STRONG UNIQUENESS OF ENHANCEMENTS FOR THE DUAL NUMBERS:
A CASE STUDY

ALBERTO CANONACO, AMNON NEEMAN, AND PAOLO STELLARI

ABSTRACT. We prove that the bounded and bounded below derived categories of (all) modules
over the dual numbers have strongly unique (dg) enhancements. To this end we relate those
categories to the category of sequences of vector spaces, which allows a complete classification
of indecomposable objects. Along the way we also prove that all the derived categories of any

hereditary category have strongly unique enhancements.
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INTRODUCTION

The fruitful interplay between algebraic geometry and homological algebra is a key feature of
the recent history of both disciplines. In the old days, meaning back in the last decades of the 20-th
century, the focus was on the theory of derived and triangulated categories naturally associated
to schemes, with an emphasis on the bounded derived categories of coherent sheaves and on their
semiorthogonal decompositions. As the relation between these two disciplines grew tighter and
tighter, another key feature appeared to have high relevance: the fact that most triangulated
categories admit so-called enhancements, meaning higher categorical models.

The passage to this new viewpoint provided the elegant and effective formalism of derived
algebraic geometry and of the (more recent) infinity-category version. Both theories eliminate
some of the well-known pathologies of triangulated categories. The new theories has seen beautiful
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applications and led to manifold achievements, which we will mostly not recount here. The reader
is invited to study (for example) the vast literature on Fourier—Mukai functors, which are much
clearer and more transparent in the enhanced setting.

Of course, this comes at a price: if nothing else, one has to ask oneself which constructions, if
any, depend on the choice of higher categorical structure.

Let us accept that enhancing triangulated categories might be relevant for geometric appli-
cations; it is not a priori clear which of the higher categorical enhancements is most suitable
or efficient. There are at least three major approaches to higher categories. The first, inspired
by algebraic geometry and representation theory, uses (pretriangulated) differential graded (dg)
categories. The second, coming from symplectic geometry/topology, uses the notion of (pretri-
angulated) Ao categories. The last one, inspired by algebraic topology, deals with (stable) oo
categories. A considerable and recent body of work has been devoted to the comparison between
these three viewpoints and, luckily for us, it turns out that they are all equivalent under the
reasonable assumption that all categories are linear over some commutative ring. The fact that
the first and the second type of models are essentially the same is the content of [7, 8] while the
comparison between the first and the third type of higher categories is the content of [13], [14].

Given this, we may choose whichever of the three equivalent approaches we prefer. In this paper
we will consider only dg enhancements. This leaves us with the second foundational question:
do our constructions depend on the choice of dg enhancement? After all it is possible for a
triangulated category to have different dg enhancements. Of course, each of them may be useful
to deal with specific geometric problems, but nonetheless one would like to be able to compare
different enhancements and, at best, prove that they are equivalent in a useful sense.

There turn out to be at least two different notions of uniqueness for enhancements, both in-
troduced in the seminal paper [25] by Lunts and Orlov. More precisely, an enhancement for a
triangulated category T is a pair (C, F) where C is a pretriangulated dg category and F: H°(C) — T
is an exact equivalence. Then T has a (strongly) unique enhancement if, given two of them (Cq, Fq)
and (Cy,Fg), there exists an isomorphism f: C; — Gy in Hqe (such that HO(f) = F;' o Fy).
Here Hqe denotes the localization of the category of dg categories with respect to the class of
quasi-equivalences.

For uniqueness, the main results were obtained in a series of papers, starting with [25], which
we discuss in The current most general result was obtained in [4], and is reported as
the derived category of any abelian category and many triangulated categories of
geometric interest have unique enhancements.

Coming to strong uniqueness, it is easy to see that, once a triangulated category T is known
to have a unique enhancement, the enhancement is also strongly unique if and only if every exact
autoequivalence G of T admits a dg lift. This means that, given an arbitrary enhancement (€, F)
of T, there exists an automorphism f of C in Hqe such that G = Fo HY(f) o F~!. Thus, assuming
uniqueness, proving strong uniqueness is a particular case of the more general problem of finding
lifts of exact functors between triangulated categories. In good geometric cases, thanks to an
important result by Toén [31], it is known that an exact functor has a lift if and only if it is of
Fourier-Mukai type. Now, a celebrated theorem by Orlov [28] states that every fully faithful exact
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functor D?(X) — DY(Y") between the bounded derived categories of coherent sheaves is of Fourier-
Mukai type when X and Y are smooth and projective schemes over a field. Later this result was
generalized in several ways—see, for example, [9, 25| (10, 27]. This provides several geometrically
valuable instances of triangulated categories with strongly unique enhancement. However, in view
of the current status is that strong uniqueness is known to hold for a much narrower
class of categories than uniqueness. One reason for this is that a key ingredient, in all the known
proofs of strong uniqueness mentioned above, is the presence of a so-called ample set. We do not
need to define this here but, as the name suggests, an ample set is related to the possibility to pick
objects that behave like ample line bundles and provide nice resolutions. Of course, even in the
geometric case, it is easy to imagine situations where this cannot be achieved: when the scheme
is not projective/proper or when we deal with larger categories such as the unbounded derived
category Dgc(X) of complexes of Ox-modules with quasi-coherent cohomology.

What makes the strong uniqueness problem intriguing is the scarcity of counterexamples. Find-
ing examples of triangulated categories with unique but not strongly unique enhancement seems a
hard challenge. Indeed, even searching for exact functors—mot necessarily equivalences—without
a lift is a difficult task. Consider, for instance, that an influential conjecture from [3] predicted
that every exact functor D?(X) — D?(Y), with X and Y smooth and projective schemes over
a field, should admit a lift. It took several years to disprove the conjecture (see [29, 32]). And
coming back to our problem: so far the only known examples of unique but not strongly unique
enhancement are those provided in [20]. Although interesting, they are in a sense ‘pathological’:
as ordinary functors, the autoequivalences without a lift are simply the identity, and what makes
them non-trivial is the isomorphism of commutation with the shift, which is not the identity. And
it is a wide-open problem if a counterexample can be found with a geometric triangulated category,

as in [Theorem 3.6/

The result. Back to the positive side of the story: a little is known, there have been a few special
cases in which strong uniqueness was proved without the use of ample sets. In each of these the
proof is based on exploiting the particularly simple structure of the triangulated category under
consideration; see [I, 12, 24]. This paper goes in the same direction, proving strong uniqueness
in some new cases, thanks to the fact that we can obtain a sufficiently nice description of every
object in the triangulated category. An interesting feature of our results is that, for the first time
to our knowledge, they apply not only to bounded derived categories. We will prove the following:

Theorem A. The following triangulated categories have a strongly unique enhancement:

(a) D?(A), where ? = b, 4+, —, 0 and A is a hereditary abelian category;

(b) D*(Mod(kle])), for ? = sb,b,+, and D~ (mod(k[e])), where Mod(ke]) is the category of
modules over the ring of dual numbers over a field k and mod(kle]) is its full subcategory
of finitely generated modules.

Some comments are in order here. As for item (a), recall that an abelian category is hereditary
if Ext?(A,B) = 0, for all A,B € A. We should also remind the reader that the case ? = b was
already proved in [24] (improving a result in [I2]). Our proof, which works uniformly for every
choice of 7, is an easy application of techniques developed in [4].
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Moving to item (b), we first point out that the meaning of the unusual superscript sb is ex-
plained at the beginning of Then we should note that the strong uniqueness of the
enhancements, for the ‘small’ triangulated categories D®(mod(k[e])) and Perf(k[e]) (the category
of perfect complexes over k[e]), was proved in [I 12] (see also [22]). All these papers tackle the
problem by classifying indecomposable objects and proving that every object is completely decom-
posable (meaning a direct sum of indecomposables). As the same approach is more problematic for
the ‘big’ derived categories D?(Mod(k[e])) we are interested in, we need to develop tools allowing
us to deal efficiently with the latter categories.

The crucial observation is that D(Mod(kle])) is closely related to a subcategory of the category
S(Mod(k)), of sequences of k-vector spaces. Here by a sequence, more generally in a k-linear
category A, we mean an arbitrary collection d*: X* — X**1 for i € Z, of morphisms of A. With
the obvious definition of morphisms one obtains a category S(A), which contains the more familiar
category of complexes C(A) as a full subcategory. Since we could not find adequate references in
the 1iterature,E| in we first establish some basic properties of S(A) in general, and then we
concentrate on the case A = Mod(k). In particular, we prove that S(Mod(k)) is a hereditary abelian
category, whose Hom spaces can be enlarged with the (twisted) Ext! spaces to yield a new category
S(Mod(k)). The surprising fact is that S(Mod(k)) is equivalent to the (triangulated!) homotopy
category of injectives of Mod(k[e]), which contains (up to exact equivalence) D(Mod(kle])) as a
full triangulated subcategory.

What is important for us is that, in order to classify the indecomposable objects, and to check
which objects are completely decomposable, one can replace D?(Mod(k[e])) or D~ (mod(k[e])) with
the corresponding subcategory either of S(Mod(k)) or of S(Mod(k)). It turns out that everything
works as expected when ? = sb, b, +. However, due to the presence of non completely decomposable
objects, understanding if strong uniqueness of enhancement holds for D”(Mod(k[e])) when ? = —, )
is left as a stimulating open problem of linear algebra.

