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Abstract. We prove that the bounded and bounded below derived categories of (all) modules

over the dual numbers have strongly unique (dg) enhancements. To this end we relate those

categories to the category of sequences of vector spaces, which allows a complete classification

of indecomposable objects. Along the way we also prove that all the derived categories of any

hereditary category have strongly unique enhancements.
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Introduction

The fruitful interplay between algebraic geometry and homological algebra is a key feature of

the recent history of both disciplines. In the old days, meaning back in the last decades of the 20-th

century, the focus was on the theory of derived and triangulated categories naturally associated

to schemes, with an emphasis on the bounded derived categories of coherent sheaves and on their

semiorthogonal decompositions. As the relation between these two disciplines grew tighter and

tighter, another key feature appeared to have high relevance: the fact that most triangulated

categories admit so-called enhancements, meaning higher categorical models.

The passage to this new viewpoint provided the elegant and effective formalism of derived

algebraic geometry and of the (more recent) infinity-category version. Both theories eliminate

some of the well-known pathologies of triangulated categories. The new theories has seen beautiful
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applications and led to manifold achievements, which we will mostly not recount here. The reader

is invited to study (for example) the vast literature on Fourier–Mukai functors, which are much

clearer and more transparent in the enhanced setting.

Of course, this comes at a price: if nothing else, one has to ask oneself which constructions, if

any, depend on the choice of higher categorical structure.

Let us accept that enhancing triangulated categories might be relevant for geometric appli-

cations; it is not a priori clear which of the higher categorical enhancements is most suitable

or efficient. There are at least three major approaches to higher categories. The first, inspired

by algebraic geometry and representation theory, uses (pretriangulated) differential graded (dg)

categories. The second, coming from symplectic geometry/topology, uses the notion of (pretri-

angulated) A∞ categories. The last one, inspired by algebraic topology, deals with (stable) ∞
categories. A considerable and recent body of work has been devoted to the comparison between

these three viewpoints and, luckily for us, it turns out that they are all equivalent under the

reasonable assumption that all categories are linear over some commutative ring. The fact that

the first and the second type of models are essentially the same is the content of [7, 8] while the

comparison between the first and the third type of higher categories is the content of [13, 14].

Given this, we may choose whichever of the three equivalent approaches we prefer. In this paper

we will consider only dg enhancements. This leaves us with the second foundational question:

do our constructions depend on the choice of dg enhancement? After all it is possible for a

triangulated category to have different dg enhancements. Of course, each of them may be useful

to deal with specific geometric problems, but nonetheless one would like to be able to compare

different enhancements and, at best, prove that they are equivalent in a useful sense.

There turn out to be at least two different notions of uniqueness for enhancements, both in-

troduced in the seminal paper [25] by Lunts and Orlov. More precisely, an enhancement for a

triangulated category T is a pair (C,F) where C is a pretriangulated dg category and F : H0(C) → T

is an exact equivalence. Then T has a (strongly) unique enhancement if, given two of them (C1,F1)

and (C2,F2), there exists an isomorphism f : C1 → C2 in Hqe (such that H0(f) ∼= F−1
2 ◦ F1).

Here Hqe denotes the localization of the category of dg categories with respect to the class of

quasi-equivalences.

For uniqueness, the main results were obtained in a series of papers, starting with [25], which

we discuss in Section 3.2. The current most general result was obtained in [4], and is reported as

Theorem 3.6: the derived category of any abelian category and many triangulated categories of

geometric interest have unique enhancements.

Coming to strong uniqueness, it is easy to see that, once a triangulated category T is known

to have a unique enhancement, the enhancement is also strongly unique if and only if every exact

autoequivalence G of T admits a dg lift. This means that, given an arbitrary enhancement (C,F)

of T, there exists an automorphism f of C in Hqe such that G ∼= F ◦H0(f) ◦ F−1. Thus, assuming

uniqueness, proving strong uniqueness is a particular case of the more general problem of finding

lifts of exact functors between triangulated categories. In good geometric cases, thanks to an

important result by Toën [31], it is known that an exact functor has a lift if and only if it is of

Fourier-Mukai type. Now, a celebrated theorem by Orlov [28] states that every fully faithful exact
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functor Db(X) → Db(Y ) between the bounded derived categories of coherent sheaves is of Fourier-

Mukai type when X and Y are smooth and projective schemes over a field. Later this result was

generalized in several ways—see, for example, [9, 25, 10, 27]. This provides several geometrically

valuable instances of triangulated categories with strongly unique enhancement. However, in view

of Theorem 3.6, the current status is that strong uniqueness is known to hold for a much narrower

class of categories than uniqueness. One reason for this is that a key ingredient, in all the known

proofs of strong uniqueness mentioned above, is the presence of a so-called ample set. We do not

need to define this here but, as the name suggests, an ample set is related to the possibility to pick

objects that behave like ample line bundles and provide nice resolutions. Of course, even in the

geometric case, it is easy to imagine situations where this cannot be achieved: when the scheme

is not projective/proper or when we deal with larger categories such as the unbounded derived

category Dqc(X) of complexes of OX -modules with quasi-coherent cohomology.

What makes the strong uniqueness problem intriguing is the scarcity of counterexamples. Find-

ing examples of triangulated categories with unique but not strongly unique enhancement seems a

hard challenge. Indeed, even searching for exact functors—not necessarily equivalences—without

a lift is a difficult task. Consider, for instance, that an influential conjecture from [3] predicted

that every exact functor Db(X) → Db(Y ), with X and Y smooth and projective schemes over

a field, should admit a lift. It took several years to disprove the conjecture (see [29, 32]). And

coming back to our problem: so far the only known examples of unique but not strongly unique

enhancement are those provided in [20]. Although interesting, they are in a sense ‘pathological’:

as ordinary functors, the autoequivalences without a lift are simply the identity, and what makes

them non-trivial is the isomorphism of commutation with the shift, which is not the identity. And

it is a wide-open problem if a counterexample can be found with a geometric triangulated category,

as in Theorem 3.6.

The result. Back to the positive side of the story: a little is known, there have been a few special

cases in which strong uniqueness was proved without the use of ample sets. In each of these the

proof is based on exploiting the particularly simple structure of the triangulated category under

consideration; see [1, 12, 24]. This paper goes in the same direction, proving strong uniqueness

in some new cases, thanks to the fact that we can obtain a sufficiently nice description of every

object in the triangulated category. An interesting feature of our results is that, for the first time

to our knowledge, they apply not only to bounded derived categories. We will prove the following:

Theorem A. The following triangulated categories have a strongly unique enhancement:

(a) D?(A), where ? = b,+,−, ∅ and A is a hereditary abelian category;

(b) D?(Mod(k[ε])), for ? = sb, b,+, and D−(mod(k[ε])), where Mod(k[ε]) is the category of

modules over the ring of dual numbers over a field k and mod(k[ε]) is its full subcategory

of finitely generated modules.

Some comments are in order here. As for item (a), recall that an abelian category is hereditary

if Ext2(A,B) = 0, for all A,B ∈ A. We should also remind the reader that the case ? = b was

already proved in [24] (improving a result in [12]). Our proof, which works uniformly for every

choice of ?, is an easy application of techniques developed in [4].
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Moving to item (b), we first point out that the meaning of the unusual superscript sb is ex-

plained at the beginning of Section 2.3. Then we should note that the strong uniqueness of the

enhancements, for the ‘small’ triangulated categories Db(mod(k[ε])) and Perf(k[ε]) (the category

of perfect complexes over k[ε]), was proved in [1, 12] (see also [22]). All these papers tackle the

problem by classifying indecomposable objects and proving that every object is completely decom-

posable (meaning a direct sum of indecomposables). As the same approach is more problematic for

the ‘big’ derived categories D?(Mod(k[ε])) we are interested in, we need to develop tools allowing

us to deal efficiently with the latter categories.

The crucial observation is that D(Mod(k[ε])) is closely related to a subcategory of the category

S(Mod(k)), of sequences of k-vector spaces. Here by a sequence, more generally in a k-linear
category A, we mean an arbitrary collection di : Xi → Xi+1, for i ∈ Z, of morphisms of A. With

the obvious definition of morphisms one obtains a category S(A), which contains the more familiar

category of complexes C(A) as a full subcategory. Since we could not find adequate references in

the literature,1 in Section 1 we first establish some basic properties of S(A) in general, and then we

concentrate on the caseA = Mod(k). In particular, we prove that S(Mod(k)) is a hereditary abelian

category, whose Hom spaces can be enlarged with the (twisted) Ext1 spaces to yield a new category

Ŝ(Mod(k)). The surprising fact is that Ŝ(Mod(k)) is equivalent to the (triangulated!) homotopy

category of injectives of Mod(k[ε]), which contains (up to exact equivalence) D(Mod(k[ε])) as a

full triangulated subcategory.

What is important for us is that, in order to classify the indecomposable objects, and to check

which objects are completely decomposable, one can replace D?(Mod(k[ε])) or D−(mod(k[ε])) with
the corresponding subcategory either of Ŝ(Mod(k)) or of S(Mod(k)). It turns out that everything
works as expected when ? = sb, b,+. However, due to the presence of non completely decomposable

objects, understanding if strong uniqueness of enhancement holds for D?(Mod(k[ε])) when ? = −, ∅
is left as a stimulating open problem of linear algebra.

Structure of the paper. As we mentioned above, the (small) derived categories, of modules

over the dual numbers, have been dealt with by means of a careful analysis of the indecomposable

objects, and of the morphisms between them. Moving from Db(mod(k[ε])) to D?(Mod(k[ε]))
increases the complexity of the problem, and to approach this we develop the theory of categories

of sequences—first in general, then in the special case of vector spaces. This is the content of

Section 1. Note that the indecomposable objects are classified in Section 1.4.

This material seems general, and might appear unrelated to the problem at hand. In Section 2

we explain the connection with the study of the homotopy and derived categories of modules over

the dual numbers. With this done, the stage is set for the proof of Theorem A (b), which is

contained in Section 4.

Of course, the proof requires also some machinery from the theory of dg categories, which

is briefly recalled in Section 3. In particular, the precise definitions of uniqueness and strong

uniqueness for enhancements is discussed, together with Theorem 3.6 from [4]. The proof of

Theorem A (a) is contained in Section 3.3. Beyond using some techniques developed in [4], it is

1It must be said, however, that part of what we prove about S(Mod(k)) can probably be deduced from more

general results obtained in [16] in the framework of quiver representations.
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based on the classical fact that every object in the derived category of a hereditary category splits

as the coproduct of (the shifts of) its cohomologies. Thus we are back to our underlying idea that

studying strong uniqueness of enhancements is easier for triangulated categories whose objects can

be assembled out of simple building blocks.

