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ABSTRACT. In this paper we investigate the uniqueness of enhancements of the natural subcate-
gories of weakly approximable triangulated categories. The main idea is to enhance at the level
of co-categories the recently developed theory of excellent metrics. The applications of our results
include a vast generalization of the known results about the (strong) uniqueness of enhancements
in the linear and nonlinear setting, providing positive answers to some open questions. In addi-
tion we prove that, under some natural assumptions, the equivalences between such subcategories
can be lifted through their natural inclusions. This completes the picture started in our previous
paper [8] and extends the known results about Margolis Uniqueness Conjecture for the homotopy

category of spectra.
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It is well-known that, in the world of triangulated categories, the mapping cone of a morphism

is not canonically unique or functorial. And for certain constructions this creates headaches—Ilet

us spare the reader the customary polemics surrounding this, and a recounting of problems that

arise. The issue has by now been well documented in the literature. Suffice it to say that the

experts have come to agree that there is great value in studying the so-called “enhancements” of
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triangulated categories. See |[Definition 3.2.1] and more generally [Section 3.1| and [Section 3.2 for

the basics about enhancements and their possible uniqueness.

In this paper we focus on two concrete problems, in which we feel free to use either triangulated
categories or their enhanced versions, as the need arises. For the moment we formulate the problems
vaguely:

(a) How do we canonically detect special triangulated subcategories of a given one?
(b) How do we reconstruct larger triangulated (sub)categories out of a given smaller one?

Let us illustrate this with a well-known, classical example. Let D(Mod-R) be the derived cate-
gory of complexes of right modules over a ring R, and let DP°™(R) be the full triangulated subcat-
egory of D(Mod-R) of perfect complexes. Recall that the category DP®f(R) is triangle-equivalent
to the homotopy category K®(proj-R) of bounded complexes of finitely generated projective R-
modules. More accurately, the natural functor K®(proj-R) — D(Mod-R) is fully faithful, and the
essential image is DPf(R). And Question (a) has a simple answer in this case: DPf(R) coincides
with the full, triangulated subcategory of compact objects in D(Mod—R). Compact objects will be
formally introduced in [Definition 1.2.1} for now it suffices to note that an object C' € D(Mod—R)
is compact if Hom(C, —) behaves well, meaning it respects certain colimits. Thus we have moved

from a purely algebraic description of DP°( R) = K®(proj-R), in terms of projective modules, to a
more categorical presentation which is intrinsic in nature. More concretely, the categorical descrip-
tion makes it easy to see that if S is another ring, then any equivalence D(Mod-R) = D(Mod-S)
restricts to an equivalence of subcategories DPe™(R) = DPerf(9).

Somewhat surprisingly question (b) can be recast, and the reformulated problem has a solution in
this specific situation. The recasting requires us to employ enhancements. Let us view D(Mod—R)
not only as a triangulated category, but as the homotopy category of a stable co-category T. In the

language of |Definition 3.2.1} we choose an enhancement T of the triangulated category D(Mod—R).
Then the triangulated subcategory DP®'{(R), of the triangulated category D(Mod-R) = H(T),
defines for us a natural stable co-subcategory S C T, with H(S) = DP*f(R). And a classical
observation shows that T 2= Ind(S), meaning T is the Ind-completion of S. All in all, not only is

there a recipe constructing from D(Mod-R) the subcategory DP°™(R) , but there is also a recipe
going back, which out of DP®f(R) reconstructs D(Mod-R). The issue is that the process going
back appeals to enhancements.

So far we have treated classical, well-known results. And now the time has come for the vast
generalizations and improvements addressed in the current paper.

Still staying with the example of the triangulated category D(Mod—R): it carries additional
structure, namely a t—structure. And this allows us to define plenty of new triangulated subcate-
gories, for example D*(Mod—R), with x = b,+, —. And when R is a right coherent ring we can also
define D?(mod-R), the bounded derived category of finitely presented R-modules. And when we
ask (a) and (b) for these new categories, we run into much deeper and more interesting problems.

The first main point of this paper, and of the precursor [§], is that these problems can be
vastly generalized. They can be formulated in broad generality in terms of the theory of weakly

approximable triangulated categories of |Definition 2.1.1, developed by the second author during
the last few years. There will be a review of the results we need in The short summary
is that a triangulated category T, which is closed under small coproducts, is weakly approzimable if
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it has a compact generator G and a t-structure (‘T@, 721) satisfying a list of technical hypotheses.
The easy ones to state are that G € T~ is bounded above, and there are no nonzero morphisms
from G to sufficiently positive shifts of G. The more technical condition, for which we do not
yet have the notation, asserts roughly that any object in the heart 7% admits a surjection from
an object in the heart of the form EZ?, with E € TS0 generated by G in bounded effort. The
definition of “bounded effort” is the tricky part, it will be reviewed at the beginning of

If T is a weakly approximable triangulated category, then it comes with a given ¢-structure,
and in terms of this ¢-structure we can consider the objects which are bounded above, bounded
below or bounded on both sides. The full subcategories of these objects are, respectively, the thick
triangulated subcategories 7—, Tt and T°. In addition we have the full triangulated subcategory
T¢ of compact objects and, by taking approximation by compact objects, we can define the full
subcategory T2 of bounded pseudo-compact objects. The tstructure (Tgo, ‘3'21) is also crucial in

the formation of the auxiliary triangulated subcategory TP of [Definition 2.2.1) which will remain

mysterious for now but will play an important role in the body of the paper.

These subcategories will all be properly defined in [Section 2.1]and [Section 2.2 Leaving aside the

formal definition for now, we can get a grasp on them by considering the example of the geometric
setting. If X is a noetherian scheme and T = Dqc(X) is the derived category of complexes of Ox-
modules with quasi-coherent cohomology, then T is weakly approximable and the subcategories T,
T+, T, T¢ and T2 above turn out to be Dg(X), D& (X), Db (X), DP*!(X) and D’(Coh(X)).

If we add to the list the full triangulated subcategory T, of pseudo-coherent objects, as well as
Jsbb .= b (TP and TP := T¢N TP, we obtain the following diagram of natural inclusions:

cJ'sb C T ):J:b C T+
\\_)(‘stb(/

T T8
© e
Je gg'\é,b’

for any weakly approximable triangulated category 7.

The results. Let us now illustrate the more general versions of our main results and let us
postpone a little the discussion about their applications.
The first result is about question (a) above and it allows us to intrinsically recover triangulated

subcategories of a given one in .

Theorem A (Theorem 2.2.13)). If T is a weakly approximable triangulated category, then all the

inclusions in diagram , represented by the solid arrows A — B, are invariant under triangle
equivalences. By this we mean that, given a pair of weakly approximable triangulated categories
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T,7’, as well as matching inclusions A < B — T and A’ — B’ — T’ from diagram (1)), then any
triangle equivalence B — B’ must restrict to a triangle equivalence A — A’.

The same is true for the inclusion (x) in the diagram , provided we further assume that one
of the two conditions below holds:

(i) T,9" are coherent or
(ii) T¢ c T2, 7 c 7% and L(T0) N T = {0} = LT N T .

Finally, the inclusion (o) is invariant under triangle equivalences if T¢ C T and T'° C T ﬁ.

The technical definition of coherent weakly approximable triangulated categories is as in [40]

Definition 5.1], and for the reader’s convenience it will be recalled in [Definition 2.2.14] For now

it suffices to say that it asserts the existence, for every pseudo-compact object, of a triangle
with properties somewhat less stringent than those of the truncation triangle with respect to a
t-structure. It is worth pointing out that if R is a right coherent ring, then D(Mod—R) is coherent.

Most of was proved in [8]. The present statement is an improvement in that it also
includes the two new subcategories, T° and TP, which play an important role in this paper.
Some major applications of including a vast generalization of [46] have been discussed
in [8] and then surveyed in [I0]. The focus of the current paper is on the relevance of

to providing an answer to (b).

As we move towards answering (b), we need to make more precise what it means to reconstruct
a larger triangulated category B out of a smaller one A C B. The algebraic example we discussed,
in the two paragraphs immediately following (a) and (b) above, illustrates that we understand how
to perform (b) only in the presence of enhancements. It has long been conjectured that, at least
in some cases, there should be an enhancement-free way to do this; we will recall one venerable,

old example in [Conjecture 7.2.2] Four and a half decades after this conjecture was formulated, it

remains wide open. In recent years there has been some potential progress, with the discovery of

some enhancement-free algorithms, constructing new triangulated categories out of old ones. But

so far none of these apply to [Conjecture 7.2.2] For the purpose of the current article we take a

different tack; we prove that in many interesting cases the category A has a unique enhancement
and then, using this unique enhancement, we reconstruct B. Assume therefore that both A and
B admits co-categorical models, that is A and B both admit enhancements. And then the higher
categorical version of (b) can be divided into two questions:

(b.1) How unique is the co-categorical model of B, given the uniqueness of the model for A?

(b.2) If in the diagram (1)) we let A C B and A’ C B’ be matching pairs, of full triangulated sub-
categories of two weakly approximable triangulated categories T and 77, does the existence
of a triangle equivalence A = A’ imply the existence of a triangle equivalence B = B'?

The example about rings discussed above generalizes, and the argument can easily be modified
to answer (b.1) and (b.2) when A = T¢ and B = 7, as long as B has an enhancement and the
enhancement of A is unique. This is because B, in this case, has an intrinsic higher categorical
model which can be described purely in terms of a given (unique) model for T¢. But what about
the other natural triangulated subcategories A —— B in ? Can we perform the same intrinsic
reconstruction of B starting from A?
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Here is where the theory of weakly approximable triangulated categories and the systematic use
of metrics and completions kicks in. For the reader’s convenience the notion of a good metric on

a triangulated category is recalled in [Definition 4.1.1] This theory was developed primarily in the

articles [38] [40], and back in those manuscripts the main purpose was to provide an enhancement-
free algorithm that constructs new triangulated categories out of old ones. The recipe takes a
triangulated category 8 with a good metric {M;} to a triangulated category &(8) with a good
metric {N;}. And the relevance, to the world of weakly approximable triangulated categories, is
that in each of the pairs (7¢ 72) and (T° T°) we have that one category is obtainable from the
other by this algorithm, for suitable choices of metrics.

Let us recall that the triangulated category 8§ always has the classical Yoneda embedding Y :
8§ — Mod-S§, which takes an object C' € 8 to the functor Hom(—, C) from the opposite category
8° to the category of abelian groups. And the construction of &(8) uses nothing more then the
metric on 8, in combination with this classical Yoneda map. But it can be helpful in computations
to have an auxiliary triangulated category 7, as long as it is a good extension with respect to the
metric. A good extension is a fully faithful, triangulated functor F: § — T satisfying properties

we recall in [Definition 4.1.7] and [Remark 4.1.8] And this is where enhancements enter, at least

in the current article. If § has an enhancement S, then the Ind-construction Ind(S) associated
to S and the corresponding Yoneda functor which embeds S into Ind(S) always provides a good
extension, with respect to any metric on 8§ = H°(S). Then the issue becomes to compare good

extensions. One of the key technical results in the article, [Proposition 4.3.2] does exactly that.
Roughly it tells us that the completion £/(8) of 8 in T, with respect to the metric {M;}, is often
independent of the choice of a good extension F: 8§ — 7. One immediate application is when

we have an equality T = £/(8); as an almost immediate corollary of [Proposition 4.3.2| we obtain
IProposition 4.4.2] which asserts that if the good extension F: § — T is such that £/'(8) = T,
and if T has an enhancement, then this enhancement must agree with the one given by the full
subcategory of Ind(S) whose objects are those in the completion of 8§ in H°(Ind(S)). Thus, if 8
has a unique enhancement and T has an enhancement, then the enhancement of J is unique.

In summary, using this combination of metrics on the triangulated categories in conjunction with
enhancements, we can provide a positive answer to both (b.1) and (b.2) in gorgeous generality.
Let us start with the general result answering (b.1):

Theorem B (Theorem 6.3.3)). Let T be a weakly approximable triangulated category satisfying one
of the following two assumptions:

(a) either T is coherent;
(b) or T¢ C TC.
Let A C B C T be two of the natural subcategories in the diagram , such that B # T_ and,

in the case where (a) holds but (b) does not, the categories A, B € {T TP} are also excluded.
Assume further that

(i) B (and thus A) has an enhancement in Ho (Catito’?).
(ii) A has a unique enhancement in Ho (Catf;’?).
(iii) In the case where A = T2 and (b) holds, we add the assumption that +(T%) N T = {0}.

Then B has a unique enhancement in Ho (Catsotoj).



6 ALBERTO CANONACO, AMNON NEEMAN, AND PAOLO STELLARI

Moreover, there is a formula for B and its (unique) enhancement in terms of A and its (unique)
enhancement. In particular, given a triangulated category A with a unique enhancement, there
erists at most one unique B, containing A and possessing an enhancement, for which there might
exist a weakly approximable triangulated category T, with A C B C T being a prescribed pair of the
natural subcategories in the diagram , and in the case where A = ‘J'Ig the ambient T is assumed

to satisfy (iii).

We will review the definition of Ho (Catsoto,?) in Here we just point out that Catsogj
stands for either Cat®l or CatffoK, the former being the category of stable co-categories and the
latter the category of linear stable co-categories. Then Ho (Catf;;?) denotes a suitable localization
of Catffoj, where we formally invert equivalences. It is the natural place where oo-categorical
models of a triangulated category can be compared. For readers more familiar with the language
of dg categories, it may be useful to recall that Ho (CatffoJK) is equivalent to the corresponding

localization of the category of pretriangulated dg categories.

In [Corollary 6.3.4] we will see that, in the special case where T¢ has a unique enhancement,
is both simple and useful: it tells us that any B belonging to {J2, 70 T 7= T+ T},
which has an enhancement, has a unique enhancement.

Our answer to (b.2) comes from the following very general result:

Theorem C (Theorem 6.4.1)). Let T1 and T2 be a pair of weakly approximable triangulated cate-

gories, satisfying one of the following two assumptions for i =1,2:
(a) either T; is coherent,
(b) or T¢ C (T;).

Fori=1,2, let A; C B; C T; be matching inclusions of subcategories in the diagram , such that
B; # (7)., and where the categories A;, B; € {‘.Tf’b,‘.Tf-b’b} are also excluded. Assume further that

(i) By (and thus A;) has an enhancement in Ho (Caty, ,), fori=1,2.

(ii) A; has a unique enhancement in Ho (Catigj?), fori=1,2.
(iii) In the case where A; = (T;)%, we assume that either (a) holds for both T and To, or else
that (b) holds for both. And when both Ty and To satisfy (b) we furthermore suppose that
(TN (T = {0}, fori=1,2.

c

If Ay = As, then By = By,

Before moving on to applications, we should say a tiny bit about the ideas that enter into the
proofs of our three main results. is a purely triangulated statement: the underlying
idea is to use the full power of the theory of weakly approximable triangulated categories and
compactly generated #—structures to characterize the natural subcategories. The new results require
the development of new techniques, some of which we saw in [§] and more will come in the first
part of the present paper. But it all happens strictly in the world of triangulated categories.

As we have already explained, [TTheorem B|and [Theorem C| depend crucially on the machinery

of stable oco-categories. We want to embed stable co-categories into new and bigger stable oco-
categories, and the basic tool is the Yoneda map—somehow the key to everything is to look at
suitable versions of restricted Yoneda maps. Of course we also combine these Yoneda embeddings
creatively with well-chosen metrics. And if the metrics are sufficiently nice (very good or excellent,
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as in [Definition 4.1.9) then out come stable co-categories, which we then work to identify with the

enhancements we are after.

Applications. The previous result are abstract, and to show that they are useful it helps to
explain how they can be applied to classical examples.

(Strong) uniqueness of enhancements. The first important applications are about uniqueness of
enhancements for geometric categories. We begin with questions raised by others, for example

Question 8.16 (v) and (vi) in [2]:

Question (Antieau) Let X be a quasi-compact and quasi-separated scheme. Do the triangulated
categories Dgc(X) and DPf (X)) have unique enhancements in Ho (Catigﬂ) ¢

The result is known for enhancements in Ho (Catf;’K), for any commutative ring K; see Theorem
B in [9]. In this article we show that the answer to Antieau’s question is positive in full generality.
At the same we time extend the scope, proving the following as an application of

e (Proposition 7.1.1)) Let X be a quasi-compact and quasi-separated scheme. Then all the

triangulated subcategories of Dgc(X)

DYY (X (X))

L / N
\ N

D_.(X)

have unique enhancements in Ho (Catsog ?).

The category Dgf(X ), which might look mysterious to the nonexpert, becomes familiar when
we restrict X to be noetherian. If X is noetherian then D?(Coh(X)) = DZ’Cb(X); that is the
category Dﬁ’g(X ) may be viewed as the right generalization of D?(Coh(X)) when we want to
allow X to be non-noetherian. It should be noted that (A) not only improves all known results
in the literature [2l [9, 17, 30], but also deals with uniqueness of nonlinear enhancements. As we
observe in the same result holds for the triangulated categories naturally associated
to a ring R.

Back to the geometric applications, we can look at the full triangulated subcategory Dgc,z(X) of
Dgc(X), consisting of complexes with support on Z. Here X is still assumed to be quasi-compact
and quasi-separated, while Z C X is a closed subset with quasi-compact complement in X. The
uniqueness of enhancements for Dgc z(X) and its natural subcategories has been explored in [17],
but only in the special case where Z is projective and some further restrictions apply. Here we can
prove the following general result, further extending the positive answer to Antieau’s question.
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e (Proposition 7.1.1)) Let X be a noetherian scheme and let Z C X be a closed subset. Then
all the natural triangulated categories in the diagram

qc Z(X sb(_> Db

L
perf
DZ coh Z

o

Dc_oh,Z(X) > D~

(X)—— Dy

ch(X)

(X) > Dgc,z(X)

have unique enhancements in Ho (Catig ?).

There is a third triangulated category of interest for us: the homotopy category of spectra
Ho(Sp). The uniqueness of enhancements for this category and its subcategory Ho(Sp)¢ of compact
objects was investigated back in [52]. Here we provide a much fuller treatment:

e (Proposition 7.1.3) Of the natural triangulated subcategories of Ho(Sp) in the diagram
(1), we have that Ho(Sp)>®, Ho(Sp)¢, Ho(Sp)?, Ho(Sp)*", Ho(Sp)®, Ho(Sp)*, Ho(Sp)~
and Ho(Sp) all have unique enhancements in Ho (Cat%!).

From our perspective this is an interesting example, since Ho(Sp) does not have stable oo-
categorical models which are linear over a commutative ring.

We have so far discussed uniqueness of enhancements, but there is a finer notion called strong

uniqueness; see |Definition 3.4.1] Despite considerable effort over the years, our understanding

of strong uniqueness remains poor. This is not for the lack of effort, the reader can consult for
example [I5] 16}, B0, [44] [45] for a sample of the literature. Here the major contribution of the

current article is

e (Lemma 6.3.6| and |Corollary 7.1.4)) Let T be a weakly approximable and coherent trian-

gulated category. Then T¢ has a strongly unique enhancement if and only if T2 does.

In [28] Section 5.A] it is shown that, if X is a scheme proper over a field K, with depth > 1 at
every closed point, then D?(Coh(X)) has a strongly unique enhancement in Ho (Catsoto’K). From
(D) it follows that DP®f(X) also has a strongly unique enhancement in Ho (Catffo’K).

Morita theory for schemes. Turning to our third main result a consequence is the
following.

Theorem D (Corollary 7.2.1). Let X and X' be quasi-compact and quasi-separated schemes with
closed subschemes Z C X and Z' C X' such that X \ Z and X'\ Z' are quasi-compact. Assume
further that one of the two conditions below holds:

(i) Either Z =X or Z' = X'.

(ii) One of X or X' is noetherian.

Then the following are equivalent:

(1) There exists a triangle equivalence Dgc,z(X) = Dge 2/ (X').
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(2) There exists a triangle equivalence D;rc (X)) = D;rc 2 (X7).
(3) There exists a triangle equivalence D, ,(X) = D_, - (X').
(4) There exists a triangle equivalence ngZ(X) = DZC’Z/(X’)
(5) There exists a triangle equivalence DY, ,(X) = Dy ,(X').
(6) There exists a triangle equivalence Dgij(X) = DZf,Z’(X/)'
(7) There ezists a triangle equivalence D%erf(X) = D%‘frf(X’).
8) There exists a triangle equivalence D2°(X) = D2¢(X").

( g z Z

This provides a solution to Problem 4.11 in [I0], and leads to a major generalization of Theorem
C in [8]. The reader might also wish to compare with the beautiful, classical result by Rickard
[46], which is the D(Mod-R) version of the above result.

The Uniqueness Congjecture for the homotopy category of spectra. In the world of homotopy theory
has an old antecedent, the Margolis Uniqueness Conjecture. For the reader’s conve-
nience the conjecture is recalled in [Conjecture 7.2.2) but for the purpose of the introduction let

us rephrase it as saying that 7 = Ho(Sp)¢ determines T = Ho(Sp). And now we discuss the
relevance of the results in the article.

Let J71 and T2 be two compactly generated triangulated categories, and assume that J7 = TJ5. In
[Proposition 2.1.3| we will learn that if T7 is weakly approximable then so is Ts, while
teaches us that if T7 is coherent then so is To. Now let us specialize to the case where T; = Ho(Sp);

it is both weakly approximable and coherent, and hence any possible T as in [Conjecture 7.2.2

must be weakly approximable and coherent.

