the irreducible divisor in C of special cubic fourfolds of discriminant d. By [8], Theorem 1.0.1,
the divisor C4 is non empty if and only if

d> 6 and d = 0,2(mod6). (0)
Hassett also gave numerical conditions on d which ensure the existence of an associated K3 surface.

Theorem 2.1 ([8], Theorem 1.0.2). Let Y be a cubic fourfold in Cq with labelling K4. There exist a
K3 surface X with polarization class of degree d and an isometry of Hodge structures

Ki = H*(X,Z) prim



between the orthogonal sublattice to Kq in H*(Y,Z)(1) and the degree two primitive cohomology of the
K3 surface, if and only if d satisfies the following condition:

41d,91d, ptd for any odd prime p such that p = 2(mod 3). (a)

We point out the following property concerning the discriminant group d(K j) of K j, endowed
with the discriminant form Gt induced by the intersection form.

Proposition 2.2 ([8], Proposition 3.2.6). If d = 0(mod6), then d(Ky) =~ Z/$Z® Z /3Z, which is

cyclic unless nine divides d. Furthermore, we may choose this isomorphism so that

(mod 27Z).

Ll w

i ((0,1)) =~ (m0d22) and g, ((1,0)) =

If d = 2(mod6), then d(Kj) ~ 7 /dZ. Furthermore, we may choose a generator g so that

1—-2d
Urcf (9) =~ (mod 22),

2.2 Immersion into the moduli spaces of K3 surfaces

In [8], Section 5.3, Hassett proved that the existence of an isometry of Hodge structures as in Theorem
2.1 allows an identification between the moduli space of marked special cubic fourfolds of discriminant
d and the moduli space of degree d polarized K3 surfaces. Let us explain this observation. We fix
a rank-two, negative definite, primitive sublattice K5 < L of discriminant d, containing h. We write
F; to denote the subgroup of the group of automorphisms of L fixing the class h and preserving
the labelling K. Let D}fb be the period domain which parametrizes Hodge structures x € D’ with
K4 < H*?*(z) n L, modulo the action of '}, i.e.

Db .= T N\DJ.

We say that D}iab is the period domain of labelled special Hodge structures with discriminant d. Notice
that D}iab is birational to Dy via the morphism Difb — D. Actually, a point in Dy with the minimal
number of algebraic classes has a unique labelling. In particular, Dllab is the normalization of D, (see
[8], Section 3.1)

Let, now, G;r be the subgroup of F; of automorphisms acting trivially on K;. Then, Hassett
defines the period domain of marked special Hodge structures of discriminant d as the quotient

Dy~ GE\D,

In this new space, two cubic fourfolds having the same labelling K; which comes from different primitive
embeddings in H*2?(—) n L are not identified. The relation between D7* and D}iab is explained in the
following proposition.

Proposition 2.3 ([8], Proposition 5.3.1). The group G is equal to T (resp. the group G is an
indez-two subgroup of T'Y ), if d = 2(mod 6) (resp. if d = 0(mod 6)).
The forgetful map p : D" — DX is an isomorphism (resp. a double cover), if d = 2(mod 6) (resp.

if d = 0(mod6)).

Remark 2.4. Assume d = 0(mod6) and let y be a point in D, By Proposition 2.3, the fiber on
y of the map D% — D}fb contains two elements, which we denote by y; and 7. Then, the Hodge
structures on LY represented by y; and 7o are related by the automorphism v of L% acting as the
multiplication by —1 on the two hyperbolic planes and as the identity elsewhere. The automorphism
7 is an element of I'", but it does not belong to G} for these values of the discriminant (see [8], the
proof of Proposition 5.3.1).



On the other hand, let us recall the construction of the global period domain for degree d polarized
K3 surfaces. The degree two cohomology group of a K3 surface with the usual intersection form (, )
is isometric to the lattice A := Eg(—1)®2 @ U®3. We denote by ¥4 the group of automorphisms of A,
preserving the element [ := e + (d/2)f1 € U. Let Aj be the orthogonal complement of { in A. Then,
the quadric

{zxeP(AY®C) : (z,2) =0, (z,Z) > 0}

has two connected components N}, and N ;. Let E:{ be the subgroup of ¥4 preserving the component
N the quotient
Ny = EH\WN

is the global period domain for K3 surfaces with polarization class of degree d.
The following result follows from the fact that an isometry K =~ Ag induces the isomorphisms
D/, ~ N} and G:{ x> EJ.

Theorem 2.5 ([8], Theorem 5.3.2, 5.3.3). Let d be a positive integer satisfying conditions (0) and (a).
Then, there exists an isomorphism
Ja : D" — N,

induced by K+ =~ AY, which is unique up to the choice of an element in Iso(d(K+),d(A%))/(+1).
d d d d

2.3 Mukai lattice for Ay

Let us now consider the categorical framework. The subcategory Ay of a cubic fourfold Y behaves in
a certain way as the derived category of a K3 surface. Indeed, the Serre functor on Ay is the shift by
two and the Hochschild cohomology of Ay is isomorphic to that of a K3 surface (see [14], Corollary 4.3
and [16], Proposition 4.1). In [15], Kuznetsov proved that for certain special cubic fourfolds Y, there
exist a K3 surface X and an equivalence of categories Ay — DP(X). In general, if this condition is
satisfied, we say that Ay is geometric. In [1], Addington and Thomas explained the relation between
Kuznetsov’s K3 surface and Hassett’s Hodge theoretic associated K3 surface. Indeed, let Kiop(Y)
be the topological K-theory of Y, which in this case is simply the Grothendieck group of topological
complex vector bundles on Y, endowed with the Euler pairing x. Let

>~

4
Up ot Ktop(y) ®Q— @Hzp()/a Q)(p)7

p=0

be the isomorphism induced by the Mukai vector, defined as vy (—) := ch(—)4/td(Y). Then vy,

induces a weight-zero Hodge structure on
Kiop(Ay) :={k € Kiop(Y) : x([Oy (i)],k) = 0, for all i = 0,1, 2}.