Structure of the paper. As we mentioned above, the (small) derived categories, of modules
over the dual numbers, have been dealt with by means of a careful analysis of the indecomposable
objects, and of the morphisms between them. Moving from D’(mod(k[e])) to D’ (Mod(k|]))
increases the complexity of the problem, and to approach this we develop the theory of categories
of sequences—first in general, then in the special case of vector spaces. This is the content of
Note that the indecomposable objects are classified in

This material seems general, and might appear unrelated to the problem at hand. In
we explain the connection with the study of the homotopy and derived categories of modules over
the dual numbers. With this done, the stage is set for the proof of (b), which is
contained in

Of course, the proof requires also some machinery from the theory of dg categories, which
is briefly recalled in In particular, the precise definitions of uniqueness and strong
uniqueness for enhancements is discussed, together with from [4]. The proof of

(a) is contained in [Section 3.3 Beyond using some techniques developed in [4], it is

1t must be said, however, that part of what we prove about S(Mod(k)) can probably be deduced from more

general results obtained in [I6] in the framework of quiver representations.
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based on the classical fact that every object in the derived category of a hereditary category splits
as the coproduct of (the shifts of) its cohomologies. Thus we are back to our underlying idea that
studying strong uniqueness of enhancements is easier for triangulated categories whose objects can
be assembled out of simple building blocks.

In this paper is we are unable to settle the strong uniqueness of enhancements of D*(Mod(k[e])),

for 7=0,—. In we give some partial results and list a few open problems.

1. THE CATEGORY OF SEQUENCES

In this section k is an arbitrary commutative ring and A is a k-linear category. In
we define two categories of sequences in A, and describe in detail the morphisms inside each of
them. In we assume that A is abelian, and in [Section 1.3| and [Section 1.4 we further
specialize to the case where k is a field and A = Mod(k).

1.1. Definitions. Let S(A) be the k-linear category of sequences in A. Explicitly, an object
X* of S(A) is given by objects X’ € A and morphisms d’ = dg(.: Xt 5 X of A, for every
i € Z. A morphism f*: X* — Y* in S(A) is given by morphisms fi: X* — Y* of A such that
di. o fi = fl o d., for every i € Z.

Remark 1.1. In the above definition, we do not require d*! o d® = 0. But since this might
happen, we recover the usual category of complexes C(A) as a full subcategory of S(A).

Note that the usual shift functors [n] (for n € Z) extend from C(A) to S(A) with the same defi-

nition: X*®[n]* := X" and d

Yol = (—=1)"d’¥t" on objects, whereas f*[n]’ := f"** on morphisms.

Remark 1.2. As in the case of complexes,

Homg4)(X*,Y*) = ker(d%omé B

( )(X',Y'))7

where Homg ) (X*,Y"®) € S(Mod(k)) is defined by

Homg ) (X*,Y*®) := [ [ Homa (X", Y™¥),

€7
ﬁomé(ﬂ)(X',Y°)(f.) = (dny":z o fl _ (—1)nf1+1 o de')iGZ
for every n € Z. The graded Leibniz rule holds: if f* € Homg( 4 (X*,Y*) and g°* € Homg 4, (Y"*, Z*),
then g®o f® € Homg‘&'l’;(X‘,Z’) and
d™T (g% o f*) = d"(g%) o f* + (=1)"g* 0 d™(f*).
It follows that, if f® € ker(d™) and ¢*® € im(d™) or f* € im(d™) and g¢* € ker(d™), then g® o f*® €
im(d™*™).
For every X°®,Y* € S(A) we set

€ . o\ . -1
Homg 4 (X*,Y*) := coker(dHomé(A)(X,’Y.)).

Then we can consider a (k-linear) category S(A) (whose usefulness will be clear later) with the
same objects as S(A) and whose morphisms are defined by

Homg(A)(X', Y?) := Homg4)(X*, Y*) ® Homg ) (X*, Y*).
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We can write a morphism f € Homg(ﬂ) (X®,Y*) as f = fT +[f2], where f} € Homg4)(X*, Y*)
and [f?] is the class in Homg,4)(X*®,Y®) of f2 € Homg(ﬁ) (X*,Y*). Sometimes we will say that f
is of type 1 (respectively, of type €) if f = f7 (respectively, f = [f2]).
Similarly, if g = g} +[g2] € Homg( A) (Y'*, Z*), then the composition (which is well defined thanks
to is given by
gof=giofi +lgiof2+g20 [l
Note that the shift functors extend in an obvious way from S to S.

Remark 1.3. There are natural (k-linear) functors I: S(A) — S(A) and Q: S(A) — S(A), which
are the identity on objects and which on morphisms are given, respectively, by the inclusion and
the projection onto the first summand. It is clear that Q is full and essentially surjective. Moreover,
it is very easy to see that Q reflects isomorphisms. As a full functor that reflects isomorphisms is
essentially injective, Q is essentially bijective.

1.2. The case of abelian categories. Recall that an abelian category B is a Grothendieck
category if

e It has small coproducts;

e Filtered colimits of exact sequences are exact in B;

e It has a set of generators, meaning a set 8 of objects in B such that, for any C' € B there
is an epimorphism S — C, where S is a coproduct of objects in 8.

In the special case where A is a (Grothendieck) abelian category, we begin by proving the
following result.

Lemma 1.4. If A is an abelian (respectively a Grothendieck abelian) category, then S(A) is an
abelian (respectively a Grothendieck abelian) category.

Proof. This is an easy consequence of the fact that S(A) can be identified with the category of
functors from Z (regarded as an ordered set, hence as a category) to the (Grothendieck) abelian
category A. O

We can also prove the following rather technical but useful result.

Proposition 1.5. If A is an abelian category, then for every X®,Y* € S(A) there is an injective
k-linear map, natural in the two arguments X*,Y*® € S(A),

Homg 4, (X*,Y*) = Extg ) (X®, Y*[-1)).
Moreover, this map is an isomorphism if Ext}q(Xi, Y=Y =0 for every i € Z.
Proof. Given f* € Hom%(ﬂ)(X', Y'*), consider C* € S(A) defined byﬁ C':=X'@Y" ! and
be = di- 01._1 O =Xy 0T =X ey
—ft —di
Clearly there is a short exact sequence in S(A)
Efe: 0 =2Y*[-1] - C* = X* =0

2This is just the obvious generalization of the notion of mapping cone (up to shift) from complexes to sequences.
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where the maps are the natural inclusion and projection. Thus we obtain a map
Hmn&A%X‘J”)—+Em%wﬂ2?,Yﬁ—H)

which sends f* to the isomorphism class of Ee.
We leave to the reader the check that the above map is natural and k-linear.
In order to deduce the first statement it is then enough to show that Eye splits if and only if
° - —1 ol . . . .
fee 1m(dHom§(ﬂ)( X.y.)). Indeed, Ey. splits if and only if there exists a morphism (necessarily an
isomorphism) ¢g* € Homg4)(X* © Y*[—1], C*) such that the diagram

X* @ Y*[-1]

P

Ye[-1] g° Xe

\/

C.
commutes. Now, ¢°® € Homg(ﬂ) (X*@Y*[—1],C*) makes the diagram commute if and only if there
exists h' € Homy (X%, Y1) such that

g= ("% 0 ). xigyi Loioxigyi
ht ldyi—l

for every i € Z. On the other hand, when ¢°® is of this form, it is a morphism of S(A) if and only

if —ff = d%;l o hi 4+ hitt o d¥., for every i € Z. By definition, this last condition is equivalent to
o _ -1 1

f — dHomé(A)(X'yy')( h/ ) ' '

As for the last statement, if Ext} (X?, Y~1) = 0 foreveryi € Z,let 0 — Y*[-1] = Z* — X* — 0
be a short exact sequence in S(A). Up to isomorphism, we can assume that in each degree i it is
given by the split exact sequence 0 — Y~ — X @ Y"1 — X’ — 0. This easily implies that it
coincides with Eye for some f* € Hom(s)(A) (X, Y*). O

1.3. The special case of vector spaces. Now we assume that k is a field and set S := S(Mod(k))
and S := S(Mod(k)). We know from that S is a Grothendieck abelian category. We
investigate additional properties of such a category here. In particular we describe its injective
(and, in part, projective) objects.

Let us start by setting some notation. Given a € Z U {—oo} and b € Z U {oco} with a < b, let
S5 be the object of S defined by

) k ifa<i<b ) - ] )
b = Go = (—1)dgy ifa<i<bd
0 otherwise ab

Unlike a and b, our notation is that the letters ¢, j, m,n take values in Z.