In this paper is we are unable to settle the strong uniqueness of enhancements of D?(Mod(k[ε])),
for ? = ∅,−. In Section 5 we give some partial results and list a few open problems.

1. The category of sequences

In this section k is an arbitrary commutative ring and A is a k-linear category. In Section 1.1

we define two categories of sequences in A, and describe in detail the morphisms inside each of

them. In Section 1.2 we assume that A is abelian, and in Section 1.3 and Section 1.4 we further

specialize to the case where k is a field and A = Mod(k).

1.1. Definitions. Let S(A) be the k-linear category of sequences in A. Explicitly, an object

X• of S(A) is given by objects Xi ∈ A and morphisms di = diX• : Xi → Xi+1 of A, for every

i ∈ Z. A morphism f• : X• → Y • in S(A) is given by morphisms f i : Xi → Y i of A such that

diY • ◦ f i = f i+1 ◦ diX• , for every i ∈ Z.

Remark 1.1. In the above definition, we do not require di+1 ◦ di = 0. But since this might

happen, we recover the usual category of complexes C(A) as a full subcategory of S(A).

Note that the usual shift functors [n] (for n ∈ Z) extend from C(A) to S(A) with the same defi-

nition: X•[n]i := Xn+i and diX•[n] := (−1)ndn+i
X• on objects, whereas f•[n]i := fn+i on morphisms.

Remark 1.2. As in the case of complexes,

HomS(A)(X
•, Y •) = ker(d0Hom•

S(A)(X
•,Y •)),

where Hom•
S(A)(X

•, Y •) ∈ S(Mod(k)) is defined by

Homn
S(A)(X

•, Y •) :=
∏
i∈Z

HomA(X
i, Y n+i),

dnHom•
S(A)(X

•,Y •)(f
•) := (dn+i

Y • ◦ f i − (−1)nf i+1 ◦ diX•)i∈Z

for every n ∈ Z. The graded Leibniz rule holds: if f• ∈ Homm
S(A)(X

•, Y •) and g• ∈ Homn
S(A)(Y

•, Z•),

then g• ◦ f• ∈ Homm+n
S(A) (X

•, Z•) and

dm+n(g• ◦ f•) = dn(g•) ◦ f• + (−1)ng• ◦ dm(f•).

It follows that, if f• ∈ ker(dm) and g• ∈ im(dn) or f• ∈ im(dm) and g• ∈ ker(dn), then g• ◦ f• ∈
im(dm+n).

For every X•, Y • ∈ S(A) we set

Homε
S(A)(X

•, Y •) := coker(d−1
Hom•

S(A)(X
•,Y •)).

Then we can consider a (k-linear) category Ŝ(A) (whose usefulness will be clear later) with the

same objects as S(A) and whose morphisms are defined by

Hom
Ŝ(A)

(X•, Y •) := HomS(A)(X
•, Y •)⊕Homε

S(A)(X
•, Y •).
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We can write a morphism f ∈ Hom
Ŝ(A)

(X•, Y •) as f = f•
1 + [f•

ε ], where f•
1 ∈ HomS(A)(X

•, Y •)

and [f•
ε ] is the class in Homε

S(A)(X
•, Y •) of f•

ε ∈ Hom0
S(A)(X

•, Y •). Sometimes we will say that f

is of type 1 (respectively, of type ε) if f = f•
1 (respectively, f = [f•

ε ]).

Similarly, if g = g•1+[g•ε ] ∈ Hom
Ŝ(A)

(Y •, Z•), then the composition (which is well defined thanks

to Remark 1.2) is given by

g ◦ f := g•1 ◦ f•
1 + [g•1 ◦ f•

ε + g•ε ◦ f•
1 ].

Note that the shift functors extend in an obvious way from S to Ŝ.

Remark 1.3. There are natural (k-linear) functors I : S(A) → Ŝ(A) and Q : Ŝ(A) → S(A), which

are the identity on objects and which on morphisms are given, respectively, by the inclusion and

the projection onto the first summand. It is clear that Q is full and essentially surjective. Moreover,

it is very easy to see that Q reflects isomorphisms. As a full functor that reflects isomorphisms is

essentially injective, Q is essentially bijective.

1.2. The case of abelian categories. Recall that an abelian category B is a Grothendieck

category if

• It has small coproducts;

• Filtered colimits of exact sequences are exact in B;

• It has a set of generators, meaning a set S of objects in B such that, for any C ∈ B there

is an epimorphism S ↠ C, where S is a coproduct of objects in S.

In the special case where A is a (Grothendieck) abelian category, we begin by proving the

following result.

Lemma 1.4. If A is an abelian (respectively a Grothendieck abelian) category, then S(A) is an

abelian (respectively a Grothendieck abelian) category.

Proof. This is an easy consequence of the fact that S(A) can be identified with the category of

functors from Z (regarded as an ordered set, hence as a category) to the (Grothendieck) abelian

category A. □

We can also prove the following rather technical but useful result.

Proposition 1.5. If A is an abelian category, then for every X•, Y • ∈ S(A) there is an injective

k-linear map, natural in the two arguments X•, Y • ∈ S(A),

Homε
S(A)(X

•, Y •) → Ext1S(A)(X
•, Y •[−1]).

Moreover, this map is an isomorphism if Ext1A(X
i, Y i−1) = 0 for every i ∈ Z.

Proof. Given f• ∈ Hom0
S(A)(X

•, Y •), consider C• ∈ S(A) defined by2 Ci := Xi ⊕ Y i−1 and

diC• =

(
diX• 0

−f i −di−1
Y •

)
: Ci = Xi ⊕ Y i−1 → Ci+1 = Xi+1 ⊕ Y i.

Clearly there is a short exact sequence in S(A)

Ef• : 0 → Y •[−1] → C• → X• → 0

2This is just the obvious generalization of the notion of mapping cone (up to shift) from complexes to sequences.
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where the maps are the natural inclusion and projection. Thus we obtain a map

Hom0
S(A)(X

•, Y •) → Ext1S(A)(X
•, Y •[−1]),

which sends f• to the isomorphism class of Ef• .

We leave to the reader the check that the above map is natural and k-linear.
In order to deduce the first statement it is then enough to show that Ef• splits if and only if

f• ∈ im(d−1
Hom•

S(A)(X
•,Y •)). Indeed, Ef• splits if and only if there exists a morphism (necessarily an

isomorphism) g• ∈ HomS(A)(X
• ⊕ Y •[−1], C•) such that the diagram

X• ⊕ Y •[−1]

g•

��

((
Y •[−1]

55

))

X•

C•

55

commutes. Now, g• ∈ Hom0
S(A)(X

•⊕Y •[−1], C•) makes the diagram commute if and only if there

exists hi ∈ HomA(X
i, Y i−1) such that

gi =

(
idXi 0

hi idY i−1

)
: Xi ⊕ Y i−1 → Ci = Xi ⊕ Y i−1

for every i ∈ Z. On the other hand, when g• is of this form, it is a morphism of S(A) if and only

if −f i = di−1
Y • ◦ hi + hi+1 ◦ diX• for every i ∈ Z. By definition, this last condition is equivalent to

f• = d−1
Hom•

S(A)(X
•,Y •)(−h•).

As for the last statement, if Ext1A(X
i, Y i−1) = 0 for every i ∈ Z, let 0 → Y •[−1] → Z• → X• → 0

be a short exact sequence in S(A). Up to isomorphism, we can assume that in each degree i it is

given by the split exact sequence 0 → Y i−1 → Xi ⊕ Y i−1 → Xi → 0. This easily implies that it

coincides with Ef• for some f• ∈ Hom0
S(A)(X

•, Y •). □

1.3. The special case of vector spaces. Now we assume that k is a field and set S := S(Mod(k))
and Ŝ := Ŝ(Mod(k)). We know from Lemma 1.4 that S is a Grothendieck abelian category. We

investigate additional properties of such a category here. In particular we describe its injective

(and, in part, projective) objects.

Let us start by setting some notation. Given a ∈ Z ∪ {−∞} and b ∈ Z ∪ {∞} with a ≤ b, let

S•
a,b be the object of S defined by

Si
a,b :=

k if a ≤ i ≤ b

0 otherwise
diS•

a,b
:= (−1)iidk if a ≤ i < b

Unlike a and b, our notation is that the letters i, j,m, n take values in Z.

Remark 1.6. The choice of signs ensures that S•
a,b[n] = S•

a−n,b−n for every n ∈ Z. For most

purposes it is however irrelevant, since with a different choice one gets isomorphic objects. More

generally, it is immediate to see that V • ∼= W • in S if V i = W i = 0 for i < a or i > b, diV • and

diW • are isomorphisms for a ≤ i < b and V i ∼= W i for some (hence for all) i such that a ≤ i ≤ b.
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Given an object V • of S, we set di,j = di,jV • := dj−1 ◦ · · · ◦ di : V i → V j for i ≤ j; in particular,

di,i = idV i and di,i+1 = di. As a matter of notation we define also the following subspaces of V i

for m ≤ i ≤ n:

(1.1) Iim = Iim(V •) := im(dm,i), Ki
n = Ki

n(V
•) := ker(di,n), Ki

∞ := ∪n≥iK
i
n.

Remark 1.7. For n ≤ b and for every V • ∈ S there are natural isomorphisms in Mod(k)

HomS(S
•
n,b, V

•) ∼=

V n if b = ∞

Kn
b+1(V

•) if b < ∞.

On the other hand, setting

Com(V •) := {(xi)i∈Z ∈
∏
i∈Z

V i |xi+1 = (−1)idiV •(xi) ∀ i ∈ Z},

there is also a natural isomorphism in Mod(k)

HomS(S
•
−∞,b, V

•) ∼=

Com(V •) if b = ∞

{(xi)i∈Z ∈ Com(V •) |xb+1 = 0} if b < ∞.

Observe that, defining V j
inj (for every j ∈ Z) to be the image of Com(V •) through the projection∏

i∈Z V
i → V j , we obtain a subobject V •

inj of V
• such that the natural map HomS(S

•
−∞,b, V

•
inj) →

HomS(S
•
−∞,b, V

•) is an isomorphism.

Remark 1.8. In Remark 1.7 we noted that, for every n ∈ Z, we have a canonical isomorphism,

natural in V • ∈ S

HomS(S
•
n,∞, V •) ∼= V n .

