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ABSTRACT. This paper surveys some recent results, concerning the intrinsicness of natural subcat-
egories of weakly approximable triangulated categories. We also review the results about unique-
ness of enhancements of triangulated categories, with the aim of showing the fruitful interplay. In
particular, we show how this leads to a vast generalization of a result by Rickard about derived

invariance for schemes and rings.
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INTRODUCTION

If we look at the role played by triangulated categories, in modern algebraic geometry, algebraic
topology and representation theory, we realize that they have moved from the periphery to the
center. Triangulated categories started out being little more that a flexible and general language,
to state and frame homological results. But by today they have become one of the key ingredients
in proving such results. One example is provided by the theory of stability conditions, which during
the last couple of decades has created vast generalizations of the ‘classical’ notion(s) of stability for
sheaves. And this, in turn, has led to amazing applications, ranging from algebraic geometry to
string theory and mathematical physics. More recently, the observation that triangulated categories
are just the shadow of their higher categorical enhancements, has led to the development of derived
algebraic geometry.

2020 Mathematics Subject Classification. Primary 18G80, secondary 14F08, 18N40, 18N60.
Key words and phrases. Triangulated categories,dg categories,enhancements.
A. C. is a member of GNSAGA (INdAM) and was partially supported by the research project PRIN 2022 “Moduli

spaces and special varieties”. A. N. was partly supported by Australian Research Council Grants DP200102537 and
DP210103397, and by ERC Advanced Grant 101095900-TriCatApp. P. S. was partially supported by the ERC
Consolidator Grant ERC-2017-CoG-771507-StabCondEn, by the research project PRIN 2022 “Moduli spaces and
special varieties”, and by the research project FARE 2018 HighCaSt (grant number R18YA3ESPJ).

1



2 A. CANONACO, A. NEEMAN, AND P. STELLARI

We now turn to the question of which developments, and more specifically which techniques,
have proved most useful and influential turning triangulated categories from a fringe subject to
the powerful tool they are today. And, among these, three stand out prominently.

The first is the notion of generation for triangulated categories. Roughly speaking, this is all
about the number of steps it takes for one object, or a specified collection of objects, to generate
the entire category. This has led to various notions of dimension for triangulated categories, and
was applied to a variety of problems ranging from Brown representability to Grothendieck duality
and (conjecturally) to birational geometry.

The second technique is that of ¢—structures which, among other things, induce homological
functors. Those homological fucntors take an abstract triangulated category to a simpler abelian
category, thus bringing us back to the realm of classical homological algebra—albeit with new
and wonderful coefficients. Going back some paragraphs above, t-structures are one of the key
ingredient in the definition of a stability condition.

In this paper we are interested in the interplay between the notions of generation and of ¢
structures. In a series of papers, this interplay inspired the second author to formalize and explore
the notion of weakly approximable triangulated categories, as well as the stronger concept of approz-
imable triangulated categories. Roughly speaking, a triangulated category is weakly approximable
if it possesses a generator which is compact, as well as a t—structure, such that the homology of
a bounded above object can be approximated by the generator in a prescribed manner. The for-
malism of weakly approximable triangulated categories allowed the second author to use the new
notion in a number of applications, including the proof of a conjecture about the non-existence of
bounded #structures for geometric categories [24].

The third technique is that of higher categorical enhancements. Note that, while there is no
reason for a weakly approximable triangulated category to have higher categorical enhancements,
all those arising from geometric/algebraic/topological contexts do have such enhancements. The
question of how canonical or unique such enhancements are has a long history: it was subject to
several conjectures, most of which were proved, in great generality, by the three authors in [5].
As explained in we expect that the quest, for uniqueness of enhancements for weakly
approximable triangulated categories, might be even more successful and provide stronger results
than those obtained so far.

The aim of this survey is to go beyond that, and explain how fruitful the interplay between
weakly approximable triangulated categories and higher categorical enhancements can be. In
particular we will prove, as an easy application of our results, a vast generalization of a beautiful
result by Rickard—see The theorem essentially states that, for a ring satisfying mild
conditions, all the triangulated categories classically associated to it carry the same amount of
algebraic/geometric information. Furthermore, if two such categories are equivalent, then there
exists an equivalence of Morita type. This means that we can find an equivalence, possibly different
from the one given to us, which is induced by tensor product with a bimodule. We prove a
generalization of Rickard’s result in As a special case we have Rickard’s old result,
but another special case shows that a parallel statement holds for any quasi-compact and quasi-
separated scheme. The take-home message is that, for any quasi-compact and quasi-separated
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scheme X, all the classically associated triangulated categories

DI(X) Di(X) D™(x)
for 7 =b,4+,—,0 and x = p, (p,b), carry the same geometric information about X. As the nota-
tion D}.(X) is not completely standard let us mention that Dgc(X) and Dﬁ’é’(X ) coincide with
D_ ;,(X) and D?_; (X) when X is noetherian

The result above is surprising: it goes against the general belief that, when X is not regular
and thus the inclusion DP*™(X) C Dg’é)(X ) is proper, then one should carefully choose one of the
two categories when dealing with the study of the geometry of X. In view of our result this is not
the case. Such a choice is a matter of technical convenience, to be determined by practical and
computational considerations.

Let us conclude by mentioning that, in we deduce some interesting applications
concerning the category of singularities. It is proved to be a derived invariant. The same is true

for the property of being regular, in the case of finite-dimensional, noetherian schemes.

Structure of the paper. The paper is organized to highlight the idea that the two apparently
unrelated theories, of weakly approximable triangulated categories and of uniqueness of enhance-

ments, may fruitfully meet to produce striking new results.

To this end we start out with [Section 1| and [Section 2|, which review the two main ingredients

in the definition of weakly approximable triangulated categories: the notion of generation and
the one of t—structure. In both section we keep the same structure: we first present the main
definitions and properties, and then we focus on the three main examples we which play a role
in the current manuscript. These are the derived category of modules over a ring, the derived
category of complexes of sheaves of O y—modules, on a scheme X, with quasi-coherent cohomology
supported on a closed subset, and the homotopy category of spectra. One special and important
construction is the one involving compactly generated t-structures (see .

Following this review of classical material, in we introduce the first main (relatively
recent) key player in this survey: weakly approximable triangulated categories. After recalling the
main definitions and properties, we return to our favorite three examples. Finally, in
we come to new work, outlining our main result about the intrinsicness of natural subcategories
of weakly approximable triangulated categories—see

Inwe move on to the second key player (somewhat less recent) of this survey: enhance-
ments of triangulated categories and their uniqueness. Again, after reviewing the main definitions

and constructions (Section 4.1)) we return to examples (Section 4.2)), and then in |[Section 4.3| we

present our second main (recent) result, see [Theorem 4.9 And then, in [Section 4.4] we take some
time to discuss our work in progress in the direction of generalizing and extending

This work in progress constitutes the interplay between uniqueness of enhancements and the met-
ric methods that are a key to the study of weakly approximable triangulated categories and their
subcategories.

Finally in we combine [Section 3|and [Section 4|to prove a generalization of a celebrated
result by Rickard and some of its geometric applications.
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1. COMPACTLY GENERATED TRIANGULATED CATEGORIES

In this section we briefly recall how a triangulated category might be generated by a subcategory,
and we focus on the special case when the generating subcategory consists of a single object. Of
particular interest is the case where the generating object is compact, see And then, in
we discuss the three classes of examples which we will come back to again and again.

1.1. How is a category generated? As we have already mentioned, in this paper we are mainly
interested in triangulated categories which are suitably generated. In this section we set the
notation which will be used throughout the paper.

We start with a triangulated category T and two full subcategories A and B. There are three
natural operations we can perform: taking extensions, taking coproducts and taking direct sum-
mands. These operations will be encoded as follows:

e AxB C T is the full subcategory of all objects C € T for which there exists a distinguished
triangle A — C — B with A € A and B € B.

e add(A) C T is the full subcategory whose objects are all finite direct sums of objects of
A. In case T has (set indexed) coproducts, then Add(A) C T is the full subcategory whose
objects are all the small coproducts of objects of A.

e smd(A) C T is the full subcategory with objects all direct summands of objects of A.