This allows us to formulate a generalized Margolis conjecture, see [Conjecture 7.2.3} the state-

ment is enhancement-free. What we can prove in this direction, as an application of the abstract

Theorem C] is an assertion involving enhancements.

Theorem E (Proposition 7.2.4)). Let T be a coherent, weakly approximable triangulated category.

Now consider the two lists of categories
Csp 1= {HO(Sp), Ho(Sp)”, Ho(Sp) ™, Ho(Sp) ", Ho(Sp)*", Ho(Sp),. , Ho(Sp)?, HO(Sp)C} :
Cy = {‘.T, ‘Ib,T_,iTJF,iIGb,Tg,Tg,TC} .

and let A1 C By in Cgp and Aa C By in Cy be matching subcategories on the lists. If there is a
triangle equivalence Ay =2 As, if Bo has an enhancement in Ho (Catsog), and if B; # (Ti)z , then

there is a triangle equivalence B = Bo.

Note that [52] proved the special case which considered only the pair of subcategories Ho(Sp)¢ C

Ho(Sp), as in the original Margolis Uniqueness Conjecture (see |Conjecture 7.2.2)).

Comparing autoequivalence groups. Finally we come to autoequivalence groups; there is a rich
literature out there, studying the group of autoequivalences of certain triangulated categories.
The contribution of the current article is as follows.

Theorem F (Corollary 7.3.3)). Suppose T is a weakly approximable triangulated category, such

that the subcategories T¢, TP T T= T+ T all have unique enhancements. Then the automorphism

groups of these enhancements are all isomorphic.
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If we furthermore assume that one of the following holds
(i) either T is coherent,
(ii) or we have T¢ C T and ~(T°) N T = {0},
then ‘J'g also has a unique enhancement, and the automorphism group of this unique enhancement

1s the same.

In we will see that this theorem applies to the following three cases:
(i) T = Ho(Sp), the homotopy category of spectra.

(ii) T = Dgc,z(X), where X is a noetherian scheme and Z is a closed subset.

(iii) T = Dge(X), where X is a quasi-compact and quasi-separated scheme.
Thus with T any of the above, for any T5 € {7¢ 9%, T I T= T+ T} and with T% being its
unique enhancement, the group Aute(TF) is independent of the decoration.

There is of course the natural comparison map Comp: Aute(Tf) — Aut(T%), which at some
point was optimistically conjectured to be an isomorphism. In relatively few cases this conjecture
has been proved; the sum of what is known is that the map Comp: Autoo(T¢) — Aut(T¢) is
an isomorphism for 7 = Dgc(X), provided X is a scheme proper over a field K and of depth

> 1. See the proof of [Proposition 7.3.7| for a summary of how to extract this from the literature.
In combination with this tells us that, with 7 = Dgc(X) and X still satisfying the
restrictive hypothesis above, the maps Comp: Auto(Tg) — Aut(T}), are split injective for all

decorations other than T_. And as the Auty(T}%) are all isomorphic, so are the images of the
injective maps into Aut(J%). This answers a question by Evgeny Shinder.

Structure of the paper. As we have already pointed out, the main idea in this paper is to
combine techniques coming from higher categories, with those arising in the theory of weakly
approximable triangulated categories and metrics on them. Thus we begin with a review of both
fields, and somewhat expand on what is known.

In particular, provides a quick recap on t-structures on triangulated categories, and
reminds the reader what it means for a triangulated category to be generated, possibly
by compact objects.

These are the key ingredients in the definition of weakly approximable triangulated categories

which comes in[Section 2| [Section 2.1|contains the precise definition and all the examples needed in

this paper. With one exception the triangulated subcategories of a weakly approximale triangulated
category, which are the main protagonists in this work, are recalled in The one

exception, being mostly new, is introduced and studied in|Section 2.2|and [Section 2.3} it happens to
be technically important to our development. And then works out what this category
comes down to, concretely, in the case where 7 = Dgc z(X).

The discussion of metrics is postponed until Even though the subject of metrics
is enhancement-free, after we switch gears and in we enter into the realm of
higher categorical models. In we briefly recap the various levels of generality which we
can adopt when defining stable oo-categories, and compare them to dg categories. In
we formalize the notion of uniqueness of enhancements and prove some general and useful results.

deals with the crucial examples in this paper, while discusses the strong

version of uniqueness, with examples.
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[Section 4| and [Section 5| are the key sections where we develop the new techniques which are

used to prove some crucial parts of [[heorem B| and [Theorem Cl We investigate the interplay

between enhancements and good or excellent metrics. The first important applications, to weakly
approximable triangulated categories, come in

[Section 6]is the culmination of this paper. In[Section 6.1]and [Section 6.2 we develop the necessary
machinery in order to relate the enhancements of T¢ and T2 and of 7% and T°. In we
prove and in we prove

The geometric and topological applications of our main results are contained in In
particular, deals with the extensions of all known results about uniqueness of enhance-
ments in the geometric context. deals with the applications of and proves
our extension of Rickard’s result and the results about a conjecture on the homotopy category of
spectra. Finally, deals with our results comparing autoequivalence groups.

Notation. In the remainder of the paper, we denote by K the commutative ring over which the
(triangulated, stable co, dg, etc.) categories or the schemes are linear. We write R or S for
arbitrary and possibly noncommutative rings.

1. PRELIMINARIES ON {—STRUCTURES AND GENERATION

This section reviews the basic definitions concerning t-structures, as well as the notion of gen-
eration in triangulated categories. We also introduce the three basic examples which will recur
throughout the paper.

1.1. Reminder on t-structures. Recall the following standard definition.
Definition 1.1.1. Let T be a triangulated category. A t—structure on T is a pair of strictly full
subcategories T = (TS T>1) satisfying:
(i) TS0 c T<0 gnd 21721 c T=L
(ii) Hom(T<0,721) = 0.
(iii) For any object B € T there exists a distinguished triangle A — B — C — XA, with
Aec TS0 and C € 771,

In the setting above, for all n € Z we define the following strictly full subcategories

T =070 = n g

IDefinition 1.1.1{(iii) generalizes to state that, for any object B € T and any integer n € Z, there
exists a distinguished triangle A — B — C — YA with A € 75" and C € 72"+, Such a
triangle is unique up to canonical isomorphism, and defines the truncation functors

STy gsn 7T — T

for all n € Z, where 7S"(B) = A and 72" T}(B) = C. It is a standard result that 7" is the right
adjoint to the inclusion TS — T, while 72" is the left adjoint to the inclusion 72" <« 7.

Remark 1.1.2. If F: T — 7T’ is a triangle equivalence and 7 = (T<° T2!) is a t-structure on 7,
then F(7) := (F(T<0), F(T7!)) is a t-structure on T’
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Example 1.1.3. In this paper it will be important to keep in mind three main examples of
triangulated categories with arbitrary coproducts.

(i) Let R be aring. The category D(Mod—R) is the derived category of the Grothendieck abelian
category Mod—R of (right) modules over R.

(ii) Let X be a quasi-compact and quasi-separated scheme, and let Z C X be a closed subscheme
such that the complement X \ Z is quasi-compact. The triangulated category Dqc z(X) is the
derived category, where the objects are the (unbounded) complexes of Ox-modules, with quasi-
coherent cohomology supported on Z.

(iii) Finally, we can consider the homotopy category of spectra Ho(Sp), which is the localization
of the category Sp of spectra by the weak equivalences. See [I0), Section 1.2] for a little more
detail.

Each of these triangulated categories comes with a standard t-structure, which we denote by
Tstan- While the standard ¢-structures in (i) and (ii) are classical, and the general theory developed
in [3l Chapter 1] can be viewed as formalizing the key properties of these old constructions, the
existence of the standard t-structure of (iii) was only discovered a decade later in [42], Proposi-
tion 1.4]. More explicitly, the tstructure on Ho(Sp) is defined by taking Ho(Sp)<" to consist of

>1

the coconnective spectra, and then taking its right orthogonal in order to form Ho(Sp)~'. Once

again, the reader can find a little more detail in [10, Section 2.3].

The class of t-structures on a triangulated category T is endowed with an equivalence relation.
Two t-structures 71 = (T5°,T71) and 7 = (T5°,T5!) on T are declared equivalent if there exists
an integer N > 0 such that

TN Tl c Tyl

Later, we will need the following.

Definition 1.1.4. A t-structure 7 = (TS0, T21) on a triangulated category T is characteristic if,
for any triangulated autoequivalence F: T — T, the t-structures T and F(7) are equivalent.

1.2. Generation in triangulated categories. Next we recall a few basic constructions, which
start with some subcategories of a triangulated category and build up others. This technique
will be useful when we discuss various notions of “generation”, and will allow us to define the
“preferred” equivalence class of t—structures.

Let A and B be full subcategories of a triangulated category T. We can perform the following
constructions:

o AxB C T is the full subcategory of all objects C' € T for which there exists a distinguished
triangle A — C' — B with A € A and B € B.

e add(A) C T is the full subcategory whose objects are all finite direct sums of objects of
A. In case T has (set indexed) coproducts, then Add(A) C T is the full subcategory whose
objects are all the small coproducts of objects of A.

e smd(A) C T is the full subcategory with objects all direct summands of objects of A.

Using these operations, we can define the full subcategory coprod(A) to be the smallest full sub-
category 8 C T satisfying
A CS, S*x8 C S, add(8) C 8.
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Set
(A) :=smd (coprod(A)) .

When T has coproducts, which is the most interesting case for the purposes of this paper, we
declare Coprod(A) to be the smallest full subcategory 8 C T satisfying

ACS, §*8 C 3, Add(8) C 8.
And by analogy with the construction above, we set
(A) := smd (Coprod(A)).

When A consists only of some specified shifts of a given object G, we adopt the following

notation, where m < n are in Z U {£oo}:
Glm,n] == {X'G :ieZandm< —i<n} (&)™ .= (Gm,n])
If T has coproducts we can perform the analoguous “big” constructions
@"" = Clm.nl).
Next we recall:

Definition 1.2.1. Let T be a triangulated category. An object C € T is compact if, given any set
{Dx}xen of objects in T such that [],., Dy exists, the natural morphism

(2) [ Hom(C, D) — Hom <C, 1T DA)

AEA AEA

s an isomorphism.

The full subcategory T¢ of T, consisting of all compact objects, is easily seen to be a trian-
gulated subcategory. If T has coproducts, we say that T is compactly generated by G € T¢ if
7[70074’00]

T=(G)
Te = (@) [reete],

This is equivalent to T¢ being classically generated by G, which means that

Example 1.2.2. Let us revisit the three examples in |[Example 1.1.3

(i) It is easy to show that R is a compact generator for D(Mod-R). Moreover, D(Mod-R)¢ 2
K" (proj—R), where the latter is the homotopy category of bounded complexes of finitely generated
projective R-modules.

(ii) In [50, Theorem 6.8] it is proved that Dgc 7z(X) is compactly generated by a single compact
generator and that, furthermore, Dgc z(X)¢ = D%erf(X ). The latter category is the full subcat-
egory of Dgc z(X) consisting of perfect complexes with cohomology supported on Z. A complex
in Dgc(X) is perfect if it is locally quasi-isomorphic to a bounded complex of locally free sheaves
with finite rank.

(iii) The triangulated category Ho(Sp) is also compactly generated by a single generator; this
compact generator may be taken to be the sphere spectrum.

This allows us to define a special class of t—structures. Let T be a triangulated category with
small coproducts and consider an essentially small full subcategory A C T¢. Consider the pair of
full subcategories

Ty = (Coprod(ﬂ), Coprod(A)l).
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Here Coprod(A)* = {A € T : Hom(S,A) = 0 for all S € Coprod(A)}. It was proved in [I}
Theorem A.1 and Proposition A.2] (see also [8, Theorem 2.3.3] for a different proof) that, if
YA C A, the pair 74 is a t—structure on 7.

If G is a compact generator for T and A := {X'G : i € Z>¢}, then the equivalence class of the

t-structure 7g := 74 is independent of G and is called the preferred equivalence class of t-structures

on 7.

Example 1.2.3. Combining [Example 1.1.3|and [Example 1.2.2] the three triangulated categories

D(Mod-R), Dgc, z(X) and Ho(Sp) are compactly generated by a single compact object, and each
is endowed with a standard t-structure. It follows from an easy computation for (i), from [37,
Theorem 3.2] for (ii) and from [41, Example 5.2] for (iii) that, in each of the three cases, the
standard t-structure is in the preferred equivalence class.

2. WEAKLY APPROXIMABLE TRIANGULATED CATEGORIES AND THEIR SUBCATEGORIES

In this section we recall the crucial notion of weakly approximable triangulated categories, see

We prove some basic, general properties of such categories, and in we

study in some detail a special subcategory T of a weakly approximable triangulated category 7.
This subcategory was introduced relatively recently, but we will show that it shares many of the

good properties of its older cousins. The proof of the first main result [[heorem Alis in [Section 2.2|
This section ends with an explicit description of T in the geometric situation, see [Section 2.3 and
ection 2.4

2.1. The definition. Weakly approximable triangulated categories were introduced in [41] and,
since then, they turned out to be pervasive in algebra and geometry. Let us begin with the formal
definition.

Definition 2.1.1. A triangulated category with coproducts T is weakly approximable if there exist
an integer A > 0, a compact generator G € T¢ and a t-structure T = (T<0,7>1) on T, such that
(i) G € T4 and Hom(G,T<4) = 0.
(i) For any object F € TSV there exists in T a distinguished triangle E — F — D — Y E

with E € (@ and with D € T7<1.

A triple (G, T, A) satisfying (i) and (ii) in [Definition 2.1.1| will be referred to as weak approz-

imation data for T. Weakly approximable triangulated categories are already known to have in
common a slew of interesting, useful properties, and this article is about extending this further.

Remark 2.1.2. (i) From [27, Remark 5.9] we learn that [Definition 2.1.1) (ii) is not redundant.
Parts of the theory can be developed without it, but not all.

(ii) If T is a weakly approximable triangulated category with weak approximation data (G, 1, A),
then the ¢-structure 7 is in the preferred equivalence class (see [41, Proposition 3.4]).

(iii) Let T be a weakly approximable triangulated category. Let H be a compact generator of T
and let 7 be a t-structure in the preferred equivalence class. Then there exists an integer B > 0
such that (H, 7, B) is a weak approximation data (see [41, Proposition 3.6]).
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It is worth noting that the weak approximability of a compactly generated triangulated category
T can be checked inside the subcategory T¢ of compact objects in T. We formulate this as:

Proposition 2.1.3. Let T be a compactly generated triangulated category with coproducts. Then

the following are equivalent:

(a) The category T is weakly approximable.
(b) There is a classical generator G of T¢ and a positive integer B such that:
(i) Hom(G,X"G) =0 for alln > B.
(ii’) For any object F € <G)[_°°’O] there exists in J¢ a distinguished triangle E — F —
D — S E with E € ()"BP) and with D e (G)7>71.

Proof. Suppose (a) holds and G is a classical generator for T¢. Then G is a compact generator in
T, and 7¢ = (‘.Téo, ‘J’él) is a t-structure in the preferred equivalence class. By [41, Proposition 3.6].
there exists an integer B > 0 such that Hom (E_BG, ‘J'éo) =0, and [41, Lemma 3.12] permits us,
possibly at the cost of increasing the integer B, to also guarantee that every object F' € T¢N ‘J'éo
admits in T¢ a triangle E — F — D — S F with E € (G)™% and with D € T°NT5 . Now
observe that, by definition, TSV = @[_OO’O]. Therefore we have

[_0070] —

Gl-00,00Cc T’ and  T°NT=7°N(G) (G-l

where the last equality is by [39] Proposition 1.9]. The vanishing of Hom (Z_B G, ‘J’éo) implies
the vanishing of Hom(G, X"G) for all n > B, and the conditions on F' and on D in the triangle
E — F — D — Y FE rewrite as in (b). We have proved that (a) implies (b).

For the reverse implication assume (b) holds and we want to prove (a). And (a) has two parts,
(i) and (ii) of [Definition 2.1.1}

We have already observed that any classical generator G € T¢ is a compact generator of T. The
vanishing of Hom(G,X"G) = 0 for all n > B implies the vanishing of Hom (Z_BG,‘J'EO) by [41
Remark 1.24], and we obviously have G € T&°. Thus (i) holds, and it remains to prove that (ii)
also holds.

Let F' be an object in ‘Téo. Consider the 0-th cohomology object HQG (F) € ‘.Tg, where the
cohomology functor is the one with respect to the ¢structure 7¢. By [8, Lemma 3.2.1], there
is a set {C;lier € T¢N TS and an epimorphism f: [Tic; H2,(Ci) — HI(F). By [8, Lemma
3.1.2], we can replace {C;};er with a collection {B;}ier C T°NTSY = <G>[_°°’0], with isomorphisms
@i O (B;) — M2 (Cy), and do it in such a way that the map f above may be realized as
f=H) (g) for some g: [[;c; Bi — F. Put B:=[],c; Bs.

Applying (ii’) to each B; gives, for each i € I, a triangle ¥~'D; — E; — B; — D, with
E; € <G>[_B’B} and with D; € (G>[_°°’_1]. The coproduct of these all is a triangle X~'D —
F— B— D, withD € ‘Té_l and with £ € @PB’B]. The long exact sequence in cohomology,
for the functor H2, applied to this triangle, gives HY (E) — M2 (B) — HY.(D) = 0, that is
the map h : E — B is such that HQG(h) is an epimorphism. But we also know that ¥~'D, B
both belong to ‘J'éo, and the triangle ¥~'D — E — B teaches us that E € ‘J’éo * ‘J’éo C ‘J'éo.

Now consider the composite map E Iy B %5 F. The functor HQG takes both g and h to

epimorphisms, and hence it takes the composite to an epimorphism. Complete the composite to

a triangle ¥ — F — D —» SE. Then D is an extension of F, X F, both of which lie in ‘J’éo.
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Hence D € ‘Téo. But the long exact sequence H2_ (E) — HY, (5) — ch(f)) — HiNG (E) =0,
plus the surjectivity of H9 (E) — H2_(F), tells us that #2_ (D) = 0 and therefore D € ‘J'éfl.
The triangle E — F — D — SE, with E € @[73’3} and with D € ‘J'éfl, proves that (ii)
holds. H

Remark 2.1.4. Asin [41l Definition 1.25], one can study the subclass of approximable triangulated

categories. And it is true that the approximable variant of [Proposition 2.1.3|is true. That is we

assert that the following are equivalent:

a e category T is approximable.
Th T i imabl
(b) There is a classical generator G of T¢ and a positive integer B such that:
(i) Hom(G,X"G) =0 for all n > B.
(ii”) For any object F' € <G>[7°°’O] there exists in T7¢ a distinguished triangle £ — F —

D — YE with E € (G)5 %5 and with D € (G)l=>~1,

In the rest of the current article this plays no role: we have not introduced the notation (G)EB_B’B],
have not recalled the definition of approximable triangulated categories (as opposed to weakly ap-
proximable ones), and approximable triangulated categories will not appear again. Hence we leave
the proof to the interested expert, with the observation that the argument is a minor modification

of the proof of [Proposition 2.1.3|

A weakly approximable triangulated category T comes with a list of natural, full triangulated
subcategories. Each of these subcategories is defined using some (any) t-structure (g—<073~>1) in
the preferred equivalence class, possibly in conjunction with the subcategory T¢ of compact objects

in T. The list of subcategories studied so far goes as follows:

e Bounded above objects: T~ = Joo_, TS™;
Bounded below objects: T+ :=Joo_; T>~™;
Bounded objects: T° := T~ NT+,

Compact objects: T¢;

Pseudo-compact objects: T_, where an object F' € T belongs to T, if, for any integer
m > 0, there exists in T a distinguished triangle £ — F — D with F € T°¢ and with
D ¢ Ts7™, Thus

o
To= ) (T0xT5™);

m=1

e Bounded pseudo-compact objects: ‘.Tf:’ =T, N T,
e Bounded compact objects: T := T¢N TP = TN TL.

Example 2.1.5. The three triangulated categories in are all weakly approximable.
Restricting attention to the first two: the weak approximability of D(Mod—R) is an easy exercise,
while the weak approximability of Dgc z(X) is [37, Theorem 3.2 (iv)]. In these two cases, all the
subcategories listed above can be described explicitly:
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Z C X asin |Example 1.1.3| R a ring
T ch 2(X) D(Mod-R)
T- qc 4(X) D~ (Mod-R)
Tt qc = (X) D*+(Mod R)
J° D!, 7(X) D’(Mod-R)
T Dperf(X) Dperf(R)
Tc_ qc 7 (X) K_ (projiR)
7 DAY (X) K(proj R)
rJ'c,b Dperf(X) Dperf(R)

The weak approximability of Ho(Sp) is proved in [41, Example 5.2]. The peculiarity of this
triangulated category is that Ho(Sp)®® = {0}.

The aim of [§] was to show that all the natural inclusions of the triangulated subcategories above
are canonical, in an appropriate sense. We will review and extend this result slightly in the next
section.

2.2. The new categories and their intrinsicness as subcategories. For the purposes of this
paper, we will need to enlarge a little the list of subcategories in In [38, Definition 8.5]
a new member was introduced. We revisit it here in more detail under the standing assumption
for the entire section that 7 is a weakly approximable triangulated category.