From this we learn two things:

(1) The functor HomS(S
•
n,∞,−) commutes with colimits. In particular it respects cokernels,

that is epimorphisms in the abelian category S.

(2) The objects S•
n,∞ generate the category S, meaning that for every V • ∈ S there exists an

epimorphism from a coproduct of objects S•
n,∞ to V •.

In classical terminology, the objects S•
n,∞ ∈ S are a set of finitely presented, projective generators.

But we also observe that the only subobjects of the object S•
m,∞ are the objects S•

n,∞ ∈ S with

m ≤ n, and any increasing sequence of subobjects therefore terminates. This means

(3) The objects S•
n,∞ are all noetherian in the abelian category S.

In classical terminology: the category S is a locally noetherian abelian category.

Proposition 1.9. An object W • of S is injective if and only if diW • is surjective for every i ∈ Z.

Proof. In the light of Remark 1.7 it is immediate that the k-linear map HomS(S
•
i,∞,W •) →

HomS(S
•
i+1,∞,W •) induced by the natural monomorphism S•

i+1,∞ ↪→ S•
i,∞ of S can be identi-

fied with (−1)idiW • : W i → W i+1, for every i ∈ Z. This clearly proves that

(1) The map diW • is surjective if and only if the functor HomS(−,W •) takes the morphism

S•
i+1,∞ ↪→ S•

i,∞ to an epimorphism.
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Hence if the object W • is injective, then all the maps diW • must be epimorphisms.

Now for the converse, assume that diW • is surjective for every i ∈ Z, and we want to prove that

W • is an injective object in S. Here Remark 1.8 comes to our aid: in the locally noetherian abelian

category S, it suffices to prove that Ext1(A•,W •) = 0 vanishes for all noetherian A• ∈ S. And it

even suffices to do this where A• is assumed to be a quotient of one of our noetherian generators

S•
n,∞ ∈ S.3 That is: we are reduced to proving the vanishing of Ext1(S•

n,b,W
•), for all n ∈ Z and

all b ∈ [n,∞].

If b = ∞ then the vanishing of Ext1(S•
n,b,W

•) is because the object S•
n,∞ ∈ S is projective; see

Remark 1.8(1).

Assume therefore that b < ∞. Then the short exact sequence

0 // S•
b+1,∞

α // S•
n,∞ // S•

n,b
// 0

gives a projective resolution for S•
n,b, and applying the functor Hom(−,W •) gives an exact sequence

Hom(S•
n,∞,W •)

α // Hom(S•
b+1,∞,W •)

β
// Ext1(S•

n,b,W
•) // Ext1(S•

n,∞,W •)

0

where the vanishing is by the projectivity of S•
n,∞. But the map induced by α is an epimorphism

by (1) above, allowing us to deduce the vanishing of Ext1(S•
n,b,W

•). □

Corollary 1.10. For every V • ∈ S the subobject V •
inj of V • introduced in Remark 1.7 is the

maximal injective subobject of V • and is a direct summand of V •.

Proof. It is clear by definition that diV •(V i
inj) = V i+1

inj for every i ∈ Z, whence V •
inj is injective by

Proposition 1.9, and an injective subobject is always a direct summand. Moreover, if U• is another

injective subobjet of V •, then, again by Proposition 1.9, diV •(U i) = U i+1 for every i ∈ Z. It follows
that, given j ∈ Z and x ∈ U j there exists (xi)i∈Z ∈ Com(V •) such that xj = x, which implies that

x ∈ V j
inj. Thus U

• is a subobject of V •
inj. □

1.4. Indecomposable objects. Recall that a non-zero object in an additive category is indecom-

posable if it is not a coproduct of two non-zero objects. An object is completely decomposable if it

is a coproduct of indecomposable objects. Using Remark 1.3 and the fact that Q : Ŝ → S preserves

coproducts, we see that decompositions as a coproduct in S and in Ŝ coincide; in particular, S and

Ŝ have the same indecomposable objects and the same completely decomposable objects.

Remark 1.11. It is clear that S•
a,b are indecomposable in S (for every a ∈ Z ∪ {−∞} and

b ∈ Z ∪ {∞} with a ≤ b), and we will see in Corollary 1.16 that they are the only indecomposable

objects of S, up to isomorphism.

Given A ⊆ Z ∪ {−∞} and B ⊆ Z ∪ {∞}, we will denote by Sd
A,B the (strictly) full subcategory

of S consisting of coproducts of objects of the form S•
a,b with a ∈ A, b ∈ B and a ≤ b. We will

write Sd instead of Sd
Z∪{−∞},Z∪{∞}. This notation will be extended to Ŝ in an obvious way.

3The original proof, of this generalization of Baer’s classical criterion for injectivity, may be found in [18, page 136,

see Lemma 1 of the proof of Theorem 1.10.1]
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Lemma 1.12. An object of S is injective if and only if it belongs to Sd
{−∞},Z∪{∞}.

Proof. The “if” part is clear by Proposition 1.9, since each S•
−∞,b is injective and a coproduct of

injective objects is injective. We need to prove the converse.

Assume therefore that V • ∈ S is injective, and consider the set A of all subobjects W • ⊂ V •

such that

(1) W • ∈ Sd
{−∞},Z∪{∞}.

Define a partial order on A by declaring that

(2) W •
1 < W •

2 means that W •
1 ⊂ W •

2 and W •
2 = W •

1 ⊕ W̃ • with W̃ • ∈ Sd
{−∞},Z∪{∞}.

By Zorn’s Lemma the set A contains a maximal member, and we assert that it must be all of V •.

Assume it isn’t, and we prove a contradiction. Let W • ∈ A be maximal; being an injective sub-

object of V • we must have a decomposition V • = W •⊕W̃ •, and because W • is a proper subobject

of V • we must have W̃ • ̸= 0. By Remark 1.8 there must exist a nonzero map S•
n,∞ → W̃ • for

some n ∈ Z, and because W̃ • is injective the map must factor through each of the monomorphisms

S•
n,∞ ↪→ S•

n−1,∞ ↪→ S•
n−2,∞ ↪→ · · · . Therefore it factors through the colimit, and we deduce a

nonzero map S•
−∞,∞ → W̃ •. The kernel is a proper subobject of S•

−∞,∞, and the only proper

subobjects are 0 and S•
m+1,∞ (with m ∈ Z). Hence the map must factor through a monomorphism

S•
−∞,a ↪→ W̃ •, with a = ∞ or a = m. This makes W • ⊕ S•

−∞,a a subobject of V •, contradicting

the maximality of W •. □

Remark 1.13. In Remark 1.8 we saw that the objects S•
n,∞ are projective generators for the

abelian category S. Since coproducts of projective objects are projective, every object in Sd
Z,{∞}

must be projective. But as every object admits an epimorphism from an object in Sd
Z,{∞}, the

projective objects are precisely the direct summands of the objects in Sd
Z,{∞}.

It can be shown that the category Sd
Z,{∞} is closed under direct summands, but since we do not

need it we will not include a proof. It would be interesting to know if Sd is also closed under direct

summands.

It immediately follows that, if W • is projective, then diW • is injective for every i ∈ Z. The

converse, however, isn’t true; the injectivity of each diW • does not in general imply that W • is

projective. For instance, we claim that S•
−∞,∞ is not projective. In order to see this, consider

the object T • of S defined by T i := kN and diT •(c0, c1, . . . ) := (0, c0, c1, . . . ) for every i ∈ Z. As

Com(T •) = 0, by Remark 1.7 we have HomS(S
•
−∞,∞, T •) = 0. On the other hand, denoting by T

•

the quotient of T • by its subobject whose ith component is k(N) (here k(N) stands for the subspace

of kN consisting of sequences with only a finite number of nonzero entries), it is straightforward

to see that each di
T

• is an isomorphism. It follows that T
•
is isomorphic to a non-empty (actually

uncountable) coproduct of copies of S•
−∞,∞ (see Remark 1.6), whence HomS(S−∞,∞, T

•
) ̸= 0. This

shows that S•
−∞,∞ is not projective. It can be proved that T • is not projective either.

Lemma 1.14. For every V • ∈ S the subobjects V •
n of V • (for n ∈ Z) defined by

V i
n :=

V i if i ≤ n

Iin if i > n

are such that V •
n ⊆ V •

n+1 and V • = ∪n∈ZV
•
n . Moreover, V •

n is a direct summand of V •
n+1.
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Proof. The first part being straightforward, it is enough to prove the last statement. To this end,

we define Ṽ •
n ∈ S by

Ṽ i
n :=

V n if i ≤ n

V i
n = Iin if i > n

di
Ṽ •
n
:=

idV n if i < n

diV •
n

if i ≥ n

and observe that each di
Ṽ •
n

is surjective, so that Ṽ •
n is injective by Proposition 1.9. Then the

natural morphism f• : V •
n → Ṽ •

n (defined by f i := di,nV • for i < n and f i := idV i
n
for i ≥ n) extends

to a morphism g• : V •
n+1 → Ṽ •

n . Finally, it is very easy to check that h• : V •
n+1 → V •

n defined by

hi := idV i
n
for i ≤ n and hi := gi for i > n is a morphism of S such that h•|V •

n
= idV •

n
. □

Proposition 1.15. For every V • ∈ S there exists an exact sequence 0 → U• → V • → W • → 0

with U• ∈ Sd
Z,Z∪{∞} and W • ∈ Sd

{−∞},Z∪{∞}. Moreover, the sequence splits if, for every i ∈ Z,
there exists ni < i such that the inclusion Iin ⊆ Iin+1 is an equality for n ≤ ni.

Proof. By Lemma 1.14, denoting by U•
n a complementary of V •

n−1 in V •
n , obviously U• :=

⊕
n∈Z U

•
n

is a subobject of V •, and we define W • := V •/U•. It is easy to see that diW • is surjective for every

i ∈ Z, while diU•
n
is surjective for i ≥ n and U i

n = 0 for i < n. It follows from Proposition 1.9

that W • is injective and that there exist injective objects Ũ•
n such that U•

n = Ũ≥n
n (one can take,

for instance, Ũ i
n := Un

n and di
Ũ•
n
:= idUn

n
for i < n). By Lemma 1.12 we obtain, as wanted, that

W • ∈ Sd
{−∞},Z∪{∞} and U•

n ∈ Sd
{n},Z∪{∞} for every n ∈ Z.