Using these operations we can define the full subcategory coprod(A). It is the smallest full sub-
category 8 C T satisfying

A CS, S§x8CS, add(8) C 8.
And we also set
(A) := smd (coprod(A)).

If we are in the situation where T has coproducts, the parallel definitions set Coprod(A) to be
the smallest full subcategory § C T satisfying

ACS, 8+8CS,  Add(S)CS.

And, again in parallel, we set
(A) := smd (Coprod(A)).

We will interested in special full subcategories A, namely those containing a single object G and
some specified shifts of it. In symbols, if m < n are integers, possibly infinite, then we set

G[m,n] :={G[i] | i € Z and m < —i < n}.
And then we will use the shorthand
(@) = (Glm, nl)
Remark 1.1. In the special case m = —oo and n = +00, it is easy to see that we get the equality

(G)lmoeroc] — U (@),

>0
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Of course, we get analogue constructions when 7 has coproducts:
TAmnl | v
(G)" 7 = (Glm,n]).
Let us now stick to the case of a triangulated category T with coproducts. An object C' € T is
compact if, given any collection {C;};er of objects in T, the natural morphism

[ [ Hom(C, Ci) — Hom (c, 1T cl-)

el el

is an isomorphism. We denote by T¢ the full subcategory of T consisting of compact objects.

Remark 1.2. It is not hard to see, using the definition, that T¢ is always triangulated. But there
is no reason for T¢ to be in any sense “big”: it might very well be trivial, see [18] for a simple
example. We will go back later to additional ‘pathologies’ of the subcategory T¢.

Definition 1.3. A triangulated category T with coproducts is compactly generated by G € T¢ if
T — @(*OOHrOO)

Remark 1.4. For T with coproducts one can give an alternative definition of compact generation.
It turns out to be equivalent to require that, if £ € T is such that Hom(G(—o0,+0), E) = 0,
then E = 0. It is easy to see that the condition in [Definition 1.3| implies the one above. Going
in the other direction is an application of Brown representability, which holds for T satisfying the
above vanishing condition. This can be found in several places in the literature, see for example
[11, Remark 2.2].

—00,+00)

Note that, by [25], if T has a compact generator G, meaning T = @( , then T¢ =

<G>[7°°’+°°]. When this happens, we say that G classically generates T€.

Remark 1.5. Assume now that G; and G5 are two compact generators for T. By
there exists a positive integer M such that both equalities

Gy e <G2>[_M’M] GQ c <G1>[_M’M}
hold.

1.2. Examples. In this presentation we are mainly interested in three sets of examples. Let us
discuss them in some detail.

Modules over a ring. Let R be a (possibly noncommutative) ring. We will consider the Grothendieck
abelian category R-Mod of left R-modules and its unbounded derived category D(R-Mod), which
is a triangulated category with coproducts. Since Homp(p.noa) (R, —) = H 0(—), it is clear that
the object R is compact in D(R-Mod). Furthermore, given any complex D € D(R-Mod), if
Hom(R[i],D) = 0 for all ¢ € Z, then D = 0. Thus, by R is a compact gener-
ator for D(R-Mod). Following the standard notation, we set DPf(R) := D(R-Mod)®. As
Drerf(R) = (R)[7°7) one can easily get the alternative description

DP(R) = K’(R-proj),

that is the homotopy category of bounded complexes of finitely generated projective R-modules.
Observe that the compact generator R satisfies the strong vanishing Hom(R, R[i]) = 0 for ¢ > 0.
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Assume now that R is left coherent—this means that every finitely generated left ideal is finitely
presented. In this case the category R-mod of finitely presented R-modules is abelian, and we
have a natural identification

D’(R-mod) = K~*(R-proj),
where the category on the right hand-side is the homotopy category of bounded above complexes of
finitely generated projective R-modules with bounded cohomology. In particular, we get inclusions

DPf(R) C DY(R-mod) C D(R-Mod).
Note that any left noetherian ring is left coherent (but not conversely).

Schemes with support. Let us now move to the purely commutative and geometric side and assume
that X is a quasi-compact and quasi-separated scheme. Let Z C X be a closed subscheme such
that X'\ Z is quasi-compact. Consider the triangulated category Dqc, z(X) consisting of unbounded
complexes of sheaves of Ox-modules with quasi-coherent cohomology sheaves supported on Z.

This triangulated category has coproducts and, by a beautiful result by Rouquier [30, Theorem
6.8], it is generated by an object G which is not only compact in Dg¢ z(X) but is actually contained
in Dgc,z(X) NDgc(X)¢. As a consequence, we have natural identifications

Dye.z(X)® = Dge,7(X) N Dge(X)® = Dy, z(X) N DP(X) = DY (X).

Here we use the fact that, for a quasi-compact and quasi-separated scheme Dgc(X)¢ = DPe(X),
where the latter category consist of complexes which are locally quasi-isomorphic to bounded
complexes of locally free sheaves of finite rank. Clearly D%erf(X ) stands for the full subcategory
of DPe™(X) consisting of complexes with cohomology supported on Z.

Remark 1.6. The idea of the proof is relatively easy to explain. Since X is quasi-compact and
quasi-separated, one can reduce the problem to X affine and Z described by finitely many equations
fi=---= fn =0. One then proves that the complex

® (0—)0){&0){—)0)

i=1,..n
is a generator of Dgc z(X), which is clearly compact in Dgc(X). Note that this result has been

reproved more recently in [24].

Finally, as the generator G belongs to DP*™(X), the general result [32, Tag 09M4] implies that
(1.1) Hom(G, G[i]) = 0,
for ¢ > 0.

Homotopy category of spectra. Next we discuss another triangulated category, of a more topological
flavor, for which the theory discussed in the next few sections applies. First recall: for a topological
space X with a basepoint z¢ € X, the pointed space XX is obtained from X x [0, 1] by collapsing

X x {0y Jx = {13 <{:):0} x [0,1})
to a single point, which is declared to be the basepoint of ¥.X. The space XX is called the reduced
suspension of X. The reduced suspension defines an endofunctor ¥ on the category of pointed
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topological spaces, and it is known to have a right adjoint €2. This right adjoint takes a pointed
space X to the pointed space (2X, of pointed loops on X.

Next we come to the category we want to consider, the category of spectra. It can be constructed
as follows: an object is a so-called Q—spectrum. An 2-spectrum is a sequence F' of pointed topo-
logical spaces F,,, together with pointed continuous maps o, : % F,, — Fj,11. The continuous maps
on: 2F, — F,41 are called the structural morphisms of the spectrum. The structural morphisms
must satisfy the following condition: the map corresponding to o, : ¥F, — Fj,+1, under the
adjunction X - €2, has to be a weak homotopy equivalence F,, — QF, 1. In case the reader
is curious: the weak homotopy equivalences F,, — (1F}, ;1 is the reason for calling this incarna-
tion an )-spectrum; the homotopy category of spectra, which is what we are constructing, has
other, equivalent descriptions where the objects are spectra satisfying less restrictive hypotheses.
Anyway, a morphism of 2-spectra E — F' is a sequence of pointed continuous maps F,, — F,,
strictly compatible with the structural morphisms. This definition yields Spectra, the category of
Q—spectra.

We can then define the homotopy groups of a spectrum F' as follows

Tn(E) = i>n$£<lg(1§1—n} Tnti(E;).

Here the colimit is with respect to the natural isomorphisms
Tnti(Ei) = Tppi(QEig1) = Tpgiv1 (Biga)-

A weak equivalence is a morphism between {2-spectra that induces an isomorphism on the homo-
topy groups. The (stable) homotopy category of spectra Ho(Spectra) is defined as the localization
of Spectra by the class of the weak equivalences. The category Ho(Spectra) is a Z-linear trian-
gulated category with coproducts.