Remark 1.6. The choice of signs ensures that S3,[n] = S5

o—npn for every n € Z. For most

purposes it is however irrelevant, since with a different choice one gets isomorphic objects. More
generally, it is immediate to see that V* = W*®in Sif V! = W' =0 for i < a or i > b, d’{/. and
d%,[,. are isomorphisms for ¢ < i < b and V* = W' for some (hence for all) i such that a <1i <b.
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Given an object V® of S, we set d"/ = dZVJ. =d/lo...od': V! = VJ for i < j; in particular,
d“ = idy: and d**! = d’. As a matter of notation we define also the following subspaces of V*
for m <i<n:

(1.1) Il =1 (V®) :=im(d™"),  K.=K.(V*) :=ker(d""), K. :=U»>K..
Remark 1.7. For n < b and for every V* € S there are natural isomorphisms in Mod(k)
1% if b =00
Homg (S5 4, V*) =
Ky, (V®) if b < oo.

On the other hand, setting

Com(V*) := {(zi)icz € [[ V' |2i11 = (—1)'d}u (@) Vi € Z},
1EL
there is also a natural isomorphism in Mod(k)
Com(V'*®) if b =00
{(x)iez € Com(V*®) | zp41 =0} if b < o0.

I

Homg(S* V)

—00,b?

Observe that, defining 1%

i ) inj
[Licz V' — V7, we obtain a subobject Vinj of V* such that the natural map Homg(S

Homg(S® ;. V'*®) is an isomorphism.

(for every j € Z) to be the image of Com(V*®) through the projection

° °
—00,b? inj) -

Remark 1.8. In [Remark 1.7 we noted that, for every n € Z, we have a canonical isomorphism,
natural in V* € S
Homg (S,

n,00"

ve)y=vn.
From this we learn two things:

(1) The functor Homg (S,

00> —) commutes with colimits. In particular it respects cokernels,

that is epimorphisms in the abelian category S.
(2) The objects Sy generate the category S, meaning that for every V* € S there exists an
epimorphism from a coproduct of objects Sp ., to V*.
In classical terminology, the objects S} . € S are a set of finitely presented, projective generators.
But we also observe that the only subobjects of the object Sp, ., are the objects Sp ., € S with
m < n, and any increasing sequence of subobjects therefore terminates. This means

(3) The objects Sy, ., are all noetherian in the abelian category S.

In classical terminology: the category S is a locally noetherian abelian category.
Proposition 1.9. An object W* of S is injective if and only if d%,v. is surjective for every i € Z.

Proof. In the light of [Remark 1.7] it is immediate that the k-linear map Homg(S? ., W?*) —
Homs(S;+17oo,W') induced by the natural monomorphism S?; ., <> 57, of S can be identi-

fied with (—1)'d¥.: W' — Wt for every i € Z. This clearly proves that
(1) The map di. is surjective if and only if the functor Homg(—, W*) takes the morphism

100 < Sf o to an epimorphism.
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Hence if the object W* is injective, then all the maps d%/v. must be epimorphisms.

Now for the converse, assume that d%,[/. is surjective for every i € Z, and we want to prove that
W* is an injective object in S. Here comes to our aid: in the locally noetherian abelian
category S, it suffices to prove that Ext!(A®,W*) = 0 vanishes for all noetherian A® € S. And it
even suffices to do this where A® is assumed to be a quotient of one of our noetherian generators
Spoo € SH That is: we are reduced to proving the vanishing of Ext!( np W), for all n € Z and
all b € [n, o).

If b = oo then the vanishing of Ext!(S®,, W*) is because the object Sy oo € S is projective; see

n,b?
Remark 1.8(1).

Assume therefore that b < co. Then the short exact sequence

0 SbJrl,oo

« ° °
> Sn,oo n,b 0

gives a projective resolution for S? ;. and applying the functor Hom(—, W*) gives an exact sequence

Hom(S5 o, W*) —2> Hom(Sg,, ., W*) —— Ext}(S%,, W*) —= Ext!(S5, .., W*)
0
where the vanishing is by the projectivity of S} . But the map induced by « is an epimorphism
by (1) above, allowing us to deduce the vanishing of Ext'(S?,, W*®). O

Corollary 1.10. For every V* € S the subobject Vi3, of V* introduced in is the

mazximal injective subobject of V'* and is a direct summand of V'°.

Proof. Tt is clear by definition that di.. (Vi) = Vit for every i € Z, whence V;®. is injective by

inj inj inj
[Proposition 1.9 and an injective subobject is always a direct summand. Moreover, if U® is another

injective subobjet of V*, then, again by [Proposition 1.9} di,. (U?) = U! for every i € Z. It follows
that, given j € Z and x € U/ there exists (z;);cz € Com(V*®) such that x; = x, which implies that
x € V2. Thus U® is a subobject of V* O

inj* inj*

1.4. Indecomposable objects. Recall that a non-zero object in an additive category is indecom-
posable if it is not a coproduct of two non-zero objects. An object is completely decomposable if it
is a coproduct of indecomposable objects. Using and the fact that Q: S — S preserves
coproducts, we see that decompositions as a coproduct in S and in S coincide; in particular, S and
S have the same indecomposable objects and the same completely decomposable objects.

Remark 1.11. It is clear that S3, are indecomposable in S (for every a € Z U {—oc} and

b€ ZU{oo} with a <b), and we will see in |Corollary 1.16|that they are the only indecomposable
objects of S, up to isomorphism.

Given A CZU{—o0} and B C Z U {oo}, we will denote by Sflq’B the (strictly) full subcategory
of S consisting of coproducts of objects of the form S?, with a € A, b € B and a < b. We will

write S¢ instead of S¢

ZU{— o0}, ZU{o0}" This notation will be extended to S in an obvious way.

3The original proof, of this generalization of Baer’s classical criterion for injectivity, may be found in [I8] page 136,

see Lemma 1 of the proof of Theorem 1.10.1]
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Lemma 1.12. An object of S is injective if and only if it belongs to Sf[i—oo},ZU{oo}'

Proof. The “if” part is clear by |Proposition 1.9|, since each S* _, is injective and a coproduct of

injective objects is injective. We need to prove the converse.
Assume therefore that V*® € S is injective, and consider the set A of all subobjects W* C V*
such that

(1) We e Sc{lfoo},ZU{oo}'
Define a partial order on A by declaring that

(2) WP < W3 means that W C W3 and W3 =W @ W* with W* € S({i—oo},ZU{oo}‘
By Zorn’s Lemma the set A contains a maximal member, and we assert that it must be all of V°.

Assume it isn’t, and we prove a contradiction. Let W*® € A be maximal; being an injective sub-

object of V'* we must have a decomposition V* = W* @W', and because W* is a proper subobject
of V* we must have W* # 0. By there must exist a nonzero map Sy ,, — W* for
some n € Z, and because W* is injective the map must factor through each of the monomorphisms
Sp oo = Sy

n,00

oo < Om_200 <> -+. Therefore it factors through the colimit, and we deduce a

— W*. The kernel is a proper subobject of S*
subobjects are 0 and S, 1y (with m € Z). Hence the map must factor through a monomorphism
S.

®oa = W?*, with @ = oo or @ = m. This makes W* & S®  , a subobject of V'*, contradicting

the maximality of W*. O

nonzero map S and the only proper

00,00 00,007

Remark 1.13. In we saw that the objects S5 ., are projective generators for the
abelian category S. Since coproducts of projective objects are projective, every object in S% (o0}
must be projective. But as every object admits an epimorphism from an object in SdZ, (oo}’ the
projective objects are precisely the direct summands of the objects in S% (oo}

It can be shown that the category S%} (o0} is closed under direct summands, but since we do not
need it we will not include a proof. It would be interesting to know if S¢ is also closed under direct
summands.

It immediately follows that, if W* is projective, then d%,[,. is injective for every i € Z. The
converse, however, isn’t true; the injectivity of each di,. does not in general imply that W* is
projective. For instance, we claim that S ., is not projective. In order to see this, consider
the object T* of S defined by T* := kY and dba(coycry...) == (0,co,c1,...) for every i € Z. As
Com(T*) =0, by we have Homg(S® o, o, 7*) = 0. On the other hand, denoting by T°
the quotient of T by its subobject whose it" component is k(™) (here k™ stands for the subspace
of k™ consisting of sequences with only a finite number of nonzero entries), it is straightforward
to see that each diT. is an isomorphism. It follows that T is isomorphic to a non-empty (actually

uncountable) coproduct of copies of S° , ., (see[Remark 1.6), whence Homg (S_ o000, 1) # 0. This

shows that S® ., is not projective. It can be proved that 7" is not projective either.
Lemma 1.14. For every V® € S the subobjects V,» of V* (for n € Z) defined by

Vi o ifi<n

Ii

n

Vrf =

ifi>n

are such that V3 C V2> | and V*® = U,ezV,s. Moreover, V;? is a direct summand of V7, .
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Proof. The first part being straightforward, it is enough to prove the last statement. To this end,
we define V¢ € S by

- yn ifi<n .
(2 K
Vn:: . . ) dV.:: . X
Ve=1I, iti>n " ve ifi>mn

o
n

and observe that each d%/. is surjective, so that Vn' is injective by [Proposition 1.9f Then the

natural morphism f®: V,* — V,* (defined by f*:= diﬂ for i <n and f':= idy; for i > n) extends
to a morphism ¢*: V?, | — f/n' . Finally, it is very easy to check that h®: V;?,; — V,? defined by
hi = idy;; for ¢ <n and h' := ¢* for i > n is a morphism of S such that h®lys = idys. O

Proposition 1.15. For every V* € S there exists an exact sequence 0 — U® — V* — W* — 0
with U® € SCZI,ZU{OO} and W* € Sf[lfoo},ZU{oo}' Moreover, the sequence splits if, for every i € Z,

there exists n; < i such that the inclusion I} C If;L_H s an equality for n < n,.