Definition 2.2.1. Let (‘J’go,ﬂgl) be a t—structure in the preferred equivalence class. Then we set

)
TP =T N (U L‘I<—“> :
n=1
Remark 2.2.2. Clearly T° is well defined as a subcategory of T, meaning that it does not depend
on the choice of the t-structure in the preferred equivalence class. But by [8, Proposition 6.1.3]
the preferred equivalence class of t—structures on T~ is intrinsic, and hence up to equivalence the
subcategories T~ N LTS~ C T~ are intrinsic. Therefore their union TP € T~ is intrinsic.

The reader who compares [Definition 2.2.1 above with [38, Definition 8.5] will discover what

looks like a discrepancy, but the lemma below shows that the two definitions agree.

Lemma 2.2.3. Let G € T be a compact generator. Then

[e.e]

7= @

n=1

Proof. Fix a t-structure (‘ngo, ‘3'21) in the preferred equivalence class and choose an integer A > 0
with Hom(G, T<=4) = 0. Clearly

@ c g tgsna

and hence

G @ e n (fj L‘ﬁ”) =T

n=1 n=1
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For the reverse inclusion we use weak approximability. Let F' € T € T~ be any object. After

shifting we may assume that F' € T<°. By Definition 2.2.1| we may also choose an integer n > 0

with F € 1<~ By [41], Corollary 3.2] there exists a distinguished triangle £ — F — D with
—<[—n—A+1,A]

E € (G) and with D € TS but F € LT<7" says that the map F — D must vanish.
Hence F' must be a direct summand of E, and

F E Smd (@[—TZ—A+1,A]> C @[—ﬂ—A-{-l,?’L-‘rA—l] .
This concludes the proof. Il

Corollary 2.2.4. If R is a ring and T = D(Mod-R), then T identifies with K?(Proj-R), the

subcategory of bounded complezxes of projective R-modules.

Proof. Recalling that R € D(Mod-R) is a compact generator, the Corollary follows immediately
from the formula

D(Mod-R)® = | J (&) ™"
n=1

of [Lemma 2.2.3 O
For the case where T = Dgc z(X), we will come back to the computation of T3P in [Example 2.4.3

Definition 2.2.5. We introduce yet another subcategory to the mix, setting

TPt =TT

Remark 2.2.6. If 7¢ C T? then in particular G € T°, and hence for any n > 0 we have @[_mn] C

T°. Taking the union over n > 0 and applying [Lemma 2.2.3| gives that T € T°, and therefore
Jsbb — gsb q gb — b,

Let us give yet another description of the subcategory T%b ¢ T—.
Lemma 2.2.7. The following formula holds:

TP=7"nJ @I .
n=1

Proof. We will prove the inclusions

J_rJ-'S—TL C J_(rjﬂb N Tg—n) C J_‘Ig—n—l 7

and the equality of the Lemma follows from [Definition 2.2.1| by taking the union over n > 0 and

intersecting with T—. Of course, the first inclusion comes from J? N TS C TS by taking
orthogonals. It remains to prove the second inclusion.

Suppose therefore that C is an object in +(T° N T<") and D is an object of TS™™1 and we
need to prove that Hom(C, D) = 0. Now by [41, Proposition 4.2] the category T is left-complete,
meaning that there is a (non-canonical) isomorphism D = Holim D>~*. Thus there exists a
distinguished triangle

o o
»Ip*t —~p—>T[D>*

As DZ=f € T°NT<""1 for all ¢ > 0, we have that Hom(C, —) annihilates both D>~¢ and X~ D>~
From the triangle we learn that it annihilates D. U
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Corollary 2.2.8. The inclusion TP C T is intrinsic, and more concretely we have the formula
oo
T =70 NI nTS) .
n=1

Proof. The formula for T5"* = 75> 0 J% comes from intersecting with T° the formula for T of
Lemma 2.2.7. And the intrinsic nature of 7" as a subcategory of J?, follows from [§, Propo-
sition 6.1.8], which tells us that (up to equivalence) the subcategories 7° N TS~ C T? have an
intrinsic description. O

Next we prove a couple of lemmas which will help us to show that the only subcategory in the
list in [Section 2.1| which is always naturally contained in T is T¢ and the inclusion is intrinsic.

Lemma 2.2.9. The inclusion T°° < T respects coproducts. More precisely, if we are given a
collection of objects {Dx}xer and an object C € TP that satisfies the universal property of the
coproduct [[ycp Dy in TP then there exists an integer n > 0 such that C' and all the D) ’s lie
mn @[_n’n] (where G € T is a compact generator), and C satisfies the universal property of the
coproduct [Jycp Dy in 7.

7[_”’7”}

Proof. By |[Lemma 2.2.3] there exists an integer n > 0 such that C' € (G)
[_nm’}

. And, as the objects

D), are all direct summands of C, they must all belong to @

But now @[_n’n] is closed in T under coproducts, and hence the coproduct E = [[ycy Dy in T
must belong to @[_n’n] C T%P. However, since E satisfies the universal property of a coproduct
in the large category 7, it also satisfies it in the subcategory T°°. Thus C' = E. U

In passing we include the following consequence.

Corollary 2.2.10. Let T be a weakly approximable triangulated category. Then any subcategory
of 8 C T, which contains T¢ and is closed in TP under those coproducts that exist in T, is equal
to all of TP,

[

Proof. The category 8 contains G € T¢, and hence contains @ ) for every integer n > 0; after

[77]’7”]

come from triangles in TP, and all the coproducts

[_nvn]

all the extensions involved in forming (G)

happen inside T5°. Hence the union of the @ is contained in 8, but is equal to T=P. O

The following is the crucial technical result that we need.

Lemma 2.2.11. The inclusion T¢ C (‘J’Sb)c holds.
Furthermore, if C € (‘J’Sb)c, G € T is a compact generator and n > 0 is an integer, then every

map C —Y withY € @[_n’n} factors as C — D — Y with D € <G>[_"’"].

Proof. The inclusion
=@ =J@eJe M =
n>0 n>0
tells us that all the objects that are compact in T belong to TP ¢ T. But by the
inclusion T5® < T respects coproducts, and hence if an object in TP is compact in T it is obviously
compact in TP, Thus we have the inclusion T¢ C (‘J’Sb)c.
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Now, for the second part of the statement, we can proceed as follows. Suppose that we are given

an integer n > 0. We define the full subcategory Y C @Fn’n] by the rule

Ob(y) = { B e (g™, every map O — Ewith '€ (‘J’Sb);fji]tors
as C — D — E with D € (G)"™™

7[_711”} )

It clearly suffices to show that Y = (G)

Obviously any ¥!G, with —n < i < n, must belong to Y. Or in symbols G[—n,n] C Y. Thus
it suffices to show that Y is closed in T under coproducts, direct summands and extensions. And
closure under direct summands is easy.

Now take any set {E)}xca of objects in Y C @[_n’n]

T [—mn]
to (G)
an object C € (‘J’Sb)C and a morphism C' — [[,c £, the compactness of C, as an object in Tsb,
guarantees that it factors through a finite subcoproduct. But then because the E) all belong to Y

. The coproduct exists in T and belongs

C TP, and hence satisfies the universal property of the coproduct in T5°. But given

we may further factor as

C— [ D»— [ Bx—]] Bx
AEN AEN AEA
In this factorization A’ C A is a finite set, and the finitely many D), belong to <G>[_”’”]. This
proves that the subcategory Y is closed in T under coproducts.
To complete the proof, it remains to show that the subcategory Y is closed in T under extensions.
To this purpose, we apply [39, Lemma 1.6 and Remark 1.7] with

s=(T")  A=e=(@,  x=z2=Y.

Observe that C = <G)[_”’”] C T¢, and by the first assertion of the current lemma T¢ C (st)c =38.
Combining the inclusions gives € C 8, and § is triangulated. Hence [39, Remark 1.7] applies.
Because X = Y and by the definition of Y, any map S — B, with S € § and with B € X, factors
as S — A — B with A € A. Similarly any map S — D, with S € 8§ and with D € Z, factors
as S — C — D with C' € C. The hypotheses of [39, Lemma 1.6 and Remark 1.7] all hold, and
any map S — E, with £ € Y * Y, must factor as S — F — FE with F € <G)[_"’n] * <G>[_n’n] C
<G>[_"’"]. This completes the proof that the subcategory Y is closed in T under extensions. U

We are now ready to prove that the inclusion T¢ < TP is intrinsic.

Proposition 2.2.12. The following equalities hold: (‘J’Sb)c =TP N Jo =17, Tb N Tg = Jeb,

Proof. The inclusion T¢ C (‘.TSb)C is the first part of [Lemma 2.2.11, We need to prove the reverse

inclusion.
Choose therefore any object C' € (T*)°. Because C' belongs to (T*%)° c TP =, @[_n’n],

there must exist an integer n with C' € @[_n’"]

morphism from C € (T*%)° to C € @[_n’n]
factor through some object D € <G>[_”’”]. Thus C' is a direct summand of D, but the category
(&)1 is closed under direct summands. Hence C € (G ¢ 7¢, and therefore (TP)° = Te.

In order to prove that T° N T = T¢ the nontrivial inclusion to show is 7" N T C T¢. Thus
pick C € T*N T, . By |Definition 2.2.1} there exists a positive integer n such that C' € ~T<~". On

. Therefore the identity map id : C' — C' is a

, and by the second part of |[Lemma 2.2.11| it must
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the other hand, since C' € T, there is a distinguished triangle £ — C — D, where E € T¢ and
D € 757", Hence the map C — D vanishes, and C is a direct summand of E and is therefore
compact.

The statement T5° N T2 = T is by intersecting with T the equality 75" N T, = T°. O

Let us now reconsider the natural inclusions in . We can extend [8, Theorem B] to include
TP and its natural subcategory T%»*. More precisely, the following is true:

Theorem 2.2.13. If T is a weakly approximable triangulated category, then all the inclusions in
the diagram , represented by the solid arrows A — B, are invariant under triangle equivalences.
By this we mean that given a pair of weakly approximable triangulated categories T, 7T, as well as
matching inclusions A < B < T and A" — B’ — T’ from the diagram (1)), then any triangle
equivalence B — B’ must restrict to a triangle equivalence A — A’.

The same is true for the inclusion (x) in the diagram , provided we further assume that one

of the two conditions below holds:
(i) 7,797 are coherent or
(ii) 7€ c T2, 7 c 7% and L(T) N T, = {0} = LT N T .

Finally, the inclusion (o) is invariant under triangle equivalences if T¢ C T and T C T l;.
Recall the following, which is just [40, Definition 5.1].

Definition 2.2.14. A weakly approrimable triangulated category T is coherent if, for any t—
structure (‘J’go,“T;l) in the preferred equivalence class, there exists an integer N > 0 such that
every object D € T admits a distinguished triangle C — D — E with C € T N TSN and with
EcTnT>Y,

Proof of [Theorem 2.2.13. In view of [8, Theorem B], we only have to deal with the inclusions
involving T and T%>. Now TP < T~ is intrinsic by The case of T¢ < T follows
from [Proposition 2.2.12| which also shows that we do not need to deal with 7> N T and T°" N T?.
The inclusion T ¢ T? is intrinsic by |[Corollary 2.2.8|

Under the assumption that T¢ C T2 we have T = T and thus (o) is intrinsic because it
coincides with the inclusion T¢ C TP,

It remains to prove that the inclusion T5"* C T3P is intrinsic. Note that, if G is a compact

generator of T and 7¢ = (‘J’éo, ‘3'51) is the t—structure it generates, then

Tt = G ‘J'é_nﬂ = G (‘J'é_n)L = G G[—o0, —n]*
n=1 n=1 n=1

where the perpendiculars are understood in the category 7. But G is a classical generator of the
category T¢, which is intrinsic in T5. Intersecting with TP gives

gsbb _ gsb g+ — Ej (‘Jﬁb N G[—o0, —n]l> )

n=1

and the expression on the right is clearly intrinsic as a subcategory of T*. U
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Example 2.2.15. (i) It is not hard to produce examples of weakly approximable triangulated
categories T that are coherent. The easiest one is when R is a coherent ring and 7 = D(Mod-R).
By [40, Example 5.7], the homotopy category of spectra Ho(Sp) is also coherent.

(ii) By [8, Proposition 10.2.1], If X is a quasi-compact and quasi-separated scheme with a closed
subscheme Z C X such that X\ Z is quasi-compact, then Dgc 7(X) satisfies (ii) in|{Theorem 2.2.13|

For later use, let us introduce the following definition.

Definition 2.2.16. A triangulated subcategory & C T of a triangulated category T is characteristic

if any triangulated autoequivalence T — T restricts to an autoequivalence & — §.

Remark 2.2.17. Let T be a weakly approximable triangulated category and let B < A be a pair

of subcategories in the diagram satisfying the restrictions (if any) imposed in [Theorem 2.2.13|

The conclusion of [Theorem 2.2.13| obviously implies that B is a characteristic subcategory of A.

2.3. Functoriality of T°". Suppose F: § — T is an exact functor of weakly approximable trian-
gulated categories. We might reasonably ask for conditions under which F takes 8 into TP, and
the useful result will be:

Lemma 2.3.1. Let F: § — T be an exact functor of weakly approximable triangulated categories,
with a right adjoint G: T — 8. Choose t—structures (8@, 821) and (T<0,721) in the (respective)
preferred equivalence classes. Suppose furthermore that there exists an integer n > 0 with F(Sgo) C
TS". Then F takes 8% into TP if and only if the integer n > 0 may be increased to also satisfy
G(T<Y) c 8sm.

Proof. Choose compact generators H € § and K € T, and choose an integer A > 0 such that
H € 84 and Hom(H,8<_A) = 0. And then, by applying [0, Lemma 3.9(iv)], we may increase
A > 0 to guarantee that it also satisfies H[0, 0o]* C 854. Hence first of all we have

F(H) € F(854) c 754 c T .

Next, if F takes 8 into T°" then F(H) € T°, and there must exist an integer B > 0 with
F(H) € 27578, and by adjunction H € *G(T<~5). But then

G(TS7P) ¢ H[0,00]" C 854

Now suppose that the integer n > 0 may be increased to satisfy G(3-<0) C 85", Then the
inclusions
G(T<Y) cssm cx T AHt
tell us, by adjunction, that
70 c 2T ARH)
which says that F(H) belongs to T~ N +T<™7=4 ¢ 75, By [Lemma 2.2.3 there exists an integer

B > 0 with F(H) € W[_B’B]. But the functor F is exact and has a right adjoint, and hence
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respects coproducts, and combining with this allows us to show

F(SSb) —F ([j <H—>[—€,f]> c G W[—Kﬁ]

/=1 /=1

/=1

concluding the proof. O

2.4. The geometric case. Let f : X — Y be a morphism of quasi-compact, quasi-separated
schemes. Then the functor Lf* : Dgc(Y) — Dgc(X) is exact and has a right adjoint Rf, :
Dyc(X) — Dgc(Y), and for the standard ¢-structures there exists an integer n > 0 with

Lf*(Dge(Y)S?) CDge(X)S?  and Rf*(Dge(X)S?) C Dge(Y)S" .

From [Lemma 2.3.1| we deduce that L f* takes Dgc(Y )" into Dge(X ).

Lemma 2.4.1. Let X be a quasi-compact, quasi-separated scheme, and assume that X = U UV,
with U and V' quasi-compact open subsets. Let u : U — X and v : V — X be the open
immersions. Then the combination of the two inclusions

U Dge(X)™® C Dge(U)®  and  v*Dge(X)® € Dge(V)*

which we rewrite as the single inclusion Dge(X)® C (u*)Dge(U)*P N (v*) 1 Dge(V), is an
equality. That is: an object C € Dqe(X) belongs to Dac(X)*® if and only if u*(C) € Dge(U)™®
and v*(C) € Dgc(V)P.

Proof. The direction that needs proof is that, if an object C' € Dgc(X) is such that v*(C) €
Dgc(U)*® and v*(C) € Dge(V)®, then C € Dge(X)®. Now note that u*(C) € Dge(U)~ and
v*(C) € Dgce(V)™, and it is classical that therefore C' € Dgc(X)™. Thus the only assertion that
needs proof is that, if u*(C) € 1 Dgc(U)S? and v*(C) € T Dge(V)SY, then there exists an integer
n > 0 with C' € TDgc(X)S™™.

Set Z = X \ U, which is a closed subset of X with quasi-compact complement, contained in the
quasi-compact open subset V. Next recall that, given any object G € Dgc(X), we may complete
the unit of adjunction 7 : id — Ru,u™ to the triangle

F——>G—>Ruu'(G) —= XF

There exists an integer n > 0 such that, if G € Dgc(X)S?, then all three objects above belong to
Dgc(X)S™. But w*(F) = 0, making F an object in Dge z(X) N Dge(X)S" = Dge,z(X)S". Now a
classical result (see for example [37, Corollary 6.4]) tells us that Dge z(X)S" = Rv Dge, z(V)S7,
and we deduce that any object G € Dgc(X)S admits a triangle F — G — H — S F with
F € Ru,Dgc(V)S" and with H = Ru,u*(G) € RusDge(U)SY. In symbols this proves

Dge(X)S? € RuuDge(V)S" % RuyDge(U)SY .

But we are given that u*(C) € tDgc(U)S? and v*(C) € tDge(V)<?, and by adjunction C*
contains both Ru,Dgc(U)<? and Rv,Dgc(V)SP. Therefore C* contains Dge(X)S™™. O
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It follows that belonging to the subcategory Dge(X)*® C Dge(X) is a local property, in the
following, classical sense:

Corollary 2.4.2. Let X be a quasi-compact and quasi-separated scheme. Then

(i) For every quasi-compact open subset U C X, and with v : U — X the open immersion, we
have that u*Dge(X)™ C Dge(U)™P.

(ii) Given a finite open cover X = Uy U --- U Uy, with U; all quasi-compact, then an object
C € Dge(X) is in Dge(X)®® if and only if its pullbacks u}(C) € Dqe(U;) are in Dgc(U;)P

for everyi=1,...,m.

Proof. Part (i) is a special case of the discussion at the beginning of this section, while Part (ii)
follows from by induction on the number m of open sets in the cover. O

Example 2.4.3. Now every quasi-compact scheme admits a finite cover by affine open subsets, and

for U any affine scheme |Corollary 2.2.4| gives an explicit description of Dgc(U ). Together with
sb

|Corollary 2.4.2| this tells us that, if X is a quasi-compact and quasi-separated scheme, Dgc(X)

coincides with the full subcategory D°¢(X) C Dgc(X) consisting of objects that are locally iso-
morphic to bounded complexes of locally free sheaves (not necessarily of finite rank).

Now suppose Z C X is a closed subset with quasi-compact complement; we can wonder what is
Dyge.z(X)®P. We assert the equality

Dge,2(X)™® = Dge(X)™ NDge z(X) .
To see this note that, working with the standard ¢-structures, for any n € Z we have Dgc, z(X)S" C
Dgc(X)S", and taking perpendiculars in the category Dgc z(X) gives the inclusion
Dye,z(X) N1 Dge(X)S" € T Dgez(X)S" .
On the other hand the inclusion ¢: Dge z(X) — Dge(X) has a right adjoint ¢': Dge(X) —

Dgye.z(X), the local cohomology functor. And there exists an integer B > 0 with ¢/ (Dge(X)s™) C
Dyge,z(X)S"™B. This gives that

Do 2(X) N+ Dge(X) " = Dge,2(X) 111! (Dge(X) ") S “Dae 2 (X)<F .

Intersecting these inclusions with Dg.(X) and then taking the union over n € Z gives the desired
equality. Thus
D%¢(X) := D"°(X) N Dy z(X) = Dge,z(X)™.

3. ENHANCEMENTS AND THEIR UNIQUENESS

This section starts with a quick reminder of the language of oco-categories and the notion of
stable oco-categories. We also sketch the relation with the older language of dg categories. This is

done in [Section 3.1 In [Section 3.2] we define what it means for a triangulated category to have a

(unique) enhancement, and discuss some basic results which will be used in the rest of the paper.
A résumé of the known cases of uniqueness of enhancements is in Strong uniqueness
of enhancements is discussed in

3.1. Generalities. We want to sketch some basic features of co-categories and their linearizations.
We refer to [33, [32] 34] for a much more complete treatment of co-categories.
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Stable oco-categories. We will not repeat here the (long) definition of an oco-category, for which we
refer to the books mentioned above. We only recall that an oco-category D is stable if it carries
suitable additional structure that makes it closer to a triangulated category. In particular, it must
satisfy a set of axioms prescribing the existence of a zero object, the existence of fibers and cofibers
of morphisms, and such that two composable morphisms form a fiber sequence if and only if they
form a cofiber sequence. We denote by Cat®! the category of stable co-categories. Let Ho (Catito)
be the localization of Cat! with respect to co-categorical equivalences, where localization means
that there is a functor Cat¥, — Ho (CatZ), which is initial in the class of functors taking the
specified morphisms to isomorphisms.

Later we will relate these constructions to older ones, in the world of dg categories.

It follows from the axioms that the homotopy category of a stable co-category D comes with
a canonical triangulated structure. We will denote this homotopy category HY(D), somewhat
unconventionallyﬂ For later use note that, for a given f € Homgyop (A4, B), a lift of f means a
g € Mapp (4, B) such that f = H(g).

Example 3.1.1. All the examples of triangulated categories of interest in the paper, namely those

listed in [Example 1.1.3| and their natural subcategories an in the diagram , can naturally be
realized as homotopy categories of stable co-categories.