As we have already said this category has other descriptions, in which the objects are different.
Thus for example there is no need to assume that the maps o, : ¥F, — F,41 correspond
by adjunction to weak homotopy equivalences F,, — QF,,11. We can start with any spectrum,
meaning any sequence F' of pointed spaces F},, and place no restrictions on the structural morphisms
on : 2F, — F,11. And then we turn it into an Q)-spectrum by setting

E, = colim Q" "F; .
11— 00
In this second description, the following is an important example of an object. The sphere spectrum
SO which is not an Q-spectrum, is obtained by taking F;, to be the n-dimensional (pointed) sphere
5™ and the structural morphism X F,, — F}, ;1 is the homeomorphism XS — S™*1. It turns out
that the object S is a compact generator of Ho(Spectra). There is a very brief discussion in [26]

Example 3.2], and much fuller accounts in the homotopy theoretic literature.

2. t-STRUCTURES

In this section we introduce the second ingredient in the definition of weakly approximabe
triangulated categories: t-structures. After a brief discussion of the definition and the basic

properties in [Section 2.1} in [Section 2.2 we discuss the crucial construction of compactly generated
t-structures, and finally we return to the main examples in
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2.1. Definition and basic properties. Let us start with the main definition of this section.
Our presentation is terse, but we refer to Sections 2.1 and 2.2 in [6] for a detailed discussion and
comparison between different approaches and descriptions. For later use, recall that a subcategory
C of a category D is strictly full if it is full and, given an object A € € and an isomorphism A — B
in D, then B is in C.

Definition 2.1. Let T be a triangulated category. A t—structure on T is a pair of strictly full
subcategories 7 = (TS0, T21) satisfying:
(i) T7s0[1] € 750 and T21[-1] € T>L.
(ii) Hom(T<0,721) = 0.
(iii) For any object B € T there exists a distinguished triangle A — B — C — A[l], with
A€ Ts%and C € T7L.

In presence of a t-structure we can, for all n € Z, define the following auxiliary strictly full
subcategories
T =T—n), T =T"l-n+1].

Example 2.2. It is relatively easy to construct t-structures on a triangulated category J. One
can simply set TS0 = T and 72! = {0}. Clearly T =), T", which is non-trivial when T is not.

The example above is an instance of the so called degenerate t—structures, which will not be
relevant in this presentation. Recall that a t-structure 7 is non-degenerate if the intersections of
all the 75" and of all the 72" are trivial. The aim of [Section 2.2 and [Section 2.3|is to provide

interesting examples of non-degenerate t—structures.

A remarkable property is that, for any n € Z, the subcategory T<" is closed under summands
and the coproducts which are defined in T, while 72" is closed under direct summands and the
products that are defined in 7.

A triangulated category with a t-structure always contains an abelian category. Indeed, the
strictly full subcategory

TV =TS0 >0
turns out to be an abelian category. It is usually called the heart of the t-structure 7. Given
an object A € T and assuming that T has a t-structure 7, an iterated application of (iii) in
allows us to (functorially) associate to A and object in T¥ which we should think of
as the 0-th cohomology of A with respect to the t—structure 7. Thus we get a functor

(2.1) HO: T — TV,

which is cohomological, meaning that it takes distinguished triangles in T to exact sequences in
TY. One can also define H"(—) := H°(—[n]), for all n € Z.

We will later see examples that a single triangulated category may have more than one, distinct
t-structures. It becomes important to be able to compare them.

Definition 2.3. Two t-structure 7, = (T5°,77") and 7 = (75°,75") on a triangulated category
T are equivalent if there exists an integer N > 0 such that

TN Tl c oyt



WEAKLY APPROXIMABLE CATEGORIES AND ENHANCEMENTS: A SURVEY 9

Some comments are in order here.

Remark 2.4. (i) First of all, using the definition of ¢-structure, it is easy to check that the roles
of 71 and 75 in are interchangeable. Furthermore, as suggested by the definition,
the relation described above is an equivalence relation between t-structures. Thus we can look at
equivalence classes of t—structures on a given triangulated category.

(ii) can be equivalently reformulated in terms of the full subcategories ‘Tf 1 and
‘3'22 U and their shifts.

(iii) If m = (‘J'fo,ﬂ'fl) is a t-structure on a triangulated category T and F: T — 7’ is a
triangulated equivalence, then we get an induced t-structure F(r) = (F(TT°),F(T71)) on T7.
Clearly, if 7 is a second t-structure on T in the same equivalence class as 71, then F(7) and F(7m2)
are in the same equivalence class.

2.2. Compactly generated t—structures. In this section we want to describe an efficient and
general procedure to produce t-structures. To this end let us assume, for the rest of this sec-
tion, that T is a triangulated category with coproducts. Let A C T¢ be an essentially small full
subcategory. We can then form the pair of full subcategories

74 := (Coprod(A), Coprod(A)l).
We can now state the following.

Theorem 2.5. In the situation above and under the additional assumption that A[1] C A, the pair

T4 18 a t—structure on 7T.

This result originated in [I, Theorem A.1 and Proposition A.2]. A different proof was provided
by [6, Theorem 2.3.3]. The reason we felt the need to reprove the result is explained in [6, Remark
2.3.4], and boils down to the fact that the original proof in [I] seems to implicitly assume that the
triangulated category T has a higher categorical model.

Definition 2.6. The ¢-structure of the form 74 := (Coprod(A), Coprod(A)*), where A C T¢ is an
essentially small full subcategory satisfying A[1] C A, will be called the t-structure on T compactly
generated by A.

Remark 2.7. Following|Remark 2.4{(iii) note that, since any triangulated equivalence F: T3 — T5
restricts to an equivalence between T{ and T§, if 74 is a ¢-structure on J; which is compactly
generated by A C TY, then F(74) is a t-structure on Ty which is compactly generated by F(A) C T5.

Given a t-structure on T which is compactly generated by A, we can define
<0 ._ <0 Q. q.0 (<0
The =TNT, The=Ia(T3,)-

Here ‘J'jo := Coprod(A) and HY denotes the functor (2.1]) associated to the ¢structure 74.
The key properties of 74 are summarized in the following result, which appeared in [31, Theo-
rem 8.31]. See also [0l 3.0.1] for a different proof.

Theorem 2.8. Let T be a triangulated category with coproducts, and let A C T be an essen-
tially small full subcategory satisfying A[l] C A. Then the heart ‘.TX of the t—structure 74 =
(Coprod(.A), Coprod(A)J-) is a locally finitely presented Grothendieck abelian category. Moreover,
‘J’X . < ‘TX 1s precisely the full subcategory of finitely presented objects in ‘J'Z.
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For the non-expert reader, we recall that an abelian category B is a Grothendieck category if

e It has small coproducts;

e Filtered colimits of exact sequences are exact in B;

e It has a set of generators, meaning a set 8 of objects in B such that, for any C' € B there
is an epimorphism S — C, where S is a coproduct of objects in 8.

An object B € B is finitely presented if the functor Homg (B, —) commutes with filtered colimits,
and B is locally finitely presented if the full subcategory of finitely presented objects in B is
essentially small, and all objects of B are filtered colimits of finitely presented objects.

Next we introduce the cases that will be important to us, where A is of a special type. Assume
that T is compactly generated, and let G be a compact generator. Consider the subcategory
A = G(—00,0] and set 7G;= 74. For this special A we will use the shorthand T50 = ‘J‘io.

Now let H be another compact generator for J. By coupled with the explicit

description of ‘J'éo and ‘J'EO in |Definition 2.6} it is not hard to see that 7 and 7y are in the same
equivalence class of t—structures on J. Thus the following definition makes sense.

Definition 2.9. Let T be a triangulated category with coproduct and generated by a single
compact object. The equivalence class of t-structures on 7 which contains 7g, where G is any

compact generator, is the preferred equivalence class of t—structures on 7.