As for the last statement, observe that, in any case, V •
−∞ := ∩n∈ZV

•
n is a subobject of V • such

that U• ∩ V •
−∞ = 0. Assuming that, for every i ∈ Z, there exists ni < i such that Iin = Iin+1

for n ≤ ni, it is clear that V i
−∞ = Iin for n ≤ ni and V i = U i + V i

−∞. Thus we conclude that

V • = U• ⊕ V •
−∞ (hence W • ∼= V •

−∞) in this case. □

Corollary 1.16. An object V • of S is indecomposable (respectively, completely decomposable) if

and only if V • ∼= S•
a,b for some a ∈ Z∪{−∞} and b ∈ Z∪{∞} with a ≤ b (respectively, V • ∈ Sd).

Proof. With the notation used in the proof of Proposition 1.15, V • = (
⊕

m>n U
•
m)⊕ V •

n , for every

V • ∈ S and every n ∈ Z.
Now, if V • is indecomposable, then either V •

n = V • for every n ∈ Z or there exists n ∈ Z such that

V •
n = V • and V •

n−1 = 0. In the former case U• =
⊕

n∈Z U
•
n = 0, whence V • ∼= W • ∈ Sd

{−∞},Z∪{∞},

whereas in the latter case V • = U•
n ∈ Sd

{n},Z∪{∞}. As V • is indecomposable, we obtain V • ∼= S•
a,b

for some a ≤ b. By definition, this implies that the completely decomposable objects of S are

precisely those of Sd. □

2. The derived category of dual numbers

In this section we investigate several basic properties of various triangulated categories associated

to categories of modules over the dual numbers k[ε], where k is a field.

2.1. Homotopy categories and their relatives. First recall the following.

Remark 2.1. (i) It is a standard property that a k[ε]-module is free if and only if it is projective

if and only if it is injective.
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(ii) If M is a free k[ε]-module, then M ∼= V ⊗k k[ε] with V := M ⊗k[ε] k ∈ Mod(k). If

N ∼= W ⊗k k[ε] (for some W ∈ Mod(k)) is another free k[ε]-module, every morphism

f ∈ Homk[ε](M,N) ∼= Homk[ε](V ⊗k k[ε],W ⊗k k[ε]) ∼= Homk(V,W ⊗k k[ε])

can be represented (uniquely) as f1 + εfε with f1, fε ∈ Homk(V,W ). With this notation, given

another morphism of free k[ε]-modules g : N → P , it is obvious that (g ◦ f)1 = g1 ◦ f1 and

(g ◦ f)ε = g1 ◦ fε + gε ◦ f1.

From now on, we denote by C the category of complexes C(Mod(k[ε])) and by K the homotopy

category K(Mod(k[ε])). We can then define the following full subcategories of K:

• Ka with objects the acyclic complexes;

• Kp with objects the h-projective complexes (namely, the left orthogonal of Ka in K);

• Kc with objects the cofibrant complexes for the projective model structure on C;

• Kf with objects the complexes M• such that M i is a free k[ε]-module for every i ∈ Z (it

is the homotopy category of injectives of Mod(k[ε]));
• Km with objects M• ∈ Kf which are minimal, meaning that diM• ∈ εHomk[ε](M

i,M i+1)

for every i ∈ Z;
• Ka,f := Ka ∩Kf ;

• Ka,m := Ka ∩Km;

• Kp,f := Kp ∩Kf ;

• Kp,m := Kp ∩Km.

A preliminary comparison between the categories above is provided by the following result.

Proposition 2.2. The inclusion Km ⊆ Kf is an equivalence.

Proof. Given M• ∈ Kf , by Remark 2.1 (ii) we can assume M i = V i ⊗k k[ε] (with V i ∈ Mod(k))
and di = diM• is represented by di1+εdiε (with di1, d

i
ε ∈ Homk(V

i, V i+1)), for every i ∈ Z. Moreover,

di+1 ◦ di = 0 is equivalent to

di+1
1 ◦ di1 = 0,(2.1)

di+1
1 ◦ diε + di+1

ε ◦ di1 = 0.(2.2)

By (2.1) Bi := im(di−1
1 ) ⊆ Zi := ker(di1). Since B

i+1 ∼= V i/Zi, setting H i := Zi/Bi, we can clearly

assume V i = Bi ⊕H i ⊕Bi+1 and

di1 =

0 0 idBi+1

0 0 0

0 0 0

 : V i = Bi ⊕H i ⊕Bi+1 → V i+1 = Bi+1 ⊕H i+1 ⊕Bi+2.

Then it is easy to see that (2.2) is satisfied if and only if diε is of the form

diε =

ei ai bi+1

0 hi ci+1

0 0 −ei+1

 : V i = Bi ⊕H i ⊕Bi+1 → V i+1 = Bi+1 ⊕H i+1 ⊕Bi+2

(with arbitrary k-linear maps ai, bi, ci, ei and hi), for every i ∈ Z. We claim that M• is homotopy

equivalent to N• ∈ Km defined by N i := H i ⊗k k[ε] and diN• represented by εhi, for every i ∈ Z.
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To this end, we must find morphisms f• : M• → N• and g• : N• → M• of C inducing inverse

isomorphisms in K. If f i and gi are represented, respectively, by f i
1 + εf i

ε and gi1 + εgiε (with

f i
1, f

i
ε ∈ Homk(V

i, H i) and gi1, g
i
ε ∈ Homk(H

i, V i)), we can set

f i
1 :=

(
0 idHi 0

)
, f i

ε :=
(
−ci 0 0

)
: V i = Bi ⊕H i ⊕Bi+1 → H i,

gi1 :=

 0

idHi

0

 , giε :=

 0

0

−ai

 : H i → V i = Bi ⊕H i ⊕Bi+1.

Indeed, it is straightforward to check that diN• ◦ f i = f i+1 ◦ diM• , namely that

0 = f i+1
1 ◦ di1, hi ◦ f i

1 = f i+1
1 ◦ diε + f i+1

ε ◦ di1,

and that diM• ◦ gi = gi+1 ◦ diN• , namely that

di1 ◦ gi1 = 0, di1 ◦ giε + diε ◦ gi1 = gi+1
1 ◦ hi.

Finally, it is easy to verify that f• ◦ g• = idN• , whereas a homotopy between g• ◦ f• and idM• is

given by morphisms ki : M i → M i−1 of Mod(k[ε]), represented by ki1 + kiε, where

ki1 :=

 0 0 0

0 0 0

idBi 0 0

 , kiε :=

 0 0 0

0 0 0

−bi 0 0

 : V i = Bi ⊕H i ⊕Bi+1 → V i−1 = Bi−1 ⊕H i−1 ⊕Bi,

for every i ∈ Z. □

Remark 2.3. ClearlyKf is a (non strictly) full triangulated subcategory ofK, and Proposition 2.2

implies that the same is true for Km. Moreover, since Ka and Kp are localizing subcategories of

K, we obtain also that Ka,m and Kp,m are localizing subcategories of Km. Finally, again as a

direct consequence of Proposition 2.2, we see that the inclusions Ka,m ⊆ Ka,f and Kp,m ⊆ Kp,f

are equivalences, as well.

2.2. Categories of sequences. Keeping the notation from the previous section, we can now

prove the following.

Proposition 2.4. There is a natural equivalence between Km and Ŝ, which is compatible with

shifts (hence the latter category, with the standard shift functor, is triangulated in a natural way).

Proof. By Remark 2.1 every object M• ∈ Km corresponds to an object V • ∈ S such that V i :=

M i ⊗k[ε] k and diM• is represented by εdiV • , for every i ∈ Z. On the other hand, given also

N• ∈ Km corresponding to W • ∈ S, a morphism f• : M• → N• in C can be identified with a

sequence {f i
1+ εf i

ε}i∈Z with f i
1, f

i
ε ∈ Homk(V

i,W i) such that f•
1 ∈ HomS(V

•,W •). Moreover such

a morphism is homotopic to 0 if and only if f•
1 = 0 and f•

ε ∈ im(d−1
Hom•

S(V
•,W •)). It follows that there

is a natural isomorphism HomKm(M•, N•) ∼= Hom
Ŝ
(V •,W •). It is also clear that compositions

and shifts in the two categories are identified. □

Using the equivalence above, we can actually define the strictly full subcategories of Ŝ:

• Ŝa corresponding to Ka,m;
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• Ŝp corresponding to Kp,m.

Remark 2.5. As in every triangulated category, a morphism h : V • → W • of Ŝ can be extended

to a distinguished triangle

W •[−1]
f−→ U• g−→ V • h−→ W •

(which is unique up to isomorphism). Using (beyond the equivalence of Proposition 2.4) the

explicit computations in the proof of Proposition 2.2 in order to replace the mapping cone in Kf

with an isomorphic object of Km, it is not hard to prove that such a triangle satisfies the following

properties. If h = h•1 + [h•ε], then U i = ker(hi1)⊕ coker(hi−1
1 ) and

diU• =

(
αi 0

−γi −βi−1

)
: U i = ker(hi1)⊕ coker(hi−1

1 ) → U i+1 = ker(hi+1
1 )⊕ coker(hi1),

where αi is the restriction of diV • , βi−1 is induced by di−1
W • and γi is the composition ker(hi1) ↪→

V i hi
ε−→ W i ↠ coker(hi1). On the other hand, f i

1 and gi1 are the natural morphisms, whereas f i
ε and

giε factor, respectively, through im(hi−1
1 ) and im(hi1).

In particular, if h = [h•ε], then f = f•
1 , g = g•1 and there is a short exact sequence

0 → W •[−1]
f−→ U• g−→ V • → 0

in S. One can also check that the element of Ext1S(V
•,W •[−1]) defined by the isomorphism class

of this sequence corresponds to h ∈ Homε
S(V

•,W •) under the isomorphism of Proposition 1.5.

Conversely, it should then be clear that every short exact sequence of S extends to a distinguished

triangle of Ŝ by adding, as a third morphism, the one corresponding to the isomorphism class of

the sequence.

2.3. Derived categories. Set now D? := D?(Mod(k[ε])), for ? = sb, b,+,−, ∅. As the notation is

certainly not standard, we should explain what is the ‘strictly bounded’ derived category Dsb. We

refer to [26, Example 8.4 and Definition 8.5] for its definition in a more general setting. Here, it

suffices to say that, when A is a Grothendieck abelian category with a finitely-presented projective

generator, then Dsb(A) is the full subcategory of D−(A) corresponding to Kb(P(A)) under the

natural equivalence between D−(A) and K−(P(A)). Here P(A) denotes the full subcategory of A

consisting of projective objects. Observe that Dsb(A) ⊆ Db(A), with equality if and only if A has

finite homological dimension.