We denote by H(Ay,Z) the lattice Kiop(Ay)(—1) with the induced weight-two Hodge structure and
Euler form with reversed sign: it is isomorphic to the lattice A := FEg(—1)®? @ U®* and it is called the
Mukai lattice of Y (see [1], Section 2.3). Let

N(.Ay) = ﬁl’l(.Ay,Z) = I:II’l(.Ay) N f{(.Ay,Z)

be the generalized Néron-Severi lattice of Ay and we denote by T'(Ay) its orthogonal complement in
H(Ay,Z), which is the generalized trascendental lattice of Ay. Then, there exist two elements A1, Ao
in N(Ay) spanning a rank two sublattice with intersection matrix

2 -1
e (25,



Proposition 2.6 ([1], Proposition 2.3). The Mukai vector induces an isometry between the orthogonal
complement Ay of As in H(Ay,Z) and the primitive lattice (hyt = HYY,Z)prim(1). Moreover, if
ki,...,kn are elements of H(Ay,7Z), then vy induces an isometry

O, Ao,k k)t = (hyea(ky), ..o ea(kn))h

Remark 2.7. Since, by definition, the lattice As is contained in N(Ay ), the orthogonality condition
implies that T'(Ay) is in AQL. In particular, as observed in [11], Section 3.3, the orthogonal complement
to the trascendental lattice in Ay is N(Ay) N Az.

Theorem 2.8 ([1|, Theorem 1.1). If Ay is geometric, then Y belongs to Cq for some d satisfying
condition (a) of Theorem 2.1. Conversely, for each d satisfying (a), the set of cubic fourfolds' Y in Cq4
for which Ay is geometric forms a Zariski open dense subset.

Remark 2.9. In [2], Corollary 1.7, the authors prove that every Y € C, for d satisfying (a) is geometric,
extending Addington and Thomas’ result to the whole divisor.

In [11], Proposition 3.4, Huybrechts proved that, given two cubic fourfolds Y and Y”, the existence of
a Fourier-Mukai equivalence Ay — Ay~ implies the existence of a Hodge isometry of the corresponding
Mukai lattices. The surprising fact is that, under some assumptions, the category Ay is completely
determined by the Hodge structure on H(Ay,Z), as we recall in the next section.

2.4 Associated twisted K3 surface

In [11], Huybrechts generalized Theorem 2.1 and Theorem 2.8 to the case of cubic fourfolds admitting
an associated twisted K3 surface. We recall that a twisted K3 surface is the data of a K3 surface X
and a class in the Brauer group H?(X, O%)tors of X. Following [12], Section 2, let B be a rational
class of H?(X,Q), which is sent to o through the composition

H*(X,Q) — H*(X,0x) 22 H*(X,0%).

We say that B is a B-field lift of . We denote by H (X, a,Z) the cohomology ring H*(X,Z) with the
Mukai pairing and the weight two Hodge structure defined by

H*Y(X,a) := exp(B)H**(X) and HY'(X,a):= exp(B)H"(X).

We see that H(X,«,Z) is isomorphic as a lattice to A and we call it the Mukai lattice of (X, ). We
can consider the algebraic part

N(X,a) = HYY(X,0,Z) := HYY(X,a) n H(X, o, Z)

and we define the generalized twisted trascendental lattice T'(X, ) as the orthogonal complement of
N (X, «) with respect to the Mukai pairing. On the other hand, using the intersection product with
B, we can identify the class o with a surjective morphism « : Tx — Z Jord(a)Z. Then, the kernel
of « is isomorphic via exp(B) to T(X, «) (see [10], Proposition 4.7). For this reason, we will use the
same notation for T'(X, ) and ker(a) (resp. for N(X, «) and the orthogonal complement of ker(a) in
H(X,a,Z)), even if the first one is primitively embedded in H (X, «,Z), while the second one is not.
As in the untwisted case, the condition of having an associated twisted K3 surface on the level of
Hodge structures on the Mukai lattices depends only on the value of the discriminant d.
Theorem 2.10 (|11], Theorem 1.3). Let Y be a cubic fourfold. There exist a twisted K3 surface (X, «)

and a Hodge isometry H(Ay,Z) =~ H(X,a,Z) if and only if Y belongs to Cy for d such that

n; = 0(mod 2) for all primes p; = 2(mod 3) in 2d = Hp:“ (a’)

7



Moreover, Theorem 2.8 and Remark 2.9 have the following form in the twisted setting.

o If there exists a twisted K3 surface (X, «) such that the category Ay is equivalent to the derived
category Db(X ,a) of bounded complexes of a-twisted coherent sheaves on X, then the cubic
fourfold Y belongs to C4 for d satisfying condition (a’) of Theorem 2.10 (see [11], Theorem

1.4(1)).

e In [11], Theorem 1.4(ii), Huybrechts proved that if d satisfies (a”), then a Zariski open subset of
cubic fourfolds Y™ in the divisor Cq have Ay => DP(X,«). In [2], Proposition 32.2, the authors
extend this result to all cubic fourfolds in Cy.

Finally, we recall the following result, crucial for the proofs in the next sections, which states that
the Hodge structure on the Mukai lattice determines the K3 category for cubic fourfolds with (twisted)
associated K3 surface.

Theorem 2.11 (|11], Theorem 1.5(ii)). For d satisfying (a’) and a Zariski dense open set of cubic
fourfolds Y € Cq, there exists a Fourier-Mukai equivalence Ay — Ay if and only if there erists a
Hodge isometry H(Ay,Z) = H(Ay+,Z).

Remark 2.12. Using that every Y in such a divisor has Ay —> D°(X, ) by [2], we can extend this
result to all the divisor C,4 following the same proof of [11].

Remark 2.13. Set . .
Q:={peP(ARC): (p,9) =0,(p,p) >0}.

A point ¢ € Q is of K3 type (resp. of twisted K3 type) if there is a K3 surface X (resp. a twisted K3
surface (X, )) such that the Hodge structure defined by ¢ on A is Hodge isometric to H(X,Z) (resp.
H(X,o,7)) (see [11], Definition 2.5). We denote by Qs (resp. Qxs) the set of points of K3 type
(resp. of twisted K3 type) in Q.

Notice that D' < Q — Q, as L ~ AQL. Thus, we can consider the sets
DKg = QKS M D/ and DK3I = QK3’ M D,,

containing period points in D’ of (twisted) K3 type (see [11], Section 2.5).