Remark 2.10. Assume that T7 is a triangulated category with coproducts and generated by a

single compact object. By |Remark 2.4iii) and |[Remark 2.7| any triangulated equivalence F: T —

Ty preserves the preferred equivalence class of t—structures.

Next we investigate if the the preferred equivalence class of t—structures contains examples we
recognize. This will be the subject of the next section.

2.3. Examples. Let us now explore further the three examples in[Section 1.2} the derived category
of modules over a ring, the derived category of complexes, of sheaves of Oxy-modules over a
scheme, with quasi-coherent cohomology supported on a closed subset and the homotopy category
of spectra.

By the discussion in the previous section, and the observation from that D(R-Mod),
Dy, z(X) and Ho(Spectra) are compactly generated by a single object, we know that these three
classes of triangulated categories possess a well-defined preferred equivalence class of t—structures.

But when R is a ring D(R-Mod) is endowed with the standard t-structure 7gan. It is a pair of
full subcategories, whose first component is the subcategory DS?(R-Mod) consisting of complexes
with cohomology in non-positive degrees. Now, since R is a compact generator for D(R-Mod), by
the discussion in the previous section we can also consider 7p = (D(R—Mod)fzo, D(R—Mod)?{l).

By the explicit description of D(R—Mod)éo, in the paragraphs right before [Definition 2.9, it is
clear that we have the inclusion

D(R-Mod)3’ € DS°(R-Mod).

On the other hand, a complex E € DSY(R-Mod) is quasi-isomorphic to an (unbounded below)
complex
L R®i s R¥ 3 R®N R,



WEAKLY APPROXIMABLE CATEGORIES AND ENHANCEMENTS: A SURVEY 11

where Jj, is a set and R®/r sits in degree —k. Such a complex is quasi-isomorphic to the ho-
motopy colimit of its stupid truncation which live in Coprod(R(—o0,0]). But we observed that
Coprod(R(—o00, 0]) is closed under coproducts, and hence under homotopy colimits—these exist in
D(R-Mod). Thus E € Coprod(R(—o0,0]) and we can conclude that

(2.2) D(R-Mod)3’ = DS°(R-Mod).

This implies that 7gay is in the preferred equivalence class of t—structures.

Let us now consider the case of Dqc z(X), where X is a quasi-compact and quasi-separated
scheme, containing a closed subscheme Z whose complement X \ Z is quasi-compact. Any such a
category carries a standard t-structure 7gan, whose first component is the subcategory Dflg Z(X )
consisting of complexes with cohomology sheaves only in non-positive degrees. The existence of
such a special t-structure leads to the definition of classical and useful full triangulated subcate-

gories of Dge z(X) (other than DY (X) = Dge z(X)°):

e D #(X) € Dgc,z(X): the full subcategory of all complexes C' with H"(C') = 0 for n > 0.
o D:;c,Z(X) C Dyc,z(X): the full subcategory of all complexes C' with H"(C') = 0 for n < 0.
o DSQZ(X) C Dgc,z(X): the full subcategory of all complexes C' with H"(C) = 0 for all

but finitely many n € Z.

D
¢ ch,Z

Z. A complex is pseudocoherent if it is locally isomorphic to a bounded-above complex of

(X) € Dge,z(X): the full subcategory of all pseudocoherent complexes supported on

finite-rank vector bundles.

. DZ’QZ(X) - DZQZ(X): the full subcategory of all objects C' € ch,z(X) such that
H"™(C) = 0 for all but finitely many n € Z.

Of course, we still have to deal with the question whether 7y, is in the preferred equivalence
class. The easy check above involving modules over a ring becomes now a highly non-trivial result.

Theorem 2.11 ([24], Theorem 3.2 (iii)). If X and Z are as above, the t-structure Tstan 5 in the
preferred equivalence class.

One easy but important consequence of this result is that all the triangulated subcategories
of Dgc,z(X) listed above could be equivalently defined by using any of the t-structures in the
preferred equivalence class.

Remark 2.12. It is clear that the compact generator R of D(R-Mod) satisfy the vanishing
Hom(R, D(R-Mod)3') = Hom(R, DS'(R-Mod)) = 0.
On the other hand, if G is the compact generator for Dgc z(X) mentioned in then

there is an integer n such that

Hom(G, Dge,z(X)g") = Hom(G, Dyl 4 (X)) = 0.

The vanishing of the first Hom-space follows form (I.I)) and the definition of Dgc 7z (X)5" while
the vanishing of the second Hom-space follows directly from [I'heorem 2.11

Finally, Ho(Spectra) has a standard ¢—structure 7ga, as well. In this case, the first subcategory
in 7gan consists of the so called connective spectra. 1t consists of those spectra F' such that m;(F) = 0
for all i < 0. As explained in [24] Example 3.2], Tstan is in the preferred equivalence class.
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Putting it all together, we obtain the following result.

Corollary 2.13. The standard t-structures on D(R-Mod), Dqc z(X) and Ho(Spectra), for R,
X and Z as above, are all in the preferred equivalence class.

3. WEAKLY APPROXIMABLE TRIANGULATED CATEGORIES

This section deals with the notion of weakly approximable triangulated categories, and aims to
explain [Theorem 3.8] the first main result of this survey paper. Several beautiful properties of
these triangulated categories are discussed, with special attention to the three main examples from
Section 1.2

3.1. Definition and basic properties. The crucial definition in this paper is the following,
was first given in [26, Definition 0.21]. The definition combines in an intriguing way the notion
of compact generation and the notion of #structure. The interplay between the two will be
investigated more fully in this section.

Definition 3.1. A triangulated category with coproducts T is weakly approximable if there exist
an integer A > 0, a compact generator G € T¢ and a t-structure 7 = (3-<07 ‘3'21) on T, such that
(i) G € T4 and Hom(G, T<~4) = 0.
(ii) For any object F' € T<Y there exists in T a distinguished triangle E — F — D — E[1]

with F € @FA’A} and with D € 771,

For the sake of conciseness, a triple (G, T, A) satisfying (i) and (ii) in [Definition 3.1| will be

referred to as weak approximation data for T.

Remark 3.2. Following [26], one can also define approzimable triangulated categories. In this
variant one replaces, in (ii) above, the condition E € (G)
—[-A,A —]-A4,A
E € <G>[A Al We did not introduce the symbol (G)E4 Al i [Section 1.1} as it will not be relevant

for the rest of the current survey. Roughly, the subscript A prescribes that the object E can

with the more restrictive one

be obtained by at most A iterations of the three basic operations involved in the definition of
7[7A7A]
(@)

which are weakly approximable but not approximable.

. In the next section we will point out that there are examples of triangulated categories

Axiom (ii) in the definition above is crucial to many of the proofs and motivates the terminology.
Given a bounded above complex in a weakly approximable triangulated category, then (ii) says
that its top cohomology can be approximated by an object generated using uniformly bounded
shifts of the generator.

That said, it is an open question whether (ii) is independent of (i). The evidence to the contrary

is a result due to Bondarko and Vostokov:

Remark 3.3. Assume that T is triangulated category with coproducts and a single compact
generator GG. Assume further that

(3.1) Hom(G,G[i]) =0

for 1 > 2. We will see in the next section that, although this is a restrictive assumption, it is
satisfied in several interesting situations.
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Next we sketch the proof. Take the t-structure 7. It is clear that the triple (G, 7, 2) satisfies

Definition 3.1)(i). Let us now show that, assuming (3.1]), such a triple yields weak approximation

data for 7. This means that, given F € ‘Téo, we want to find a distinguished triangle

EFE—F—D,

where D € ‘J'é_l and E € @[_272}

E may be chosen to lie in @[0’0] =: JY.
Let us denote by 8 the collection of objects F' € Téo for which such a triangle exists with £ € 70,

Clearly, 8 contains all the shifts G[i], for ¢ > 0. Furthermore, it is closed under coproducts. In

. In fact we will prove a stronger statement: we will show that

order to prove 8 = ‘J'éo it is then enough to prove that S is closed under extensions. Therefore let
Fy, F5 € 8, and let F' be an extension of them sitting in the distinguished triangle

F[-1) — F; — F.
Assume further that, for i = 1,2, we have distinguished triangles
E;, — F;, — Dy,
where D; € ‘Té_l and F; € V. The data assembles to the diagram
Ey[—1] —— F3|—1] — D9[—1]

|

E, Iy D;.