We also denote byD?
fg, for ? = sb, b,−, the full subcategory ofD? whose objects have cohomology

in mod(k[ε]). Note that D?
fg, for ? = b,−, is equivalent to D?(mod(k[ε])), while Dsb

fg = Perf(k[ε]) is
the full subcategory of perfect complexes inD. Since Perf(k[ε]) coincides with the full subcategory

of compact objects in D, we will in future usually write Dc instead of Dsb
fg . More generally, we will

denote by Tc the full subcategory of compact objects in a triangulated category T. Recall that an

object C ∈ T is compact if HomT(C,−) respects those coproducts that exist in T.

Lemma 2.6. The natural functor Kp,m → D is an exact equivalence. Moreover, there is a

semiorthogonal decomposition Km = ⟨Ka,m,Kp,m⟩.

Proof. It is well known that there is a semiorthogonal decomposition

(2.3) K = ⟨Ka,Kp⟩,
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whence the composition of the natural (exact) functors Kp → K → D = K/Ka is an equivalence.

Taking into account that Kc ⊆ Kp,f (by [19, Lemma 2.3.6, 2.3.8]) and that the inclusion Kc ⊆ Kp

is an equivalence (because for every M• ∈ Kp a cofibrant replacement N• → M• is a quasi-

isomorphism in Kp, and so it is an isomorphism), we deduce that the inclusion Kp,f ⊆ Kp is an

equivalence. This concludes the proof of the first statement, since, by Remark 2.3, also the inclusion

Kp,m ⊆ Kp,f is an equivalence. As for the last statement, it is clear that Kp,m is contained in

the left orthogonal of Ka,m. Moreover, given M• ∈ Km, by (2.3) there is a distinguished triangle

P • → M• → N• with P • ∈ Kp and N• ∈ Ka. Actually we can assume P • ∈ Kp,m (because the

inclusion Kp,m ⊆ Kp is an equivalence), and then also N• ∈ Ka,m. □

Combining Lemma 2.6 and Proposition 2.4, we obtain the following result.

Corollary 2.7. We have a semiorthogonal decomposition Ŝ = ⟨Ŝa, Ŝp⟩. Moreover, there is an

exact equivalence between Ŝp and D.

We will also denote by Ŝ?
p, Ŝ?

p,fg and Ŝc
p the strictly full (triangulated) subcategories of Ŝp

corresponding (under the equivalence of Corollary 2.7) to D?, D?
fg and Dc, respectively. Moreover,

Sa will be the full subcategory of S with the same objects as Ŝa; similarly for S?
p, S

?
p,fg and Sc

p.

Remark 2.8. An object V • of S is in Sa if and only if diV • is an isomorphism, for every i ∈ Z.
More generally, it is easy to see that, if V • corresponds to M• ∈ Km, then H i(M•) ∼= ker(diV •)⊕
coker(di−1

V • ) in Mod(k), for every i ∈ Z.

Recalling the notation introduced in (1.1), we can also prove the following.

Proposition 2.9. An object V • of S is in Sp if and only if Ki
∞ = V i for every i ∈ Z.

Proof. By Corollary 2.7 V • ∈ Sp if and only if Hom
Ŝ
(V •,W •) = 0 for every W • ∈ Sa. Now, by

Remark 2.8 W • ∈ Sa if and only if diW • is an isomorphism for every i ∈ Z. When W • is of this

form, W •[−1] in injective in S by Proposition 1.9, and so Ext1S(V
•,W •[−1]) = 0. Remembering

Proposition 1.5, this means Hom
Ŝ
(V •,W •) = HomS(V

•,W •).

Suppose first that Ki
∞(V •) = V i for every i ∈ Z. We have to prove that, if f• : V • → W •

is a morphism of S with W • ∈ Sa, then f i = 0 for every i ∈ Z. This is true because obviously

f i(Ki
n(V

•)) ⊆ Ki
n(W

•) = 0 (for n ≥ i), whence f i(V i) = f i(Ki
∞(V •)) ⊆ Ki

∞(W •) = 0.

Conversely, suppose that V • ∈ S is some object, i ∈ Z is an integer, and x ∈ V i does not belong

to Ki
∞(V •). We need to show V • /∈ Sp. But by Remark 1.7 the element x ∈ V i corresponds to a

map χ : S•
i,∞ → V , and the assumption that x /∈ Ki

∞(V •) means that the map χ : S•
i,∞ → V is a

monomorphism. Because the object S•
−∞,∞ ∈ S is injective, the (monomorphism) S•

i,∞ ↪→ S•
−∞,∞

factors through χ, to give a nonzero map V • → S•
−∞,∞ with S•

−∞,∞ ∈ Sa. □

Remark 2.10. Using Remark 2.8 in combination with Proposition 2.9, the following properties

are immediate for any object V • ∈ Sp:

• V • ∈ S+
p if and only if there exists n ∈ Z such that di is an isomorphism for i < n;

• V • ∈ S−
p if and only if there exists n ∈ Z such that V i = 0 for i > n;

• V • ∈ Sb
p if and only if there exists n ∈ N such that di is an isomorphism for i < −n and

V i = 0 for i > n;
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• V • ∈ Ssb
p if and only if there exists n ∈ N such that V i = 0 for |i| > n;

• V • ∈ S−
p,fg if and only if dimk(V

i) < ∞ for every i ∈ Z and there exists n ∈ Z such that

V i = 0 for i > n;

• V • ∈ Sb
p,fg if and only if dimk(V

i) < ∞ for every i ∈ Z and there exists n ∈ N such that

di is an isomorphism for i < −n and V i = 0 for i > n;

• V • ∈ Sc
p = Ssb

p,fg if and only if dimk(V
i) < ∞ for every i ∈ Z and there exists n ∈ N such

that V i = 0 for |i| > n.

Let us reconsider the characterization of indecomposable objects in Section 1.4. We keep the

notation introduced there.

Remark 2.11. By Proposition 2.9 and Remark 2.10 S•
a,b ∈ Sp if and only if S•

a,b ∈ Sb
p,fg if and

only if b < ∞, whereas S•
a,b ∈ Ssb

p if and only if S•
a,b ∈ Sc

p if and only if a > −∞ and b < ∞.

Observe also that, denoting by C any of the subcategories S?
p, S

?
p,fg or Sc

p of S, clearly C is closed

under direct summands in S and the inclusion of C in S preserves the coproducts which exist in

C. It follows that an object of C is indecomposable (respectively, completely decomposable) in C

if and only if it is indecomposable (respectively, completely decomposable) in S.

Let us set S?,d
p := S?

p ∩ Sd, for ? = sb, b,+,−, ∅, and S?,d
p,fg := S?

p,fg ∩ Sd, for ? = b,−. This

notation will be extended to Ŝ in an obvious way.

Lemma 2.12. We have the equalities S?,d
p = S?

p, for ? = sb, b,+, and S−,d
p,fg = S−

p,fg.

Proof. If V • ∈ S+
p (respectively, V • ∈ S−

p,fg), then, by Remark 2.10, dn is an isomorphism for

n ≪ 0 (respectively, dimk(V
i) < ∞ for every i ∈ Z). In both cases this clearly implies that, for

every i ∈ Z, there exists ni < i such that Iin = Iin+1 for n ≤ ni. We conclude by Proposition 1.15

that V • ∼= U• ⊕W • ∈ Sd. □

Remark 2.13. We have S−,d
p ⊊ S−

p (hence also Sd
p ⊊ Sp). Indeed, with the notation of Re-

mark 1.13, T≤n ∈ S−
p for every n ∈ Z by Remark 2.10, but we claim that T≤n ̸∈ Sd (observe

that this implies also T • ̸∈ Sd). The statement being independent of n, we assume on the

contrary T≤0 ∈ Sd. By Corollary 1.16 there exist Va,b ∈ Mod(k) for a ≤ b ≤ 0 such that

T≤0 ∼=
⊕

−∞≤a≤b≤0(S
•
a,b ⊗k Va,b), which implies kN = T 0 ∼=

⊕
−∞≤a≤0 Va,0. Now, for every m ∈ N

we have ⊕
−m<a≤0

Va,0
∼= T 0/I0−m = kN/kN≥m ∼= km,

whereas V−∞,0 = 0 (because
⋂

m∈N I0−m = 0). This gives the contradiction that kN ∼=
⊕

−∞≤a≤0 Va,0

has countable dimension over k.

3. Dg categories and enhancements

This section collects some basic notions related to dg categories and incorporates a discussion

about uniqueness and strong uniqueness of enhancements for triangulated categories of geometric

significance.
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3.1. Definitions. In full generality, in this section we assume that k is a commutative ring.

Definition 3.1. (i) A dg category is a k-linear category C whose morphism spaces HomC (A,B) are

complexes of k-modules and the composition maps HomC(B,C) ⊗k HomC(A,B) → HomC(A,C)

are morphisms of complexes, for all A,B,C in C.

(ii) A dg functor F : C1 → C2 between two dg categories is a k-linear functor such that the maps

HomC1(A,B) → HomC2(F(A),F(B)) are morphisms of complexes, for all A,B in C1.

For a dg category C, we can form its homotopy category H0(C) which has the same objects as

C while HomH0(C)(A,B) := H0(HomC(A,B)), for all A,B in C. A dg functor F : C1 → C2 induces

a k-linear functor H0(F) : H0(C1) → H0(C2) and a dg functor F is a quasi-equivalence if the maps

HomC1(A,B) → HomC2(F(A),F(B)) are quasi-isomorphisms, for all A,B in C1, and H0(F) is an

equivalence.

Example 3.2. (i) Assume that A is a k-linear category. We can form the dg category Cdg(A),

whose objects are (unbounded) complexes of objects in A. As graded modules, morphisms are

defined as

HomCdg(A)(A,B)n :=
∏
i∈Z

HomA(A
i, Bn+i)

for every A,B ∈ Cdg(A) and for every n ∈ Z. The composition of morphisms is the obvious

one, while the differential is defined on a homogeneous element f ∈ HomCdg(A)(A,B)n by d(f) :=

dB ◦ f − (−1)nf ◦ dA. Clearly we can similarly define C?
dg(A), for ? = b,+,−, ∅, by imposing the

obvious bounds to the complexes.