2.5 Counting formulas for Fourier-Mukai partners of a K3 surface

The aim of this subsection is to recollect some known formulas which count the number of isomorphism
classes of (twisted) Fourier-Mukai partners of a given (twisted) K3 surface. We recall that a twisted
Fourier-Mukai partner of a K3 surface X (resp. a twisted K3 surface (X, «)) is a twisted K3 surface
(X', a’) such that there exists an equivalence of categories D?(X) = DP(X’, /) (resp. DP(X,a) =
Db(X " a)); if the Brauer class ' is trivial, we say that the Fourier-Mukai partner is untwisted.

The first result concerns the number of isomorphism classes of untwisted Fourier-Mukai partners
of a very general polarized K3 surface, which is determined by the number of distinct primes in the

factorization of the degree of the polarization class.

Theorem 2.14 (|21], Proposition 1.10). Let X be a K3 surface with Néron-Severi lattice NS(X) of
rank one generated by a polarization class lx such that l_%( = 2n. Let m be the number of (isomorphism
classes of ) Fourier-Mukai partners of X ; then we have:

e m=1,ifl% =2 orl% =2
o m=2""1 if 13 =2p7 ... pit,

o m=2" if1% =200 .. .ph,



where a, h and the e;’s are natural numbers with a = 2, the p;’s are different primes such that p; = 3.

More generally, Ma proved in [18] a counting formula for isomorphism classes of twisted Fourier-
Mukai partners of a twisted K3 surface (X, o) which admits an untwisted Fourier-Mukai partner (see
[18], Theorem 1.1). Moreover, relaxing this hypothesis, he obtained an upper bound to the number of
twisted Fourier-Mukai partners of (X, ). We conclude this paragraph by resuming Ma’s construction,
which will be useful in Section 4.

Let (X, a) be a twisted K3 surface with ord(«) = k. We recall that a twisted K3 surface (X', o)
is isomorphic to (X, «) if there exists an isomorphism F : X =~ X' such that F*o/ = a. We denote
by FM" (X, «) the set of isomorphism classes of Fourier-Mukai partners (X', a’) of (X, «), having o/
of order r. We say that (X1,a1) and (X2, a2) in FM"(X, «) are ~-equivalent if there exists a Hodge
isometry g : Tx, = Tx, such that g*as = a;. We define the quotient

FM"(X,a) :=FM"(X,a)/ ~

and we denote by 7 : FM"(X, a) - FM" (X, «) the quotient map. Let I"(d(T(X,«))) be the set of
all isotropic elements of order 7 of the discriminant group (d(T'(X, @), g7(x,q)) of T(X, @), i.e.

I"(d(T(X,«a))) := {x edT(X,a)): qT(X’a)(az) =0e€Q/2Z,ord(x) = r} .

We define the map
p: FMU(X, ) = Onag(T(X, ) \I"(d(T(X, ), (2)

where Onqg(7T(X, a)) is the group of Hodge isometries of the generalized trascendental lattice, in the
following way. For every (Xj,a1) in FM" (X, a), there exists a Hodge isometry g : T(X1, 1) =
T(X,a). Then

gi/ (TX1) ~ TX1 Z

~

T(X,a) ~ T(X1,01) ~ rZ

is an isotropic, cyclic subgroup of d(T'(X, «)) of order r. Thus, for every class [( X1, a1)] in FM"(X, a),
we set

p([(X1,a1)]) = 2 := [g1(a; ' (1))] € Onag(T(X, ) NI (AT (X, ).
We have that:

1. The map pu is well-defined and injective (see [18], Lemma 3.2);
2. The image of y is contained in Onqg(7(X, a))\J" (d(T(X, v))), where
J(d(T(X,a))) ={z e I"(d(T(X,a))) : there exists an embedding U — (N (X, a), \(z))},
for A1 d(T(X, ) = d(N(X, «)) (see [18], Proposition 3.4).
On the other hand, for every (Xi,aq) in FM"(X, «), we can define a map
v Y w(Xy, o)) = (X1, 0q) P\Emb(U, N (X1)), (3)

where Emb(U, N(X1)) is the set of the embeddings of U in N(X;) = H%(X1,Z)®NS(X1)® H*(X1,7Z)
and I'(X1, a1) 7T is the set of orientation-preserving isometries of N(X7) !, which come from isometries
of Tx, fixing ay (see [18], Section 3.2). We have that:

'In general, given a lattice L of signature (I4,l_) with [y > 0, we can consider the set of oriented positive definite
l4+-planes in L ® R. An orientation for L is the choice of an orientation for such a positive definite [ -plane. For a
subgroup I' of O(L), we denote by I'" the subgroup of isometries of I" which preserve the given orientation (see [18],
Section 2.1).



1. The map v is injective (see [18|, Lemma 3.5);
2. The map v is surjective if and only if the Caldararu’s Conjecture holds (see [18|, Remark 3.7).

We recall the statement of Cdlddraru’s Conjecture, which was proposed for the first time in [6], Con-
jecture 5.5.5.

Conjecture 2.15 (18|, Question 3.8). Let (X, «) be a twisted K3 surface. For each untwisted Fourier-
Mukai partner X' of X and each Hodge isometry g : T = T, the twisted K3 surface (X', g*a) is a
Fourier-Mukai partner of (X, a).

Remark 2.16. We point out that Conjecture 2.15 is related to an other conjecture due to Cildararu,
which asks whether two twisted K3 surfaces having Hodge isometric twisted trascendental lattices are
Fourier-Mukai partners. This conjecture is known to be false in general by [12|, Example 4.11.

To state Ma’s formula, we need to introduce some notation. For every z in I"(d(T'(X,«))), we
define the overlattice
Ty =z, T(X,a))

of T(X, «) and the morphism
T

7
- T —_— = >~ .
Qo2 7 PX ) =7

For a pair (z, M) such that
Mx), N(X,a)) =U @ M,

we define the number
7(z, M) := #(Ondg (T, a2)\O(d(M))/O(M)),

where Opngg(T%, o) is the set of Hodge isometries g of T, such that g*o, = a,. For a natural number
r, we define

1, ifr=1,2
e(r) = .
2, ifr>=3.