Proof. By [Lemma 1.14} denoting by U} a complementary of V,*_, in V7, obviously U® := ,,., U
is a subobject of V'*, and we define W* := V*/U®. It is easy to see that d{/v. is surjective for every

i € Z, while d’&. is surjective for i > n and U? = 0 for i < n. It follows from |Proposition 1.9|

that W* is injective and that there exist injective objects U? such that U® = UZ" (one can take,

for instance, U’ := U and diﬁ. := idyn for i < n). By [Lemma 1.12| we obtain, as wanted, that

We e S?—oo},ZU{oo} and Uy € S(gn},zu{oo} for every n € Z.

As for the last statement, observe that, in any case, V*__ := NyezV,? is a subobject of V* such
that U®* N V*, = 0. Assuming that, for every i € Z, there exists n; < i such that I} = I,
for n < ng, it is clear that V' = I’ for n < n; and V! = U’ + V*__. Thus we conclude that
Ve=U*@ V* (hence W* = V*_) in this case. O

Corollary 1.16. An object V* of S is indecomposable (respectively, completely decomposable) if
and only if V® = 53, for some a € ZU{—oo} and b € ZU{oo} with a < b (respectively, V* € S9).

Proof. With the notation used in the proof of [Proposition 1.15, V* = (6D,,,~,, Uy) ® Vr, for every
V® eSS and every n € Z.

Now, if V'* is indecomposable, then either V,? = V'*® for every n € Z or there exists n € Z such that
Ve =V*and V' ; =0. In the former case U® = @, ., Uy = 0, whence V* = W* € S¢

{—oo},ZU{oc}
whereas in the latter case V*® = U? € Sc{ln},ZU{oo}' As V* is indecomposable, we obtain V*® = 52,

for some a < b. By definition, this implies that the completely decomposable objects of S are
precisely those of S9. O

2. THE DERIVED CATEGORY OF DUAL NUMBERS

In this section we investigate several basic properties of various triangulated categories associated
to categories of modules over the dual numbers k[e], where k is a field.

2.1. Homotopy categories and their relatives. First recall the following.

Remark 2.1. (i) It is a standard property that a kle]-module is free if and only if it is projective
if and only if it is injective.
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(ii) If M is a free kle]-module, then M = V @y kle] with V' := M ®y k € Mod(k). If
N = W ® kle] (for some W € Mod(k)) is another free k[e]-module, every morphism

f € Homyg (M, N) = Homy) (V @ kle], W @i k[e]) = Homy (V, W @i k[e])

can be represented (uniquely) as f1 + ef. with f1, fo € Homy(V, W). With this notation, given
another morphism of free kle]-modules g: N — P, it is obvious that (g o f)1 = ¢1 o f1 and

(gofle=g10 fe+g-0 f1.

From now on, we denote by C the category of complexes C(Mod(k[e])) and by K the homotopy
category K(Mod(k[e])). We can then define the following full subcategories of K:

e K, with objects the acyclic complexes;

e K, with objects the h-projective complexes (namely, the left orthogonal of K, in K);

e K. with objects the cofibrant complexes for the projective model structure on C;

e K; with objects the complexes M*® such that M? is a free k[e]-module for every i € Z (it
is the homotopy category of injectives of Mod(k[e]));

e K, with objects M* € K¢ which are minimal, meaning that d%,. € eHomy (M?, M)
for every i € Z;

o Kur = KanKg;

e Kom = KaNKypy;

e Kyr =K, NKy;

e Kpm =Ky NKp.

A preliminary comparison between the categories above is provided by the following result.

Proposition 2.2. The inclusion Ky, C K¢ is an equivalence.

Proof. Given M*® € K¢, by [Remark 2.1 (ii) we can assume M® = V* @y k[e] (with V¢ € Mod(k))
apd d? = d’ ;. is represented by d} +ed? (with dt,d’ € Homy (V?, Vi), for every i € Z. Moreover,
d*! o d* = 0 is equivalent to

(2.1) dittod! =0,

(2.2) diftodl +di o dl = 0.

By [@.1) B := im(d}{™") C Z° := ker(d}). Since BT 2 V?/Z* setting H' := Z°/B?, we can clearly
assume V' = B' @ H' @ B! and

0 0 idgin
di=100 0 |:VI=BeH&B" VT =B"gHeB"
00 0

Then it is easy to see that (2.2)) is satisfied if and only if d’ is of the form
N A |
dé _ 0 hi ci+1 . Vi — Bi D HZ' D Bi+1 _ Vi—‘rl _ Bz‘+1 ® Hi—‘rl ® Bi+2
0 0 _€i+1
(with arbitrary k-linear maps a?, b?, ¢!, e’ and h?), for every i € Z. We claim that M*® is homotopy
equivalent to N® € Ky, defined by N’ := H' @y k[¢] and dZ]'V. represented by eh?, for every i € Z.
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To this end, we must find morphisms f*: M®* — N*® and ¢*: N* — M*® of C inducing inverse
isomorphisms in K. If f¢ and g' are represented, respectively, by fi + cf! and gi + eg! (with
fi, ff € Homy (Vi HY) and ¢¢, g¢ € Homy(H®, V7)), we can set

fi= (0 idy: o),f;’ = (—ci 0 0):Vi=Bi@Hi@Bi+1—>Hi,

0 0
= lidgi |,gt:=| 0 | :H =V =B @ H @ B
0 —a’

Indeed, it is straightforward to check that diy. o f@ = fi*1 0 d} ., namely that
0= fifod],  Wofi— fiHodi+ fHod)
and that d%;. o g = ¢"*! o d¥., namely that
djogi=0, djogi+diogi=gi"on'.
Finally, it is easy to verify that f® o ¢®* = idye, whereas a homotopy between ¢°® o f*® and idpse is
given by morphisms &%: M? — M~! of Mod(k|e]), represented by ki + k!, where

0 00 0 00

Ee=10 00]|,kk:=] 0 0 0|:Vi=BoH B 2V'=B"1aH 9B,
idg: 0 0 - 0 0

for every i € Z. O

Remark 2.3. Clearly K¢ is a (non strictly) full triangulated subcategory of K, and [Proposition 2.2

implies that the same is true for Ky,. Moreover, since K, and K, are localizing subcategories of
K, we obtain also that Ky m and K i are localizing subcategories of Ky,. Finally, again as a

direct consequence of [Proposition 2.2 we see that the inclusions Kam € Kar and Ky m € Ky ¢

are equivalences, as well.

2.2. Categories of sequences. Keeping the notation from the previous section, we can now

prove the following.

Proposition 2.4. There is a natural equivalence between Ky, and §, which is compatible with
shifts (hence the latter category, with the standard shift functor, is triangulated in a natural way).

Proof. By every object M*® € K, corresponds to an object V*® € S such that V? :=
M Qkle) k and d§\4° is represented by sdﬁ'/., for every ¢ € Z. On the other hand, given also
N* € Ky, corresponding to W*® € S, a morphism f*: M* — N*® in C can be identified with a
sequence { fi +¢efi}iez with fi, f¢ € Homy (V¢ W?) such that fP € Homg(V*, W*). Moreover such
a morphism is homotopic to 0 if and only if f{ = 0 and f? € im(dﬁimg(van)' It follows that there
is a natural isomorphism Homg,, (M*®, N®) = Homg(V*®,W?*). It is also clear that compositions
and shifts in the two categories are identified. O

Using the equivalence above, we can actually define the strictly full subcategories of S:

e S, corresponding to K m;
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° §p corresponding to Ky m.

Remark 2.5. As in every triangulated category, a morphism h: V® — W* of S can be extended
to a distinguished triangle
we-1] L us Love b owe

(which is unique up to isomorphism). Using (beyond the equivalence of [Proposition 2.4) the

explicit computations in the proof of [Proposition 2.2[in order to replace the mapping cone in K¢
p p p P P pping

with an isomorphic object of Ky, it is not hard to prove that such a triangle satisfies the following
properties. If h = h$ + [h2], then U’ = ker(h}) @ coker(hi™') and

e = (_Oiyi _51‘1) : U = ker(hi) @ coker(h'™!) — U™ = ker(h'™) @ coker(ht),
where o' is the restriction of di,., 87! is induced by d%,;.l and 7' is the composition ker(h}) <
V' —= W' — coker(h}). On the other hand, f] and g} are the natural morphisms, whereas f! and
g. factor, respectively, through im(h’fl) and im(h}).
In particular, if h = [h2], then f = f?, g = ¢} and there is a short exact sequence
0w LusLve o

in S. One can also check that the element of Extg(V*®, W*[~1]) defined by the isomorphism class
of this sequence corresponds to h € Homg(V*®, W*) under the isomorphism of [Proposition 1.5

Conversely, it should then be clear that every short exact sequence of S extends to a distinguished
triangle of S by adding, as a third morphism, the one corresponding to the isomorphism class of

the sequence.