We denote by PrCatg the category of presentable stable oco-categories, with morphisms the
cocontinuous functors—meaning those functors which preserve small colimits. Furthermore, we
let PrCaty denote the category of compactly generated stable oo-categories, with morphisms the
cocontinuous functors that preserve compact objects. For us it is crucial that one can define two

functors
Ind: Cats — PrCat (—)¢: PrCat — Cat®L.

given by Ind-completion and passage to compact objects. Roughly, the Ind-completion of a stable
oo-category provides a completion under filtered colimits. It is important to note that, if we stick
to idempotent complete stable co-categories, then the two functors are mutually inverse. For every
D € Cat the Yoneda functor

Yoo: D — Ind(D)

yields a fully faithful embedding. When there is no risk of confusion between this Yoneda functor
and the standard one for ordinary categories, we simply write Y for Y.

We should also remark that the construction of the Yoneda embedding is functorial in the
following sense. If F: Dy — D5 is a functor of stable oo-categories, then there is an induced
functor

Ind(F): Ind(D;) — Ind(D2)

1t D is a stable oo-category, then the standard notation for its homotopy category is mo(D). Recall that
mo(D) is the triangulated category whose objects are identical with those in D, while the morphisms are given by
Hom,,p)(A, B) := mo(Mapp (A, B)). Here Mapy, denotes the mapping space in D, and mo(X) stands for the zeroth
stable homotopy group of X. Since in this paper we follow cohomological conventions, we will write H® in place of

7o, and more generally we let H = 7_; for all i € Z.
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such that Ind(F) 0 Yoo = Yoo o F in Ho (Cat). By [33, Proposition 5.3.5.13], if F is exact then
Ind(F) has a right adjoint Res(F): Ind(D3) — Ind(D;), which is uniquely determined by the
assignment Res(F)(D)(C) := Mapp, (F(C), D), for all D € Ind(D3) and all C' € Dy.

Remark 3.1.2. Later in the paper, and in particular in [Proposition 3.3.1} we will need to consider

the analogue of the Ind-completion of co-categories which are not necessarily stable. The generality
of the construction we need is the one discussed in [2, Example 3.3(d)]. In particular, if A is a small
additive category, then one can consider the stable co-category Fun™(A°P, Sp) of small product
preserving functors. To simplify the notation, we will denote it by Ind(A) . It should be noted
that, in this case, H’(Ind(A)) = D(Mod-A), where Mod—A denotes the abelian category of finite
product preserving functors from A° to Mod-Z. The Yoneda functor continues to provide an
embedding D < Ind(D). For a thorough account of this the reader is referred to [5, Section 7.4],
with more in [26]. For a sketch of a different approach, based on the Dold-Kan correspondence,
see [, Remark 7.4.10]; the reader might find this illuminating.

Linear stable co-categories. For a fixed commutative ring K, we now want to consider (stable)
oo-categories with a suitable K-linearization. As we will soon see, the results we have just outlined
all hold in this generality.

First note that D(Mod-K) is a commutative algebra object in PrCatg, via its tensor product
structure. Observe that here we are sloppily using the notation D(Mod-K) for its natural oo-
categorical enhancement. And later DP°™ (K) will stand for the natural co-categorical enhancement
of the compact objects in D(Mod-K).

A presentable K-linear stable co-category is a D(Mod-K)-module object of PrCaty. We set

PI'C&t]K = MOdD(MOd*K) (PrCatst)

to be the category of such linear stable co-categories.
A compactly generated K-linear stable oco-category is a D(Mod-K)-module object in PrCaty;.
They form the category
PrCaty := Modpoa k) (PrCatg).

Of course the tensor product also makes DP*"(K) into a commutative algebra object in Cat!.
A small K-linear stable co-category is a DP°™ (K)-module object of Catt, and together they form
the category

CatOo K= Modeerf(K)(Catsog).

As in the nonlinear case, we have functors
Indg: Cat} x — PrCatf (—)¢: PrCaty — Cat®'

Furthermore, for any D in Cat® x We obtain a well-defined Yoneda functor Y: D < Indg(D).
For nonstable categories, the construction of [Remark 3.1.2 generalizes to the K-linear world. The
Yoneda functor still has the good functorial properties that we discussed above in the non-linear
case, and the functor Indg still has a right adjoint Resk.

We will denote by Ho (Catffo,K) the localization of CatsogK with respect to oo-categorical equiv-
alences. When we do not want to specify whether we are working in the linearized setting, we will

use the symbols Cat®' ., Ho (Catsoto;_;) and Ind,. This means that ? can be either K or {.

00,7
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Dg categories. By [19] 20], if K is a commutative ring, then the theory of stable K-linear oo-
categories is equivalent to that of pretriangulated dg categories. The non-experts may prefer to
use this more classical language. Various introductions to it are available by now; the reader is
referred to [4, 21l 23] for some highlights of the original, foundational work on the subject, to
[55] for a detailed textbook treatment, to [25] for an extensive survey, and to [10] for a bare-bone

account.

Remark 3.1.3. Although this language will not be used in this paper we remark that, in the
linear case, one can equivalently adopt the language of (pretriangulated) A, categories (with
various notions of unit). See [24] for a survey of A world, and [I1], [I2] for recent work on the

relation with the dg one.

Recall that a dg category is a K-linear category D whose morphism spaces Hom (A, B) are com-
plexes of K-modules and, for all triples of objects A, B, C'in D, the composition maps Hom(B, C)®xk
Hom(A, B) — Hom(A, C) are morphisms of complexes. There is also a natural notion of a dg func-
tor between dg categories. If dgCat is the category of dg categories and dg functors, we can form
its localization Hqe with respect to quasi-equivalences. Recall that a dg functor F: D; — D5 is a
quasi-equivalence if it is essentially surjective and, for every pair of objects A, B € D1, the natural
map Hom(A, B) — Hom(F(A),F(B)) is a quasi-isomorphism of complexes.

Remark 3.1.4. The language of (pretriangulated) dg categories may appear more manageable
than that of stable co-categories, but passing to the localization Hqge is technically more involved
than Ho (CatSOtO’K). The calculus of fraction turns out to be simpler in the passage from CatffoJK
to the localized category Ho (Catf}o’K).

Let C4g(K) stand for the dg category of complexes of K-modules. For every dg category D we

can construct a much larger one
dgMod-D := Hom(D?, C4.(K))

whose objects are called (right) dg D-modules. The homotopy category H°(dgMod-D) has a
natural triangulated structure. Given a dg category D, there is a fully faithful dg Yoneda functor
Yig: D — dgMod-D. A dg category D is pretriangulated if the essential image of HO (Yqg) is a full
triangulated subcategory of H’(dgMod-D). The property of being pretriangulated is analoguous
to the one of being stable for co-categories. More precisely, the full subcategory of Hqge consisting
of pretriangulated dg categories is known to be equivalent to Ho (Cati‘é},K). This result was proved
in [19, Corollary 5.5]; see also [20, Theorem 0.1] and the paragraph before Meta Theorem 14 in [2].

The image of Yq, is contained in the full dg subcategory h-proj-D of dgMod-D whose ob-
jects are h-projective dg D-modules. Recall that an object M € dgMod-D is h-projective if
Hompoggmod-p) (M, N) = 0 for every N € dgMod-D which is acyclic (meaning that N(A) is an
acyclic complex for every A € D). It is important to keep in mind that the dg category h-proj-D
is the dg analogue of the oo-category Indg (D) in the co-categorical setting above. And Y, is the
dg replacement of the Yoneda functor into the Ind-completion.

3.2. Uniqueness of enhancements: general results. In the remainder of the paper we will
mostly be interested in triangulated categories admitting enhancements. We recall that there are
at least two, genuinely distinct notions of enhancements.
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Definition 3.2.1. If ? = K, () then an enhancement in Cat® ., of a triangulated category T, is a

00,77

pair (T, F), where T € Catsog;, and F: HY(T) — T is a triangle equivalence.

By the previous discussion, the existence of an enhancement in Catsog’K is equivalent to the
existence of a dg enhancement. Classically, triangulated categories admitting a dg enhancement
are called algebraic, while those admitting an enhancement in Cats are called topological.

Example 3.2.2. (i) It is clear that if R is a ring, then D(Mod-R) has an enhancement in Catito,?.
The same is true for Dgc z(X), where X is a quasi-compact and quasi-separated scheme with a
closed subscheme Z C X such that X \ Z is quasi-compact. It is also clear that if X is a noetherian
scheme, then Dgc z(X) is coherent.

(ii) On the other hand, it is well-known that Ho(Sp) does not have a dg enhancement, and
so also no linear stable oo-categorical enhancement—see, for example, [53, Propositions 1 and 4].
However, it does have natural nonlinear oco-categorical enhancements.

(iii) Finally, we should not expect that all triangulated category have an enhancement. Examples
are provided in [36] [48] (see also [14], Section 3.2] for an extensive discussion).

For ? =K, () and T a triangulated category, we denote by Enh,(T) the set of equivalence classes
of enhancements of T in Cat?, ,. Here two enhancements (Ty,F;) and (Tg,Fy) of T in Cat¥ ,
are defined to be equivalent if Ty and Ty are isomorphic in Ho (Catsog?). And when we write
Enh;(0) we mean that we do not, in advance, specify the triangulated category J. Thus an
element of Enh»(0) can be identified with an isomorphism class of objects in Ho (Catig;,).

Definition 3.2.3. For? = K, (), a triangulated category T has a unique enhancement in Ho (Cati},?)
if the set Enh(T) contains exactly one element.

We will often say simply that the given triangulated category has a unique enhancement, with
the context clarifying whether we mean uniqueness in Ho (Catsog’K) or in Ho (Catffo).
We begin with the following easy but useful observation.

Lemma 3.2.4. Let T be a weakly approximable triangulated category and take [S] € Enh(T¢).
Then H°(Ind-(8S)) is weakly approzimable.

Proof. The triangulated category H"(Ind»(S)) is closed under coproducts by construction. Since
J¢ = HO(S) and H°(S) = H"(Ind»(S))¢, the Lemma follows from [Proposition 2.1.3 O

The main point of this paper is to show that, under reasonable assumptions, many of the
naturally defined full triangulated subcategories of a weakly approximable triangulated category
listed in have unique enhancements. The key idea is to produce new enhancements
from old ones and compare them. First of all we introduce the obvious construction.

Construction 3.2.5. Let T be a triangulated category and let 8 C T be a full triangulated sub-
category. We define a restriction map <I>?T’S, taking an enhancement (T, F) of T to an enhancement
(S,G) = @%7S(T, F) of 8, where S is defined to be S = F1(§), and G is the restriction of F. When
F is not relevant, we will also write S = @%VS(T). Here ? = (), K, depending on whether we are
considering nonlinear or linear enhancements of T (and thus of 8).

We then have the following.
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Lemma 3.2.6. If S C T is a characteristic subcategory, then the assignment (I)‘}S mnduces a map
®} 5 : Enhy(T) — Enhs(8),

for? =0,K.

Proof. Suppose that (T1,F;) and (T, F2) are enhancements of T such that there is an isomor-

phism f: Ty — Ty in Ho (CatZ ,), and let (S;,G;) := @5 (T4, F;), for i = 1,2. Consider the

triangulated autoequivalence F := Fy o H(f) o Fl_1 of T. Since 8 is characteristic, F restricts to

an autoequivalence of 8, and it follows that the essential image of HO(f|s,) coincides with H°(Ss).
This proves that S; = Sy in Ho (Catigj). O

Sometimes the restriction map of [Construction 3.2.5|might be reversible. In|Proposition 3.2.9we

illustrate this phenomenon with a simple example, but first some preparation in order to properly
state the result.

Construction 3.2.7. Let 8 be a triangulated category that has a classical generator. Suppose
that S € Catso;? is an enhancement of § and choose a classical generator G of H(S) = §. We
define A(S) € Catffoj to be a full subcategory of Ind-(S). Being a full subcategory, it suffices to
specify which objects in Ind,(S) belong to A(S), but the objects of Ind7(S) are the same as the
objects of H(Ind7(S)). The formula is

obas) = J@
n=1

where the union is formed in the triangulated category HY(Ind:(S)).

Remark 3.2.8. The category A(S) is clearly independent of the choice of the classical generator
G € H(S). It delivers a well-defined map

A: Enh,(8) — Enh,(0) ;

all this means is that if S = S’ in Ho (Catsogg), then A(S) = A(S’) in Ho (Cat, ;). But we do
not know in advance the triangulated category O = H(A(S)).

Proposition 3.2.9. Let T be a weakly approximable triangulated category. Then the map

@7 7o : Enhy(T°") — Enh,(T¢)

of |Construction 3.2.5 is a monomorphism.

More precisely, with A the map of [Construction 3.2.7], the composite

7
gsb gc A

Enh, (7°)

Enh,(T°") Enh,(0)

takes to itself any isomorphism class [T, of objects T € Ho (Catst ) satisfying HO(T) = TP,

00,7

Proof. First of all, by [Proposition 2.2.12| the subcategory T¢ C T°P is characteristic, and then
Lemma 3.2.6/says that that the restriction map (I)gsb et Enh,(7°") — Enh,(7°) is well-defined.
Because T is weakly approximable the category T¢ has a classical generator, and

allows us to construct the map A: Enh,(7¢) — Enh,(0). Choose an enhancement T of 7%, and
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let S = @(‘?stJC(T). It suffices to prove the “more precisely” assertion, we will produce a natural
equivalence T — A(S).

Consider the restricted Yoneda functor Y: T — Ind»(S), where Y (7T') := Mapy(—,T)|s for any
T € T. It clearly suffices to prove

(i) The map Y: T — Ind»(S) factors through the full subcategory A(S) C Ind+(S).
(ii) The induced map T — A(S) is an isomorphism in Ho (Catig77).

And both of these are assertions that can be checked at the triangulated level. Now the objects

in 7¢ = HO(S) are compact in T%> = H(T) by [Lemma 2.2.11) and compact in H°(Ind>(S)) by

construction. Hence the functor HO(Y): HO(T) — H%(Ind-(S)) respects those coproducts which

exist in TP = HO(T). If G € T¢ is a classical generator, then the inverse image under HO(\?) of the

= [—n.n] 0 . =—n,n] . . .
subcategory (Y (G)) C H”(Ind»(S)) contain (G) . Thus the inverse image of the union

contains the union, and from we learn that Y: T —s Ind-(S) takes T into A(S).
This proves (i).

To prove (ii) we need to show that the functor HO(Y) : HO(T) —» HO(A(S)) is fully faithful and
essentially surjective.

For the full faithfulness: we let £ C T°® be the full subcategory defined by

For all objects Y € TP the map
Ob(£) = (X €T =H"T)| Homga (X,Y) — Hompgoiacs) (Y(X),Y(Y))

is an isomorphism

By the definition of Y the category £ contains H°(S) = T¢. It is obviously a triangulated sub-
category of T, and as the functor H(Y) respects coproducts £ is also closed in T under those

coproducts that exist in T°". Appealing to |[Corollary 2.2.10[ we have that £ = T°°, and hence

HO(Y) : HO(T) — HY(A(S)) is fully faithful.

The essential surjectivity is now obvious: by the full faithfulness of Y we have that @[_n’n]

= [—n,n]
maps isomorphically to (Y(G)) . Hence the union maps onto the union, that is T maps onto
HO(A(S)). O

Remark 3.2.10. The proof shows a little more than the statement of |[Proposition 3.2.9 asserts:
?

fJ'sbJ'c
Catsotoﬁ, and proves that it is an isomorphism in Ho (Catitoy?). What is more: this map is natural in

T, it is nothing more than a restriction of the restricted Yoneda funtor Y: T — Ind?(tID(}sb 5e(T)).
This naturality will play a role in

given any T with H(T) = TP, the proof produces a morphism T — A® (T) in the category

We recall the following well-known result—see, for example, [30, Proposition 1.17] in the dg

setting. The (classical) proof is a simpler version of what we saw in |[Proposition 3.2.9 above.

Lemma 3.2.11. Let T be a compactly triangulated category, and let T¢ be the subcategory of

compact objects. Then the map

®J 5. : Enhy(7) Enh,(7°)

of |Construction 3.2.5 is a monomorphism.
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More precisely, the composite

o
‘bff,‘J’C Ind,

Enh,(7) Enh,(0)

takes to itself any isomorphism class [T, of objects T € Ho (Ca’cst ) satisfying HO(T) = 7.

00,?

Remark 3.2.12. It should be noted that a nice application of[Proposition 3.2.9/and [Lemma 3.2.11},
is the following. If T; and T3 are weakly approximable triangulated categories, such that J7 = T5

and this category has a unique enhancement in Ho (Catsotov?), then ‘J'ib ~ ‘J';b (respectively T1 = T3)
as long as both of the TP (respectively both of the T;) have enhancements in Catgﬂ)’?.

3.3. Uniqueness of enhancements: examples. In this section we collect interesting situations,
where the existing literature already proves that some of the triangulated categories described in
and/or their natural subcategories as in diagram , have unique enhancements
in the sense of [Definition 3.2.3|

Recall that if A is a small K-linear category then, in view of the discussion in we
can interpret A as a dg category and thus as a stable oo-category. Therefore it makes sense to

consider the following:

Proposition 3.3.1. If A is a small K-linear category, then H°(Ind(A)) and H(Ind(A))¢ have
unique enhancements in Ho (Catgﬁ)’?).

Proof. The uniqueness of enhancement in Ho (Catso';yK) follows from [30, Proposition 2.6], it
amounts to reformulating in the language of linear stable oo-categories the dg-category result
cited above. See the discussion of Section 3.1l

But the proof works also in the nonlinear case. If D € Cat?! is such that there is a triangle
equivalence F: HO(Ind(A)) — H%(D), then we can consider the full subcategory B C D with
objects the isomorphs of the F(A) € D, with A € A. Now the Hom-spaces in D (and thus in
B) are objects in the category of spectra, which has a natural ¢structure as in
(iii). Hence we can form the oo-category 7<'B with the same objects as B and with truncated
Hom-spaces. Then, as in the proof of [30, Proposition 2.6], the proof here amounts to using the
quasi-equivalence A — H°(B) < 7<B — B. The first functor is the one induced by F. O

[Proposition 3.3.1] implies the uniqueness of enhancements in the affine setting. After all, if R

is a (not necessarily commutative) K-algebra, then we let A be the K-linear category with only a
single object, whose endomorphism ring is R. In this case HO(Ind(A)) = D(Mod-R) and hence
H(Ind(A))¢ = DPf(R). Thus [Proposition 3.3.1| specializes to the following:

Corollary 3.3.2. If R is a K-algebra, then the triangulated categories D(Mod-R) and DP*'(R) =
D(Mod-R)¢ have unique enhancements in Ho (Catsog?).

The following is a deeper result, that came after the partial progress in [2], 17, 30].

Theorem 3.3.3. (i) If A is an abelian category, then the triangulated category D*(A) has a unique
enhancement in Ho (Catitoﬁ), for x =b,+,—,0.

(ii) Let X be a quasi-compact and quasi-separated scheme. Then the triangulated categories
D¢ (X) and DPe™ (X)) have unique enhancements in Ho (Catso;?), for x =b,+,—,0.
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Proof. The uniqueness of enhancements in Ho (CatigK) may be found in [9, Theorems A and B].
The uniqueness result in Ho (Catsoto) in (i) follows from the linear case and [2, Meta Theorem 14].

It remains to deal with the uniqueness of enhancements in Ho (Catgﬁ)) of the triangulated
categories in (ii). For this we use the argument of Section 8.1 in [9]. The idea is simple enough:

we reduce to the affine case of |Corollary 3.3.2| by using a finite open cover of X. In [9], the gluing

of the local enhancements is performed by means of [9, Theorem 7.4], and the proof there is given
in the setting of dg categories. But the argument generalizes to the oco-category context: what
is proved is that an enhancement of either Dy (X) or DPf(X) is the homotopy pullback of the
enhancements of the restrictions to open sets in the cover. The point being that all these restrictions
are localization maps. This proof works verbatim in the nonlinear case—see [32), Section 1.4.4] for
the theory of localizations of stable co-categories. O

We remark that [Theorem 3.3.3|answers in the positive Question 8.16 (v) and (vi) in [2]. Another
easy consequence of is:

Corollary 3.3.4. If X is a noetherian scheme and Z C X is a closed subset, then DZ’(I;Z(X) has

a unique enhancement in Ho (Cat®! ,).

Proof. Since X is noetherian we have Dz’cb ,(X) = Db(Cohy(X)). The result now follows from

Theorem 3.3.3| (i). O

The categories listed, in the uniqueness-of-enhancement results so far, all come with natural
linearizations. There is in the literature one important exception, the homotopy category of spectra.

In this case, the uniqueness of enhancement refers to the oco-categorical models.

Theorem 3.3.5 ([52, Rigidity Theorem|). The homotopy category of spectra Ho(Sp) and the full
subcategory Ho(Sp)¢ of finite spectra have unique enhancements in Ho (Catsog).

We will revisit and improve these results in For the moment, note that uniqueness
of enhancements is not true in general for triangulated categories. Examples are contained in
[47, 1491 51].