Finally, if G(L) is the genus of a lattice L, O(L)g is the kernel of the map 71, : O(L) — O(d(L)) and
O(L){ is the subgroup of O(L)p of orientation-preserving isometries, we define the subsets

Gi(L):=={L" € G(L): O(L)g # O(L')o}, Ga(L) :={L € G(L): O(L')§ = O(L)o}-
Using the previous observations, Ma proved that the following inequality holds.

Theorem 2.17 ([18], Proposition 4.3). We have the inequality

#HFM' (X, 0) <)’ {Zf(x, M) +e(r) ). 7(x, M’)} . (4)

T M M’

Here:
o x runs over the set Opqy(T(X, ) \J"(d(T(X,)));
o the lattices M and M’ run over the sets Gi(My), Ga(My) respectively, where My, is a lattice
satisfying (Mx), N(X,a)) = U @ M,.
3 Construction of the examples (untwisted case)

The aim of this section is to prove Theorem 1.1. In the first paragraph we make some preliminary
remarks, while in the last section we provide the proof of the theorem.
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3.1 Some preliminary computations

Let Y be a cubic fourfold in Cy with d satisfying condition (a) of Theorem 2.1 and tk H*2(Y, Z) = 2; let
us choose a K3 surface X of degree d associated to Y. In this section we show that the m non-isomorphic
representatives of the isomorphism classes of untwisted Fourier-Mukai partners of X determine m (resp.
[m/2]) distinct points in the period domain Dy if d = 2(mod 6) (resp. d = 0(mod 6)).

We recall that N(Ay) has rank 3, because Y has tkH?2(Y,Z) = 2 (see [11], Lemma 2.2). Let vy
be a generator of the rank one lattice N(Ay) n As. Let m be the number of isomorphism classes of
Fourier-Mukai partners of X. We fix a representative for each class of isomorphism and we denote
them by Xj,..., X, choosing X; := X. By [22], Theorem 3.3, this is equivalent to ask that, for every
index 2 < k < m, there exists a Hodge isometry H(X,Z) =~ H(X},Z). In particular, the Néron-Severi
lattice of X has rank one with the polarization class of degree d. We denote by xj the point in
the period domain N, which is determined by the Hodge structure on H?(X},Z). These points also
descend to different points in the period domain Ny, since they come from non-isomorphic polarized
K3 surfaces.

Composing the isometries of Proposition 2.6 and of Theorem 2.1, we get the isometry of Hodge
structures

(o T(.Ay) = <)\1,)\2,Vy>L = HQ(X, Z)prim = Tx.

This induces an isomorphism

J D N

between the local period domains. For every 1 < k < m, we denote by y; the preimage of xj with
respect to j/. By definition, the point y; parametrizes a special Hodge structure with labelling of
discriminant d on As. In particular, there exists a class vg in Ay with (vg,vi) = (vy,vy), such that if
Ty, = (Zvy)*" in AQL, then there is an isometry of Hodge structures ¢y, : Tx, = T}.

By Theorem 2.5, the isomorphism j’ descends to an isomorphism

D A

Thus, the points y1, ..., ym descends to distinct points, which we denote in the same way, in the period
domain D",

Let us consider their images in the period domain Dbab; here, these points could be identified. We
observe that, if some of them are not identified in D&ab, then they correspond to distinct points in the
period domain Dy. Indeed, the map sending Dilab in Dy, which forgets the labelling, is generically an
isomorphism.

In particular, it is enough to study the behavior of the forgetful map p : DF**" — Dilab over the
points Y1, ..., Ym, to understand how many of them define different special Hodge structures of dis-
criminant d. According to Proposition 2.3, we have to distinguish two cases depending on the value of
the discriminant.

Case d = 2(mod 6): by Theorem 2.5, we have that the map p is an isomorphism. Hence, y1,...,Ym
are not identified by the action of F; and they determine m distinct special Hodge structures of dis-
criminant d.

Case d = 0(mod6): by Theorem 2.5, the map p is a double cover. Hence, our points y1,...,Ym
descend to at least [m/2] different Hodge structures in Dy.

On the other hand, we observe that if T is a sublattice of A which is Hodge isometric to Tx, then
the lattice v(7T'), with the Hodge structure induced by the one on T through ~¢, satisfies the same
property. As a consequence, we obtain that the K3 surface X, () with trascendental lattice ~v(T) is a
Fourier-Mukai partner of X. Let Xy be the K3 surface with trascendental lattice 7" and consider X
and X, () with the unique polarization. Note that X7 and X, (7 are not isomorphic as polarized K3
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surfaces, because 7 is not in G =~ E; by Remark 2.4 and Theorem 2.5. Thus, their corresponding
period points in Ny define two distinct period points in D", which belong to the same fiber of p.
As a consequence, the m points yi, ..., y, determine exactly [m/2] different special Hodge struc-

tures of discriminant d.

3.2 Proof of Theorem 1.1

Keeping the notation introduced in Section 3.1, we set

_m if d = 2(mod 6)
P /2] if d = 0(mod 6).

Firstly, we prove that p is an upper bound to the number of Fourier-Mukai partners of Y. Actually, this
represents an alternative way to prove the finiteness result of [11], Corollary 3.5, for a cubic fourfold
with H?? of rank 2 and associated K3 surface.

Proposition 3.1. Let Y be a cubic fourfold in Cq with d satisfying condition (a) of Theorem 2.1
and with tkH>?(Y,7Z) = 2. If the associated K3 surface X admits m non isomorphic Fourier-Mukai
partners, then the cubic fourfold Y cannot have more than m (resp. [m/2]|) Fourier-Mukai partners if

d = 2(mod6) (resp. if d = 0(mod6)).

