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Chapter 1

Introduction

1.1 The biological problem

DNA is packed in the nucleus of eukaryotic cells in the form of a fiber of the
alleged diameter of 30 nm, which is called chromatin (see figure 1.1); this fiber
is the first level of spatial organization of the genome. The introduction of a
new experimental technique in the 2000s (which is called 3C; for a review see
[1]) made possible it to study the spatial organization of chromatin inside the
nucleus.

Figure 1.1: Chromatin is a fiber made of DNA (in blue) rolled around histones
(in yellow) to form nucleosomes; the nucleosomes are rolled around them-
selves with an alleged diameter of 30 nm. Image adapted from: Nelson, David
L., Albert L. Lehninger, and Michael M. Cox. Lehninger principles of biochem-
istry. Macmillan, 2008.
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Figure 1.2: The contact matrix between chromatin sites shows spatial do-
mains as blocks of typical size ∼1Mb. The matrix element (, j) contains the
probability (coded in red) to find the site  in the interaction range of the site
j. The sites belonging to a certain domain rarely interact with sites in other
domains. Using a canonical ensemble it is possible to infer the strength of the
interaction from the contact frequency. Image adapted from: Ringrose, Leonie.
Epigenetics and Systems Biology. Academic Press, 2017.

The datum provided by this kind of experiments is a contact matrix in which
the element (, j) contains the probability that the site of chromatin  is closer
than a certain distance to the site j. With site of chromatin we mean a short re-
gion of DNA whose size is determined by experimental resolution; typically this
size is thousands of DNA bases (∼ kb). Combining these informations with the
genetic activity data allowed to understand that the three-dimensional spa-
tial conformation of the DNA is important for the regulation of gene
transcription [1].

Interphase is the longest period of the cell cycle, in which the cell performs
its normal vital functions. During interphase chromatin has a non-random spa-
tial organization made of spatial domains encapsulated in a hierarchical way.
The most important spatial domain is the one with the typical size of 106 DNA
bases (1 Mb), because it is the same size of the transcriptional mechanism
that regulates genes with distant DNA sequences. These structures are called
Topological Associated Domains (TADs): they are localized spatial domains in
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Figure 1.3: Collapse of a polymer of N monomers in localized spatial do-
mains. The interacting monomers that form the core are pictured in red; the
monomers that form the corona are pictured in light blue. a) Single rosette,
N = 257. b) Multiple rosette with four domains, N = 513.

which the chromatin sites interact preferentially with sites of the same domain;
the TADs appear as squared blocks in the contact matrix (see figure 1.2). Ad-
ditionally, experimental contact matrices are characterized by a power law
dependence of the interaction probability of a couple of sites P as a function of
their genomic distance s, P(s) ∼ s−α, where α has a range of values from 0.4
to 1.5 depending on the specific TAD.

Given the great interest in the mechanism of formation of the TADs, different
classes of physical models have been developed (presented in [2, 3]) which
describe the chromatin fiber as a polymer, choosing different interactions be-
tween the monomers depending on which property of the real system is de-
scribed.

The actual molecular mechanism that mediates the interactions within chro-
matin is not currently understood and it is an open problem in biophysics;
nevertheless, it is reasonable to think that the interaction is mediated by pro-
teins that are bound to chromatin and that interact with each other. In the
light of this, a trivial mechanism for the formation of TADs is that there are a
number of different protein types equal to the number of TADs, and each type
dimerize only with proteins of the same type. Since there are few thousands
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TADs in mammalian genomes, this would require the presence of thousands
of different types of DNA-binding proteins. It is more reasonable to think that
only a small number of proteins is responsible for the interactions between the
chromatin sites. In particular it has been proven that a protein called CTCF [4]
is fundamental for the TADs formation [5]: this protein is thought to be respon-
sible of a short-ranged attraction between distant sites.

Between the polymeric models proposed to describe the TADs formation with
only few different type of interactions [6, 7, 8, 9], the simplest one is a poly-
meric chain in which only a monomer each n interacts with the others of the
same type [10]. Monte Carlo simulations of this model show configurations
in which the polymer is collapsed into a multiple rosette configuration: each
rosette is made by a core of interacting monomers and by a corona of loops
of non interacting monomers (see figure 1.3). The idea is that each rosette
describes a TAD. Following [10] we refer to this model as the heteropolymer
with bridging interaction, or bridged heteropolymer. However, from the pub-
lished MC simulation it is not clear whether the rosette are a stable phase of the
system, or just a metastable feature on the way to a standard, random globule.

This thesis studies the heteropolymer with bridging interaction with a Monte
Carlo algorithm optimized for disordered systems, namely proteins. The model
and its phenomenology will be described in section 1.3. The main goals of this
work are two: the first is to show that the the multiple rosette configuration is a
proper stable phase of the system; the second is to understand if the multiple
rosette phase emerges even for a disordered distribution of the interactions.

Chapter 2 is dedicated to the first goal: the stability of the multiple rosette
configuration. In section 2.1 we give a brief description of the algorithm; in
section 2.2 we present the model; in sections 2.3 and 2.4 we reproduce some
results from [10]; in section 2.5 we describe our results for the multiple rosette
configuration.