(ii) As dg functors between two dg categories C1 and C2 form a dg category Hom(C1,C2), for

every dg category C we can construct a much larger dgMod(C) := Hom(C◦,Cdg(Mod(k))) whose
objects are called (right) dg C-modules. The category H0(dgMod(C)) has a natural triangulated

structure (see [21, Section 2.2]). On the other hand, given a dg category C, the map defined on

objects by A 7→ HomC(−, A) extends to a fully faithful dg functor YC
dg : C → dgMod(C) called the

dg Yoneda embedding.

Let us denote by dgCat the category of all (small) dg categories (linear over k). Its localization,
which is obtained by inverting all quasi-equivalences in dgCat, will be denoted by Hqe. Note

that, if C1 and C2 are dg categories and f : C1 → C2 is a morphism in Hqe, then one gets an

induced functor H0(f) : H0(C1) → H0(C2), which is well defined up to isomorphism. Note that, if

f is an isomorphism in Hqe, then H0(f) is an equivalence.

Definition 3.3. (i) A dg category C is pretriangulated if the essential image of H0(YC
dg) is a full

triangulated subcategory of H0(dgMod(C)).

(ii) Given a triangulated category T an enhancement of T is a pair (C,F), where C is a pretri-

angulated dg category and F : H0(C) → T is a triangulated equivalence. If F is not relevant or is

clear from the context, one can simply say that C is an enhancement of T.

(iii) A triangulated category T is algebraic if it has an enhancement.

Example 3.4. (i) If A is an additive (k-linear) category, it is easy to see that C?
dg(A) is pre-

triangulated and there is a natural triangulated equivalence H0(C?
dg(A)) ∼= K?(A). Thus the

triangulated category K?(A) is algebraic, for ? = b,+,−, ∅.
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(ii) Assume now that A is an abelian category, and denote by K?
a(A) ⊆ K?(A) the full triangu-

lated subcategory consisting of acyclic complexes. Then the derived category D?(A) of A, which

is the Verdier quotient K?(A)/K?
a(A), is algebraic. Here, as usual, ? = b,+,−, ∅. Indeed, it is true

more generally that, if T is an algebraic triangulated category and S is a full triangulated subcate-

gory of T, then T/S is algebraic, as well. Explicitly, an enhancement of T/S can be obtained as the

Drinfeld quotient (see [15]) of an enhancement of T by the induced (by restriction) enhancement

of S.

3.2. Uniqueness. For an algebraic triangulated category, it is a natural question to ask how many

dg enhancements it possesses. First of all, we want to clarify in which sense they may be unique.

Definition 3.5. Let T be an algebraic triangulated category.

(i) The category T has a unique enhancement if, given two enhancements (C1,F1) and (C2,F2)

of T, the dg categories C1 and C2 are isomorphic in Hqe.

(ii) The category T has a strongly unique enhancement if, given two enhancements (C1,F1) and

(C2,F2) of T, there exists an isomorphism f : C1 → C2 in Hqe such that F2 ◦H0(f) ∼= F1.

The more general result about uniqueness of enhancements which is now available in the litera-

ture is the following.

Theorem 3.6 ([4], Theorems A and B). (i) If A is an abelian category, then D?(A) has a unique

enhancement, for ? = b,+,−, ∅.
(ii) Let X be a quasi-compact and quasi-separated scheme. Then the categories D?

qc(X) and

Perf(X) have a unique dg enhancement, for ? = b,+,−, ∅.

Here D?
qc(X) denotes the full subcategory of D(Mod(OX)) which consists of complexes with

quasi-coherent and suitably bounded cohomology. On the other hand, Perf(X) is the full subcat-

egory of Dqc(X) consisting of perfect complexes (i.e. complexes which are locally quasi-isomorphic

to bounded complexes of locally free sheaves of finite rank). Alternatively, Perf(X) coincides with

the full subcategory Dqc(X)c of compact objects in Dqc(X).

It should be mentioned that Theorem 3.6 came at the end of a long story. Indeed, in [3] it was

conjectured that, for a smooth projective scheme over a field, the bounded derived category of

coherent sheaves should have a unique enhancement. The conjecture was proved in [25] and these

results were then extended in [11]. Part of the results in the latter paper have been reproved in

[17]. Finally [2] proposed a different approach to the problem by means of techniques which use

the theory of stable ∞-categories.

As for strong uniqueness of enhancements, the first results were obtained in [25], and later in

a series of papers [10], [27] and [24]. But, despite some special cases, the general picture about

strongly uniqueness remains elusive.

3.3. Strong uniqueness for hereditary categories. In this section we cover yet another case

of strong uniqueness of enhancements: the derived category of a hereditary category, while in the

next section we prove our main results concerning various triangulated categories associated to the

category of modules over the dual numbers.

Let us first recall the following.
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Definition 3.7. An abelian category B is hereditary, if Ext2B(A,B) = 0, for all A,B ∈ B.

We have the following examples of such abelian categories.

Example 3.8. (i) If R is a left hereditary ring (meaning that all left ideals of R are projective

R-modules), then the abelian category Mod(R) of left R-modules is hereditary. The same is true

for mod(R) if R is also left noetherian.

(ii) If C is a smooth curve over a field, then the abelian categories Coh(C) of coherent sheaves

and Qcoh(C) of quasi-coherent sheaves on C are hereditary.

(iii) The abelian category S is hereditary. Indeed, S has enough injectives (being a Grothendieck

category), hence every object V • of S can be embedded in a short exact sequence 0 → V • → W • g•−→
U• → 0 with W • injective. Since diW • (by Proposition 1.9) and gi+1 are surjective, also diU• is

surjective, for every i ∈ Z. This proves that U• is injective (again by Proposition 1.9), whence V •

has an injective resolution of length ≤ 1.

We can then prove the following.

Proposition 3.9. Let A be a hereditary abelian category. Then D?(A) has a strongly unique

enhancement, for ? = b,+,−, ∅.

Proof. Let (C1,F1) and (C2,F2) be enhancements for D?(A). Since A is an abelian category,

Theorem 3.6 implies that there is an isomorphism f : C1 → C2 inHqe. More is true. If Q : K?(A) →
D?(A) is the natural quotient functor, let us consider the exact functors

G := F2 ◦H0(f) ◦ F−1
1 : D?(A) → D?(A), H := G ◦ Q : K?(A) → D?(A).

By the discussion in [4, Section 5.1] (see, in particular, [4, Lemma 5.1]), f can be chosen in such

a way that there exists an isomorphism θ : H|V?(A) → Q|V?(A), where V?(A) (respectively B?(A))

is the full subcategory of K?(A) (respectively D?(A)) consisting of complexes with 0 differential.

We need to show that F2 ◦H0(f) ∼= F1, or, equivalently, that G ∼= id. Now, the fact that A is

hereditary implies that the inclusion of B?(A) in D?(A) is an equivalence (see, for instance, [23,

Section 1.6]). Thus it is enough to find an isomorphism G|B?(A)
∼= id|B?(A), and we claim that θ also

defines an isomorphism G|B?(A) → id|B?(A) (note that the objects of V?(A) and B?(A) coincide).

So we have to prove that, for any morphism g : A → B in B?(A), the square

(3.1) H(A) = G(A)
G(g)

//

θA
��

G(B) = H(B)

θB
��

Q(A) = A
g

// B = Q(B)

commutes in D?(A). As g can be represented by a roof in K?(A)

A
g1 // C B

g2oo



20 A. CANONACO, A. NEEMAN, AND P. STELLARI

(where g2 is a quasi-isomorphism), by [4, Proposition 5.2] there exists an isomorphism θ̃C : H(C) →
Q(C) such that the diagram

H(A)
H(g1) //

θA
��

H(C)

θ̃C
��

H(B)
H(g2)oo

θB
��

Q(A)
Q(g1)

// Q(C) Q(B)
Q(g2)

oo

commutes in D?(A). Since Q(g2)
−1 ◦ Q(g1) = g (hence also H(g2)

−1 ◦ H(g1) = G(g)), this proves

that (3.1) commutes. □

The following is then a straightforward application.

Corollary 3.10. The following triangulated categories have strongly unique enhancement:

• D?(Mod(R)) (and D?(mod(R))), where R is a left hereditary (and left noetherian) ring,

• D?(Qcoh(C)) and D?(Coh(C)), where C is a smooth curve over a field,

for ? = b,+,−, ∅.

4. Strong uniqueness for the dual numbers

By Corollary 2.7 D?, for ? = sb, b,+,−, ∅, and D−
fg have strongly unique enhancements if and

only if the same is true for Ŝ?
p and Ŝ−

p,fg. In the following we will mainly deal with the latter

categories.

4.1. Reformulation of the problem. In this section we denote by T either Ŝ−
p,fg or Ŝ?

p, for

? = sb, b,+,−, ∅; we also set T′ := Ŝc
p if T = Ŝsb

p and T′ := Ŝb
p,fg otherwise. First we observe

that T has a unique enhancement: this follows from Theorem 3.6, except in the case T = Ŝsb
p , for

which we refer to [6]. Therefore T has a strongly unique enhancement if and only if every exact

autoequivalence of T admits a dg lift to an automorphism of C in Hqe, where C is an arbitrary

fixed dg enhancement of T.

Lemma 4.1. Every exact autoequivalence of T restricts to an exact autoequivalence of T′.

Proof. If T = Ŝsb
p , it follows immediately from the fact that T′ = Tc in this case (see [6]). Otherwise

we can directly apply [5, Theorem B]. □

Proposition 4.2. Let F be an exact autoequivalence of T. Then there exists an automorphism f

of C in Hqe such that F|T′ ∼= H0(f)|T′.

Proof. By Lemma 4.1 F|T′ is an exact autoequivalence of T′. Identifying T′ with Dc or Db
fg, by

[1, Corollary 5.12] and [12, Theorem 7.1] such an equivalence is standard (or, equivalently, of

Fourier-Mukai type), meaning that it is induced by (derived) tensor product with a complex of

k[ε]-bimodules C•. Choosing as C the restriction to T of the natural enhancement of Ŝp
∼= Kp

given by the full dg subcategory of Cdg(Mod(k[ε])) consisting of h-projective complexes, it is then

easy to see that tensoring with an h-projective resolution of C• defines the desired f . □

From Proposition 4.2 it is immediate to deduce, up to replacing F with F ◦H0(f)−1, that T has

a strongly unique enhancement provided the following question has a positive answer.
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Question 4.3. Let F be an exact autoequivalence of T such that F|T′ ∼= idT′ . Does this imply

F ∼= idT?