Proof. Consider the p distinct points y1,...,y, € Dy defined in Section 3.1. We claim that y;, belongs
to the image of the period map of cubic fourfolds for every 1 < k < p. Indeed, we observe that d is
not 2 or 6, because d satisfies condition (0), as C4 is not empty. Moreover, the point y; has a unique
labelling, as recalled in Section 2.2. It follows that gy is a period point in the complement of Dy U Dg.
By [17], Theorem 1.1, there exists a cubic fourfold Y}, in C4 such that 7(Y)) = yi, as we wanted.
Now, let Y’ be a Fourier-Mukai partner of Y, i.e. such that there exists an equivalence Ay — Ay~
of Fourier-Mukai type. By [11], Proposition 3.4, this induces a Hodge isometry H(Ay,Z) ~ H(Ay,Z).
Notice that tk H??(Y',Z) = 2, as for Y. Thus its period point 7(Y”) € D, corresponds to a point in
Db which we denote in the same way. Let 3’ € D¥¥ be a point in the fiber p~1(7(Y”)). We set
2’ := j(y') € Ng. The point 2’ corresponds to a very general K3 surface X’ with unique primitive
polarization ly/ of degree d. In particular, since H (Ay,Z) is Hodge isometric to the Mukai lattice
H(X',Z), it follows from [22], Theorem 3.3 that X’ is a Fourier-Mukai partner of X. Thus, there
exists an index k € {1,...,m} such that, if [x, denotes the unique primitive polarization on Xy, then
(X', lx/) = (X, lx,) as polarized K3 surfaces. Equivalently, the points 2’ and zj, are identified in Nj.
Since j is an isomorphism, it follows that y; = ' in DJ**. In particular, they represent the same
point in Dy: by the Torelli Theorem for cubic fourfolds, we conclude that Y is isomorphic to Yj,. This
implies the desired statement. O

We are ready to prove Theorem 1.1, which is formulated in a more precise way using Theorem 2.14.

Proposition 3.2 (Theorem 1.1). Let d be a positive integer satisfying conditions (0) and (a). Then,
the number of isomorphism classes of Fourier-Mukai partners for a very general special cubic fourfold
mn Cyq is

o p=2""1 ifd=2(mod6) and the prime factorization of d has h > 1 distinct odd primes;
o p=2""2 ifd=0(mod6) and the prime factorization of d has h > 2 distinct odd primes;

e p =1, otherwise.
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Proof. Let Y be a very general special cubic fourfold in Cy as in the statement. We consider the p
distinct points y1, ..., y, in Dy defined in Section 3.1. We claim that there exist p very general special
cubic fourfolds Y7,...,Y), € C4 such that 7(Yy) = yx for k = 1,...,p. Indeed, d is not 2 or 6, because
d satisfies condition (0). Moreover, every y; has a unique labelling, since they are very general. It
follows that yy, is a period point in the complement of Dy U Dg. By [17], Theorem 1.1, we deduce our
claim. Note that Y7 = Y and the cubic fourfolds Y7, ...,Y) are not isomorphic to each other by Torelli
Theorem for cubic fourfolds.
By construction, for every 2 < k < p, there is an isometry of Hodge structures

H(Ay,7Z) = H(X,Z) = H(Xy,Z) = H(Ay,, 7).

By Theorem 2.11, the existence of such an isometry of Hodge structures implies the existence of a
Fourier-Mukai equivalence between Ay and Ay, . On the other hand, by Proposition 3.1 every other
Fourier-Mukai partner of Y is isomorphic to one of those we constructed. Finally, the counting formula
of Theorem 2.14 implies the statement. O

Remark 3.3. As explained in Remark 2.12, using [2] we can remove the assumption that Y is very
general special to Theorem 1.1 and prove the result for every cubic fourfold with H>2?(Y,Z) of rank
two and associated K3 surface.

Example 3.4. Using Proposition 3.2, it is easy to find the divisors in C whose very general element has
non trivial Fourier-Mukai partners. For example, take d = 182, which is = 2(mod 6). By Proposition
3.2 the very general cubic fourfold in Cig2 has one non isomorphic Fourier-Mukai partner. If d = 546 =
0(mod 6), then the very general element in Cs46 has one non isomorphic Fourier-Mukai partner.

Remark 3.5. Notice that, to prove these results, we have fixed an associated K3 surface to Y and,
consequently, an isomorphism between the period domains DJ*" and Nj. Actually, we could choose
a Fourier-Mukai partner of X as fixed associated K3 surface to Y: this would have given a different
isomorphism j on the level of period domains and a different identification of Fourier-Mukai partners
of Y with Fourier-Mukai partners of X (see [9], Remark 27).

4 Construction of the examples (twisted case)

This section is devoted to the proof of Theorem 1.2. In particular, in Section 4.2 and 4.3 we explicit
the lower bound to the number of Fourier-Mukai partners of a cubic fourfold Y as in Theorem 1.2,
in terms of the number of primes in the prime factorization of the discriminant of Y and the Euler
function evaluated in the order of the Brauer class of the associated twisted K3 surface.

4.1 Proof of Theorem 1.2

Let Y be a very general special cubic fourfold in C4 such that condition (a’) of Theorem 2.10 holds. If d
satisfies in addition (a), then we fix an associated untwisted K3 surface and the following construction
provides the same period points constructed in Section 3. In the general case, the cubic fourfold Y has
a twisted associated K3 surface, which we denote by (X, «) with « of order . Assume also that

9 does not divide the discriminant d. (b)

Condition (b) implies that the discriminant group of T'(Ay) and, consequently, also that of T'(X, «),
are cyclic, by Proposition 2.6 and Proposition 2.2. As a consequence, by [20], Theorem 1.14.4, the
natural embedding

T(X,a) = HX,o,Z) = A (5)
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is unique up to isometry of A, because rk(N(X, a)) = I(d(T(X,))) +2 = 3 2.

Now, let (X’,o’) be a twisted Fourier-Mukai partner of (X, «) of the same order k. By [12],
Proposition 4.3, there is an isometry of Hodge structures H(X,«,Z) =~ H(X',o/,Z) preserving the
orientation. Thus the choice of (X', a’) determines a Hodge structure on the abstract lattice A which
is Hodge isometric to H (Ax,Z). Roughly speaking, in order to produce a Fourier-Mukai partner of Y
out of (X', a’), we need to check whether the two Hodge structures on H(Ax,Z), induced by (X, )
and (X', /) respectively, are not Hodge isometric on As .

To explain better the previous sentence, we need to introduce the following notation. Let 3" be the
period point in the quadric @) defined in (1) parametrizing the Hodge structure on H (Ax,Z) induced
by (X',a/). Up to exchanging H>%(X’, /) with H%?(X’,a’), we can assume that 3’ is in D/;. Recall
that the image of ¢ in Dy (which we still denote by ') is equal to the period point y := 7(Y") if and
only if there is an isometry of K CJ[ which extends to an isometry of LC. In this case, we would have that
the two Hodge structures on K dL given by those on H(X,,Z) and H(X', o/, Z), respectively, induce
the same Hodge structure on L, or equivalently on Azi.