As (3.1)) holds, the diagram above can be completed to a 3 x 3 diagram, yielding the distinguished
triangles
FEFi—FE — FEy Di— D — Dy E—F—D.

By construction, D € ‘J'é_l and E € TY. Thus (ii) in [Definition 3.1|is automatically satisfied with
A=2.

The argument above is essentially the same as the one in [4, Corollary 4.3]. See also [26, Remark
3.3].

Weakly approximable triangulated categories have been investigated in several papers. Let us
briefly recall the main properties that will be needed in this paper:

(A) If T is a weakly approximable triangulated category with weak approximation data (G, 1, A),
then the t-structure 7 is in the preferred equivalence class (see [26, Proposition 2.4]).

(B) Let T be a weakly approximable triangulated category. Let H be a compact generator of
T and let 7 be a t—structure in the preferred equivalence class. The there exists an integer

B > 0 such that (H, 7, B) is a weak approximation data (see [26, Proposition 2.6]).

Both statements have parallels that work for approximable triangulated categories, see the refer-
ences to [26] given above. Furthermore, (A) and (B) show that, once we know that a triangulated
category T is weakly approximable, then we can be very flexible in the choice of the weak ap-
proximation data. The compact generator can be changed at will, and the tstructure can also be
replaced, subject only to constraint of remaining in the preferred equivalence class. Of course the
integer A in the triple will have to be changed accordingly.



14 A. CANONACO, A. NEEMAN, AND P. STELLARI

Remark 3.4. (i) It is clear from the definition that if T7 is a weakly approximable triangulated
category, with weak approximation data (G1,71, A1), and if F: T3 — T3 is a triangulated equiva-
lence, then Ty is weakly approximable as well with weak approximation data (F(G1),F(71), A1).

(ii) In we stress the fact that in a weakly approximable triangulated category
T with weak approximation data (G, 7, A), the 0-th cohomology of an object F' € T<Y can be
approximated by G. The process can be iterated, as explained in [26, Corollary 2.2]. More
precisely, given F € TS0, for any integer m > 0, we can find a distinguished triangle

E, — F — Dy,

—[1-m—A,A]

where E,, € (G) and D,, € TS™™,

3.2. Examples. Following the flow of the previous sections, we now want to revisit the examples
from in the light of the theory of weakly approximable triangulated categories.

Modules over a ring. If R is any ring, then the ring itself, seen as a compact generator for
D(R-Mod), satisfies the vanishing Hom(R, R[i]) = 0, for all ¢ > 1. Thus ensures that
D(R-Mod) is weakly approximable with weak approximation data given by the triple (R, Tstan, 1).

The check that D(R-Mod) is weakly approximable can be done directly as an exercise, see [26,
3.1]. While carrying out the computation, one easily sees that the same triple makes D(R-Mod)
into an approximable triangulated category.

Schemes with support. If X is a quasi-compact and quasi-separated scheme, with a closed sub-
scheme Z C X such that X \ Z is quasi-compact, then the check that D¢,z (X) is weakly approx-
imable is not so easy. But it is true, as proved in

Theorem 3.5 ([24], Theorem 3.2 (iv)). If X and Z are as above, then Dyc z(X) is weakly approa-
imable with weak approximation data (G, Tsian, A), where G is a compact generator as in
and A > 0.

In the special case where Z = X and X is separated, the category Dgc(X) is approximable (not
only weakly approximable). See [26, Lemma 3.5]. On the other hand, Dgc, z(X) is not usually
approximable for X and Z more general, but still satisfying the assumptions of This
is explained in [24, Remark 8.1].

There is yet another geometric and interesting case which fits into the framework of
and therefore provides another example where axiom (ii) in is redundant. Let X
be a smooth projective curve over a field. Assume further Z = X. It is a classical result that
Dy (X) is compactly generated by a sheaf G which is a finite direct sum of ample line bundles.
For a reference see, for example, [30, Proposition 7.6]. It follows that Hom(G, G[i]) = 0 for i > 2.

Thus [Remark 3.3 immediately implies that Dqc(X) is weakly approximable.

Homotopy category of spectra. As was observed in [26] Example 3.2], the triangulated category

Ho(Spectra) can be dealt with using [Remark 3.3| yet again. In [Section 1.2/ we observed that the

sphere spectrum S is a compact generator, and Hom(SY, S°[i]) = 0 for all i > 1. Since Tytan =

76, from [Remark 3.3| we learn that the triple (S, 7stan, 2) provides weak approximation data for
Ho(Spectra). This is in fact not best possible, it can be proved that the triple (S, Tgtan, 1) provides
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weak approximation data for Ho(Spectra). Even better: it provides (strong) approximation data
for Ho(Spectra). The category Ho(Spectra) is approximable, not only weakly approximable.

3.3. The subcategories. Let now T be a weakly approximable triangulated category. Fix a t¢-
structure 7 = (TS°,T21) on T as in [Definition 3.1l Using this and the full subcategory of compact

objects, we can define the following natural full triangulated subcategories:
e Bounded above objects: T~ :=Joo_| TS™;
e Bounded below objects: ‘J'+ = U, T2

Bounded objects: T? := T~ N T+,

Compact objects: T¢;

Pseudo-compact objects: T,

m > 0, there exists in T a distinguished triangle £ — F — D with £ € T°¢ and with
D € TS™™, Thus

where an object F' € T belongs to T, if, for any integer

[e.9]

To= ) (TOxT5™);

m=1

Bounded pseudo-compact objects: ‘J'b =T, N Jb.
Bounded compact objects: T := T¢N TP = TN TL,

Remark 3.6. (i) By properties (A) and (B) in [Section 3.1] the subcategories in the list which are
defined in terms of the given t—structure 7 can be equivalently defined in terms of any t-structure
in the preferred equivalence class.

(ii) Let T1 be a weakly approximable triangulated category and let F: 73 — T3 be a triangu-
lated equivalence. By |[Remark 3.4] m i), Ty is weakly approximable as well. Thus both T; and Ts
come with the list of subcategories above. Since by (i) their definition does not depend on the
choice of a t-structure in the preferred equivalence class and, by [Remark 2.10, F preserves the
preferred equivalence class, the equivalence F restricts to equivalences between the corresponding
subcategories of T7 and Jo.

By their explicit definitions, the subcategories listed above sit in the following commutative

/ \
]

T <—3‘J'IC’
A

diagram:

(3.2)

e <—)f3:é,b.

It is worth noting that the above-listed categories turn out to be natural, classical old friends in
two out of the three classes of examples described in
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Z C X asin |Section 1.2| R a ring
T ch z(X) D(R-Mod)
J- qc 7(X) D~ (R-Mod)
Tt qc + (X) D*(R-Mod)
J° D!, 7(X) D’(R-Mod)
e Dperf(X) K’(R-proj)
T qc 7(X) K~ (R—proj)
TP DZ’C (X) K—?(R-proj)
rJ'c,b Dperf(X) Dperf(R)

Comparing the table with the diagram it is clear that, in these two examples, the sub-
categories T4 and T¢ coincide. But this is definitely not always true. In the special case
T = Ho(Spectra), we have 7% = T2 0 T¢ = {0} whereas T # {0} # T°.