2.3. Derived categories. Set now D? := D’(Mod(k[e])), for ? = sb, b, +, —, (. As the notation is
certainly not standard, we should explain what is the ‘strictly bounded’ derived category D**. We
refer to |26, Example 8.4 and Definition 8.5] for its definition in a more general setting. Here, it
suffices to say that, when A is a Grothendieck abelian category with a finitely-presented projective
generator, then D**(A) is the full subcategory of D~ (A) corresponding to K*(P(A)) under the
natural equivalence between D™ (A) and K™ (P(A)). Here P(A) denotes the full subcategory of A
consisting of projective objects. Observe that D**(A) C D*(A), with equality if and only if A has
finite homological dimension.

We also denote by ng, for ? = sb, b, —, the full subcategory of D whose objects have cohomology
in mod(k[e]). Note that Dgg, for ? = b, —, is equivalent to D?(mod(k[e])), while ng = Perf (k[¢]) is
the full subcategory of perfect complexes in D. Since Perf(k[e]) coincides with the full subcategory
of compact objects in D, we will in future usually write D¢ instead of ngb . More generally, we will
denote by T¢ the full subcategory of compact objects in a triangulated category 7. Recall that an
object C' € T is compact if Homg(C, —) respects those coproducts that exist in 7.

Lemma 2.6. The natural functor Kpm — D is an exact equivalence. Moreover, there is a

semiorthogonal decomposition Km = (Kam, Kpm)-

Proof. 1t is well known that there is a semiorthogonal decomposition

(2.3) K= (K,, Kp),
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whence the composition of the natural (exact) functors K, - K — D = K/K, is an equivalence.
Taking into account that Ke C Ky ¢ (by [19, Lemma 2.3.6, 2.3.8]) and that the inclusion K. € K
is an equivalence (because for every M® € K a cofibrant replacement N®* — M*® is a quasi-
isomorphism in Kp,, and so it is an isomorphism), we deduce that the inclusion Ky ¢ C K, is an
equivalence. This concludes the proof of the first statement, since, by [Remark 2.3] also the inclusion
Kpm € Kp ¢ is an equivalence. As for the last statement, it is clear that Ky is contained in
the left orthogonal of Kg m. Moreover, given M*® € Ky, by there is a distinguished triangle
P* — M*®* — N°*® with P* € K; and N*® € K,. Actually we can assume P* € Kp 1, (because the
inclusion Kp m C Kp, is an equivalence), and then also N® € Ka m. O

Combining [Lemma 2.6| and [Proposition 2.4, we obtain the following result.

Corollary 2.7. We have a semiorthogonal decomposition S = (§a,§p>. Moreover, there is an

exact equivalence between §p and D.

We will also denote by §?p, §;’fg and §f) the strictly full (triangulated) subcategories of §p

corresponding (under the equivalence of |Corollary 2.7)) to D7, Dgg and D¢, respectively. Moreover,

Sa will be the full subcategory of S with the same objects as §a; similarly for S;, S;fg and Sp.

Remark 2.8. An object V*® of S is in S, if and only if di/. is an isomorphism, for every i € Z.

More generally, it is easy to see that, if V* corresponds to M® € Ky, then H(M®) = ker(dﬁ'/.) @
coker(di') in Mod(k), for every i € Z.

Recalling the notation introduced in (|1.1]), we can also prove the following.
Proposition 2.9. An object V* of S is in Sy, if and only if Ki =V for every i € Z.

Proof. By V*® € Sy if and only if Homg(V*,W*) = 0 for every W* € S,. Now, by
Remark 2.8 W* € S, if and only if dj;. is an isomorphism for every ¢ € Z. When W* is of this
form, W*[—1] in injective in S by [Proposition 1.9 and so Ext&(V*®, W*[~1]) = 0. Remembering
IProposition 1.5 this means Homg(V'*,W*) = Homg(V*, W?*).

Suppose first that K! (V*) = V* for every i € Z. We have to prove that, if f*: V* — W*
is a morphism of S with W* € S,, then f* = 0 for every i € Z. This is true because obviously
FUKE(V®)) C KL(W®) =0 (for n > i), whence f{(V?) = f{(K.(V*)) C K. (W?*)=0.

Conversely, suppose that V® € S is some object, i € Z is an integer, and z € V* does not belong
to K! (V*). We need to show V* ¢ S,. But by the element x € V' corresponds to a
map x : 57, — V, and the assumption that = ¢ K (V*) means that the map ¥ : St > Visa

monomorphism. Because the object S® ., € S is injective, the (monomorphism) S? < S®

factors through y, to give a nonzero map V*® — 5° with S°¢ € Sa. O

—00,00 — 00,00

Remark 2.10. Using [Remark 2.8|in combination with [Proposition 2.9 the following properties

are immediate for any object V* € Sp:
o V°® e S;; if and only if there exists n € Z such that d’ is an isomorphism for i < n;
e V* €S, if and only if there exists n € Z such that V* =0 for i > n;
o V* ¢ Si’) if and only if there exists n € N such that d’ is an isomorphism for i < —n and
V* =0 for i > n;
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Ve e Sf)b if and only if there exists n € N such that V¢ = 0 for |i| > n;

V* €8, if and only if dimy (V") < oo for every i € Z and there exists n € Z such that
V* =0 for i > n;

Ve e SII’)’fg if and only if dimy(V?) < oo for every i € Z and there exists n € N such that
d* is an isomorphism for ¢ < —n and V* = 0 for ¢ > n;

Ve eS) = S;ljfg if and only if dimy(V?) < oo for every i € Z and there exists n € N such
that V* =0 for [i| > n.

Let us reconsider the characterization of indecomposable objects in We keep the
notation introduced there.

Remark 2.11. By [Proposition 2.9| and |Remark 2.101 S5, € Sp if and only if 57, € SII’) fg if and
only if b < oo, whereas 57 € S;b if and only if 57, € Sp if and only if a > —oco and b < oc.

?
p.fg
under direct summands in S and the inclusion of € in S preserves the coproducts which exist in

Observe also that, denoting by € any of the subcategories S?p, S or S§, of S, clearly C is closed

C. It follows that an object of € is indecomposable (respectively, completely decomposable) in €
if and only if it is indecomposable (respectively, completely decomposable) in S.

Let us set S5¢ := S, N8, for 7 = sb,b,+,—,0, and S)¢, = S} NS, for ? = b,—. This

notation will be extended to S in an obvious way.

p.fg’

Proof. If V* € S;,L (respectively, V* € S; fg), then, by [Remark 2.10, d" is an isomorphism for

n < 0 (respectively, dimy(V?) < oo for every i € Z). In both cases this clearly implies that, for

Lemma 2.12. We have the equalities Sl?,’d = S?p, for 7 =sb,b,4+, and S;’lfg =S

every ¢ € Z, there exists n; < ¢ such that I}'I = Ifl 11 for n < n;. We conclude by |Proposition 1.15|
that V* = U®* @ W* € S%. O

Remark 2.13. We have S;’d < S, (hence also Sg C Sp). Indeed, with the notation of
mark 1.13) 7T<" ¢ S, for every n € Z by [Remark 2.10, but we claim that T<" ¢ S? (observe
that this implies also 7 ¢ S?). The statement being independent of n, we assume on the
contrary T<? € S By |Corollary 1.16| there exist Vap € Mod(k) for a < b < 0 such that
T<0 = D_o<a<v<0(Sap @k Vap), which implies kN = 70 =~ D _o<a<o Vao- Now, for every m € N
we have
B Vi =910, — i on i
—m<a<0
whereas V_q,0 = 0 (because (,,cy I2,, = 0). This gives the contradiction that k™ = D_o<a<o Va0

has countable dimension over k.

3. DG CATEGORIES AND ENHANCEMENTS

This section collects some basic notions related to dg categories and incorporates a discussion
about uniqueness and strong uniqueness of enhancements for triangulated categories of geometric

significance.
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3.1. Definitions. In full generality, in this section we assume that k is a commutative ring.

Definition 3.1. (i) A dg category is a k-linear category € whose morphism spaces Home (A, B) are
complexes of k-modules and the composition maps Home(B, C) ®x Home(A, B) — Home (A, C)
are morphisms of complexes, for all A, B,C in C.

(ii) A dg functor F: €1 — Co2 between two dg categories is a k-linear functor such that the maps
Home, (A, B) — Home, (F(A), F(B)) are morphisms of complexes, for all A, B in C;.

For a dg category @, we can form its homotopy category HY(C) which has the same objects as
€ while Hom o) (A, B) := H°(Home(A, B)), for all A, B in €. A dg functor F: €; — G5 induces
a k-linear functor H°(F): H°(C;) — H°(C3) and a dg functor F is a quasi-equivalence if the maps
Home, (A, B) — Homg, (F(A),F(B)) are quasi-isomorphisms, for all A, B in €y, and H°(F) is an

equivalence.

Example 3.2. (i) Assume that A is a k-linear category. We can form the dg category Cgg(A),
whose objects are (unbounded) complexes of objects in A. As graded modules, morphisms are
defined as
Homgy, (4)(4, B)" = HHomA(Ai, B
1€EZ

for every A,B € Cgg(A) and for every n € Z. The composition of morphisms is the obvious
one, while the differential is defined on a homogeneous element f € Homg, (4)(A4, B)" by d(f) :=
dpof—(—1)"fody. Clearly we can similarly define C?dg(.A), for 7 = b,+, —, 0, by imposing the
obvious bounds to the complexes.