As in the untwisted case, it is convenient to consider firstly the period domain D3**". Here, the
points y and 3/ are identified if and only if they are in the same orbit by the action of G;. We recall
that elements in G} are isometries of K7 acting trivially on the discriminant group d(K7).

Assume that (X', /) is not isomorphic to (X, «). In the next lemma, we prove that y and 3’ are
distinct in the period domain D;**" under this assumption.

Lemma 4.1. The period points y and y' are distinct in DJ*".

Proof. We will actually prove that if y = 3/ in DJ*", then the twisted K3 surfaces (X, o) and (X', o)
are isomorphic, in contradiction with our assumption.
If y and y' are the same point in the period domain D7, then there exists an isometry of Hodge

structures
n:T(X,a) =2T(X',d),

such that the induced isomorphism 7 between the discriminant groups d(7'(X, «)) and d(T'(X’,a/)) is
trivial.

First of all, we prove that the Hodge isometry n extends to a Hodge isometry g of the trascendental
lattices Tx and T'xs. Indeed, consider the natural (non primitive) embeddings i : T'(X, ) — Tx and
i T(X', o) — Txr. We set

Tx and H' = T

H—-_ X _ X
T(X,«a) T(X' o)’

which are cyclic subgroups of Z /dZ of order k. Thus, H and H' are the same subgroup, because they
have the same order. If 77 denotes the automorphism of Z /d Z induced by 7, then

G(H) = id(H) = H

by assumption. By [20], Proposition 1.4.2, we conclude that the isometry 7 extends to an isometry
g : Tx = Tx:. By construction, the isometry g preserves the Hodge structures on T'x and T'x-.
Secondly, it is easy to check that, if the isomorphism 7 acts as the identity on Z /d Z, then also g,
induced by g, acts trivially on the discriminant groups.
Finally, we denote by ZI! the rank one lattice which is the orthogonal complement of Tx in
H?*(X,Z) =~ A. Since d(Tx) = d(Z1), by [20], Proposition 1.5.2 we conclude that the isometry g
extends to an isometry fo of A and, therefore, the isometry g extends to f : H*(X,Z) =~ H*(X',Z).

2 Assumption (b) is used in the proof of Lemma 4.1, to lift an isometry of the twisted trascendental lattices acting
trivially on the discriminant group to the trascendental lattices of two twisted K3 surfaces. Also it is used in the proof of
Proposition 4.4, to lift an isometry of the twisted trascendental lattices to the Mukai lattices of two twisted K3 surfaces.
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Furthermore, the restriction of fj to Z1 is the identity, because by construction it induces the identity
on the discriminant group of ZI[. In particular, we deduce that the isometry f preserves the ample
cones of X and X’. By Torelli Theorem, there exists an isomorphism F between the K3 surfaces X’
and X such that F'* = f. Since, by definition, the isometry f sends the class o to o/, we conclude
that (X, ) and (X', ') are isomorphic as twisted K3 surfaces, in contradiction with our assumption.
Therefore, we conclude that y and y’ are not the same point in D", as we wanted. O

Proof of Theorem 1.2. The representatives of the m’ isomorphism classes of twisted Fourier-Mukai
partners of order £ of (X, a) determine m/ distinct period points y;, € D**" by Lemma 4.1. Arguing as
in the untwisted case, the proof follows from Proposition 2.3, Theorem 1.1 of [17] and Remark 2.12. [

Remark 4.2. As explained in Remark 2.12; using [2] we can remove the assumption that Y is very
general special to Theorem 1.2, which holds for every cubic fourfold with H?2(Y,Z) of rank 2 in the
fixed divisor Cg.

Remark 4.3. Notice that it is necessary to assume that ord(a) = ord(c’), in order to extend the
isometry 7 to the trascendental lattices. Indeed, if this condition is not satisfied, then the discriminant
groups of T'x and T+ could not be isomorphic. Actually, we can prove that Lemma 4.1 does not hold
in general without this assumption, by giving a counterexample in the untwisted case.

We set d = 2 - 132, which is congruent to 2 modulo 6 and let Y be a very general cubic fourfold
in Cy. Since d satisfies condition (a), there exists a K3 surface X, which is associated to Y. By the
counting formula of Theorem 2.14, the K3 surface X admits 2° = 1 isomorphism class of Fourier-Mukai
partners. On the other hand, by [18], Proposition 5.1, there exist ¢(13) - 27! = 6 isomorphism classes
of Fourier-Mukai partners of order 13 of X. We denote by (X', a’) one of them. Assume that there is
a cubic fourfold Y’ € C4 such that H(Ay,Z) =~ H(X',o/,7Z). By Remark 2.12, Y’ is a Fourier-Mukai
partner of Y. On the other hand, by the counting formula of Theorem 3.2, every Fourier-Mukai partner
of Y is isomorphic to Y it follows that Y =~ Y’. On the other hand, the K3 surfaces X and (X', o)
cannot clearly be isomorphic.

This prevents us to have a well-defined map between D7'*" and the period domain of generalized
Calabi-Yau structures of hyperkéhler type (see [10] for the definition), and to generalize Theorem 5.3.2
and 5.3.3 of [8] to the twisted case.

4.2 Ma’s formula in our setting

The aim of this paragraph is to prove that if we consider a very general cubic fourfold Y in C; satisfying
condition (a’) and (b), then formula (4) gives precisely the number of elements in the set FM" (X, a),
where (X, ) is a twisted K3 surface associated to Y. The key point of the proof is the fact that the
Caldararu Conjecture 2.15 holds in this particular case.

Proposition 4.4. Let (X, ) be a twisted K3 surface such that there exist a special cubic fourfold Y of
discriminant d and a Hodge isometry H(X, o, Z) = H(Ay,Z). If X has rk(H" (X,Z)) = 1, and 91 d,
then the number of (isomorphism classes of ) Fourier-Mukai partners of (X, ) of order r is given by
formula (4).