In Chapter 3 we present the completely new study of the disordered het-
eropolymer with bridging interaction. In section 3.1 we give a qualitative the-
oretical argument to explain why we expect the disordered model to exhibit a
multiple rosette state. Section 3.2 describes the results of the simulations of
the disordered heteropolymer with bridging interaction; in this section we also
address the self-averaging issue. Lastly, in section 3.3 we present a number
of considerations on the contact matrices obtained from the simulations: we
suggest that the disorder could be a fundamental ingredient for the description
of the experimental data.
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1.2 Useful concepts from polymer theory

Before presenting the bridged heteropolymer in the following section, it is use-
ful to recall briefly some of the main concepts from classical polymer theory
(for the complete detailed theory, see for example [11]). In particular here
we present the phenomenology of the homopolymer, that will be useful to de-
scribe the possible phases of the bridged heteropolymer.

The homopolymer is a chain of monomers which have all the same interac-
tion: hard core repulsion and short-ranged attraction. If the polymer is flexible,
namely there are no many-body interactions that confer stiffness to it, the sys-
tem undergoes a second-order phase transition between two different states:

• Above the critical temperature, the polymer is in the coil phase: its main
characteristic is to occupy on average a spherical volume of radius Rg ∼
N3/5, where N is the number of monomers in the polymer. In this phase
the sphere is almost and empty volume: computing the spatial density of
monomers as ρ = N/Rg we obtain ρ ∼ N−4/5, that tends to zero for N� 1.

• Under the critical temperature the polymer is in the random globule phase:
it occupy a spherical volume of radius Rg ∼ N1/3, meaning that the spatial
density of monomers inside the globule is constant: ρ ∼ N0.

• At a temperature called theta point the polymer has a configuration sim-
ilar to a coil, but the radius of the spherical volume it occupies has a
different law: Rg ∼ N1/2. This behaviour is the same of an ideal chain,
namely a chain of monomers that have no interaction so that the chain
chain can cross itself. It is instructive to note that the relation we just
enunciated is analogous to a random walk.

In homopolymers the transition temperature is close to the theta point, their
difference going to zero as 1/N1/2. The transition is usually referred to as the
theta point transition (for a simple picture of this transition see figure 2.3 in
chapter 2).

The radius of the spherical volume occupied on average by the polymer is
called radius of gyration and is defined as the average square distance of the
monomers to their centre of mass:

Rg :=

√

√

√

1

N

∑



(r − r̄)2
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where r̄ is the coordinate of the centre of mass. This can also be expressed as
the mean square distance between all the possible couples of monomers

Rg =

√

√

√

√

1

2N2

∑

j

(r − rj)2

by expanding the term in parentheses and using the definition of r̄.
To describe the theta transition is useful to define the swelling parameter α,
which will be used also in chapter 2, as the ratio

α =
Rg

R0

where R0 is the radius of gyration of the polymer at the theta point; given
the bond distance λ between two consecutive monomers, its expression reads
R0 = λ(3/5N)1/2.

In the framework of a mean-field theory, the free energy F for the homopolymer
can be written in terms of the swelling parameter α as it follows [12]:

βF(α) =
N1/2B(β)

λ3α3
+
C(β)

λ6α6
+
1

α2
+
3α2

2
(1.1)

where β = 1/kBT and B(β) and C(β) are respectively the second and the third
viral coefficient. While the first and the second term come from the virial ex-
pansion of the partition function, the third and the fourth ones are respectively
the entropy of the globule state and of the coil state. The minimization respect
to α of the equation 1.1 describes the phases of the transition: the coil state
corresponds to α > 1, the globule state corresponds to α < 1 and the theta
point corresponds to α = 1.

Given a solution of many identical polymers above the theta point, we define
the overlapping threshold as the global density of monomers c∗ at which the
polymeric coils start to be densely packed (see figure 1.4 b). This threshold
divides the dilute regime c < c∗ from the semi-dilute regime c > c∗. We ex-
pect c∗ to be comparable with the local density of monomers inside a single
random coil. In the semi-dilute regime the solution is more concentrated and
the coils overlap with each other (see figure 1.4 c).

This regime is particularly useful to define a fundamental concept in polymer
physics: the concept of blobs. A blob is a spherical region of diameter ξ defined
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Figure 1.4: A solution of identical polymers above the theta point displays an
overlapping threshold c∗ at which the random coil are contiguous (b). If c < c∗

the solution is in the dilute regime and the global density is lower that the local
density inside a coil (a). If c < c∗ the solution is in the semi-dilute regime: the
solution is more concentrated and the coils overlap with each other (c).

by the correlation length between monomers: because of excluded volume
effects, each blob contains predominantly monomers of a single chain. Within
a blob, the polymer resembles a self-avoiding walk which gives a number g of
monomers per blob of order g = (D/λ)1/ν, where ν is an exponent that depends
on the system considered (ν = 3/5 in the mean-field theory). Focusing on a
single polymeric chain in the semi-dilute solution, we can picture the polymer
as a chain of blob super-monomers of size ξ (see figure 1.5 a); since the blobs
do not interact with each other, the chain of blobs can be regarded as an ideal
chain on large scale . Additionally, this picture allows to compute the free
energy F of a polymer in a semi-dilute regime simply as proportional to the
number of blobs of the system Nblob, namely

βF = Nblob,

with β = 1/kBT (see for example [11]).