Remark 4.4. In Question 4.3 we can actually assume F|T′ = idT′ . In order to see this, we consider

a more general setting, since it will be useful several times in the following. Given a functor

F : C → D and a collection of isomorphisms τX : F(X) → G(X) in D for every X ∈ C, the map on

objects defined by G extends uniquely to a functor G : C → D such that τ : F → G is an isomorphism

of functors. Note that G(f) = τY ◦ F(f) ◦ τ−1
X for every morphism f : X → Y in C, and for this

reason we will say that G is obtained from F by conjugation with the isomorphisms {τX}X∈C. In

particular, given a functor G′ : C′ → D (for some full subcategory C′ of C) and an isomorphism

τ ′ : F|C′ → G′, we can find a functor G : C → D such that G|C′ = G′ and an isomorphism τ : F → G

simply by choosing, for instance, τX := τ ′X for X ∈ C′ and τX := idF(X) for X ∈ C \ C′.

4.2. Proof of Theorem A (b). By what we have just seen it is enough to prove that Question 4.3

has a positive answer when T = Ŝ−
p,fg or T = Ŝ?

p, for ? = sb, b,+. The following general result

provides the crucial step of the proof.

Lemma 4.5. Let T be a triangulated category and let T′ be a full triangulated subcategory of T such

that every object of T is a coproduct of objects of T′. Assume moreover that one of the following

conditions is satisfied:

(1) Every coproduct in T is also a product. More precisely, this means that, if a coproduct of

objects Xλ of T, where λ ∈ Λ, exists and is given by morphisms ιλ : Xλ → X (for every

λ ∈ Λ), then a product of the Xλ is given by the unique morphisms πλ : X → Xλ (for every

λ ∈ Λ) such that πλ ◦ ιλ = idXλ
and πλ ◦ ιλ′ = 0 for λ′ ∈ Λ \ {λ}.

(2) Every object of T′ is compact in T.

If F : T → T is an exact equivalence such that F|T′ ∼= idT′, then F ∼= idT.

Proof. By Remark 4.4 we can assume F|T′ = idT′ . We choose, for every X ∈ T, a representation

of X as a coproduct of objects of T′, given by morphisms ιλ : Xλ → X of T, where λ ∈ ΛX , with

Xλ ∈ T′ for every λ ∈ ΛX . As F (being an equivalence) preserves coproducts and F(Xλ) = Xλ,

there exists a unique isomorphism τX : F(X) → X such that ιλ = τX ◦ F(ιλ) for every λ ∈ ΛX .

Observe also that τX = idX when X ∈ T′ (because in that case F(ιλ) = ιλ). Therefore, up to

conjugation with the τX , we can assume F(ιλ) = ιλ for every λ ∈ ΛX (and for every X ∈ T) and

that the condition F|T′ = idT′ still holds. We claim that this suffices, more precisely that F(f) = f

for every morphism f : X → Y of T.

Assume first that (1) holds. We start by observing that F(πλ) = πλ for every λ ∈ ΛY , since

F(πλ) ◦ ιλ′ = F(πλ) ◦ F(ιλ′) = F(πλ ◦ ιλ′) = πλ ◦ ιλ′

for every λ′ ∈ ΛY . Thus

πλ′ ◦ F(f) ◦ ιλ = F(πλ′) ◦ F(f) ◦ F(ιλ) = F(πλ′ ◦ f ◦ ιλ) = πλ′ ◦ f ◦ ιλ

for every λ ∈ ΛX and every λ′ ∈ ΛY , which clearly implies F(f) = f .

Assume now that (2) holds. If X ∈ T′, the compactness of X implies that there exist morphisms

fi : X → Yλi
(for i = 1, . . . , n and λi ∈ ΛY ) of T

′ such that f =
∑n

i=1 ιλi
◦ fi. As F is an additive
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functor, we deduce that F(f) = f in this case. In general, when f is an arbitrary morphism of T,

by what we have already proved we obtain

F(f) ◦ ιλ = F(f) ◦ F(ιλ) = F(f ◦ ιλ) = f ◦ ιλ

for every λ ∈ ΛX , whence F(f) = f . □

To conclude the proof of Theorem A (b) we just need to show that the hypotheses of Lemma 4.5

are satisfied when T = Ŝ−
p,fg or T = Ŝ?

p, for ? = sb, b,+, with T′ = Ŝc
p if T = Ŝsb

p and T′ = Ŝb
p,fg

otherwise. Now, every object of T is a coproduct of objects of T′, thanks to Corollary 1.16,

Remark 2.11 and Lemma 2.12. Moreover, if T = Ŝ−
p,fg, using the fact that dimk(V

i) < ∞ for every

i ∈ Z and for every V • ∈ T, it is easy to see that (1) of Lemma 4.5 is satisfied. On the other

hand, T′ = Tc (hence (2) of Lemma 4.5 holds) if T = Ŝ?
p, for ? = sb, b,+. Indeed, we have already

observed in the proof of Lemma 4.1 that this is true when ? = sb, while the cases ? = b,+ follow

from [30, Corollary 6.17] and [5, Lemma 8.1.2].

5. Speculations on the unbounded and bounded above cases

We want to conclude the paper with some additional speculations. The aim would be to deal

with the remaining two cases: the unbounded and the bounded above cases. Unfortunately at the

moment we are unable to decide whether the enhancements for these two categories are strongly

unique or not, while they are certainly unique in view of Theorem 3.6. In Section 5.1 we exhibit

the partial results we have in this direction, while in Section 5.2 we outline some open problems.

5.1. Partial results. Let us now summarize what we can prove so far. From now on, we assume

? = −, ∅. We set S?,c
p := S?

p ∩ Sd
Z,Z and Ŝ?,c

p := Ŝ?
p ∩ Ŝd

Z,Z.

Lemma 5.1. We can assume F|
Ŝ?,c
p

= id
Ŝ?,c
p
.

Proof. This is similar to the proof in Section 4, in view of Remark 4.4. □

For every V • ∈ S, setting V •
ct :=

⊕
n≤0 V

≥n, it is easy to see that there is an exact sequence

0 → V •
ct

αV •−−→ V •
ct

βV •−−→ V • → 0 in S, where each component V ≥n → V •
ct of αV • is the difference

between the natural morphisms V ≥n → V •
ct and V ≥n → V ≥n−1 → V •

ct, while each component

V ≥n → V • of βV • is just the natural morphism, which we will denote by βV •,n. By Remark 2.5

there exists unique γV • ∈ Homε
S(V

•, V •
ct[1]) such that the triangle

(5.1) V •
ct

αV •−−→ V •
ct

βV •−−→ V • γV •−−→ V •
ct[1]

is distinguished in Ŝ. For later use we also point out that for every n ∈ Z there is a natural exact

sequence 0 → V ≥n
βV •,n−−−→ V • δV •,n−−−→ V <n → 0 in S. Hence, similarly as above, there exists unique

ϵV •,n ∈ Homε
S(V

<n, V ≥n[1]) such that the triangle

(5.2) V ≥n βV •,n−−−→ V • δV •,n−−−→ V <n ϵV •,n−−−→ V ≥n[1]

is distinguished in Ŝ.

Remark 5.2. If V • ∈ S?
p, then certainly V ≥n ∈ S+

p ∩ S?
p, so that V ≥n ∈ S?,d

p by Corollary 1.16

and Lemma 2.12. As clearly V ≥n ∈ Sd
Z≥n,Z, we see that V •

ct ∈ S?,c
p .
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Proposition 5.3. We can assume that F acts as the identity on the morphisms with source in Ŝ?,c
p

and on the morphisms of the triangles (5.1) (for every V • ∈ Ŝ?
p).

Proof. By Lemma 5.1 we can assume F|
Ŝ?,c
p

= id
Ŝ?,c
p
. Thus, due to Remark 5.2, F(αV •) = αV • for

every V • ∈ Ŝ?
p. Since F is exact, there exists an isomorphism τV • : F(V •) → V • in Ŝ?

p such that

the diagram

F(V •)

τV •

��

F(γV • )

''
V •
ct

F(βV • )
77

βV •
''

V •
ct[1]

V •
γV •

66

commutes for every V • ∈ Ŝ?
p. We can clearly choose τV • = idV • when V • ∈ Ŝ?,c

p . Therefore, up to

conjugation with the τV • , we can also assume F(βV •) = βV • and F(γV •) = γV • for every V • ∈ Ŝ?
p.

Finally, for every morphism f : W • → V • of Ŝ?
p with W • in Ŝ?,c

p there exists g ∈ Hom
Ŝ?,c
p
(W •, V •

ct)

such that f = βV • ◦ g. Indeed, this follows from the fact that W • is a coproduct of objects of the

form S•
m,n (with m,n ∈ Z and m ≤ n), and obviously every morphism S•

m,n → V • factors through

the natural morphism V ≥m → V •. Hence we conclude that F(f) = f , as we already know that

F(βV •) = βV • and F(g) = g. □

From now on we assume that F is an exact autoequivalence of Ŝ?
p as in Proposition 5.3. Observe

that, in particular, F is the identity on objects.

Recall that a morphism f : X → Y in a compactly generated triangulated category (with co-

products) T is phantom if f ◦g = 0 for every morphism g : C → X with C compact. It is immediate

from the definition that phantom morphisms form an ideal in T.

For every V •,W • ∈ Sp we denote by Homph
S (V •,W •) the subspace of Hom

Ŝ
(V •,W •) consisting

of phantom morphisms.

Remark 5.4. A morphism f : V • → W • of Ŝp is phantom if and only if f ◦ βV •,n = 0 for every

n ∈ Z. Indeed, the condition is necessary because V ≥n ∈ Sc
p by Remark 5.2. On the other hand,

the condition is sufficient because every morphism U• → V • of Ŝ with U• ∈ Sc
p factors through

βV •,n : V
≥n → V •, where n is such that U i = 0 for i < n. It follows that f is phantom if and only

if f ◦ βV • = 0. Thanks to the distinguished triangle (5.1) this last condition is satisfied if and only

if f factors through γV • (in particular, γV • is phantom). As γV • ∈ Homε
S(V

•, V •
ct[1]), this implies

Homph
S (V •,W •) ⊆ Homε

S(V
•,W •)

for every V •,W • ∈ Sp. In other words, every phantom morphism of Ŝp is of type ε.

Remark 5.5. The assumptions of Proposition 5.3 are still satisfied if we change F by conjugation

with (iso)morphisms of Ŝ?
p of the form idV • +pV • with pV • : V • → V • phantom for every V • ∈ S?

p.