Proof. Firstly, we observe that the Caldararu’s Conjecture 2.15 holds under our assumptions for every
Fourier-Mukai partner (X1, 1) of (X, «). More precisely, we prove that if a K3 surface X/ has the
trascendental lattice Ty, Hodge isometric to Tx, via g1, then the twisted K3 surface (X1, 0] := gfaq)
is a Fourier-Mukai partner of (Xi,a;). Indeed, the isometry g; restricts to the isometry of Hodge
structures

fi= (gl)|T(X’,o/1) 3T(Xi,0/1> =~ T(X1,a1).
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Notice that there exists a Hodge isometry T'(X,«) =~ T(Xj,a1); therefore, the discriminant group
d(T (X1, 1)) is cyclic. Thus, by [20], Theorem 1.14.4, the isometry f extends to an isometry of Hodge
structures

o1: H(X],04,2) = H(X,01,7).

By [11], Lemma 2.3, we know that every Hodge structure on A determined by a point in D’ admits a
Hodge isometry that reverses any given orientation of the four positive directions. As a consequence,
up to composing with this isometry, we can assume that ¢; is orientation-preserving: by [13], Theorem
0.1, we conclude that there exists an equivalence of categories D?(X?, o)) = DP(X1, o). In particular,
we obtain that the map v of (3) is bijective.

To conclude the proof, we show that the map p of (2) has image Onqe(T(X, ) \J"(d(T'(X, @)));
in particular, this implies that we have an equality in formula (4).

Let z be in J"(d(T(X, ))); by definition, x is an element of I"(d(T'(X, «))) such that there exists
an embedding

p:U— an

where

M, := (\(z),N(X,a)) c N(X,a)"
is an overlattice of N (X, «). By [20], Proposition 1.4.1, we have

d(Mz) = (@)t [N (x)) = (o)t [(x) = d(T).

Thus, by [20], Proposition 1.6.1, we have an embedding M, ®T, — A, with M, and T}, both embedded
primitively. We define the lattice 3
Ay = p(U)* A A,

which is isometric to the K3 lattice A, with the Hodge structure induced from T,.. By the surjectivity
of the period map, there exist a K3 surface X, and a Hodge isometry

h:H*(X,,Z) = Ay.

We denote by «,, the composition a, o h’TXg); then, we obtain a twisted K3 surface (X, o).
Now, we observe that the map h induces the isometry

[:T( Xy, ) =keray, @ kera, = T'(X, a).

Moreover, since d(T'(X, «)) is a cyclic group, applying [20], Theorem 1.14.4, we conclude that f extends
to a Hodge isometry

fiH(Xy,a,,2) = HX,a,Z).
By [11], Lemma 2.3, we can assume that f is orientation-preserving. By [13], Theorem 0.1, we conclude
that (X, a) belongs to FM"(X, o). By construction, we have pu([(Xy, ay)]) = [z].

Finally, we observe that if  and 2’ in J"(d(T(X,«))) are in the same orbit for the action of
Ondg(T'(X, a)), then the twisted K3 surfaces (Xy, ) and (X(,, ), such that u([(Xy, ap)]) = [7]
and p([(X,,, a,)]) = [2'], are ~-equivalent. Indeed, by hypothesis, there exists a Hodge isometry 7 of
T'(X, ) which induces an isomorphism 7 on d(7'(X, «)) such that 7j(x) = 2’. Then, by [20], Proposition
1.4.2, the overlattices (z,T(X,a)) = Tx, and {2/, T(X,a)) = Tx;, are isomorphic. Moreover, this
isomorphism sends a, to ozfp, because it is an extension of n; this observation completes the proof of
the proposition. O
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4.3 Application of Proposition 4.4

Let Y be a very general special cubic fourfold of discriminant d satisfying conditions (a’) and (b). By
Proposition 4.4, the number of isomorphism classes of Fourier-Mukai partners of order « of (X, «) is

m/ =Z{ZT($,M) +€(’I“)ZT($,M/)}.

T M M’

Let us write m’ in a more explicit way, in order to find numerical conditions on d and k, which
guarantee the existence of non isomorphic Fourier-Mukai partners for Y. We consider only the case
k = 2, because we have already treated the untwisted case in Section 3. Let ¢ be the degree of the
polarization class on X. Notice that d = k¢ (see [11], Lemma 2.13).

Lemma 4.5. Let g be a generator of the cyclic group d(T(X,«)) of order d. Then
I"(d(T(X, a))) = {(arc)g : a € (Z/KL)"}.

Proof. We observe that every element of the form = (akc)g with a € (Z /kZ)™ belongs to I (d(T (X, a))).
Indeed, let g be a generator of d(T(X,«)) as in Proposition 2.2. An easy computation shows that
qr(x,q)((akc)g) € 2Z and that (akc)g has order . On the other hand, the elements of I"(d(T'(X, a)))
are all the possible generators of the unique subgroup of order  of d(T(X, «)) = Z /dZ. O

For every x = (akc)g in I"(d(T(X,«))), we set

M, := \(z),N(X,a)) and H,:= m.

We point out that
JHA(T(X, ) = {z e I"(d(T(X,q))) : M, ~U @ ZI with 12 = ¢}.

Indeed, given z € J®(d(T(X, a))), let (X, az) be the twisted K3 surface such that u([(Xz, az)]) =[]
(which exists because p is surjective as showed in the proof of Proposition 4.4). Then, by definition,
we have

N(X;) =\ (z), N(X,)) and Tx, =<{z,T(X,a)).
Since T( Xz, ) = T(X, o), we have
d = |d(T(Xz, a0))| = ord(as)?|d(Tx, )| = #*|d(Tx, )|,

which implies that R
d(M,) =d(Tx,) = Z/cZ.

On the other hand, the opposite inclusion follows from the definition of J*(d(T'(X, «))).
Lemma 4.6. Every element x in I"(d(T(X, a))) belongs to J*(d(T(X,a))).