The main result of this section proves that all the solid inclusions A — B in are intrinsic.
Roughly speaking, this means that that there is a recipe, depending only on the triangulated
structure on B, that describes which objects in B belong to the full subcategory A. In order to
deal also with the inclusion represented by a dotted arrow, we need to restrict to a special class of
weakly approximable triangulated categories.

Definition 3.7. A weakly approximable triangulated category T is coherent if, for any #—structure
(‘J’<0, ‘3'21) in the preferred equivalence class, there exists an integer N > 0 such that every object
Y € T, admits a distinguished triangle X — Y — Z with X € T, NT<Y and with Z € T¢NT>0.

We are now ready to state the main result of this section.

Theorem 3.8 ([6], Theorem B). All the inclusions in diagram , represented by the solid
arrows A < B, are invariant under triangulated equivalences. By this we mean that given a pair
of weakly approzimable triangulated categories T, T, as well as matching inclusions A — B — T
and A" = B — T’ from diagram (3.2), then any triangulated equivalence B — B’ must restrict
to a triangulated equivalence A — A'.

Furthermore, the same is true for the unique inclusion in diagram (3.2)) represented by a dotted

arrow, provided we further assume that one of the two conditions below holds.

e 7,7 are coherent, or
e TEC T, T C T and L(T)NTs = {0} = LT T,

It is clear that, if B = T and B’ = T, then the result is just [Remark 3.6(ii). The hard part of
the proof consists in dealing with the other cases.

As for the applications, it is useful to note the following properties.

e If R is a left coherent ring, then it is easy to prove that D(R-Mod) is coherent as well.
See [6l, Example 10.1.2] for a complete discussion.

e If T is coherent and T¢ C T2, then +(T%) N T, = {0}. See [6, Proposition 10.1.3].

e The condition 7¢ C T2 and +(7%) N T- = {0} holds if T is either D(R-Mod) with R a
commutative ring, or Dgc z(X) with X and Z as before. See [6, Proposition 10.2.1].
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4. ENHANCEMENTS

In this section we change perspective. The possible higher categorical incarnations, of the
triangulated categories discussed in the previous sections, come to play a key role. In
and we recall the basic definitions, properties and examples, while in we
move on to new results. We will survey developments concerning the uniqueness of enhancements.
This will be used, in the last section, to discuss the so called Morita theory for schemes. In
we mention some ongoing work, still in progress.

4.1. Definitions and first constructions. We should begin this section with an admission.
But first the background: one of the crucial observation in the field is that most triangulated
categories, of algebro-geometric interest, admit higher categorical enhancements. And in many
important cases the enhancement is unique, in a sense that can be made precise.

That said, enhancements come in more than one flavor, and there is no consensus yet on which
of the variants is best. As it turns out, our newest results are largely flavor-independent, they
hold for the entire spectrum of different enhancement types. And now we come to our admission:
because of this robustness of the results, of the fact that the latest theorems apply across the
spectrum of enhancement types, in this survey we will allow ourselves to be imprecise on occasion.

There are at least three enhancement types which have been used extensively in this recent
literature: differential grade (dg) categories, A.,—categories and oo-categories. In this section,
we restrict attention to the first of these. We work with dg categories, largely because our recent
(published) paper, [5], which this section surveys, uses the dg machinery. There are some comments
in [5] about the extent to which the results remain valid for other enhancement types, and there is
literature studying the issue. The interested reader is referred to [7), 8] for the comparison between
dg and As—enhancements, and to [2, Theorem 14], as well as [I3] and [14], for a comparison of
oo-categorical enhancements with dg and A,,—enhancements.

We begin with the following basic definitions.

Definition 4.1. (i) A dg category is a k-linear category € whose morphism spaces Home (A, B) are
complexes of k-modules and the composition maps Home(B, C) ®k Home(A, B) — Home(A, C)
are morphisms of complexes, for all A, B,C in C.

(ii) A dg functor F: €1 — C2 between two dg categories is a k-linear functor such that the maps
Home, (A, B) — Home, (F(A), F(B)) are morphisms of complexes, for all A, B in C;.

Given a dg category €, we can consider its homotopy category H°(C) with the same objects
of € and such that Hompoe) (A, B) := H°(Home(A, B))), for all A, B in €. Clearly a dg func-
tor F: C; — Cg induces a k-linear functor HO(F): H°(€;) — H°(Cs) between the correspond-
ing homotopy categories. A dg functor F is a quasi-equivalence if the maps Home, (A, B) —
Home, (F(A), F(B)) are quasi-isomorphisms, for all A, B in €1, and H°(F) is an equivalence.

Let dgCat be the category of all (small) dg categories. One can then localize dgCat by inverting
all quasi-equivalences. We denote by Ho(dgCat) such a localization. In this section, this is the
category where all models of triangulated categories will be compared.
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Remark 4.2. If C; and Gy are dg categories and f: €; — €3 is a morphism in Ho(dgCat), then
we get an induced functor HO(f): H(€;) — H°(Cs), which is well defined up to isomorphism.
If f is an isomorphism in Ho(dgCat), then H°(f) is an equivalence.

As dg functors between two dg categories C; and Cq form a dg category Hom(Cq, Cq), for every

dg category € we can construct a much larger one
C-dgMod := Hom/(C°, Cqg(k-Mod))

whose objects are called (right) dg C-modules (see for the definition of the dg category
Cag(k-Mod)). The category H°(€-dgMod) has a natural triangulated structure (see [19, Section
2.2]). On the other hand, given a dg category €, the map defined on objects by A — Home(—, A)
extends to a fully faithful dg functor Ygg: € — C-dgMod called the dg Yoneda embedding.

Definition 4.3. (i) A dg category C is pretriangulated if the essential image of H° (Ydeg) is a full
triangulated subcategory of HY(C-dgMod).

(ii) Given a triangulated category T an enhancement of T is a pair (€, F), where C is a pretrian-
gulated dg category and F: H°(€) — T is a triangulated equivalence.

(iii) A triangulated category T is algebraic if it has an enhancement.

One can additionally show that the image of Ygg is contained in the full dg subcategory
h-proj(€) of C-dgMod whose objects are h-projective dg C-modules. More precisely, an object
M € €-dgMod is h-projective if Hompoeagmod)(M, N) = 0 for every N € dgAcy(C). Here
dgAcy(C) is the full dg subcategory of C-dgMod whose objects are acyclic, meaning that N(A)
is an acyclic complex for every A € C.

Remark 4.4. (i) Let C be a pretriangulated dg category such that the triangulated category
H(C) has coproducts, and assume that B C C is a full dg subcategory whose objects form a set
of compact generators for H(€). Then, by [23, Proposition 1.17], there is a natural isomorphism
h-proj(B) = € in Ho(dgCat).

(ii) Every (iso)morphism f: €; — € in Ho(dgCat) extends to a unique (iso)morphism
f: h-proj(€;) — h-proj(€s) in Ho(dgCat), which is compatible with the Yoneda embeddings
and such that HO(f) preserves coproducts (see [15] for more details).

4.2. Examples. Let us now discuss few basic examples which are relevant for our discussion.

Assume that A is a k-linear additive category. We can form the dg category Cgg(A), whose
objects are (unbounded) complexes of objects in A. As graded modules, morphisms are defined as

Homg,, a)(4, B)" := | [ Homy (A", B"*)
1€Z

for every A,B € Cgg(A) and for every n € Z. The composition of morphisms is the obvious
one while the differential is defined on a homogeneous element f € Homg, A (A, B)" by d(f) =
dpof—(=1)"foda.

It is easy to see that Cgg(A) is pretriangulated and there is a natural triangulated equivalence
H%(Cg4g(A)) 2 K(A). Thus the triangulated category K(A) is algebraic.

Assume now that A is abelian. As any full triangulated subcategory of an algebraic triangulated
category is algebraic as well, the full subcategory Ky (A) € K(A) consisting of acyclic complexes
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is algebraic. Indeed, it is realized as the homotopy category of the full dg subcategory Cgg acy(A) C
Cgg(A) consisting of all acyclic complexes.