This is simply due to the fact that every phantom morphism with source in Ŝ?,c
p is trivial and

every morphism in a triangle (5.1) either has source in Ŝ?,c
p (namely, αV • and βV •) or is of type ε

(namely, γV •).
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Proposition 5.6. For every morphism f : V • → W • of Ŝ?
p we have F(f)− f ∈ Homph

S (V •,W •).

Proof. By assumption, and recalling that V •
ct ∈ S?,c

p by Remark 5.2, we have

F(f) ◦ βV • = F(f) ◦ F(βV •) = F(f ◦ βV •) = f ◦ βV • .

Thus we conclude by Remark 5.4. □

Corollary 5.7. If f : V • → W • is a morphism of Ŝ?
p with W • injective in S, then F(f) = f .

Proof. By Remark 5.4 and Proposition 1.5 we have

Homph
S (V •,W •) ⊆ Homε

S(V
•,W •) ∼= Ext1S(V

•,W •[−1]) = 0

(since W •[−1] is injective). The conclusion then follows from Proposition 5.6. □

Lemma 5.8. If f is a phantom morphism of Ŝ?
p, then F(f) = f .

Proof. If f ∈ Homph
S?
p
(V •,W •), then by Remark 5.4 there exists g ∈ Hom

Ŝ?
p
(V •

ct[1],W
•) such that

f = g ◦ γV • . By assumption F(g) = g (recall that V •
ct[1] ∈ S?,c

p by Remark 5.2) and F(γV •) = γV • ,

whence F(f) = f . □

Lemma 5.9. If f : S•
−∞,n → V • is a morphism of Ŝ?

p with V • ∈ Ŝ?,c
p and n ∈ Z, then F(f) = f .

Proof. First note that HomS(S
•
−∞,n, V

•) = 0, since Com(V •) = 0 (see Remark 1.7). This means

that f is of type ε, and we claim that δV •,n ◦ f : S•
−∞,n → V <n is phantom. In order to see this,

by Remark 5.4 it is enough to show that δV •,n ◦ f ◦ βS•
−∞,n,m

: S•
m,n → V <n is 0 for every m ≤ n.

In fact, this last morphism is of type ε and it is very easy to check that Homε
S(S

•
m,n,W

•) = 0 if

W • ∈ S is such that W i = 0 for i ≥ n. Thus F(δV •,n ◦ f) = δV •,n ◦ f by Lemma 5.8 and, as also

F(δV •,n) = δV •,n by assumption, we obtain

δV •,n ◦ F(f) = F(δV •,n) ◦ F(f) = F(δV •,n ◦ f) = δV •,n ◦ f.

This proves that g := F(f)− f : S•
−∞,n → V • satisfies δV •,n ◦ g = 0. Then from the distinguished

triangle (5.2) we deduce that there exists h ∈ Hom
Ŝ?
p
(S•

−∞,n, V
≥n) such that g = βV •,n ◦h. Now, it

is easy to see that there is a direct summand Ṽ • ∈ Ŝc
p of V • such that h factors through the natural

inclusion Ṽ ≥n ⊆ V ≥n, which implies that g is the composition of g̃ ∈ Hom
Ŝ?
p
(S•

−∞,n, Ṽ
•) and of

the inclusion Ṽ • ⊆ V •. On the other hand, g (hence also g̃) is phantom by Proposition 5.6, whence

for m ≤ n we have g̃ ◦βS•
−∞,n,m

= 0: S•
m,n → Ṽ •. So by (5.2) g̃ factors through δS•

−∞,n,m
: S•

−∞,n →
S•
−∞,m−1. Choosing m such that Ṽ i = 0 for i < m, we get g̃ = 0 (because Hom

Ŝ?
p
(S•

−∞,m−1, Ṽ
•) =

0), hence g = 0. □

Proposition 5.10. If f is a morphism of type ε of Ŝ?
p, then F(f) = f .

Proof. Let f ∈ Homε
Ŝ?
p
(U•, V •). Since S has enough injectives, there exists an exact sequence

(5.3) 0 → U• l−→ W • → W
• → 0

in S with W • injective, and we claim that we can suppose W • (hence also W
•
= coker(l)) to be

in S?
p. First observe that W • ∈ Sd

{−∞},Z∪{∞} by Lemma 1.12. As every morphism from U• to
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an object of Sd
{−∞},{∞} is trivial (see Corollary 2.7 and Remark 2.8), in any case we can assume

W • ∈ Sd
{−∞},Z ⊆ Sp. Moreover, if U• ∈ S−

p , then, by Remark 2.10, there exists n ∈ Z such that

U i = 0 for every i > n. This easily implies that every copy in W • of S•
−∞,i with i > n can be

removed. Thus we can assume W • ∈ Sd
{−∞},Z≤n

⊆ S−
p .

Denoting by e ∈ Homε
S(W

•
[−1], U•) the morphism such that e[1] corresponds (by Proposi-

tion 1.5) to the isomorphism class of (5.3) in Ext1S(W
•
, U•), by Remark 2.5 there is a distinguished

triangle W
•
[−1]

e−→ U• l−→ W • in Ŝ?
p. Then from f ◦ e = 0 (which holds because both f and e

are of type ε) we deduce the existence of g ∈ Hom
Ŝ?
p
(W •, V •) such that f = g ◦ l, and we can

assume g to be of type ε (since l is of type 1). Similarly, using the distinguished triangle (5.1)

(and the fact that βV • is of type 1 and γV • of type ε), from γV • ◦ g = 0 we obtain the existence

of h ∈ Hom
Ŝ?
p
(W •, V •

ct) such that g = βV • ◦ h (hence f = βV • ◦ h ◦ l), and again we can assume h

to be of type ε. Now, F(βV •) = βV • by assumption and F(l) = l by Corollary 5.7. Therefore, in

order to conclude that F(f) = f , it is enough to prove that F(h) = h. By what we have already

observed, W • ∼=
⊕

λ∈ΛW •
λ , where each W •

λ is of the form S•
−∞,n for some n ∈ Z. Denoting by

ιλ : W
•
λ → W • the natural morphism, F(h) = h follows from the fact that for every λ ∈ Λ we have

F(h) ◦ ιλ = F(h) ◦ F(ιλ) = F(h ◦ ιλ) = h ◦ ιλ,

where the first equality holds because F(h) and F(ιλ)−ιλ are of type ϵ (by Proposition 5.6), whereas

the last one is due to Remark 5.2 and Lemma 5.9. □

Now we choose, for every V • ∈ S?
p, a subobject V •

ni ⊆ V • such that

(5.4) V • = V •
inj ⊕ V •

ni

(this is possible thanks to Corollary 1.10).

Lemma 5.11. We can assume that, beyond being as in Proposition 5.3, F acts as the identity on

the inclusions of V •
inj and V •

ni in V •, for every V • ∈ Ŝ?
p.

Proof. More generally, if V • is a coproduct in S?
p, given by morphisms ιλ : V

•
λ → V • (where

λ ∈ Λ), let τV • : F(V •) → V • be the unique isomorphism of Ŝ?
p such that ιλ = τV • ◦F(ιλ) for every

λ ∈ Λ (see the proof of Lemma 5.1). Since each ιλ is of type 1 and F(ιλ) − ιλ is phantom (by

Proposition 5.6), it is clear that τV • = idV • + pV • with pV • : V • → V • of type ε and such that

pV • ◦ ιλ is phantom for every λ ∈ Λ. Actually this last condition easily implies (using the fact that

every morphism U• → V • with U• ∈ Ŝc
p factors through

⊕
λ∈Λ′ V •

λ for some finite subset Λ′ of Λ)

that pV • is phantom, as well. If we consider, for every V • ∈ Ŝ?
p, the decomposition as a coproduct

given by (5.4), we conclude (remembering Remark 5.5) that F has the required properties, up to

conjugation with the τV • . □

Proposition 5.12. Let F be as in Lemma 5.11. Then for every morphism of Ŝ?
p

f =

(
fi,i fn,i

fi,n fn,n

)
: V • = V •

inj ⊕ V •
ni → W • = W •

inj ⊕W •
ni

(with respect to the fixed decompositions given by (5.4)) we have F(f) = f if and only if F(fn,n) =

fn,n. In particular, F(f) = f if V • ∈ Ŝ?,d
p .
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Proof. Clearly F(f) = f if and only if F(fl,m) = fl,m for l,m ∈ {i, n}. Then the first statement

follows from the fact that F(fi,i) = fi,i, F(fn,i) = fn,i (by Corollary 5.7) and F(fi,n) = fi,n (by

Proposition 5.10, since fi,n is of type ε as an easy consequence of Remark 1.7). As for the last

statement, it is enough to observe that, if V • ∈ Ŝ?,d
p , then V •

ni ∈ Ŝ?,c
p ; hence F(fn,n) = fn,n in this

case. □

5.2. Open problems. In the setting of Section 5.1, F is the identity on objects and it is determined

by its action on morphisms of type 1 (by Proposition 5.10). Moreover, D(f) := F(f) − f ∈
Homph

S (V •,W •) for every f ∈ HomS?
p
(V •,W •) (by Proposition 5.6). It is immediate that the fact

that F is a (k-linear) functor is equivalent to the fact that D is a (k-linear) derivation, meaning

that D is given by k-linear maps such that D(g ◦ f) = D(g) ◦ f + g ◦ D(f) whenever f and g are

composable morphisms of S?
p. On the other hand, F ∼= id

Ŝ?
p
if and only if D is an inner derivation,

meaning that there exists θV • ∈ Homε
S(V

•, V •) for every V • ∈ S?
p such that D(f) = f ◦θV •−θW •◦f

for every f ∈ HomS?
p
(V •,W •).

Question 5.13. Is every derivation (in the above sense) inner?

Clearly if the answer to Question 5.13 is yes, then the answer to Question 4.3 is yes, too.

Thus we would be able to prove strong uniqueness of the enhancements for D?(Mod(k[ε])), for
? = ∅,−. However, if the answer to Question 5.13 is no, then we cannot conclude that the answer

to Question 4.3 is no. Indeed, the existence of a non-inner derivation would imply the existence of

a (k-linear) autoequivalence of Ŝ?
p which is not isomorphic to the identity and which restricts to

the identity on Ŝb
p,fg. But a priori such an equivalence need not be exact.

In order to be able to answer Question 4.3 or Question 5.13 it could be useful to find some sort

of classification of the (non completely decomposable) objects of S?
p (for ? = ∅,−).
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