Proof. Let T = (akc)g be the image via p of the isomorphism class of the K3 surface (X, a), with a in
(Z /KZ)*. By definition, we have

UBZI~NX)={\z), NX,a)),

with [? = ¢; in particular, the lattice U@Z1 is an overlattice of N(X, «). Let z = (akc)g be an element
in I"(d(T(X,a))). Since the groups H, and Hz are cyclic subgroups of d(IN(X, «)) of the same order,
they are the same subgroup. By [20], Theorem 1.4.1, we conclude that the overlattices U @®Z[ and M,
are isomorphic. In particular, the element z is in J*(d(T(X, @))). O
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Proposition 4.7. We have

©(k)2h2 if K >2andc=2

m' = #FM"(X,a) =
# ( ) {cp(m)th ifk=2o0rc>2,

where h is the number of distinct prime factors in the prime factorization of ¢/2 if ¢ > 2, and h = 1 if
c=2.

Proof. The previous lemmas and the fact that Onqg(7'(X, o)) = {£id} imply that

if kK =
#(Onag(T(X, ))\J*(d(T (X, @))) = {;0(&) if Kk > Z,

where ¢ denotes the Euler function. On the other hand, the only lattice M, such that Mx =U®M,

is Z 1 with [2 = ¢. Thus, our computation is actually the same used in [18], to prove Proposition 5.1.
Indeed, we have

Zl) ifc=2

o) - iy = {9 e

Ga2(Z1) ife> 2.

Moreover, we notice that

{id} if ¢ =2,

O(Z1) = {+id} and O(d(Zl))z{(Z)h ey
27 :

In particular, the order of the set O(d(Z1)) is 2" if ¢ > 2. Finally, we observe that

{+id} if K =2,

O Txa x) =
tag(Tz, ) {{id} if > 2.

So, if k > 2, then
(k) if c =2,
(k)2" = p(r)2"1 if ¢ > 2.

, 1 if c =2,
m =
2h—1 if ¢ > 2,

3
I
—

D[ D=
€

Otherwise, if kK = 2, then

as we claimed. O

By Proposition 4.4 and Proposition 4.7, the lower bound given by Theorem 1.2 is explicitely deter-
mined. In particular, it is easy to construct examples of very general twisted K3 surfaces and, conse-
quently, of very general cubic fourfolds with an arbitrary large number of non-isomorphic Fourier-Mukai
partners.

Example 4.8. Let us take d = 50, which satisfies condition (a’) and (b). A cubic fourfold in Cso has
a twisted associated K3 surface with Brauer class of order kK = 5. By Theorem 1.2 and Proposition 4.7,
the very general element in Csp admits at least ¢(5)/2 = 4/2 = 2 (isomorphim classes of ) Fourier-Mukai
partners.

18



References

(1]

2]

13l

4]

[5]

[6]
17l
18]
19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

N. Addington, R. P. Thomas, Hodge theory and derived categories of cubic fourfolds, Duke Math.
J. 163, no. 10 (2014), 1885-1927.

A. Bayer, M. Lahoz, E. Macri, H. Nuer, A. Perry, P. Stellari, Stability conditions in families,
arXiv:1902.08184.

M. Bernardara, E. Macri, S. Mehrotra, P. Stellari, A categorical invariant for cubic threefolds,
Adv. Math. 229 (2012), 770-803.

T. Bridgeland, A. Maciocia, Complex surfaces with equivalent derived categories, Math. 7. 236
(2001), 677—697.

A. Bondal, D. Orlov, Reconstruction of a variety from the derived category and groups of autoe-
quivalences, Comp. Math. 125 (2001), 327-344.

A. Caldararu, Derived categories of twisted sheaves on Calabi- Yau manifolds, PhD. Thesis (2000).
B. Hassett, Some rational cubic fourfolds, Journal of Algebraic Geometry 8 (1999), 103-114.
B. Hassett, Special cubic fourfolds, Compositio Mathematica 120 (2000), no. 1, 1-23.

B. Hassett, Cubic fourfolds, K3 surfaces, and rationality questions, Rationality problems in alge-
braic geometry, 29-66, Lecture Notes in Math. 2172, Fond. CIME /CIME Found. Subser., Springer,
Cham, 2016.

D. Huybrechts, Generalized Calabi-Yau structures, K8 surfaces, and B-fields, Int. J. Math. 16
(2005), 13-36.

D. Huybrechts, The K3 category of a cubic fourfold, Compos. Math. 153 (2017), 586-620.
D. Huybrechts, P. Stellari, Equivalences of twisted K3 surfaces, Math. Ann. 332 (2005), 901-936.

D. Huybrechts, P. Stellari, Proof of Cdlddraru’s conjecture. An appendiz to a paper by K. Yoshioka,
In: The 13th MSJ Inter. Research Inst. - Moduli Spaces and Arithmetic Geometry, Adv. Stud.
Pure Math. 45 (2006), 31-42.

A. Kuznetsov, Derived categories of cubic and Vi4 threefolds, Proc. Steklov Inst. Math. 3 246
(2004), 171-194.

A. Kuznetsov, Derived categories of cubic fourfolds, Cohomological and geometric approaches to
rationality problems, Progr. Math. 282 (2010), 219-243.

A. Kuznetsov, Derived categories view on rationality problems, in Rationality problems in algebraic
geometry, 67-104, Lecture Notes in Math. 2172, Springer, Cham, 2016.

R. Laza. The moduli space of cubic fourfolds via the period map, Ann. of Math., 172 (2010),
(2)1:673-711.

S. Ma, Twisted Fourier-Mukai number of a K3 surface, Trans. Amer. Math. Soc. 362 (2010), no.
1, 537-552.

R. Moschetti, The derived category of a non generic cubic fourfold containing a plane, to appear
on Math. Research Letters, 12 pages, 21 July 2016, arXiv:1607.06392.

19



[20] V.V. Nikulin, Integral symmetric bilinear forms and some of their applications, Math. USSR
Izvestija 14 (1980), 103-167.

[21] K. Oguiso, K3 surfaces via almost-primes, Math. Research Letters 9 (2002), 47-63.

[22] D. Orlov, Equivalences of derived categories and K38 surfaces, J. Math. Sci. (New York) 84 (1997),
no. 5, 1361-1381.

[23] C. Voisin, Théoréme the Torelli pour les cubiques de P°, Invent. Math. 86 (1986), 577-601.

Dipartimento di Matematica “F. Enriques”, Universita degli Studi di Milano, Via Cesare Saldini
50, 20133 Milano, Italy

E-mail address: laura.pertusi@unimi.it

URL: http://www.mat.unimi.it/users/pertusi

20