3.4. Strong uniqueness of enhancements. In this section, we consider a stronger notion of
uniqueness of enhancement.

First, we fix a variant of the notation Enh»(T) introduced right before [Definition 3.2.3] If T
is a triangulated category and ? = K, (), we denote by Enh5"(7) the set of equivalence classes of
enhancements of 7 in Catsoto’?. What changes, when we refer to Enh$™ (T) rather than Enhe(7T), is
the equivalence relation: in the case of Enh$"(7T), two enhancements (T4, F;) and (T2, F2) of T in

Catsogy? are defined to be equivalent if there is an isomorphism f: T; — T5 in Ho (Catig?) such
that Fy 2 Fo o HY(f). Recall that, in forming Enh-(7T), two enhancements are declared equivalent
if there exists an isomorphism f: T; — Ts in Ho (Catf;,?), with no compatibility condition with

F1 and Fz.

Definition 3.4.1. A triangulated category T has a strongly unique enhancement in Ho (Catsoto’?),
for 7 =K, 0, if the set Enh3"(T) contains exactly one element.
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A key example, of strong uniqueness of enhancements in a geometric context, is the following
result. We give here the best known version due essentially to Olander [44], building on partial
results by Lunts and Orlov who deal with projective schemes (see [30, Theorem 9.9]) and some

key ideas from [15] which we will recall in the course of the proof of [Proposition 3.4.2| and in
In the statement of the result, we say that a scheme X has depth > 1 if the stalk
Ox ; has depth > 1, for any closed point « € X. This is equivalent to Tp(Ox) = 0, where Tp(Ox)
denotes the maximal 0-dimensional torsion subsheaf of Ox.

Proposition 3.4.2. If X is a scheme proper over a field K, such that X has depth > 1, then
D®(Coh(X)) has a strongly unique linear enhancement.

Proof. As explained in [28, Section 5.A], the result about the strong uniqueness of linear enhance-
ments follows directly from [I5, Proposition 3.7] together with [44, Lemma 3.3.2]. O

Recall that, under the assumptions in [Proposition 3.4.2} the inclusion DP*™(X) ¢ D?(Coh(X))
need not be an equality. Thus [Proposition 3.4.2{proves only the strong uniqueness of D*(Coh(X)),

and not of DP°f(X). However, if X is assumed projective (and not only proper), then the older
result of [30, Theorem 9.9] shows that both DPf(X) and D?(Coh(X)) have a strongly unique
enhancement, under the same depth hypothesis.

Remark 3.4.3. It is a deep and interesting challenge to work out the extent to which strong
uniqueness of enhancements holds, in the geometric or algebraic settings. In view of [22], we
know not to expect to always have strong uniqueness. The reader can also have a look at [47] for
recent examples in this direction. In general we expect the existence of rings R for which either
D(Mod-R), and/or some of its natural subcategories, do not have a strongly unique enhancement.
Nonetheless, computations of special examples seem to point in the opposite direction, see [7, 18]
29].

In the case of the derived categories of schemes with support in a closed subscheme, we have
the following additional result.

Theorem 3.4.4 ([I5], Theorem 1.2). Let X be a quasi-projective scheme over a field K containing
a projective subscheme Z C X such that Z has depth > 1 and O,z € Dperf(X), for alli > 0. Then
D%erf(X) has a strongly unique enhancement in Ho (Cat(st’K).

The sheaf O;7 in the statement above denotes the quotient Ox /I%, where I% is the i-th power
of the ideal Zz of the closed subscheme Z — X.

We expect that none of the results discussed in this section is optimal and that they will be
subject to further improvements. As we will see in any such new result can be fed into
our general machine, transporting the strong uniqueness of enhancements back and forth between
the category of perfect complexes and the bounded derived category of coherent sheaves.

4. METRICS, ENHANCEMENTS AND COMPLETIONS

We begin with [Section 4.1] recalling the notion of metrics on triangulated categories. Completion
with respect to a metric has co-category versions which we introduce in [Construction 4.2.1] After

a quick discussion of the basic properties, we prove a result showing that, subject to technical
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hypotheses that we specify, the completion of an enhancement as in [Construction 4.2.1] achieves

the reverse of the restriction map on enhancements of [Construction 3.2.5] See [Proposition 4.4.2]

for the precise statement.
4.1. Metrics. We recall some fundamental definitions and results from [40].

Definition 4.1.1. A good metric on a triangulated category T is a sequence {M;}ien of additive
full subcategories of T containing 0, and such that for every ¢ € N the following properties hold:
(1) 7M1 UM US M C M,
(il) M; * M; = M;.

In the rest of the paper we will often simplify the notation, and for a good metric we will write
{M;} in place of {M;};eN

Example 4.1.2. Let T be a weakly approximable triangulated category, and fix a ¢-structure
(7<9,721) in the preferred equivalence class.

(i) The triangulated category T¢ carries a good metric {M;}, where M; := T¢N T<~¢ for i € N.
Also the category (T%)°P is endowed with a good metric {N*}, where N; := T¢N TS~ for all i € N
(see [40, Example 1.5]).

(ii) In the same setting, following [38, Example 8.4 and Definition 8.5], for ¢ € N consider the
full subcategory M; := T N TS~% of TP, The collection {M;} provides a good metric on T,
Moreover, (T°)°P can be endowed with a good metric {N{P}, where N; := T* N TS~ for all i € N.

For later use we keep in mind the following definition.

Definition 4.1.3. Let {M;} and {N;} be good metrics on T.

(i) We say that {M;} is finer than {N;} and write {NM;} < {N;} if, for every integer i > 0, there
exists an integer j > 0 such that M; C N;.

(ii) The good metrics {M;} and {N;} are equivalent if {M;} < {N;} = {M;}.

Given a triangulated category T with a good metric {M;}, following [40], one can form three
additional categories, actually three subcategories of the category Mod—T of additive functors
TP — Mod-Z. Let us review here their constructions.

First of all, recall the following;:

Definition 4.1.4. A sequence Eq = {F1 — E9 — FE3 — ...} of objects and maps in T is a Cauchy
sequence if, for every integer i > 0, there exists an integer M > 0 such that, in any distinguished
triangle Ey, — Epy — Dy with M < m < m/, the object Dy, is in M.

Next denote by Yg: T — Mod-T the (fully faithful) Yoneda functor, defined by Y¢(E) :=
Homg(—, E), for E' € T. When there is no possible confusion, we will often write Y for Y.

The full subcategory £(7) C Mod-T has for objects all isomorphs of colimits in Mod-T of
Cauchy sequences in J. That is, the objects of £(8) can all be written as cﬁ)ng(Ei), where
E, ={E; = Ey — E3 — ...} is a Cauchy sequence in 7.

Further one considers the following full subcategory of Mod-T7:

€(T) := {F € Mod—7T : there is an integer ¢ > 0 with Homyoq 7(Y5(M;), F) = 0}.
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Finally, we form the third full subcategory of Mod—T
(3) &(T) = £(T) Ne(T),
which will be fundamental in the rest of this paper.

Remark 4.1.5. A beautiful property of the category &(7), which was proved in [40, Theorem
2.4], is that it is triangulated (with an explicit set of distinguished triangles). Furthermore, &(7)
carries a good metric {N;} which, as in [38, Lemma 1.6], is defined as follows. First, for every
integer ¢ € N consider the full subcategory £; C £(T) defined by

(4) L= {F € £(7)

There is a Cauchy sequence F, in T such
that F cﬂan(Ej) and E; € M; for all j

Next one sets
(5) N := L; NS(T).

Example 4.1.6. Let T be a weakly approximable triangulated category.
(i) It is proved in [40, Proposition 0.16] that, for the full subcategories 7¢ and T with the good
metrics in (i), we have &(T¢) = T2 while, if T is coherent, then &((T2)°P)) = (T¢)°P.
In particular, if R is a right coherent ring, &(DPf(R)) = D’(mod-R) and &(D’(mod-R)°?) =
Drerf(R)°P. Similarly, in the geometric setting of (ii), if we assume further that X
is noetherian then we have &(DY™ (X)) = D, z(X) and (D, /(X)) = DY (X )op.,

(ii) [38, Example 8.4] shows that if T is endowed with the good metric of [Example 4.1.2] (ii),
then &((T%)°") = (T°)°".

As in [40], we recall also the following important notion.

Definition 4.1.7. Let T1 and To be triangulated categories, and assume that T1 has a good metric
{M;}. A fully faithful triangulated functor F: T3 — T is a good extension with respect to the
metric {M;} if, for any Cauchy sequence Eo in T1, the natural morphism

colimY, (E;) — Y¢(Hocolim(F(E;)))
s an isomorphism in Mod—T7.

Remark 4.1.8. Here Yg: To — Mod-T; is the restricted Yoneda functor defined as ?F(E) =
Homg, (F(—), E), for all E € Ty. Again, when there is no risk of confusion, we will write Y.

Note that, while we are not assuming that the category T9 has coproducts, for the definition
to make sense means in particular that for any Cauchy sequence F, in T7, we are assuming the
existence in Ty of the countable coproduct [[72; F(E;). And (as usual) the homotopy colimit is

defined, in Ts, by completing to a distinguished triangle the map id — shift, as in

[e.e]

H F(E) id—shift ﬁ F(E)
i=1 i=1

Hocolim F(E;) [1=FE)
=1
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Now, take any object A € T7, and apply to this triangle the functor Hom(F(A), —) to obtain the

bottom row in the commutative diagram

id—shift

[ Hom(F(4) , F(E:)) [[Hom(F(4) , F(E:)) colim Hom (F(A4) , F(E;))
i=1 =1

: :

o0 . . e’} Y
Hom <F(A) B F(E,-)) 4 Hom (F(A) I F(Ei)> . Hom (F(A) , Hocolim F(E;))
=1 =1

The top row is the short exact sequence for cﬂn Hom(F(A), F(E;)) in the category of abelian
groups. The vertical map « is the canonical morphism, and the reader should be alerted that we
are not assuming the map a to be an isomorphism. There is no compactness hypothesis on the
objects in the image of the functor F : 71 — T5. The solid square on the left obviously commutes,
and the two equal composites, of the solid arrows from top left to bottom right, both vanish. This
permits us to define the vertical map 8 as the unique group homomorphism making the diagram

commute. And the hypothesis of [Definition 4.1.7] amounts to the assertion that the map § is an

isomorphism for all A € 77.
Because the map + is always an epimorphism so is 5+ = d«, and hence d must be an epimorphism.
The exactness of the (extended) bottom row, for all A € T7, tells us that the bottom row must be

a short exact sequence of abelian groups.

As in [40] Definition 3.11], if F: T3 — T3 is a good extension with respect to a good metric {M;}
on T, we will denote by £/(T7) the following full subcategory of T

(6) £(T1) :={F € Ty : there is a Cauchy sequence E, in T} such that F' = Hocolim(F(E;))} .

We also need to recall something about morphisms of Cauchy sequences.

Let T be a triangulated category with a good metric {M;}. Given two Cauchy sequences FE,
and F, in T, one defines a sequence f, = {f;: E; — F;} of morphisms in T to be a morphism
of Cauchy sequences if f; is compatible with the maps in F, and F, in the obvious sense, for all
i € N. A morphism of Cauchy sequences fo: Eo — F, is of type-n if, in any completion to a Cauchy
sequence of distinguished triangles

E, — Fe — G, ,
we have G; € M,, for all 7 > 0. Note that the definition requires that the sequence G4 obtained
by completing the morphisms f; to distinguished triangles in T can be made to form a Cauchy
sequence. This is achieved in [40, Lemma 2.8 (iii)]. Consider a morphism f: E — F in £(7).
Because E and F' are objects in £(7) there exist Cauchy sequences Fo, and F, such that £ =
ciir}nYr_r(Ei) and F c%qu(Fi). We say that f is of type-n with respect to (E,, F,) if there exist
Cauchy subsequences E, and F, of E, and F, and a morphism f,: E, — F. of type-n such that
f = colimf].
—

Next we specialize to smaller classes of metrics, where we can prove more.

Definition 4.1.9. A good metric {M;} on a triangulated category T is very good if the following
holds:
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(1) T=Uen MG
(ii) For every integer m € N there exists an integer n > m such that any object F' € T sits in
a distinguished triangle E — F — D with E € *M,, and D € M,,;

A wvery good metric {M;} is excellent if the following holds:

(iii) For every integer m € N there exists an integer n > m such that any object F € T admits,
in £(7), a type-m morphism Y3(F) — D with respect to (F,D,), where in the notation
(F, D) the Cauchy sequence F is taken to be the constant sequence F Myopdd o p i ,
and D = c@)an(Di) € S(T)N Ly, for {L;} as in ({).

Example 4.1.10. Let T be a weakly approximable triangulated category. Then the good metric

defined in [Example 4.1.2) on T°" is excellent by [38, Example 8.4]. If T is coherent, then [38]
Example 2.3] shows that the metric on T¢ in [Example 4.1.2|is also excellent.

Let T be a weakly approximable triangulated category, and let T¢ be the subcategory of compact
objects. In (1) we defined a metric on T¢, which seems to depend on the embedding
into T. But [40, Remark 4.7 or Proposition 4.8] proves that the equivalence class of this metric
has intrinsic descriptions, which use only the category T¢ and its triangulated structure. In view
of this fact, the following lemma tells us that T being coherent can be checked entirely inside T¢.

Lemma 4.1.11. Let T be a weakly approximable triangulated category. The triangulated category

T is coherent if and only if the metric on T¢ of |[Example 4.1.2(i) is excellent.

Proof. As mentioned in [Example 4.1.10} if the category T is coherent then the metric on T¢ is

known to be excellent. We need to prove the converse.

Assume therefore that the metric on T¢ is excellent. Then of course it is very good, and by its
definition in (1) we have that M; = TNT<" is closed in T¢ under direct summands.
There is a choice of metric in the equivalence class closed under direct summands. We also know
that the embedding T7¢ — T is a good extension with respect to the metric, and [41, Lemma 9.5]
tells us that £'(7¢) = J.. But the metrics on T¢ is excellent, and [38, Proposition 6.2] applies.
For the integer m = 1, there must exist an integer N > 0 such that any object I’ € T¢ admits
a distinguished triangle B/ — F' — D with E' € 77 N T7<7! and with D € 78N T>~V. Now
any object F' € T, by the definition of T_, admits a distinguished triangle F/ — F — D/,
with F’ € 7¢ and with D' € T, N TS V=2 with N the integer above. Starting with the object
F € T, we first form the triangle ¥~!D’ — F’ — F — D’ and then, observing that F’ € T¢,
we form the triangle B/ — F’ — D. The composite ¥~1D' — F' — D is a morphism from
Y7ID' € 75 N=1 to D € 72N and must vanish, and the triangle 3D’ — F’ — F tells us
that the map F' — D must factor as the composite F/ — F — D.
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Completing the composable morphisms F/ — F' — D to an octahedron in the triangulated
category T, gives the diagram

»-lD/ E’ E D’

L

>lp— s F — s> F

L

D=—==D

By construction we know that D € T2~V and the distinguished triangle E/ — E — D', coupled
with the fact that £/ € 7S ! and D’ € 7S7NV=2  gives that £ € TS~!. The distinguished triangle
E — F — D, with E € 77 N TS and with D € 78N T2~V therefore proves the coherence of
the triangulated category 7. O

Definition 4.1.12. A good metric on a triangulated category T is characteristic if any triangulated

autoequivalence of T takes the metric to an equivalent one in the sense of [Definition 4.1.5,

Example 4.1.13. If T is a coherent weakly approximable triangulated category then the excellent
metrics on T¢ and J%, of [Example 4.1.2, are characteristic by [40, Remark 4.7 or Proposition 4.8]
and 40, Proposition 6.5], respectively.

Lemma 4.1.14. Let T be a weakly approzimable triangulated category. Then the metric {M;} on

T3P in is characteristic.

Proof. If G is any compact generator for T, there exists an integer A > 0 and inclusions of
subcategories of T

T4 € G0, 00t € T4
The first inclusion is part of the weak approximability assumptions, and the second inclusion is by
[6, Lemma 3.9(iv)]. Intersecting with T gives inclusions

Miya C TP N GY[—’L',OO]L CMi_4 .

Thus it suffices to check that any triangulated autoequivalence F of T takes the metric N; =
T N G[—i,00]* to an equivalent one.

But now F must respect the subcategory (‘J’Sb)c, and Corollary 2.2.12 tells us that (‘J’Sb)c = T°.
Therefore the classical generator G € T¢ must go to some other classical generator H € T¢, and
hence F takes

TP N G[—i, 00] to T N H[—i, 00,

and these are clearly equivalent metrics. O

4.2. Metric completion of enhancements. Suppose we are given a pair of triangulated cate-
gories 8 C T. Back in |Construction 3.2.5| we defined a restriction map <I>;"T75: Enh,(T7) — Enh,(8),

and mentioned that we will be interested in constructions that reverse this process—we even gave

an example in [Construction 3.2.7| In this section we will exhibit how completion with respect to

a metric can also be used.
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With this in mind we revisit, in the setting of stable co-categories, the constructions of [38] that

were briefly summarized in [Section 4.

Construction 4.2.1. Let S € Catig,? and set 8 := H(S). Assume that we are given a very good
metric {M; };en on 8 as in [Definition 4.1.9] Assume further that each of the subcategories M; C 8

is closed in & under direct summands.

Consider the Yoneda embedding Y: S < Ind-(S). By [40, Example 3.9] the fully faithful
functor HO(Y): HY(S) — H%(Ind+(S)) is a good extension with respect to the metric, in the sense
of [Definition 4.1.7} As in (6]), we can consider the full subcategory £'(8) C H%(Ind>(S)), which is
triangulated by [38, Proposition 5.12]. This allows us to form the stable co-category

L(S) = @;{O(Ind?(s))7£/(8)(Ind?(S)) s
with ® as in [Construction 3.2.5| Recall that this simply means that L(S) C Ind7(S) is the full
oo-subcategory having for objects £/(8) € H%(Ind+(S)).

Remark 4.2.2. The fact that every object of £(8) is isomorphic to a homotopy colimit in
HO(Ind;(S)), of a Cauchy sequence in 8, can be reformulated in the stable oo-category Inds(S)
as follows. Given a Cauchy sequence in § = HY(S) we first lift it to S, meaning we choose in S
a sequence of 1-morphisms E; 5 Ey 22 ... B, 2% FEpy1 — -+, that we denote by F,. This
sequence is such that

(a) The image in § = HY(S) is a Cauchy sequence.
We then choose a lifting to Ind(S) of the morphism

f_o[Y(Ei) id—shift ﬁY(E@') ‘
i=1

=1

In other words, the morphism above is well-defined in the additive category H°(Ind-(S)), and we
choose a 1-morphism in Ind»(S) lifting it. And then

(b) The category L(S) has for objects all homotopy cofibers of 1-morphisms (id — shift) as
above.

Remark 4.2.3. Suppose we are given a pair of objects S,S’ € Ho (Catsoto’?), as well as a very
good metric {M;} on HY(S) and a very good metric {M}} on H°(S’), with M; and M, all closed
under direct summands. It is clear from the definition that any isomorphism ¢ : S = S’ in
Ho (Catigg), respecting the metrics up to equivalence, induces an isomorphism L(p) : L(S) &
L(S) in Ho (Catsoto’?). The hypothesis that ¢ respects the metric up to equivalence means that
HO(¢p) : HY(S) = HY(S') takes the metric {M;} on H(S) to one equivalent to the metric {M.} on
HO(S").

Remark 4.2.4. Let 8 be a triangulated category, and let {M;} be a characteristic metric on 8
which is very good, and where the M; are closed in 8 under direct summands. By
we obtain a map

L : Enh,(§) — Enh,(0),

taking an isomorphism class [S], of enhancements of the metric triangulated category 8, to the
isomorphism class [L(S)]. To repeat in slightly different words: given S and a characteristic, very
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good metric on § = H(S), the construction above provides an enhancement for the triangulated
category O = H° (L(S)) = £/(8). But there is no reason to expect the triangulated category
H° (L(S)) to be independent of the enhancement S of the metric triangulated category 8. Hence
there is no reason to expect that there is only one triangulated category O = H° (L(S)) in the

output of the map L above, as we vary the isomorphism class of enhancements for 8.

Still assuming that 8 is a triangulated category with a very good metric {M;};en such that
each of the subcategories M; C § is closed in & under direct summands, let G: § — T be
a good extension with respect to the metric. Assume further that the subcategory 8§ — T is
characteristic and the metric is characteristic on 8. Under these assumptions there are well-defined
maps <I>?7’5: Enh;(T7) — Enh>(§), and L: Enh+(8) — Enh-(0). It is natural to wonder what,
if anything, we can say about the composite. This discussion begins in the next section.

4.3. Comparing completions. We are now ready to state and prove the main technical result

of this section; it will be applied twice, first in the proof of [Proposition 4.4.2) and again in the proof

of |Proposition 6.2.11 We begin by setting up the notation.

Setting 4.3.1. Let 8 be a triangulated category with a very good metric {M;};en such that each
M; C 8 is closed in & under direct summands. Let G: § — T be a good extension with respect to

the metric.

Suppose that T is an enhancement of T in Catsofﬂ and let S := QJ‘}’S(T). This yields two good
extensions of 8 with respect to the metric {M;}, and a map between them. First there is the
given good extension G: § — T = H(T) of but there also is the good extension
§ = HS) — H%(Ind»(S)) that comes from the fact that the essential image of the Yoneda
embedding H°(Y): HY(S) — H°(Ind+(S)) is contained in H%(Ind:(S))¢, see [40, Example 3.9].