(ii) As dg functors between two dg categories C; and Cy form a dg category Hom(Cq, Cy), for
every dg category € we can construct a much larger dgMod(C) := Hom(C°, Cqg(Mod(k))) whose
objects are called (right) dg C-modules. The category H°(dgMod(€)) has a natural triangulated
structure (see [2I, Section 2.2]). On the other hand, given a dg category C, the map defined on
objects by A — Home(—, A) extends to a fully faithful dg functor Ygg: C — dgMod(€) called the
dg Yoneda embedding.

Let us denote by dgCat the category of all (small) dg categories (linear over k). Its localization,
which is obtained by inverting all quasi-equivalences in dgCat, will be denoted by Hqge. Note
that, if €¢; and Gy are dg categories and f: €; — €5 is a morphism in Hqe, then one gets an
induced functor HY(f): H(C1) — H°(Cy), which is well defined up to isomorphism. Note that, if

f is an isomorphism in Hqe, then H°(f) is an equivalence.

Definition 3.3. (i) A dg category C is pretriangulated if the essential image of H° (Ygg) is a full
triangulated subcategory of HY(dgMod(C)).

(ii) Given a triangulated category T an enhancement of T is a pair (C,F), where C is a pretri-
angulated dg category and F: H°(C) — T is a triangulated equivalence. If F is not relevant or is
clear from the context, one can simply say that C is an enhancement of 7.

(iii) A triangulated category T is algebraic if it has an enhancement.

Example 3.4. (i) If A is an additive (k-linear) category, it is easy to see that Cng(A) is pre-
triangulated and there is a natural triangulated equivalence H O(Crég(.A)) >~ K’(A). Thus the
triangulated category K’(A) is algebraic, for ? = b, 4, —, 0.
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(ii) Assume now that A is an abelian category, and denote by K3 (A) € K’(A) the full triangu-
lated subcategory consisting of acyclic complexes. Then the derived category D’(A) of A, which
is the Verdier quotient K”(A)/K%(A), is algebraic. Here, as usual, ? = b, +, —, (. Indeed, it is true
more generally that, if T is an algebraic triangulated category and § is a full triangulated subcate-
gory of T, then T/8 is algebraic, as well. Explicitly, an enhancement of /8 can be obtained as the
Drinfeld quotient (see [15]) of an enhancement of T by the induced (by restriction) enhancement
of 8.

3.2. Uniqueness. For an algebraic triangulated category, it is a natural question to ask how many
dg enhancements it possesses. First of all, we want to clarify in which sense they may be unique.

Definition 3.5. Let T be an algebraic triangulated category.

(i) The category T has a unique enhancement if, given two enhancements (C1,F;) and (Ca, F2)
of T, the dg categories C; and Cs are isomorphic in Hqe.

(ii) The category T has a strongly unique enhancement if, given two enhancements (Cy, F1) and
(Co, F2) of T, there exists an isomorphism f: C; — C in Hqe such that Fy o HO(f) = F;.

The more general result about uniqueness of enhancements which is now available in the litera-

ture is the following.

Theorem 3.6 ([4], Theorems A and B). (i) If A is an abelian category, then D*(A) has a unique
enhancement, for 7 =b,+, —, 0.

(ii) Let X be a quasi-compact and quasi-separated scheme. Then the categories D?qC(X) and
Perf(X) have a unique dg enhancement, for ? =b,+,—,0.

Here DZlC(X ) denotes the full subcategory of D(Mod(Ox)) which consists of complexes with
quasi-coherent and suitably bounded cohomology. On the other hand, Perf(X) is the full subcat-
egory of Dgc(X) consisting of perfect complexes (i.e. complexes which are locally quasi-isomorphic
to bounded complexes of locally free sheaves of finite rank). Alternatively, Perf(X) coincides with
the full subcategory Dgc(X)¢ of compact objects in Dgc(X).

It should be mentioned that came at the end of a long story. Indeed, in [3] it was
conjectured that, for a smooth projective scheme over a field, the bounded derived category of
coherent sheaves should have a unique enhancement. The conjecture was proved in [25] and these
results were then extended in [IT]. Part of the results in the latter paper have been reproved in
[17]. Finally [2] proposed a different approach to the problem by means of techniques which use
the theory of stable co-categories.

As for strong uniqueness of enhancements, the first results were obtained in [25], and later in
a series of papers [10], [27] and [24]. But, despite some special cases, the general picture about

strongly uniqueness remains elusive.

3.3. Strong uniqueness for hereditary categories. In this section we cover yet another case
of strong uniqueness of enhancements: the derived category of a hereditary category, while in the
next section we prove our main results concerning various triangulated categories associated to the
category of modules over the dual numbers.

Let us first recall the following.
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Definition 3.7. An abelian category B is hereditary, if Ext%(A, B) = 0, for all A, B € B.
We have the following examples of such abelian categories.

Example 3.8. (i) If R is a left hereditary ring (meaning that all left ideals of R are projective
R-modules), then the abelian category Mod(R) of left R-modules is hereditary. The same is true
for mod(R) if R is also left noetherian.

(ii) If C is a smooth curve over a field, then the abelian categories Coh(C') of coherent sheaves
and Qcoh(C) of quasi-coherent sheaves on C' are hereditary.

(iii) The abelian category S is hereditary. Indeed, S has enough injectives (being a Grothendieck

category), hence every object V'® of S can be embedded in a short exact sequence 0 — V* — W* EAN

U®* — 0 with W* injective. Since d%,v. (by [Proposition 1.9) and ¢**! are surjective, also d’[']. is

surjective, for every i € Z. This proves that U® is injective (again by [Proposition 1.9), whence V'*

has an injective resolution of length < 1.
We can then prove the following.

Proposition 3.9. Let A be a hereditary abelian category. Then D?(A) has a strongly unique
enhancement, for 7 =b,+,—, 0.

Proof. Let (C1,F;) and (Ca,Fs) be enhancements for D’(A). Since A is an abelian category,

Theorem 3.6/implies that there is an isomorphism f: €; — C in Hge. More is true. If Q: K’ (A) —
D?(A) is the natural quotient functor, let us consider the exact functors

G:=Fy0 HO(f) oF;': DY(A) » D'(A),  H:=GoQ: K'(4) » D(A).

By the discussion in [4, Section 5.1] (see, in particular, |4, Lemma 5.1]), f can be chosen in such
a way that there exists an isomorphism 6: Hlyz 4y = Q|y?(a), where V?(A) (respectively B”(A))
is the full subcategory of K’(A) (respectively D?(A)) consisting of complexes with 0 differential.

We need to show that Fy o H(f) = Fy, or, equivalently, that G = id. Now, the fact that A is
hereditary implies that the inclusion of B?(A) in D?(A) is an equivalence (see, for instance, [23)
Section 1.6]). Thus it is enough to find an isomorphism G|g2(4) = id|g7(4), and we claim that 6 also
defines an isomorphism G|gz(4) — id|gr(4) (note that the objects of V?(A) and B”(A) coincide).
So we have to prove that, for any morphism g: A — B in B?(A), the square

G(9)

(3.1) H(A) = G(A) G(B) = H(B)
HA\L lQB
Q(A) = 4 - B =Q(B)

commutes in D?(A). As g can be represented by a roof in K?(A)

A g1 C g2 B
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(where g2 is a quasi-isomorphism), by [4, Proposition 5.2] there exists an isomorphism c: H(C) —
Q(C) such that the diagram

H(A) H(g1) H(C) H(g2) H(B)

eAl iac ieg

Q(A)

Q(C) =— Q(B)

Q(g1) Q(g2)

commutes in D?(A). Since Q(g2)" " 0 Q(g1) = g (hence also H(g2)~* o H(g1) = G(g)), this proves
that (3.1)) commutes. O

The following is then a straightforward application.

Corollary 3.10. The following triangulated categories have strongly unique enhancement:

e D’(Mod(R)) (and D’ (mod(R))), where R is a left hereditary (and left noetherian) ring,
e D’(Qcoh(C)) and D?(Coh(C)), where C is a smooth curve over a field,

for ?=0b,+,—,10.

4. STRONG UNIQUENESS FOR THE DUAL NUMBERS

By [Corollary 2.7/ D”, for ? = sb, b, +, —, 0, and Df_g have strongly unique enhancements if and

only if the same is true for g; and §; fg- In the following we will mainly deal with the latter

categories.

4.1. Reformulation of the problem. In this section we denote by T either §;7fg or §;, for
? = sb,b,+,—,0; we also set T := §; if T = §§f’ and T/ = §7fg otherwise. First we observe
that 7 has a unique enhancement: this follows from except in the case T = §f)b, for
which we refer to [6]. Therefore T has a strongly unique enhancement if and only if every exact
autoequivalence of T admits a dg lift to an automorphism of € in Hqe, where C is an arbitrary
fixed dg enhancement of 7.

Lemma 4.1. Every ezact autoequivalence of T restricts to an exact autoequivalence of T'.