In order to provide an enhancement for D(A), which is the Verdier quotient K(A)/Kacy(A)
by definition, we would like to be able to perform a similar quotient at the dg level. Such a
construction goes under the name of Drinfeld quotient and can be summarized as follows.

Given a dg category G, one can produce a h-flat dg category C" with a quasi-equivalence
e — @ (hence € and CM are isomorphic in Ho(dgCat)). Recall that a dg category is h-flat
if its complexes of morphisms are homotopically flat over k, meaning that tensoring with them
preserves acyclic complexes. Note that the construction of €™ in [I5, Appendix B] can be modified
and made functorial by [5, Proposition 3.10]. Furthermore, if B C € is a full dg subcategory, we
get the corresponding h-flat full dg subcategory B C @M. Then we call the Drinfeld quotient of @
by B and denote by €/B what should be denoted more appropriately by €M/B. We refer to [15,
Section 3.1] for the details of the construction. The remarkable property is that, if € and B are
pretriangulated, then C/B is pretriangulated as well and there is a natural triangulated equivalence

(4.1) H(€/B) = H(C)/H (B).
In the special case of an abelian category A, we consider the dg category
Dgg(A) := Cag(A)/Cag acy(A)-
By , we have a natural triangulated equivalence
D(A) = H°(Dag(A))

and thus D(A) is algebraic. As full triangulated subcategories of algebraic ones are algebraic, we

immediately get the following:

Proposition 4.5. The following triangulated categories are algebraic:

o K'(A) when A is an additive category and D*(A) when A is an abelian category, for
7= b7 +7 ) ®;
e D(R-Mod) and all its subcategories from for any ring R;

® Dycz(X) and all its subcategories from for X a quasi-compact and quasi-
separated scheme with a closed subscheme Z such that X \ Z is quasi-compact.

Remark 4.6. It is well-known that Ho(Spectra) is not algebraic—see, for example, [11, Propo-
sition 3.6]. On the other hand it has natural co-categorical models.

4.3. Uniqueness. Coming back to the triangulated categories in [Proposition 4.5 which we know

to be algebraic, we want to investigate the uniqueness of their enhancements. To make this rigorous,

we start with the following definition:

Definition 4.7. Let T be an algebraic triangulated category.

(i) The category T has a unique enhancement if, given two enhancements (€1, F;) and (Cq, F2)
of T, the dg categories €1 and Gy are isomorphic in Ho(dgCat).

(ii) The category T has a strongly unique enhancement if, given two enhancements (Cy, F1) and
(Ca, F2) of T, there exists an isomorphism f: €; — Gy in Ho(dgCat) such that Fy 0o HO(f) = Fy.
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The study of the uniqueness of enhancements for triangulated categories has a long history.
It was motivated by the desire to show that constructions, which appeal to enhancements, are
independent of the enhancements chosen. This is also the case in the current paper, in a sense to
be elaborated below.

We begin with a trivial observation.

Remark 4.8. Assume that T and T, are algebraic triangulated categories, and let F: T3 — To
be a k-linear triangulated equivalence. If 77 has a unique enhancement then so does Ts, and any
enhancement T; of T7 is isomorphic in Ho(dgCat) to any enhancement Ty of Ty. Of course,
applying H° to the isomorphism T; = T, gives an equivalence T = T5. This equivalence need
not agree with the given F.

For us the important advantage, of having a triangulated equivalence coming from an isomor-
phism in Ho(dgCat), is that it extends. We have in a sense already seen one example: by
if @1 and Gy are pretriangulated dg categories and B; C @; is the full dg subcategory
such that H°(B;) = H°(C;)¢, for i = 1,2, then an isomorphism B; = B, in Ho(dgCat) extends in
Ho(dgCat) to an isomorphism €C; = Ca.

With this in mind, we are ready to state the second main result of this paper.

Theorem 4.9 ([6], Theorems A and B). (i) If A is an abelian category, then D’ (A) has a unique
enhancement, for 7 =b,+,—, 0.

(ii) Let X be a quasi-compact and quasi-separated scheme. Then the categories D?qC(X) and
DPf (X)) have a unique dg enhancement, for ? = b, +, —, 0.

Example 4.10. The first part of the result above, applied to the special case A = R-Mod, proves
that D(R-Mod) has a unique enhancement. But this can easily be proved directly, and was done
much earlier. It boils down to a simple computation with generators. The same applies if one
wants to prove uniqueness of enhancements for K°(R-proj) = D(R-Mod)°. See [23, Proposition
2.6] for more details.

is, for now, the most general result in the literature. It does have several pre-
decessors: one of the first papers, where the problem of uniqueness appeared, was [3]—where it
was conjectured that, for a smooth projective scheme, the bounded derived category of coherent
sheaves should have a unique enhancement. The conjecture was proved in the groundbreaking
paper [23], and the results therein where extended in [12]. Part of the results in the latter paper
have been recently reproved in [16]. Finally the paper [2] brought to the theory new results and
conjectures by resetting the problem in the context of stable co-categories.

As for strong uniqueness of enhancements, the first results were obtained in [23]. Despite
some progress in the following years (see, for instance, [9], [27] and [22]), so far proving that a
given triangulated category has a strongly unique enhancement remains a much more challenging
problem than proving uniqueness. In particular, if we restrict to the triangulated categories in the
statement of we can say that strong uniqueness is known to hold only in some special
cases, and is still a difficult open problem in general.

4.4. Work in progress. In an ongoing research project, we plan to combine the theory of weakly
approximable triangulated categories with techniques coming from higher categories. There are
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actually two directions which are very promising and which might lead to significant improvements
of and which might be applicable to the discussion in the next section.

We first observe that, by [Remark 4.6] we have examples of weakly approximable triangulated
categories which are not algebraic. On the other hand, if T is weakly approximable, we can look
at all its natural subcategories in and even if T is not algebraic, it might (in theory)E| happen
that one of its subcategories D < T in is algebraic. In this case, we already explained that
all the subcategories of D are automatically algebraic.

From this perspective, a natural problem can be formulated as follows:

Problem 4.11. Let T be a weakly approximable triangulated category and let A < B be one of
the natural inclusions in (3.2)). Assume that B is algebraic. Determine when and to which extent
the (strong) uniqueness of enhancement of A implies the (strong) uniqueness of enhancement of

B, and vice versa.

A result in this direction would not be surprising. If B = T and A = T¢, then A having a
unique enhancement implies that so does B. This is a direct consequence of But this
is, so far, the only known result in this direction. To prove that uniqueness of enhancement for
A implies uniqueness of enhancement for B would, presumably, require a reconstruction theorem,
in the style of (i), for all subcategories. This is clearly more challenging and we will
address [Problem 4.11]in a forthcoming paper.

Hopefully, once this is achieved, we would get a wealth of new results already in the geometric
and algebraic cases. The idea would be to combine, whatever results we can prove towards
with what we already know from In particular, let R be a ring and let
X be a quasi-compact quasi-separated scheme. If we are going to be optimistic and assume the
answer to is a resounding Yes in all cases, then the following triangulated categories
would have a unique enhancement:

e K~ (R-proj) and K~°(R-proj);
e D’.(X) and DE2(X).

The careful reader might have noticed that all the geometric categories, for which we can prove
uniqueness of enhancement, do not involve support. Whereas the results on weakly approximable
triangulated categories, which we have seen in the previous sections, all hold in the relative case.
The second part of our ongoing work in progress aims to find a remedy for this, by addressing the
following.

Problem 4.12. Let X be a quasi-compact and quasi-separated scheme with a closed subscheme
Z such that X \ Z is quasi-compact. Show that D%erf(X ) has a unique enhancement.