Let us denote the two “completions” of § with respect to the metric {M;}, defined in @, by
£1(8) € T and £5(8) € H(Ind»(S)). Both are triangulated subcategories.

Proposition 4.3.2. In |Setting 4.5.1) the restricted Yoneda functor Y: T — Ind7(S) has the

property that HO(Y): HO(T) — H°(Ind+(S)) restricts to a triangle equivalence £7(8) — £5(8),

which yields an isomorphism

2

Y': @3 o (5)(T) — Pfio(1aa, (s),e4(s) (Ind2(S)) = L(S)
in Ho (Catsotoy?).

Proof. Take any object T' € £/(8), and express it in T as Hocolim G(S,) for a Cauchy sequence
S, in 8. Because § = H’(S), we can choose in S a sequence E, of 1-morphisms lifting S, as in
Remark 4.2.21

On the other hand the coproduct Y := [[,. G(S;) exists in T. Set X; := G(S5;). Interpreting
X; and Y as objects in T we may choose, for each ¢ € N, a 1-morphism g;: X; — Y in T lifting
the inclusion of X; into Y in J. Also the map (id — shift): Y — Y in T = H?(T) must lift to a
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1-morphism f: Y — Y in T. This gives us in Ind-(S) a 2-commutative square

TIvex) X;)
=1 i=1
al ) ia

vy — Y,

where « is the natural map induced by the g; above and h stands for a 1-morphism in Ind;(S)
lifting the morphism id — shift in H°(Ind»(S)). Let M € T be the mapping cone of f: Y — Y,
and let P € L(S) be the mapping cone of id — shift. The data permits us to construct a morphism
of cofiber sequences in Ind(S)

(7) [Ty ]_[Y P
=1 =1
. l ﬂ
YY) ) (M),

Now let A € 8§ be any object and apply to this diagram the functor HomHO(Ind?(S))(\?(G(A)), —).
The fact that HO(Y)(8) € HY(Ind»(S))¢ tells us that this agrees with the commutative diagram of
and in particular HomHoand7(s))(?(G(A)), —) takes the map f to an isomorphism.
Warning: because we are not assuming any compactness of the objects of § in the category T, the
functor Y need not take o to an isomorphism. Anyway, because HomHoand?(s))(\?(G(A)), —) takes
the map 8 to an isomorphism for all A € 8§, we have that the map g: P — \N((M ) is such that
HO(3) is an isomorphism, meaning 3 is a quasi-isomorphism. From this it easily follows that the
functor HO(Y): HO(T) —s HO(Ind-(S)) takes the subcategory £)(8) C HO(T) into the subcategory
£4(8) € H(Ind¢(S)), and the induced functor £;(8) — £5(8) is essentially surjective.

It remains to establish that, for any two objects M, M’ € T both lying in £/ (8), the natural map
Homyp (M, M'") — Homy, 4, (s (Y(M) Y(M’)) is a quasi-isomorphism. And for this the restriction
on M’ is unnecessary: we will show that this map is a quasi-isomorphism for every M’ € T.

Now the object M € L(S) C T comes with the cofiber sequence Y LY S Min T, and the
functor Y yields a morphism of cofibrations

Hom (M, M') Hom (Y, M)

| |

Hom (Y (M), Y (M")) Hom (Y (Y),Y (M"))

Homp (Y, M')

"D Hom(Y(v), ¥ (M)
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If we apply the functor Hom(—, Y (M’ )), to the map of cofiber sequences in , this extends to a

composable pair of morphisms of cofibrations

Homy. (M, M') Homy. (Y, M) Homy (Y, M)
v i v / v i v / ?(f) v v /
Hom (Y (M),Y(M")) Hom (Y (Y),Y(M')) —————— Hom(Y(Y),Y(M"))

L Hom(B,Y (M) l Hom(a,Y (M")) J{ Hom(a,Y (M)

Hom (P, ¥ (M) T Hom (Y (x0), V(M) ——" T Hom (Y (), Y (M"))
i=1 i=1
and the composite is
%)

Hom. (M, M') Hom (Y, M) Hom (Y, M)

! ! !

ﬁ Hom(Y/(X,), V(M) id—shift ﬁ Hom (Y (X,), Y(M0")).
=1

i=1

Hom (P, Y (M"))

As Y is the coproduct in T of the objects X; = G(S;) with S; € 8§ C T, the map o' must be a
quasi-isomorphism, and hence so is 3. But 8’ is the composite

~

/—\

) S S gt Hom(8,Y (M")) Sagt
Homep (M, M') —— Homy, . ) (Y (M), Y (M")) Homy, g, s) (P, Y (M)).

On the other hand 3: P — \N((M ) is a quasi-isomorphism in Ind7(S) by the previous discussion.
The full faithfulness of £}(8) — £,(8) immediately follows. O

4.4. Good metrics and enhancements. The first application is to specialize [Proposition 4.3.2|

to the situation where £/'(8) = T. We need now to update [Setting 4.3.1| as follows:

Setting 4.4.1. Assume we are in[Setting 1.3.1], and suppose further that:
(i) The inclusion £'(8) — T is an equality;

(ii) The subcategory 8 C T is characteristic;
(iii) The metric {M; }ien, on the category 8, is characteristic.

The result is then the following.

Proposition 4.4.2. with the assumptions as in the map of [Construction 3.2.5
@} 5: Enh,(T) — Enh,(8)

is a monomorphism. And more precisely: with L the map of [Construction 4.2.1] we have that the

composite
®!
7.8 L

Enh,(7) Enh,(8) Enh,(0O)
takes to itself any isomorphism class [T], of objects T € Ho (Cat3, ,) satisfying H(T) = 7.

00,7
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Proof. First of all, since 8§ C T is a characteristic subcategory, guarantees that (I)?T,S
gives a well-defined map @%75: Enh,(T7) — Enh,(8). And because the metric {M;} on the
category 8§ is assumed characteristic, tells us that the L of [Construction 4.2.1] yields
a well-defined map L: Enh,(8) — Enh,(0). It follows that the composite

?
7,8

Enh,(7)

Enh,(8)

is well-defined. But by [Setting 4.4.1| (i) we are assuming £/ (8) = 7, and [Proposition 4.3.2| produces
a (explicit) isomorphism T — L(®J ¢(T)) in Ho (Catitoj). This proves the second assertion of

Enh, (D)

the statement, and the first is an immediate consequence of the second. O

Remark 4.4.3. As in|Remark 3.2.10| we note that the proof shows a little more than the statement
of [Proposition 3.2.9| asserts: given any T with H(T) = 7, the proof produces a morphism T —

L(®: 5(T)) in the category CatS! ,, and proves that it is an isomorphism in Ho (Catito,?). What

00,7

is more: this map is natural in T, it is nothing more than a restriction of the Yoneda map
Y: T — Ind,(®} 4(T)).
And once again this naturality will play a role in

We draw attention to the following easy consequence of the result above.

Corollary 4.4.4. In|Setting 4.4.1, if 8 has a unique (linear) enhancement, then T has at most
one (linear) enhancement.

Remark 4.4.5. Looking more carefully at [Corollary 4.4.4) we note that [Proposition 4.4.2| even

permits us to go backwards and recover, up to isomorphism in Ho (Catsoto’?), both the triangulated
category T and its unique enhancement from the triangulated category 8 and its metric. Precisely,
if 8 has a unique (linear) enhancement S and T = £/(8) has some (linear) enhancement, then T
and its enhancement are uniquely determined by the formula T = HO(L(S)) having L(S) as its

unique enhancement.

5. THE RESTRICTION FUNCTOR FOR CHARACTERISTIC SUBCATEGORIES

This short section is about applications of [Proposition 4.4.2] Suppose T is a weakly approximable

triangulated category and A C B is a pair of the natural subcategories of T in the diagram .
It turns out that, with suitable choices of metrics on A, there are five pairs (A, B) to which

[Proposition 4.4.2] applies. In four of the cases the proof is essentially identical, and we will give a
unified argument in [Section 5.1 And then explains in detail how the general argument
specializes to the four pairs (A, B) we mentioned, and then show how to apply [Proposition 4.4.2|
to the fifth pair.

5.1. General results. We begin by fixing the following:

Setting 5.1.1. Let T be a triangulated category with countable coproducts, and let (T<0,7>1) be

a nondegenerate t—structure on T. Assume further that:

(i) There exists an integer r > 0 such that, for any countable set of objects {X;, i € N} contained
in T2, the coproduct [icn Xi belongs to T
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(ii) The t—structure (‘J'@, ‘.]'21) is characteristic, as is its restriction to the subcategories T*, where

* can be any of the symbols —, +,0b.

Example 5.1.2. For any weakly approximable triangulated category T we may choose a com-
pactly generated t—structure (Tgo,ﬂ'?l) in the preferred equivalence class, and all assumptions
in are satisfied both by T with (‘J'@, ‘3'21) and by T°P with the induced t-structure
((‘.T‘)p)@, (‘T"p)}l). After all, the category 7, being compactly generated, contains all small co-
products and products of its objects. Because the t-structure is compactly generated, [, Proposi-
tion A.2] tells us that the subcategory T2 is closed in T under coproducts. And by [8, Lemma 3.2]
there exists an integer r > 0 such that, for any collection {D)},ca of objects in T, the product
[I,ca D belongs to TS7. Furthermore, in [8, Propositions 5.3, 5.7 and 5.8] the reader can find
the facts that the (respective) restrictions, to 7~, T and Tt of a t-structure in the preferred
equivalence class, are all characteristic.

Next we consider the following easy consequence of the results in the previous section.

Lemma 5.1.3. Let T be a triangulated category as in|Setting 5.1.1. Then
(i) The restriction map @3, : Enhy(T) — Enh,(T7) is injective. Furthermore, if T~ has a
unique enhancement S ihen, assuming T has an enhancement, the category T and its unique
enhancement are given by the formula T = H° (L(S))
(ii) The restriction map CD?T T Enh,(T+) — Enh,(7?) is injective. Furthermore, if T° has
a unique enhancement S then, assuming T+ has an enhancement, the category T and its
unique enhancement are given by the formula T+ = HO (L(S))

Proof. Since the t-structures are assumed to be characteristic on all the subcategories, and since
the subcategories are defined in terms of the ¢—structures, in the commutative square

T T~

‘J'+C_>‘J’

the inclusions are all characteristic. Next we apply [Proposition 4.4.2, More precisely:

(iii) To prove (i) we let 8§ = T, let the metric be given by M; = T~ N T and let the good
extension be the inclusion 8§ = T~ — 7. From [38, Example 7.9(i)] we learn that this is a
good extension with £'(8) = 7.

(iv) To prove (ii) we let 8 = T°, let the metric be given by M; = T2 N T2, and let the good
extension be the inclusion § = 7° — T+, From [38, Example 7.9(ii)] we learn that this is a
good extension with £/(§) = T+,

It is clear that the hypotheses of [Proposition 4.4.2| all hold, and the Lemma follows. [

5.2. The weakly approximable case. Let us specialize considerably: assume now that T is a

weakly approximable triangulated category. By |[Example 5.1.2| we may apply both
to T with the t-structure (Tgo, 721), and to T°P? with the induced #-structure ((‘.TOP)@, (‘.TOP)?l>,

and deduce the following:

Proposition 5.2.1. Let T be a weakly approximable triangulated category.
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(i) The restriction map ®3 ;. : Enhy(T) — Enh,(T7) is injective. Furthermore, if T~ has a
unique enhancement S zghen, assuming T has an enhancement, the category T and its unique
enhancement are given by the formula T = H® (L(S))

(i1) The restriction map <I>?7 T Enh,(T+) — Enh,(7?) is injective. Furthermore, if T° has
a unique enhancement S then, assuming T has an enhancement, the category T and its
unique enhancement are given by the formula T+ = HO (L(S))

(iii) The restriction map ®% 5, : Enhy(T) — Enh,(TV) is injective. Furthermore, if T* has a
unique enhancement S ihen, assuming J has an enhancement, the category T and its unique
enhancement are given by the formula T°° = H° (L(SOP)).

(iv) The restriction map (I)?T*,‘Ib: Enh,(T7) — Enh,(7%) is injective. Furthermore, if T° has
a unique enhancement S then, assuming T~ has an enhancement, the category T~ and its
unique enhancement are given by the formula (‘T*)Op =H° (L(SOI’)).

We can also prove the following.

Proposition 5.2.2. If T is a weakly approximable triangulated category, then the restriction map
<I>;_ gob: Enhy(T7) — Enh, (TP) is injective. Assume that T has a unique enhancement R and
that T= has an enhancement. Then the latter is unique, and both T~ and its unique enhancement

can be recovered by the formula T~ = H*(L(R)).

Proof. From [Example 4.1.10, we know that the subcategory TP € T, together with the metric
{N?P}ien given by the formula

NP = TP N gs—i

is a triangulated category with an excellent metric. The formula of [Definition 2.2.1| makes it clear
that TP C T is characteristic, and inwe saw that the metric on TP is characteristic.
Furthermore, [38, Examples 8.4] proves that the embedding T C T~ is a good extension, with
£(TP) = 7. And the fact that N;® = T N TS~ is closed in T under direct summands is
immediate from the formula. Thus, [Corollary 4.4.4] and [Remark 4.4.5| imply the result. Il

6. TRIANGULATED CATEGORIES WITH EXCELLENT METRICS, AND THEIR ENHANCEMENTS

The last important technical tool of this atricle is the enhanced version of passing, from a
triangulated category 8 with a good metric {M;}, to the triangulated category &(8) with the
induced good metric {N;}. This procedure takes an object in S € Catig;, with H°(S) = § to an
object ¥(S) € Catsog;_, with HO(¥(S)) = &(8). We will meet it in [Construction 6.1.1{and study its

basic properties in [Section 6.1| and [Section 6.2]

This completes our toolkit. We remind the reader that we already have

(i) The restriction map ‘I)Zr,s of |Construction 3.2.5|7 which takes a pair of triangulated categories
8 C T and an object T € Caty, , with HY(T) = T, to the object @%7S(T) € Catf, , with
HO(®} 4(T)) = 8,

(ii) The map A of [Construction 3.2.7, which takes a triangulated category 8 with a classical
generator, and an object S € Cat , with H°(S) = 8, to the object A(S) € Cat? ,. We
remind the reader that if § = T¢ then, under suitable hypotheses, |Proposition 3.2.9| proved
that HO(A(S)) = T°b.
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(iii) If 8 is a triangulated category with a very good metric {M;}, and if each M; is closed in 8

under direct summands, then there is also the L of [Construction 4.2.1] It takes an object
S € Cat}, , with H'(S) = 8 to the object L(S) € Cat¥ ,. And H(L(S)) is some sort of
“best possible” £/(8), in the sense of [Proposition 4.3.2, By this we mean that given any

good extension § C T with respect to the metric {M;}, we can form in T the subcategory

£/(8); under the hypotheses on the metric the subcategory £'(8) must be triangulated. The

construction seems to depend on the choice of good embedding 8 C T. But|Construction 4.2.1]

tells us that, as long as T has an enhancement, then its triangulated subcategory £/(8) C T
must be equivalent to HO(L(S)).

After setting up this extensive toolkit, in [Section 6.3 and [Section 6.4] we bring it all together and

prove the main theorems of the introduction.

6.1. Passing from enhancements of § to enhancements of G(8). As we explained in
given a triangulated category 8 with a good metric {M;};cn, we may form the category
S(8) as defined in (3)), and it is triangulated by Assume now that S is an enhance-
ment of 8§ in Ho (Catig’i,). We can then take the good extension HO(Y): HY(S) — H®(Ind(S))
with respect to the given metric. Next, take in H(Ind+(S)) the subcategory £'(8) as in (6], and
then we obtain a triangle equivalence [40, Corollary 3.22]

S(8) = £/(8)nY~1(e(8)),

where Y: H(Ind»(S)) — Mod-$ is the restricted Yoneda functor. Note that we appeal to
[40, Theorem 3.23] to show that the equivalence of [40, Corollary 3.22] respects the triangulated
structure. Following the abuse of notation established in [38, Remark 5.8], we will write &(8) both
for the subcategory of the abelian category Mod-8 and for £/(8) N Y~ (€(8)) in HO(Ind-(S)).

Construction 6.1.1. With S an object of Ho (Catf;’?) and given a good metric {M;} on 8§ =
H(S), we define

U(S) = @{ioand?(s))’g(s) (Ind-(8S))
with the embedding &(8) € H%(Ind»(S)) as in the discussion above.

Remark 6.1.2. It is not hard to see that if the metric {M;, ¢ € N} is characteristic, then the ¥
of [Construction 6.1.1] respects quasi-equivalences. Hence it induces a map

¥: Enh,(8) — Enh,(&(8))

which takes the equivalence class [S], of enhancements of S, to the equivalence class [¥(S)] of
enhancements of &(8). Note that this time the output triangulated category is unambiguous;
HO(¥(S)) is always triangle equivalent to &(8), irrespective of the enhancement S.

Remark 6.1.3. Let 8 be a triangulated category with a good metric {M;};en. By [40, Re-
mark 2.15] we know that the subcategory 8 N &(8), where the intersection is formed inside Mod-8,
is always a triangulated subcategory inside each of 8§ and &(8). Furthermore the two triangulated
structures on 8§ N &(8), the one coming from the embedding into 8§ and the one coming from the
embedding into &(8), always agree with each other. It makes sense to ask that § N &(§) = 8,
which we will write as 8§ € &(8). And [40, Remark 3.24] assures us that this condition can be
tested in any good extension with respect to the metric.
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In the special case where 8 C &(8) the map ¥ above satisfies the following, easy analog of
[Proposition 4.3.2

Lemma 6.1.4. Let 8 be a triangulated category with a good metric {M; };en, and suppose further

that 8 C &(8), as in [Remark 6.1.5 Let T be an enhancement of &(8) and let S = @é(s)’S(T).

Then the restricted Yoneda functor Yao: T — Inds(S) factors through ¥(S) C Ind»(S), and the
map T — WU(S) is an isomorphism in Ho (Cat ,).

Proof. 1t suffices to prove the triangulated category statements, namely that the triangulated func-
tor HO(Yoo): HO(T) —s HO(Inds(S)) factors through HO(¥(S)), and the induced map HO(T) —»
HO(¥(S)) is an equivalence.

We first prove the factorization assertion. As 8§ = H°(S) is a subcategory of H’(Ind-(S)), it
gives an ordinary, unenriched restricted Yoneda functor Y: HO(Ind»(S)) — Mod-8. Now take
an object A € T. By assumption T is an enhancement for &(8), which means that the natural
Yoneda functor H(T) — Mod-$ has image &(8) C Mod-S. Thus Y o H(Y4)(A) is an object
of &(8) C Mod-8. Therefore there exists an object B € W(S) with Y(B) = Y o HO(Ys)(4).
The fact that B € L£'(8), together with [40, Lemma 3.15], allows us to lift this to a morphism
¢: B— H'(Yoo)(A) in H%(Ind+(S)). Now Y takes ¢ to an isomorphism in Mod-$, meaning that
Hom(C), ¢) is an isomorphism for all objects C' € 8. But 8 generates the triangulated category
H%(Ind7(S)); we deduce that the map ¢ must be an isomorphism in H(Ind»(S)). Hence the Yoneda
functor Yoo : T —> Inds(8) factors through ¥(S) C Inds(S).

But ¥(S) and therefore its subcategory Yoo (T) both lie in the subcategory £/(8)NYL! (€(8)) of
HO(Ind-(S)), and on this subcategory the map Y : HO(Ind+(S)) — Mod-$ restricts to a triangle
equivalence with &(8); see [40, Corollary 3.22 and Theorem 3.23]. In other words we have the

following commutative triangle

HO (Vo)

HO(T) HO(¥(8))

where the slanted arrows are equivalences, the one on the left by the hypotheses of the Lemma
and the one on the right by construction. Hence the horizontal map is an equivalence. O

Corollary 6.1.5. Let 8 be a triangulated category with a good metric {M; }ien, and also assume

(i) The metric is characteristic.
(ii) We have 8 C &(8) as in|Remark 6.1.5
Then the natural map V: Enh,(§) — Enh,(&(8)) is surjective. If we further assume that

8 C &(8) is a characteristic subcategory then the map V is bijective, with the inverse given by

‘1’?6(5),31 Enh,(&(8)) — Enh,(8).

Proof. We are assuming that the metric is characteristic, and hence the map ¥: Enh,(§) —

Enh,(S(8)) is well-defined (see[Remark 6.1.2)). From [Lemma 6.1.4]we know that any enhancement

T of &(8) is equivalent to W(S) for some S € Enh,(8), proving the surjectivity.
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If § C &(8) is characteristic then the map @76(8) s: Enhy(&(8)) — Enh,(8) is also well-defined.
The composite @é(s)’s o U takes an enhancement S of § to @i’{oand?(s))’slnd?(S) =S, and hence is
the identity. This implies that ¥ is also injective. O

Remark 6.1.6. As in|Remark 3.2.10| and in we note that the proof shows a little

more than the statement of [Corollary 6.1.5| asserts: given any T with HO(T) = &(7), the proof

st
00,7

produces a morphism T — ¥ o CI)?G(S)’S(T) in the category Cat and proves that it is an
isomorphism in Ho (Catsoto,?). What is more: this map is natural in T, it is nothing more than a
restriction of the Yoneda map Y: T — Ind?(fb?g(s) s(T)).

And once again this naturality will play a role in

Next we drop the assumption that 8§ C &(8), but restrict the class of allowed metrics. The
following lemma will play a key role in understanding this situation.