Proof. f T = §“;',b, it follows immediately from the fact that 7’ = T in this case (see [6]). Otherwise
we can directly apply [0, Theorem B]. O

Proposition 4.2. Let F be an exact autoequivalence of T. Then there exists an automorphism f

of € in Hqe such that Fly = HO(f)|y.

Proof. By F|g is an exact autoequivalence of J7. Identifying T with D¢ or D’f’g, by
[l Corollary 5.12] and [12, Theorem 7.1] such an equivalence is standard (or, equivalently, of
Fourier-Mukai type), meaning that it is induced by (derived) tensor product with a complex of
k[e]-bimodules C*®. Choosing as € the restriction to T of the natural enhancement of §p = Kp
given by the full dg subcategory of Cqg(Mod(kle])) consisting of h-projective complexes, it is then

easy to see that tensoring with an h-projective resolution of C'* defines the desired f. U

From [Proposition 4.2|it is immediate to deduce, up to replacing F with Fo HO(f)~!, that T has

a strongly unique enhancement provided the following question has a positive answer.
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Question 4.3. Let F be an exact autoequivalence of T such that F| 2 idy. Does this imply
F = idg?

Remark 4.4. Inwe can actually assume F|3 = idg. In order to see this, we consider
a more general setting, since it will be useful several times in the following. Given a functor
F: € — D and a collection of isomorphisms 7x: F(X) — G(X) in D for every X € €, the map on
objects defined by G extends uniquely to a functor G: € — D such that 7: F — G is an isomorphism
of functors. Note that G(f) = v o F(f) o T)El for every morphism f: X — Y in €, and for this
reason we will say that G is obtained from F by conjugation with the isomorphisms {7x} xce. In
particular, given a functor G': ¢’ — D (for some full subcategory €’ of €) and an isomorphism
7': Fler — G/, we can find a functor G: € — D such that G|e¢r = G’ and an isomorphism 7: F — G
simply by choosing, for instance, 7x := 7% for X € €' and 7x := idg(x) for X € C\ €.

4.2. Proof of[Theorem A|(b). By what we have just seen it is enough to prove that

has a positive answer when T = S;fg or T = §?p, for 7 = sb,b,4+. The following general result

provides the crucial step of the proof.

Lemma 4.5. Let T be a triangulated category and let T be a full triangulated subcategory of T such
that every object of T is a coproduct of objects of T'. Assume moreover that one of the following
conditions is satisfied:

(1) BEwvery coproduct in T is also a product. More precisely, this means that, if a coproduct of
objects X of T, where X € A, exists and is given by morphisms vx: Xy — X (for every
A € A), then a product of the X is given by the unique morphisms wy: X — Xy (for every
A€ A) such that my o1y =idx, and my oy =0 for N € A\ {A}.

(2) Every object of T' is compact in T.

If F: T — T is an exact equivalence such that Flg 22 idgs, then F = ids.

Proof. By we can assume F|g = idg. We choose, for every X € T, a representation
of X as a coproduct of objects of I7, given by morphisms ¢y: X, — X of T, where A € Ax, with
X, € T’ for every A € Ax. As F (being an equivalence) preserves coproducts and F(X)) = X),
there exists a unique isomorphism 7x: F(X) — X such that ¢y = 7x o F(¢)) for every A € Ax.
Observe also that 7x = idx when X € 7’ (because in that case F(ty) = ¢)). Therefore, up to
conjugation with the 7y, we can assume F(1)) = ¢y for every A € Ax (and for every X € T) and
that the condition F|g» = idgs still holds. We claim that this suffices, more precisely that F(f) = f
for every morphism f: X — Y of T.
Assume first that (1) holds. We start by observing that F(my) = ) for every A € Ay, since

F(ﬂ')\) Ol = F(Tr)\) o F(L/\/) = F(T{')\ o L>\/) =T\ O Ly
for every M € Ay. Thus
mx o F(f)ouwn =F(mn) o F(f) oF(en) = F(my o fouy) =myo fouy

for every A € Ax and every X' € Ay, which clearly implies F(f) = f.
Assume now that (2) holds. If X € 77, the compactness of X implies that there exist morphisms
fir X =Y, (fori=1,...,nand \; € Ay) of T’ such that f = >"" ¢, o fi. As F is an additive
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functor, we deduce that F(f) = f in this case. In general, when f is an arbitrary morphism of T,
by what we have already proved we obtain

F(f) o =F(f)oF(u) =F(foun) = foun

for every A € Ax, whence F(f) = f. O
To conclude the proof of [Theorem A M ) we just need to show that the hypotheses of [Lemma 4.5 m

are satisfied when T = S pfg O T = S , for 7 = sb,b,+, with J" = SC if T = SSb and T/ = Sb
otherwise. Now, every obJect of T is a coproduct of objects of J’, thanks to [Corollar 1.16
Remark 2. 11|and |Lemma 2. 12l Moreover, if T = S- fg, using the fact that dimy (V%) < oo for every
i € Z and for every V*® € T, it is easy to see that (1) of is satisfied. On the other
hand, T/ = T¢ (hence (2) of holds) if T = §?p, for 7 = sb, b, +. Indeed, we have already
observed in the proof of that this is true when ? = sb, while the cases ? = b, + follow
from [30), Corollary 6.17] and [0, Lemma 8.1.2].

5. SPECULATIONS ON THE UNBOUNDED AND BOUNDED ABOVE CASES

We want to conclude the paper with some additional speculations. The aim would be to deal
with the remaining two cases: the unbounded and the bounded above cases. Unfortunately at the
moment we are unable to decide whether the enhancements for these two categories are strongly

unique or not, while they are certainly unique in view of [Theorem 3.6, In [Section 5.1] we exhibit
the partial results we have in this direction, while in we outline some open problems.

5.1. Partial results. Let us now summarize what we can prove so far. From now on, we assume

. q? g’ ._g? 1§
?=—,0. Weset S;°:=8/N8%, and S;°:=8/nSY,

Lemma 5.1. We can assume F|§?,z = idgre.
P P

Proof. This is similar to the proof in in view of O
For every V*® € S, setting V} := @D, V=", it is easy to see that there is an exact sequence

0— V3 el ot o Ove, V*® — 0 in S, where each component V=" — V% of aye is the difference

between the natural morphisms V=" — V& and V=" — V=""1 — V¢ while each component

V2" — V* of By is just the natural morphism, which we will denote by Bye n. By |Remark 2.5
there exists unique vy« € Homg(V'*®, V3[1]) such that the triangle

(5.1) Ve 2 vy By 20 yeq

is distinguished in S. For later use we also point out that for every n € Z there is a natural exact

>n BV.,'/L ° 6V‘,n <n . .. . .
sequence 0 — V= >V V<" — 0in S. Hence, similarly as above, there exists unique

even € Homg(V<",V="[1]) such that the triangle
/BV‘,n

5 L] n L] n
(5.2) v=n ye ony yn D0 )
is distinguished in S.
Remark 5.2. If V* € S , then certainly V=" ¢ SJr N Sp, so that V=" ¢ S:;d by |Corollary 1.16
and [Lemma 2.12| As clearly Vzn e SZ> 7+ we see that V3§ € SZ)’E
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Proposition 5.3. We can assume that F acts as the identity on the morphisms with source in §1'7)’E
and on the morphisms of the triangles (5.1)) (for every V* € S?p).

Proof. By we can assume F|§;,z = idgz’,z. Thus, due to [Remark 5.2, F(ays) = aye for

every V*® € S?p. Since F is exact, there exists an isomorphism 7ye: F(V*) — V*® in /S\; such that
the diagram

F(V*)
gt Tve Valt]
BVQ Tve
V.

commutes for every V*® € §:) We can clearly choose 7y¢ = idye when V* € §E,’E. Therefore, up to
conjugation with the 7ye, we can also assume F(fye) = Sy and F(yye) = vye for every V* € §;
Finally, for every morphism f: W*® — V* of §; with W* in §E,’E there exists g € Homgz;z(W’, )
such that f = By« o g. Indeed, this follows from the fact that W* is a coproduct of objects of the
form S5, ,, (with m,n € Z and m < n), and obviously every morphism Sy, , — V* factors through

the natural morphism V=" — V*. Hence we conclude that F(f) = f, as we already know that
F(Bve) = Bye and F(g) = g. O

. . a7 . ..
From now on we assume that F is an exact autoequivalence of S, as in |Prop051t10n 5.3l Observe

that, in particular, F is the identity on objects.

Recall that a morphism f: X — Y in a compactly generated triangulated category (with co-
products) T is phantom if fog = 0 for every morphism g: C' — X with C compact. It is immediate
from the definition that phantom morphisms form an ideal in 7.

For every V*,W* € S, we denote by Homgh(V', W*) the subspace of Homg(V'*, W*) consisting
of phantom morphisms.