We will discuss in the next section an interesting application of a result in this direction. In any
case it should be clear that, a positive solution to both [Problem 4.11] and |Problem 4.12| would
immediately lead to a sharp improvement of the second part of Given a quasi-compact
and quasi-separated scheme X with a closed subscheme Z such that X \ Z is quasi-compact, it

would follow that the triangulated categories

Diez(X) Dy

b
qc,Z (X) D}

qc7Z(X)?

lWe don’t know any examples of this.
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for ? = b, +, —, (), would also have unique enhancements.

5. MORITA THEORY AND WEAKLY APPROXIMABLE TRIANGULATED CATEGORIES

We conclude this survey by explaining a result, which extends and vastly generalizes all known
theorems about derived invariance for rings. As we will see in such a result can
be thought of as a Morita-type theorem for schemes. What makes it the natural conclusion of
this survey is that its proof is already complete, and is a place where our results on weakly
approximable categories and their subcategories, and on uniqueness of enhancements, fruitfully
meet. In we provide some additional geometric applications.

5.1. Rickard’s theorem for schemes. In this section we outline one major application of our

previous results [Theorem 3.8 and [Theorem 4.9 and of its potential extensions discussed in the

previous section.

The starting point of our investigation is the following beautiful result by Rickard.

Theorem 5.1 ([28,29]). Let R and S be two rings. Then the following are equivalent:

(1) There ezists a triangulated equivalence D(R-Mod) = D(S-Mod).

2) There exists a triangulated equivalence D~ (R-Mod) = D~ (S-Mod).
) There exists a triangulated equivalence D' (R-Mod) = D (S-Mod).
4) There exists a triangulated equivalence D*(R-Mod) = D*(S-Mod).
5)

(6) There exists a triangulated equivalence K°(R-proj) = K°(S-proj).

w

(
(
(
(5) There exists a triangulated equivalence K~ (R-proj) = K~ (S-proj).

Moreover the siz equivalent conditions above tmply:

(7) There exists a triangulated equivalence K—*(R-mod) = K~*(S-mod).
The converse holds if we assume further that R and S are both left coherent, in which case the
equivalence in (7) can be rewritten as D?(R-mod) = D*(S-mod).

The beauty of this result is that, as a consequence, any one the triangulated categories associated
to a ring, in (1)—(6), carries the exact same information as any of the others. And this can be

extended to (7) in the left coherent case. It makes sense to formulate the following definition.

Definition 5.2. Two rings R and S are derived equivalent if any of the conditions (1)—(6) is
satisfied.

In the language of [28] 29], is an instance of the so-called Morita theory for derived
categories of rings. The reason is that, by analogy with classical Morita theory, Rickard proves that
the equivalences in the list are produced by tensoring with a suitable complex of bimodules. It is
interesting to note that this implies, in particular, that derived equivalence is left /right symmetric,
in the sense that two rings R and S are derived equivalent if and only if R° and S° are.

The discussion in the previous sections might have shown the reader that there should be nothing

special about D(R-Mod), and that we should expect a result similar to {Theorem 5.1{in a much
more general setting. In fact, in combination with the argument of easily

yields the following major generalization of Rickard’s result.

Theorem 5.3. Let T and T’ be two weakly approximable triangulated categories. Assume that
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o T¢C T and T° C T7°.
e T¢ or T° has a unique enhancement.
e T and T’ are algebraic.

Then the following are equivalent:

(1) There exists a triangulated equivalence T = T'.

2) There exists a triangulated equivalence T+ = '

w

(2)

(3) There exists a triangulated equivalence T— = J'™ .
(4) There exists a triangulated equivalence T® = s
(5)

(6) There exists a triangulated equivalence T¢ = T'°.

There exists a triangulated equivalence T, = T’ .

Moreover the six equivalent conditions above imply:
. . , ~ b
(7) There exists a triangulated equivalence T2 = T7,.
. _ b —_
The converse holds if we assume further that ~(T0) N T = {0} = H(T'H)N T .

By the discussion after it should be clear that, in the special case where T =
D(R-Mod) and 7’ = D(S-Mod), [Theorem 5.3| delivers [Theorem 5.1l Actually a slightly stronger

result, since in the last part R and S can be assumed to be either left coherent or commutative. Note

that K®(R-proj) = D(R-Mod)® has a unique enhancement by [Example 4.10 More importantly,
using also in the geometric case we obtain the following surprising, new result.

Corollary 5.4. Let X and X' be quasi-compact and quasi-separated schemes with closed sub-
schemes Z C X and Z' C X' such that X \ Z and X'\ Z' are quasi-compact. If Z = X or
7' = X', then the following are equivalent:

(1) There exists a triangulated equivalence Dge z(X) = Dge,z/(X').
(2) There ezists a triangulated equivalence D;:c,Z(X) = D;;c,Z' (X").
(3) There exists a triangulated equivalence Dy, ,(X) = D, ,(X').
(4) There ezists a triangulated equivalence DZQZ(X) = DZc,Z’ (X").
(5) There exists a triangulated equivalence D, ,(X) =2 ch,Z’ (X7").
(6) There exists a triangulated equivalence D%erf(X) = D%’frf(X’).

(7) There ezists a triangulated equivalence DZﬁZ(X) = DZ’iZ, (X").

Thus it follows, when Z = X, that all the a priori different triangulated categories in (1)—(7)
carry again the exact same information. In analogy with |Definition 5.2 we can formulate the
following;:

Definition 5.5. Two quasi-compact and quasi-separated schemes X and X' are derived equivalent
if any of the conditions (1)—(7) above (with Z = X and Z’ = X') is satisfied.

Remark 5.6. (i) If two quasi-compact and quasi-separated schemes X and X’ are derived equiv-
alent then, thanks to uniqueness of enhancement for Dgc(X), one can always find a triangulated
equivalence Dgc z(X) = Dgc,z/(X’) which is induced by an isomorphism in Ho(dgCat). By the
seminal work of Toén [33] (see also [7, [8, [10] for different proofs) such an isomorphism is induced
by a suitable dg bimodule. Thus can be thought of as a Morita-type theorem for

schemes.
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(ii) Assuming [Problem 4.12|turns out to have a positive answer, we can remove the assumption
that Z = X and Z’ = X’ in|Corollary 5.4

5.2. Applications. If X is a quasi-compact and quasi-separated scheme, the natural inclusion
DPef(X) < DPP(X) is not always an equality. Thus the following makes sense.

Definition 5.7. If X is a quasi-compact and quasi-separated scheme, then the Verdier quotient
Diing(X) := DP¥(X)/DP (X))
is the category of singularities of X.
Assuming that X is noetherian we have an identification DP*(X) = D’(Coh(X)), the above

simplifies to the standard category of singularities. Still assuming that X is noetherian, one defines
the stable derived category of X to be

S(Qcoh(X)) := K,y (Inj(Qecoh(X)) ,

that is the homotopy category of acyclic complexes of injectives in Qcoh(X). It is known that
S(Qcoh(X)) is compactly generated, and S(Qcoh(X))¢ = Dging(X). As a straightforward appli-
cation of [Corollary 5.4 and [Remark 4.4] we obtain the following result.

Corollary 5.8. Let X and X' be a quasi-compact and quasi-separated schemes which are derived

equivalent. Then

(i) There is a triangulated equivalence Dging(X) = Dging(X');

(ii) If X and X' are also noetherian, then there is a triangulated equivalence S(Qcoh(X))
S(Qcoh(X")).

Recall that a noetherian scheme X is regular if and only if the inclusion DP®f(X) < DP(X)
is an equality, that is if and only if Dging(X) is trivial. We deduce the following result.

Corollary 5.9. Let X and X' be noetherian schemes which are derived equivalent. Then X 1is

reqular if and only if X' is reqular.

Remark 5.10. The above result shows that being regular is a derived invariant for noetherian
schemes. Of course one can ask if other interesting properties are derived invariant. For instance,
it seems to be unknown if being noetherian is a derived invariant for quasi-compact and quasi-
separated schemes. Note however that there is an unpublished example by Rickard proving that

being left noetherian (or left coherent) is not a derived invariant for (noncommutative) rings.
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