Lemma 6.1.7. Let 8 be a triangulated category with an excellent metric {M;}ien, and suppose
that we are given an enhancement S of & in Ho (Catsoto,?). Then the following s true:

(i) The embedding &(8)°® = H(¥(S))™ — H"(Ind+(S))°" is a good extension with respect to
the metric {N}ien on &(8)°P, where N; is as in (5)).
(ii) As full subcategories of HO(Ind+(S))°P, we have an equality

£(8)™ = £/ (&(8)™).

Proof. The compactly generated triangulated category H(Ind»(S)) has products, and hence the
opposite category H(Inds(S))°P has coproducts. Thus we can form in H(Ind7(S))°P all homotopy
colimits and, in particular, the homotopy colimits of Cauchy sequences in &(8)°P.

To prove (i), it remains to show that the requirement in [Definition 4.1.7] is satisfied, as in
Remark 4.1.8l And the proof of this fact, as well as the proof of (ii) above, both require us to
understand the homotopy colimits, in H(Ind7(S))°P, of Cauchy sequences in &(8)°P.

To this end recall that, given any Cauchy sequence B, in &(8)°°, the homotopy colimit is
obtained by forming in H°(Ind+(S)) the distinguished triangle

> id—shift -
Holim B, —— [] B; [[B: — % Holim B..

i=1 i=1

Note that we are using here that the stable presentable co-category Ind(S) is closed under small
limits (and thus small products). For this see [33, Proposition 5.5.2.4].

The next step is to apply the restricted Yoneda functor Y: HO(Ind»(S)) — Mod-8, which
amounts to studying what happens when we apply HomHO(Ind?(S))(A, —) to the triangle, with
A € 8. By [0, Lemma 12.10(i)], for A € 8§ and B, a Cauchy sequence in &(8)°?, we have
<li_ml Homgo(1nd, (s)) (4, Bs) = 0. Hence the map

Hom (A, ﬁBi) M Hom (A, ﬁ B,-)

i=1 =1
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is an epimorphism. The long exact sequence, obtained by applying the functor Hom(A, —) to the
triangle, breaks down into short exact sequences, and thus we obtain an isomorphism

Hom(A, Holim B.) — lim Hom(A, B,) .
-~ p—

As this is true for every object A € 8§, we have shown that Y satisfies
Y ( Holim B,) = lim Y(B,),
-— p—

where Y (B,) stands for the Cauchy sequence whose terms are the objects Y (B;).
Now, combining [38, Lemmas 2.15 and 2.13|, we can find an object B € L£(8) C Mod-§ and
an isomorphism B —» <h_m B,, which can be rewritten as an isomorphism B — Y( Holim B.).

By [40, Observation 3.12] there exists an object B € £/(8) C H(Ind»(S)) with Y(B) = B, and
hence we have, in Mod—8, an isomorphism 7: Y (B) — ?( Holim B,) with B € £/(8). Now [40),
Lemma 3.15] tells us that there is a morphism ¢: B — Holim B,, in H(Ind-(S)), lifting 7.
By construction, for every object S € 8, the functor Hom(S, —) takes ¢ to an isomorphism and
since § = H(S) compactly generates the triangulated category H°(Ind»(S)), we deduce that ¢ is
an isomorphism in H%(Ind>(S)). That is, any object Holim B, in £'(&(8)°?) is isomorphic to an
object B € £/(8)°?, giving the inclusion £'(8)°? > £'(&(8)°?).

To conclude the proof of (ii) we establish the reverse inclusion. We already know that, for
any Cauchy sequence B, in &(8)°P, there exists an object B € £/(8) and an isomorphism B =
Holim B,, which induces an isomorphism Y(B) = h£ Y(B.).

Choose any object A € £/(8). By [38, Lemma 2.11 (iii)], applied to the object Y(A) € £(8),
there exists in &(8)°? a Cauchy sequence B, with a map : ?(A) — hﬁ\?(B.), and by [38]
Lemma 2.13] the map 1 is an isomorphism. By the previous discussion, we have that B =

Holim B, is an object of £'(&(8)°?) C £'(8)°" with Y(B) = <h_m?(B.) Therefore Y(A) 2 Y(B).

By [40, Corollary 3.17], we can lift this isomorphism in £(8) to a morphism ¢: A — B in
£/(8), and by [40, Corollary 3.20)] the map ¢ must be an isomorphism. Thus any A € £/(8)
is isomorphic to Holim B, for some Cauchy sequence B, contained in &(8)°°, proving that
£(8)°r C £(S(8)°P).

And finally we turn to the proof of (i). Let A € £(8) be any object and choose a Cauchy
sequence A, in § with A = Hocolim A,. From [38, Lemma 6.10 (ii)] we know that, for any object

B € &(8), we have (li_ml Hom(A., B) = 0. But then [40, Lemma 3.21] gives that

Homgo (1nd,(s)) (A, B) — Homyioa s (Y(A), Y (B))
is an isomorphism. Now, let B, be a Cauchy sequence in &(8)°P, and choose an object B € £/(8),

with B = Holim B,, and with Y(B) = hﬁ\?(B.). Then, for any object C' € &(8), we have

isomorphisms

Hom( Holim B,,C) = Hom(B, C) = Hom(Y(B),Y(C))
= Hom((li_m Y(B.),Y(C)) = ciir}n Hom(B;, C)

where the last isomorphism is by [38, Lemma 2.13]. And the existence of the isomorphism from
the last to the first term proves that &(8)°? — H’(Ind;(S))°? is a good extension. O
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6.2. Going back and forth. The discussion in the previous section leads to the following result,

which is key to many of our applications.

Proposition 6.2.1. Let 8 be a triangulated category with an excellent metric {M;};en such that
8 and its subcategories M; are closed in £(8) under direct summands. Assume that S is an

enhancement of § in Ho (Catig?). Then there is an (explicit) isomorphism
S — W (U(S)r)*”
in Ho (Catitoﬁ).

Proof. By|Lemma 6.1.7|(i), the inclusion &(8)°® — H(Ind>(S))°P is a good extension with respect
to the metric {N;?, i € N}, where N; is as in (f]).
Set U := ¥(S). We have an isomorphism in Ho (Cat, ,)

? ° ? o
(@Hoand?(s»,ﬂ(a (Ind?(s))) = o (ud, 80,2, (s(5) (Ind(S)°P)

I

? O
o (nd-(UoP)) &5 (&(5)°P) (Ind: (U")),

the equality just amounts to distributing the {—}°P over the three terms inside the brackets, while
the last isomorphism is the restriction to the subcategories of the natural restricted Yoneda functor
for the inclusion U C (Ind»(S))” (a non-isomorphism!) Yoo (Ind-(S))* — Ind,(U°?). The
fact that the restriction to the subcategories is an isomorphism was proved in [Proposition 4.3.2
Note that we also appeal to (ii), which tells us that, as subcategories of H°(Ind-(S))°?,
we have £/(8)° = £ (&(8)°?).

And now we apply the restricted Yoneda functors

Y': H'(Ind#(S)) — Mod-8  Y”: H'(Ind7(U)) — Mod-&(8)°”,

as in the previous proof, and we find the commutative diagram

(8)P == £(6(8)) — £5(&(8)*)
om| B
8P £(8)oP M L(6(8)*) <——6(6(8)>)

where the equality is by [Lemma 6.1.7] (i), the triangle equivalence in the top row is the triangle
equivalence in |Pr0position 4.3.2|7 and the equivalence Y: £(8)? — £(6(8)°?) is by [38, Propo-
sition 2.17]. But over 8 C £(8)°" (respectively, over the subcategory &(&(8)°?) C £(&(8)P))
the functor (Y')°P (respectively, Y”) restricts to a triangle equivalence by [40], Theorem 3.23]. This
means that, if we restrict further from £/(8)°P = £5(S(8)°P) to the subcategories 8 =~ & (&(8)°P),

we obtain an isomorphism

op

S = (@ho(rua, s (Ind2(8)) )~ = @7 (1nds uom) 5 (s(syor) (1242 (U)) = T (L(S))

in Ho (Catig7?). O
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Remark 6.2.2. Asin[Remark 3.2.10] in[Remark 4.4.3|and in[Remark 6.1.6] we note that the proof
shows a little more than the statement of [Proposition 6.2.1] asserts. The assertion is the existence

of an isomorphism
S — W (U(S)?)*”

and in it will be important to note that this isomorphism is natural in S. Let us
therefore go carefully through the way this isomorphism was constructed.

We began with the (unrestricted) Yoneda functor Yo.: S — Ind»(S), which is unmistake-
ably natural. Then we used the (characteristic) metric to construct the subcategory £'(8) C
H%(Ind+(S)), and inside it &(8) c £/(8§) ¢ H(Ind»(S)). The full co-subcategory ¥(S) C Ind,(S)
has the same objects &(8) C H°(Ind7(S)). Because the metric is characteristic, the subcategory
U(S) C Ind+(S) is stable under quasi-equivalences.

And now comes the hairy part: we have the full subcategory ¥(S)°® C Ind7(S)°P, and hence an
induced (restricted) Yoneda functor Yoo : Inds(S)°® —s Inds(¥(S)°P). This allows us to form the
composite

S 7 Tndy(S)°P — > Tnds (W(S)P) |
which is clearly natural with respect to quasi-equivalences. And what is actually proved in
is first that this composite is fully faithful, and then that the essential image is precisely
the subcategory W (W (S)°?) C Ind,(¥(S)°P).

Corollary 6.2.3. Let 8 be a triangulated category with an excellent metric {M;};en such that 8
and its subcategories N; are closed in £(8) under direct summands. Assuming further that the
metrics {M; }ien on 8 and {N;}ien of the form on &(8) are both characteristic, then the map
U gives a bijection

Enh,(8) +— Enh,(&(8))

Proof. Because the metric {M;} on 8 is characteristic, [Lemma 3.2.6| says that ¥ respects isomor-
phisms in Ho (CatSt ) and induces a map

0,?

¥: Enh,(8) — Enh,(&(8)) .

Since the metric {N;} on &(8) is charecteristic, so is the metric {N;"} on &(8)°?, and [Lemma 3.2.6

applies again to give a well-defined map

¥: Enh,(6(8)*) — Enh,(8).

Then [Proposition 6.2.1| shows that W o W = id and therefore W is a bijection, with its inverse (up

to passing to opposite categories) being W. Il

6.3. The weakly approximable case. We want to specialize to the case where T is a weakly
approximable triangulated category. We start with the following easy observation.

Lemma 6.3.1. Let T be a weakly approrimable triangulated category, and assume further that

J¢ C T%. Endow T¢ with the good metric of |Example 4.1.4. Then &(T¢) = T°, and the map
U : Enh,(T¢) — Enh,(T%) of [Section 6.1| is surjective.
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If we further assume that +(T%) NTZ = {0} then this map is a bijection. More precisely, we

have the pair of inverse bijections

q)fwcz Enh,(7%) = Enh,(7°): ¥
Proof. The good metric of is characteristic by [40, Remark 4.7 and Proposition 4.8],
and by [40, Example 4.2] we have that &(7¢) = T2 The inclusion T¢ C &(T°) holds in the
good extension T, and hence it also holds in Mod-S8, see [40, Remark 3.24]. Moreover, if we
assume the extra hypothesis that +(7%) N T = {0} then the inclusion T¢ C T2 is characteristic by
[Theorem 2.2.13] The result now follows from [Corollary 6.1.5] [l

The following is another easy application of the general results in the previous section.

Lemma 6.3.2. Let T be a weakly approrimable triangulated category. Then there is a bijection
between the sets Enh,(T°) and Enh,(T%P). Furthermore, if T is coherent, then we have bijections
of sets

Enh,(T7¢) +— Enh,(7%)  Enh$¥(7¢) «+— Enh$"(7%).

Proof. Under the hypotheses of the Lemma, the categories T¢ and T have natural excellent
metrics, see [Example 4.1.10, With respect to these metrics we have &(7¢) = T% and &(T°") =
T by And the metrics in question are all characteristic: the metric on T by
Lemma 4.1.14] the induced metric on &(TP) = T° by [8, Proposition 6.1.8], and the metrics on T¢
and on &(T¢) = T2 by [Example 4.1.13, The assertions about Enh, now follow as an application
of |Corollary 6.2.3]

In order to deal with the case of strong uniqueness of enhancements, it is enough to observe

that, with our assumptions, the passage from T¢ to &(T¢) = ‘J’i’ (and the analogous passage for
the corresponding enhancements) is intrinsic in the sense that it induces an isomorphism of the
autoequivalence groups of T¢ and J? (see Remark 4.7, Proposition 4.8 and Proposition 6.5 in
[40)). O

By putting together the discussion in the previous section, we can prove the following.

Theorem 6.3.3. Let T be a weakly approximable triangulated category satisfying one of the fol-

lowing two assumptions:

(a) either T is coherent;
(b) or T¢ C TL.
Let A C B C T be two of the natural subcategories in the diagram , such that B # T_ and,
in the case where (a) holds but (b) does not, the categories A, B € {T TP} are also excluded.
Assume further that
(i) B (and thus A) has an enhancement in Ho (Catito,?).
(ii) A has a unique enhancement in Ho (Cat ,).
(iii) In the case where A = T° and (b) holds, we add the assumption that ~(T°) N T, = {0}.
Then B has a unique enhancement in Ho (Catsog,?).
Moreover, there is a formula for B and its (unique) enhancement in terms of A and its (unique)
enhancement. In particular, given a triangulated category A with a unique enhancement, there
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exists at most one unique B, containing A and possessing an enhancement, for which there might
exist a weakly approximable triangulated category T, with A C B C T being a prescribed pair of the
natural subcategories in the diagram , and in the case where A = T8 the ambient T is assumed
to satisfy (iii).
Proof. First of all, if in the diagram we have a triple of subcategories A C B C C, none of
which is in the list of exceptions, then it is enough to prove the assertions for the pairs (A, B) and
(B, €), with the pair (A, €) following by transitivity.

The cases where (A,B) € {(T7,7), (7% T),(T+,7),(T°,T7)} follow directly from
The case (A, B) = (T°°,T7) is obtained by [Proposition 5.2.2|

The case (A, B) = (T¢,T%P) is handled in [Proposition 3.2.9|

Under assumption (b), the case (A, B) = (7%, T?) is an example of an inclusion T ¢ &(TP) =
T°, and we can invoke [Corollary 6.1.5|

Again under the assumption (b), the case (A, B) = (T¢, T?) follows from [Lemma 6.3.1

To treat the pair (A, B) = (T2, T°) we appeal to the sequence of inclusions and bijections

Enh;(7%) «+— Enh;(T*") — Enh;(T7¢) +— Enh,(7?),

The middle injection comes from [Proposition 3.2.9 Under assumption (a) the first and the last
bijections come from [Lemma 6.3.2] Under assumption (b), only the first bijection follows from

Lemma 6.3.2] but because we are assuming (iii), the second bijection is by [Lemma 6.3.1

It remains to consider the case (A, B) = (T, ,T ), but first let us discuss the “Moreover” assertion,

for all the other cases.

Here the point is simple: in each of the pairs (A, B) treated above, there is an explicit recipe
constructing, up to equivalence, the (unique) enhancement B of B out of the unique enhancement
A of A. 1If the relation between A and B is that B = &(A) then B = ¥(A), with ¥ as in
IConstruction 6.1.1, For the pairs (A,B) € {(T=,T), (T2, T),(T+,7),(T°,T7), (7%, %)}, then
what works is either B = L(A) or B°® = L(A°P), with L as in [Construction 4.2.1} In the case
of the pair (A, B) = (T¢,T°") of [Proposition 3.2.9, the formula is that B = A(A), with A as in
(Construction 3.2.71

The only case not covered by the above is the pair (A,B) = (7%, 7). Under assumption (a),

the recipe sketched in the pre-“moreover” part of the proof takes the enhancement A of % to the
object ¥ o Ao (¥(A°P)°P) in the category Ho (Catitoj). To spell this out: for the excellent metric
on (T%)°P we have that W(A°P) is the unique enhancement of (T7¢)°" = &((T%)°P), then we apply A
to the unique enhancement (¥(A°P)°P) of T to obtain the unique enhancement of 7P, and finally
U to obtain the unique enhancement for J°.

Still with (A, B) = (7%,7%) but under the assumption (b), we must be in the situation of
(iii). Making explicit the recipe we sketched in the pre-“moreover” part of the proof, the unique
enhancement A of T% goes to the unique enhancement ¥ o A o @;b TC(A) of the category T°.

It remains to treat the case (A,B) = (T.,T7). Suppose A is ‘the unique enhancement of T

and B is some enhancement of T7~. By [Theorem 2.2.13| T, is a characteristic subcategory of T,

and the map (I)?T*,T; : Enh,(77) — Enh,(7,) is therefore well-defined. Hence (I)?T*,T; (B) is an

enhancement of T, and by the uniqueness of the enhancement of 7, we must have an isomorphism

A= @;_ - (B). But|Theorem 2.2.13|also tells us that 7¢ C T is a characteristic subcategory and
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therefore <I>:';, o Enh, (T, ) — Enh,(7°¢) is well-defined. Applying this map to the isomorphism

above, we obtain the isomorphism in the sequence

? ~ &? ? ?
Op g (A) = <<I>T_JC, (B)) = o) 5.(B),

with the equality being obvious. But the restriction maps

é?r‘yf 7<J~sb q>7g~s
Enh, (T°b)

b gec
Enh,(7-) . Enh,(7°)

are both monomorphisms: the first by [Proposition 5.2.2] and the second by [Proposition 3.2.91 The

map (I)%,TC’ being the composite of these monomorphisms, is also a monomorphism. Hence there
exists at most one B with ®7_ JC(B) = @;;JC (A), proving the uniqueness of B € Enh,(B).

For the “Moreover” assertion we remember that, for both the restriction maps <I)(‘?T,Jsb and
@;Sbﬂc, there is an explicit reconstruction procedure. One procedure to obtain the unique pos-
sible B goes as follows. We start with the enhancement (I);; JC(A) of T¢, apply A to obtain an
enhancement S of T, and then apply L to form an enhancement of T of T~ U

The following is now straightforward.

Corollary 6.3.4. Let T be a weakly approximable triangulated category having an enhancement

and satisfying one of the following two assumptions:

(a) either T is coherent;

(b) or T¢ C 0.
If T¢ has a unique enhancement in Ho (Catsogy?), then any of the natural subcategories A in ,
such that A & {T, T T2 when (a) holds and A # T when (b) holds, has a unique enhance-
ment in Ho (Cati‘gv?).

The above results suggest the following natural question.

Question 6.3.5. Let T be a weakly approximable triangulated category. Assume that T has an en-

st

hancement in Cat?_ -,
7

in Ho (Catitov?) ?

and that T¢ has a unique enhancement. Does T, have a unique enhancement

We conclude this section with a result that is also relevant to strong uniqueness of enhancements.

Lemma 6.3.6. Let T be a weakly approrimable and coherent triangulated category. Then T¢ has

a (strongly) unique enhancement if and only if T8 does.

Proof. This follows from O

6.4. Extending equivalences. An important consequence of [Theorem 2.2.13|is that if T and T’

are two weakly approximable triangulated categories and we have a pair of matching subcategories
B C T and B’ C T’ in the diagram (L)), any equivalence B = B’ descends to all the matching
subcategories A C B and A’ C B’ in the diagram . The aim of this section is to go upward and
extend the existence of equivalences.

Theorem 6.4.1. Let Ty and Ty be a pair of weakly approximable triangulated categories, satisfying
one of the following two assumptions for i =1,2:
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(a) either T; is coherent,

(b) or T¢ C (T;)°.

c

Fori=1,2, let A; C B; C T; be matching inclusions of subcategories in the diagram , such that
B; # (Ti)- , and where the categories A;, B; € {Tf’b,?fb’b} are also excluded. Assume further that

(i) B; (and thus A;) has an enhancement in Ho (Catigv?), fori=1,2.

(ii) Ai has a unique enhancement in Ho (Cat3, ,), fori=1,2.

(iii) In the case where A; = (T;)%, we assume that either (a) holds for both Ty and Ta, or else
that (b) holds for both. And when both T1 and Ty satisfy (b) we furthermore suppose that

LT (T)7 = {0}, fori=1,2.

c

Ifﬂl = .Ag, then Bl = ‘BQ.

Proof. The Theorem is an immediate consequence of the “Moreover” part of After
all, the unique enhancement of A; = As permits us to explicitly construct, up to equivalence, the
unique enhancement of both B and Bs. Hence B = Bo.

The only point worth mentioning is that the recipe, which passes from the unique enhancement
of A; to the unique enhancement of B;, is mostly the same for case (a) and for case (b). The only
difference occurs when A; = (7;)?, and therefore in this case we have to impose condition (iii). [

Note that the result does not prove that the equivalence By & Bs restricts to the given equiva-
lence A; =2 As. It would be interesting to investigate when this happens.

An immediate application of [Theorem 6.4.1]is the following generalization of [8, Theorem C]:

Corollary 6.4.2. Let Ty and Ty be two enhanceable, weakly approximable triangulated categories,

with each one satisfying one of the following two assumptions:

(a) either T; is coherent,
(b) or T¢ C (T;)2.