Remark 5.4. A morphism f: V* — W* of §p is phantom if and only if f o Bye, = 0 for every
n € Z. Indeed, the condition is necessary because V=" € SIEJ by |[Remark 5.2 On the other hand,
the condition is sufficient because every morphism U® — V*® of S with U*® € S{, factors through
Bven: V2" — V*, where n is such that U? = 0 for i < n. It follows that f is phantom if and only
if fo fBye = 0. Thanks to the distinguished triangle (5.1)) this last condition is satisfied if and only

if f factors through 7y (in particular, yye is phantom). As yye € Homg(V*®, V3[1]), this implies
Hom®"(V*, W*) C Homg(V*, W*)

for every V*,W* € S,. In other words, every phantom morphism of §p is of type e.

Remark 5.5. The assumptions of |[Proposition 5.3 are still satisfied if we change F by conjugation

with (iso)morphisms of §; of the form idy e + pye with pye: V*® — V*® phantom for every V*® € SE,.

This is simply due to the fact that every phantom morphism with source in §1?)’E is trivial and
L : . . Qe .

every morphism in a triangle (5.1)) either has source in S5° (namely, aye and Sye) or is of type €

(namely, yve).
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Proposition 5.6. For every morphism f: V® — W* of §; we have F(f) — f € Homgh(V', we).
Proof. By assumption, and recalling that V.{ € S?p’z by we have

F(f) o Bve = F(f) o F(Bve) = F(f o Bye) = f o Pye.
Thus we conclude by O
Corollary 5.7. If f: V* — W* is a morphism of §; with W* injective in S, then F(f) = f.

Proof. By [Remark 5.4 and [Proposition 1.5 we have

HomB™ (V*, W*) € Hom§(V*, W*) = Ext§(V*, W*[~1]) = 0

(since W*®[—1] is injective). The conclusion then follows from [Proposition 5.6, O

Lemma 5.8. If f is a phantom morphism of /S\Z), then F(f) = f.

Proof. If f € Hom‘s’}?l (V®,W?*), then by [Remark 5.4 there exists g € Homg, (V3[1], W*) such that
P b

f = go~ye. By assumption F(g) = g (recall that V.2[1] € S5° by [Remark 5.2) and F(yye) = vy,
whence F(f) = f. O

Lemma 5.9. If f: S°® — V'® is a morphism of §; with V* € §E;E andn € Z, then F(f) = f.

—0o0,n

Proof. First note that Homg(S® ., ,,,V*) = 0, since Com(V*) = 0 (see [Remark 1.7). This means

that f is of type €, and we claim that dye , o f: S, — V<" is phantom. In order to see this,

by [Remark 5.4it is enough to show that dve, o fofBge i Sy, — V<" is 0 for every m < n.
In fact, this last morphism is of type ¢ and it is very easy to check that Homg(Sy, ,, W*) = 0 if

m,n’

W* € S is such that W = 0 for i > n. Thus F(Sye, 0 f) = dyeno f by and, as also
F(dve n) = dye n by assumption, we obtain

ven o F(f) = F(oven) oF(f) = F(Oveno f) =dvencf.

This proves that g := F(f) — f: S°® — V'*® satisfies dye , 0 g = 0. Then from the distinguished

—o0,n
triangle (5.2)) we deduce that there exists h € Homg, (S° V2") such that g = Bys ,oh. Now, it
P

00,
is easy to see that there is a direct summand V* € glca of V* such that h factors through the natural
V*) and of
the inclusion V* C V*. On the other hand, g (hence also §) is phantom by [Proposition 5.6, whence
for m < n we have gofBge ., =0: 5, — V*. So by g factors through dge ., S, —
S® so.m—1- Choosing m such that Vi = 0 for i < m, we get g = 0 (because Homgg(Sim’m,l, Ve) =
0), hence g = 0. O

inclusion V=" C V2" which implies that ¢ is the composition of § € Hom§7p (S2 o>

Proposition 5.10. If f is a morphism of type € of §;, then F(f) = f.

Proof. Let f € Homg, (U®,V*®). Since S has enough injectives, there exists an exact sequence
P

(5.3) 0-U LS we =W >0

in S with W* injective, and we claim that we can suppose W* (hence also W' = coker(l)) to be

in S;. First observe that W* ¢ Sc{lfoo},ZU{oo} by [Lemma 1.12| As every morphism from U® to
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an object of Sf{l_oo} (o0} is trivial (see |Corollary 2.7] and |Remark 2.8[), in any case we can assume
We e S{_OO} 7z S Sp. Moreover, if U* € S, then, by [Remark 2.10|7 there exists n € Z such that
U’ = 0 for every i > n. This easily implies that every copy in W* of S®__ . with i > n can be

00,1

. d —
removed. Thus we can assume W* € S{—OO},Zgn CSy.

Denoting by ¢ € Homg(W'[~1],U®) the morphism such that e[1] corresponds (by
to the isomorphism class of in Extg (W*,U*), by there is a distinguished
triangle W' [-1] = U* L wein §; Then from f oe = 0 (which holds because both f and e
are of type ) we deduce the existence of g € Homg, (W*,V*®) such that f = g ol, and we can
assume ¢ to be of type & (since [ is of type 1). Simﬁarly, using the distinguished triangle ([5.1))
(and the fact that Sye is of type 1 and 7ye of type €), from yye 0 g = 0 we obtain the existence
of h € Homg, (W*, V%) such that g = Sye o h (hence f = fye o hol), and again we can assume h
to be of typeps. Now, F(Bye) = Bye by assumption and F(l) = [ by Therefore, in
order to conclude that F(f) = f, it is enough to prove that F(h) = h. By what we have already
observed, W* = @, , W3, where each WY is of the form S* for some n € Z. Denoting by

—0o0,n

tx: W3 — W* the natural morphism, F(h) = h follows from the fact that for every A € A we have

F(h) OlLy) = F(h) o F(L)\) = F(h o L)\) =ho L),

where the first equality holds because F(h) and F(c))—1¢y are of type € (by [Proposition 5.6|), whereas
the last one is due to [Remark 5.2/ and [Lemma 5.9 0

Now we choose, for every V* € S;, a subobject V% C V* such that
(5.4) Ve =Va @ Vi
(this is possible thanks to [Corollary 1.10)).

Lemma 5.11. We can assume that, beyond being as in|[Proposition 5.5, F acts as the identity on

the inclusions of Vi3, and V& in V*, for every V* € §;

Proof. More generally, if V*® is a coproduct in S;, given by morphisms ¢y: V¥ — V* (where
A€ A), let Tye: F(V®) — V* be the unique isomorphism of §; such that ¢ty = Tye o F(1)) for every

A € A (see the proof of [Lemma 5.1). Since each ¢ is of type 1 and F(ty) — ¢y is phantom (by
[Proposition 5.6)), it is clear that 7ye = idye + pye with pye: V® — V*® of type € and such that

pye oty is phantom for every A € A. Actually this last condition easily implies (using the fact that
every morphism U® — V* with U® € /S\f, factors through @,/ V¥ for some finite subset A’ of A)

that pye is phantom, as well. If we consider, for every V' € §;, the decomposition as a coproduct

given by (5.4), we conclude (remembering [Remark 5.5) that F has the required properties, up to
conjugation with the 7ye. 0

Proposition 5.12. Let F be as in|Lemma 5.11. Then for every morphism of §;

f: fZ,Z fn,z V.:V.@V.—}W.:W.@W.
fz n fn n mj ni mj ni

(with respect to the fixed decompositions given by (5.4)) we have F(f) = f if and only if F(fnn) =
fam- In particular, F(f) = f if V* € §E,’d.
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Proof. Clearly F(f) = f if and only if F(f; ) = fim for [,m € {i,n}. Then the first statement

follows from the fact that F(f;;) = fii, F(fni) = fus (by [Corollary 5.7) and F(f;n) = fin (by
IProposition 5.10, since f;, is of type € as an easy consequence of [Remark 1.7). As for the last
7

statement, it is enough to observe that, if V* € §?p’d, then V2 € §p ; hence F(fn,n) = fnn in this

case. O

5.2. Open problems. In the setting of F is the identity on objects and it is determined
by its action on morphisms of type 1 (by [Proposition 5.10). Moreover, D(f) := F(f) — f €
Homgh(V°, W*) for every f € Homg: (V*,W?*) (by |[Proposition 5.6). It is immediate that the fact
that F is a (k-linear) functor is equivalent to the fact that D is a (k-linear) derivation, meaning

that D is given by k-linear maps such that D(g o f) = D(g) o f + g o D(f) whenever f and g are
composable morphisms of S?p. On the other hand, F = idg; if and only if D is an inner derivation,
meaning that there exists 0y« € Homg(V*®, V*) for every V* € S?p such that D(f) = fofye—0yeof
for every f € Homs;(V', we).

Question 5.13. Is every derivation (in the above sense) inner?

Clearly if the answer to [Question 5.13| is yes, then the answer to [Question 4.3| is yes, too.

Thus we would be able to prove strong uniqueness of the enhancements for D?(Mod(k[e])), for
? = (), —. However, if the answer to is no, then we cannot conclude that the answer
to is no. Indeed, the existence of a non-inner derivation would imply the existence of
a (k-linear) autoequivalence of §; which is not isomorphic to the identity and which restricts to
the identity on §;7fg. But a priori such an equivalence need not be exact.

In order to be able to answer [Question 4.3| or [Question 5.13|it could be useful to find some sort

of classification of the (non completely decomposable) objects of S; (for 7=10,-).
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