C
Let A1 C T1 and A C T be matching inclusions of subcategories in the diagram , with A; ¢
{(‘J’i)g,ﬂ'f’c,‘fffb’b}. Assume further that A1 = Ag, and this triangulated category has a unique

enhancement. Furthermore:

(i) In the case where A; = (T;)%, then either (a) holds for both T1 and To or (b) holds for both.
And if (b) holds for both, then we also suppose that ~(T;)2 N (T;)z = {0}, fori=1,2
Then the entire tower of subcategories of the diagram matches up, it can be identified (up to

triangle equivalences) for T1 and for Ts.

Proof. We are given first that A; =2 Ao, second that this category has a unique enhancement, and
third that 77 and T2 both have enhancements. We simply apply to the matching
pair (A1, T7) and (A2, T2) to deduce that T3 = T5. Hence the whole tower of intrinsic subcategories
matches up in pairs. [l

Following the same stream of ideas that led us to formulate |Question 6.3.5] we can ask whether
Theorem 6.4.1 may be extended to work for T, as well.
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7. APPLICATIONS

In this section we discuss several applications of geometric/topological nature of the results in

the previous section. In particular, in we apply to geometric categories

and (as a special case) we give a positive answer to the open question by Antieau mentioned in

the introduction. concerns applications of and provides two main results:
a complete generalization of a result by Rickard (see |Corollary 7.2.1) and a generalization of the

main result in [52] (see [Proposition 7.2.4). Finally, [Section 7.3| deals with the comparison of
autoequivalence groups.

7.1. (Strong) uniqueness in geometric contexts. In the geometric setting, we can easily apply
the results in thus improving the existing previous results.

Proposition 7.1.1. Let X be a quasi-compact and quasi-separated scheme and let Z C X be a
closed subset such that X \ Z is quasi-compact.

i) If X = Z, then all the natural triangulated subcategories of Dqgc(X) in|Ezample 2.1.5, except
q

Dfc(X), have unique enhancements in Ho (Cat?, ).
(ii) If X is noetherian, then all the natural triangulated subcategories of Dge z(X) in

ple 2.1.5 have unique enhancements in Ho (Catf;’?).

Proof. First we treat the case X = Z. The weakly approximable triangulated category T = Dgc(X)
obviously has an enhancement, while the subcategory T¢ = DPf(X) has a unique enhancement
by (ii). Also, by [8, Proposition 10.1.3], we have that +(7%) N T, = {0}.
therefore applies to assert that the other subcategories except D%e(X) also have unique
enhancements.

If X is noetherian then T = Dgc z(X) is a coherent weakly approximable triangulated cate-

gory having an enhancement. By |Corollary 3.3.4| Tb = Dg’f »(X) has a unique enhancement, and

from [Lemma 6.3.2] we learn that so does T¢ = D%erf(X ). Applying |Corollary 6.3.4| proves that all

the natural triangulated subcategories other than D¢, »(X)(= Dy, (X)) have unique enhance-

ments in Ho (Catsotoj). This leaves us with the case of D oh, (X)) which, under our assumptions,

is equivalent to D™ (Cohyz(X)). The uniqueness of enhancement for this category comes from

Theorem 3.3.3| (i). O

Remark 7.1.2. If R is a ring a similar proof, using [Corollary 3.3.2] provides the uniqueness of

enhancements for all the full triangulated subcategories of D(R) in [Example 2.1.5] other than
K~ (proj—R).

The machinery can also be applied to the homotopy category of spectra, yielding the following
improvement on

Proposition 7.1.3. All the natural triangulated subcategories of Ho(Sp) in (1)), apart from Ho(Sp),
and Ho(Sp)™?, have unique enhancements in Ho (Cat).

Proof. As explained in [Example 2.2.15, the triangulated category T = Ho(Sp) is a coherent,

weakly approximable triangulated category. Clearly T has an enhancement, while the subcategory

T¢ = Ho(Sp)* has a unique enhancement by [Theorem 3.3.5| Hence|Corollary 6.3.4|applies and tells
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us that all the subcategories except Ho(Sp)C’b,Ho(Sp)g,Ho(Sp)Sb’b have unique enhancements.
This leaves us with showing that Ho(Sp)“? has a unique enhancement, but this is obvious since
Ho(Sp)*? = {0}. O

For strong uniqueness of enhancements we present two results.

Corollary 7.1.4. If X is a scheme proper over a field K, such that X has depth > 1, then both
D?(Coh(X)) and DP*™(X) have strongly unique enhancements in Ho (Catfqu).

Proof. The triangulated category T = Dgc(X) is weakly approximable and coherent, and the

hypotheses on X are such that [Proposition 3.4.2|informs us that the subcategory T = ch’oh(X ) =
D’(Coh(X)) has a strongly unique enhancement. By [Lemma 6.3.6 it automatically follows that
J¢ = DP°f(X) also has a strongly unique enhancement. O

Corollary 7.1.5. Let X be a scheme quasi-projective over a field K, containing a projective sub-
scheme Z C X such that Z has depth > 1, and also satisfying O;z € DP (X)) for alli > 0. Then
both Dgcrf(X) and D%Oh’Z(X) have strongly unique enhancements in Ho (Cat ).

Proof. The triangulated category T = Dgc z(X) is weakly approximable and coherent, and the
hypotheses on Z C X are such that |Theorem 3.4.4|informs us that the subcategory T¢ = D%erf(X )
has a strongly unique enhancement. By [Lemma 6.3.6| it again automatically follows that T2 =
Dléoh, (X)) also has a strongly unique enhancement. O

7.2. Extending equivalences and spectra. The general results in have important
applications in the geometric setting. In particular, |[Corollary 6.4.2| clearly applies to the case

Ti = Dgc(Xi;), where X; is a quasi-compact and quasi-separated scheme. In this way we recover
Corollary D in [8], which we repeat here both for the convenience of the reader and because we
can slightly improve it by adding item (8); it treats the category T°" studied in which
in the special case of T = Dge z(X) turns out to be the DI2¢(X) of [Section 2.4

Corollary 7.2.1. Let X and X' be quasi-compact and quasi-separated schemes with closed sub-
schemes Z C X and Z' C X' such that X \ Z and X'\ Z' are quasi-compact. Assume further that
one of the two conditions below holds:

(i) FEither Z =X or Z' = X'.

(ii) One of X or X' is noetherian.

Then the following are equivalent:

(1) There ezists a triangle equivalence Dgc,z(X) = Dge z/(X').
(2) There ezists a triangle equivalence D:;C’Z(X) = D:C,Z,(X’)
(3) There ezm:sts a tm:cmgle equz:valence D;);C’Z(X) = Dg_lc,Z’(X/)
(4) There exists a triangle equivalence Dy 7(X) = D¢, 7(X').
(5) There ezists a triangle equivalence Dgc,z(X) = DZC,Z/(X/)
(6) There ezists a triangle equivalence DZﬁZ(X) = DZ’(I;’Z,(X’).
(7) There exists a triangle equivalence DY (X)) = D%‘frf(X’).
(8) There exzists a triangle equivalence D'2¢(X) = DF(X).
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Proof. First of all: for any pair Z C X the category T = Dgc,z(X) is weakly approximable,
it satisfies 7¢ C T2, and by [8, Proposition 10.1.3] we have that +(7%) N T, = {0}. By

rem 2.2.13] applied to the pair T = Dgc, z(X) and 7' = Dgc z/(X'), the equivalence of any pair in
the tower implies the equivalence of the (smallest) intrinsic subcategories DX (X) = DY (X).

By [Proposition 7.1.1] this category has a unique enhancement under any of the four hypotheses.

[Corollary 6.4.2 therefore tells us that all the categories in the tower match up. O

Moving on to the topological example of Ho(Sp) we recall that, traditionally, the interest in
results like has come from the following conjecture of [35, Chapter 2, Section 1]:

Conjecture 7.2.2 (Margolis Uniqueness Conjecture). Let T be a compactly generated triangulated
category with small coproducts. If there is an exact equivalence Ho(Sp)¢ = T, then there is an

exact equivalence Ho(Sp) = 7.

This conjecture is still wide open, but a variant was proved in the beautiful paper [52]. In the
special case where 7 admits an enhancement the conjecture is true; the proof (as in the original
[52]) is by a combination of [Theorem 3.3.5| and [Lemma 3.2.11}

~

Let T be some compactly generated T with T¢ = Ho(Sp)¢. By |Proposition 2.1.3| T must be

weakly approximable and by |[Lemma 4.1.11| it must be coherent, both properties depend only on
the category T¢. We may therefore formulate a more general version of [Conjecture 7.2.2l Let T be

a weakly approximable triangulated category and consider the following two sets of subcategories:
Csp := {HO(Sp), Ho(Sp)’, Ho(Sp)~, Ho(Sp) ", Ho(Sp)*", Ho(Sp)., Ho(Sp)?, HO(Sp)C} :
Cy = {‘.T, in,T‘,iTJF,iIGb,Tg,Tg,TC} .
Then the generalized conjecture states:

Conjecture 7.2.3 (Extended Uniqueness Conjecture). Let T be a coherent, weakly approximable
triangulated category and let A1 C By in Csp and Ay C Bo in Cq be matching subcategories. If
there is an exact equivalence A1 = Ao, then there is an exact equivalence B = Bo.

Using [Corollary 6.3.4] we prove the following special but interesting case of [Conjecture 7.2.3|

Proposition 7.2.4. (Conjecture 7.2.5 holds true if By # T, and Bo has an enhancement.

Proof. By [Theorem 3.3.5 and [Corollary 6.3.4] all the subcategories in Cgp except Ho(Sp), have

unique enhancements in Ho (Cat3,). Unless A; = T the result follows from [Theorem 6.4.1] with

T and Ho(Sp) both satisfying assumption (a).

It remains to deal with the case where A; = Ho(Sp). and Az = T_. We are assuming that

Ho(Sp). = T, and guarantees that Ho(Sp)¢ = T¢. But these equivalent categories
have a unique enhancement, and applies again to guarantee that B; = Bo. Il

This generalizes the result in [52], which is the case where A; = Ho(Sp)¢, B; = Ho(Sp), Ay = T¢
and By = 7.
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7.3. Autoequivalence groups. Over recent decades there has been much interest in the study of
autoequivalence groups of triangulated categories and of their enhancements. It is therefore worth
noting the following.

Remark 7.3.1. The following constructions induce natural group homomorphisms:

(i) Given a triangulated category T and a characteristic triangulated subcategory 8 C T, then
restriction gives a group homomorphism Res: Aut(T) — Aut(S).

(ii) Given a triangulated category T with a characteristic good metric {M;}, then the construction
S yields a natural group homomorphism Aut(T) — Aut(S(7T)).

In the world of co-categories, there are various notions of automorphism groups. The one we will

work with is the following: if T is a stable oo-category, Auto(T) will denote the automorphism

group of the object T in the category Ho (Catig;,). In the special case of derived categories of

(good enough) schemes, this agrees with the group of Fourier-Mukai transforms. Suppose next

that we are given a triangulated category T together with an enhancement T € Enh, (7).

(iii) If 8 C T is a characteristic triangulated subcategory, then restriction gives a group homomor-
phism Res: Aut(T) — Autoo(@‘;s(T)).

(iv) If the triangulated category T has a classical generator G, then with A(T) as in
there is an obvious group homomorphism A: Aute(T) — Autee(A(T)).

(v) If the triangulated category T has a characteristic very good metric M;, then we have two

natural maps

L : Autoo(T) — Auteo(L(T)) and U: Auteo(T) — Auteo(¥(T)) .
with L as [Construction 4.2.1l and with ¥ as in [Construction 6.1.1l

And now the result we want to prove is the following.

Proposition 7.3.2. Let T be a weakly approximable triangulated category, and let A C B be a
pair of subcategories in the diagram (1)), with A, B ¢ {Teb Jsbb Tb T-Y. If B is any enhancement

of B, then the restriction map
Res: At (B) — Autoo (5 4(B))

18 an isomorphism. Moreover, if T satisfies one of the hypotheses
(i) Either T is coherent,
(ii) Or we have T¢ C Tb and the inclusion makes T¢ a characteristic subcategory,

then we can also allow A, B = T?.

Proof. It suffices to consider the case where there is no intermediate category in the diagram ;
if we have a triple A C B C C, then the case of the pair A C C follows by transitivity from the
pairs A C B and B C C.

In the case T¢ C TP, if we start with an enhancement B of B = TP, then [Proposition 3.2.9| and
Im give a natural map a: B — Ao @%7 4(B) and establish that « is an isomorphism
in Ho (Catb;’?). By [Remark 7.3.1| (iii) and (iv) we have group homomorphisms

Atttog (B) — 2> Auttog (9] 4(B)) —> Autoo(A 0 8 ,(B))
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and, if v: B — B is any element of Auts(B), the naturality of a: B — Ao ®% ,(B) gives the

commutativity of the square

B B
l EOR l
Ao ,(B) =0 Ao®} ,(B)

The commutativity of this square, for every v € Auto(B), establishes that the composite A o Res
is an isomorphism Aute(B) — Autes(A®% ,(B)). But the composite

Atttog (8] 4(B)) —> Autoo(A 0 8} 4 (B)) —=> Autee(®] 4(B))

is obviously equal to the identity, and the fact that Res is an isomorphism immediately follows.
The other cases are similar: if (A, B) € {(T=,7), (7%, T*), (T+,7),(7°,T7),(T%*,T7)} then the
way to recover B € Enh,(B) from (I)ﬂ?ifl(B) is the isomorphism B — Lo ®5 ,(B) or the iso-
morphism B°® — Lo <I>?B7 4(B)°P, depending on whether we apply |P£position 4.3.2| and |Propo—|
to the pair (A, B) or to the pair (A°?, B°P). In either case [Remark 4.4.3| tells us that

the isomorphism is natural, and an argument just like the one for the pair T7¢ C TP proves that

the composite

Atttos (B) —> Autoo(} 4(B)) — > Autee(L 0 @} ,(B))

is an isomorphism, while the composite

Autoo (€5 4 (B)) —= Auto(L o @} ,(B)) ——> Autoo(®} ,(B))
is the identity.
In the case where we have T7¢ C T? there are more natural inclusions: the subcategory T ¢ T?
is characteristic and satisfies 7% = &(T°P), and (if (ii) also holds) the subcategory T¢ C 7% is
characteristic and satisfies 7% = &(T¢). Thus if (A, B) € {(T¢,T?),(T%",7%)} and B € Enh,(B),

the proof of |[Lemma 6.1.4] gives an isomorphism B — W o <I>?13 4(B), and [Remark 6.1.6[says that

the map is natural. As before this tells us that the composite

Atitoe (B) — Altog (9} 4(B)) — > Autoe(¥ 0 &5 4(B))

is an isomorphism, while the composite

Autoe (@5 4(B)) —> Autoo(T 0 B} ,(B)) —> Auteg (B} 4(B))
is the identity.
Now the metric on 8; = T° is always excellent, while the metric on 83 = T¢ is excellent if and
only if T is coherent. Both categories are idempotent-complete, hence for ¢ = 1,2 we have that
8; C £(8;) is closed with respect to direct summands. Now for excellent metrics on § = H(S),

[Proposition 6.2.1| provides an explicit natural transformation S°® — W(W¥(S)°P) and proves it to
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be an isomorphism in Ho (Catsoto’?), while|Remark 6.2.2|establishes the naturality of the map. This
makes the composite

Alttoo(S) —2> Autog (U(S)°P) —2> Autoo (U(T(S)°P)°P)

an isomorphism, but as Auteo (U (W(S)°P)°P) = Aut.(S) this tells us that Aute (S) and Aute (U(S))
are isomorphic. O

An immediate consequence of [Proposition 7.3.2] is:

Corollary 7.3.3. Suppose T is a weakly approximable triangulated category, such that the sub-
categories T¢, TP T T= T+ T all have unique enhancements. Then the automorphism groups of
these enhancements are all isomorphic.

If we furthermore assume that one of the following holds

(i) Either T is coherent,
(ii) Or we have T¢ C T2 and the inclusion makes T¢ a characteristic subcategory,

then ‘J’g also has a unique enhancement, and the automorphism group of this unique enhancement
s the same.

Proof. Under the added hypotheses, ‘.Tg has a unique enhancement by |Corollary 6.3.4, The assertion

about the automorphism groups being all isomorphic comes directly from [Proposition 7.3.2] which

tells us that all the restriction homomorphisms are isomorphisms. O

Example 7.3.4. The theorem applies to the following three examples:

(i) T = Ho(Sp), the homotopy category of spectra.
(i) T= Dge,z(X), where X is a noetherian scheme and Z is a closed subset.

(i) T = Dge(X), where X is a quasi-compact and quasi-separated scheme.

By this we mean that if B € Ho (Catsoto’?) is any object, with HO(B) = T%, where T is as in (i),

(ii) or (iii) and the decoration is any of T¢ T2 T J° 7= T+ T, then the automorphism group
Aut(B) is independent of the decoration.

There are of course other group homomorphisms one could study. First of all, given any object
T € Ho (Catsog;,), there is an obvious comparison map Comp: Aute(T) — Aut(H(T)). By
(i), given a triangulated category T and a characteristic triangulated subcategory 8 C
T, there is a restriction homomorphism Res: Aut(T) — Aut(8). And if (T, F) is an enhancement
of T in Ho (Catf;%?), then the square below obviously commutes

Resco

Autoo(T) Autoo (95 5(T))
Comp, l iCOme
Aut(T) Res Aut(8),

where Comp, in the above diagram is a shorthand for the compositions FoCompoF~!, while Comp,

stands for F‘q’?ys(T) o Compo (F|‘I’§3(T))_1' In the light of [Proposition 7.3.2|it becomes interesting

to note the following:
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Remark 7.3.5. With the notation as in the commutative square above, assume that the map
Res;: Autoo(T) — Autoo(q)?ms(T)) is an isomorphism. Then

(i) If the map Comp, is a monomorphism then so is Comp;.

(ii) If the map Comp, is a split monomorphism, then Comp; is a split monomorphism.

Combining [Remark 7.3.5| with [Corollary 6.3.4] and [Corollary 7.3.3| gives the following.

Corollary 7.3.6. Let T be a weakly approximable triangulated category satisfying one of the fol-
lowing conditions:

(i) FEither T is coherent.

(ii) Or we have T¢ C T8 and the inclusion makes T¢ a characteristic subcategory.
We suppose moreover that

(ili) The category T has an enhancement in Ho (CatZ, ;).

(iv) The category T¢ has a unique enhancement T¢ € Ho (Catig7?).

(v) The comparison map Comp: Aute (T¢) — Aut(T€) is (split) injective.
Then the groups Auteo(TE) are all isomorphic, where T} denotes an enhancement (unique by
|Corollary 6.5.4) of T5 € {T¢, T2, T T° 7=, T+, T}, and all the natural restriction maps among
them are isomorphisms. Furthermore all the comparison maps Comp: Aute(TE) — Aut(TE) are

(split) injective.

Proof. The fact that the natural restriction maps Ress: Auteo (TF) — Aute (T}LT) are all isomor-
phisms was seen in[Corollary 7.3.3] And now because every one of the categories in the list contains
either T¢ or (in case T is coherent) the category T, the (split) injectivity in (v) coupled with
implies the (split) injectivity of all the maps Comp: Auteo(ThH) — Aut(TE). O

In the geometric setting we get the following;:

Proposition 7.3.7. Assume that X is a scheme proper over a field K, and suppose further that
it has depth > 1. Let T = Dgc(X), and therefore T¢ = DP(X). Then the hypotheses of
[Corollary 7.3.0 are satisfied, in fact the map Comp: Auteo(T¢) — Aut(T¢) is an isomorphism—

in particular split injective. Thus, all the maps Comp: Auteo(TE) — Aut(TE) are split injective,

and their tmages are all isomorphic.

Proof. First we claim that there is a natural injective map
I': Aut(T¢) — Iso(Dge(X x X)),

where Iso(€) denotes the isomorphism classes of objects in a category €. In fact I maps F € Aut(T°)
to the isomorphism class of an object E € Dgc(X x X) such that F is isomorphic to the Fourier-
Mukai functor with kernel £. Thus the claim amounts to the fact that every such F is of Fourier-
Mukai type with unique (up to isomorphism) kernel. Now, if X is smooth and projective (over K)
this is a classical result going back to [45], 2.2 Theorem|. Moreover, F is known to be of Fourier-
Mukai type when X is either projective with depth > 1 (by [30, Corollary 9.13]) or smooth and
proper (by [43, Theorem 1]). The same is true when X is proper with depth > 1 because the same
argument of [43], extensively described in [44, Chapter 3], works in this more general setting, since
the set of objects in [44, Section 3.3] is still almost ample. As for uniqueness of the kernel, the
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proof of [44, Theorem 3.0.1] in the smooth and proper case (which is formally the same as the one
in [16, Section 4.3]) does not really need the smoothness assumption.
On the other hand, by [54, Corollary 8.12], there is also an injective map

Too: Aliboe(T%) —> Tso(Dge(X x X))

(for a suitable choice of the enhancement T of T) such that I' and I'sx have the same image.
Therefore, to conclude that Comp: Auts,(T¢) — Aut(T¢) is an isomorphism, it is enough to
know that I"o Comp = I'. This equality would follow from an unproved claim in [54], Section 8.3].
While a full proof of the claim will appear in [13], a proof of a weaker version of the claim is already
available in [31, Theorem 1.1], and allows to obtain the desired equality I" o Comp = I'o, under the
extra hypothesis that every object of DP*™(X) is isomorphic to a strictly perfect complex. O
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