The concept of blobs is particularly useful to describe semi-dilute solutions in
specific situations such as densely packed polymers grafted to a surface. In
fact in these situations the size of the blobs ξ is determined by the surface
density σ of polymers that have one head bound to the surface itself (a plane
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(a) (b)

Figure 1.5

surface covered with identical polymeric strands is outlined in figure 1.5 b): it
holds that ξ2 = σ.

In this thesis we will consider star polymers: they are made by a spherical
core whose surface is covered with polymeric strands, which form a spherical
corona. These strands are called arms of the star polymer. In particular in
chapter 3 we will find an expression for the entropy of a star polymer with a
certain random distribution of length of the arms. Following [10] we will use
this expression to approximate the entropy of a rosette-like state of the bridged
heteropolymer.

1.3 Bridging interaction

In this section we briefly sum up the results described in [10] for the het-
eropolimer with bridging interaction, namely a polymer in which only a monomer
each n interacts with the others of the same type.

The collapse of the polymer to a single rosette state is regulated by the com-
petition entropic cost of forming loops and the attractive interaction between
bridgers. It is worth to note that this collapse displays an abrupt jump in the
order parameter α, resembling a first order phase transition; this is an impor-
tant difference with the theta-point collapse, which is a second order phase
transition.
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The density of bridgers plays an important role in the collapse of the polymer
to a single rosette state. In fact, in the limit of only two bridging monomers
placed at both ends of the polymer, we have a switch-like first-order phase
transition; in the opposite limit where all monomers are bridgers we recall a
homopolimeric second-order phase transition. A crossover is thought to hap-
pen between these two regimes.

The collapse of the polymer into a multiple rosette state is given by the com-
petition between the entropic cost of forming a rosette with many loops and
the energetic cost of forming multiple small cores - namely a surface tension
contribution. The entropic term of a rosette with ƒ loops can be estimated by
the entropy of a star polymer with ƒ arms: the main term is then proportional
to ƒ3/2 [10, 13]. The surface tension of a globule made of ƒ monomers is pro-
portional to ƒ2/3. Combining these two terms gives a simple estimate of the
free energy of a single rosette:

Frosette ' kBT ƒ3/2 + ϵ ƒ2/3 (1.2)

where kB is the Boltzmann constant, T is the temperature and ϵ is the inter-
action energy between two bridgers. A multiple rosette with q domains and p
bridgers has rosettes with ƒ = p/q loops each; so the free energy F = qFrosette
becomes

F(q) ' kBT p3/2 q−1/2 + ϵ p2/3 q1/3 (1.3)

The number q of rosettes that minimize the free energy is

qeq ∼ p
�

ϵ

kBT

�−6/5

This qualitative argument suggest that can exist a temperature at which a
multiple rosette state with qeq > 1 is stable [10]. In section 3.1 we will extend
this argument to a certain class of disordered models.
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Chapter 2

Bridged heteropolymer

In this chapter we study the polymer with short-ranged bridging interaction
originally proposed in [10], that is an ordered polymer in which the interacting
monomer are equi-spaced.

In section 2.1 we describe the algorithm we use, pointing out how it is opti-
mized for disordered systems (this will be useful especially in the chapter 3)
and how we can argue that the system reaches the thermodynamic equilib-
rium.

In section 2.2 we describe the formalization of the model, while in sections 2.3
and 2.4 we test the algorithm on simple systems whose phenomenology is al-
ready known.

In section 2.5 we present the simulations of a multiple domain state. The
main results of this section are that we computationally prove that the multiple
domain is a stable phase and that large size systems can have a hierarchical
organization.

2.1 Description of the algorithm

Our simulations use an off-lattice Monte Carlo algorithm with Metropolis accept-
reject rule optimized for protein folding, called Montegrappa [14]. Using an op-
timized algorithm is necessary to ensure an effective sampling of the canonical
ensemble.

Disordered systems (like proteins) show an extremely complex energetic land-
scape: the presence of several local minima in the free energy causes to a sys-
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tem to be trapped in metastable configuration if it is simulated with a simple
Monte Carlo algorithm. In this case the algorithm performs a wrong statistical
sampling of the canonical ensemble.

Figure 2.1: Available moves in Montegrappa. A) Local moves. A flip is the
rotation of a bead chosen at random around the axis defined from the pre-
ceding and the following one. A pivot move changes a dihedral at random.
B) Non-local moves. A multiple pivot move is an extension of pivot moves,
which changes at random a set of consecutive dihedrals. A multiple flip con-
sists in choosing two non-consecutive atoms of the backbone and moving the
backbone atoms in between around the axis defined by the two.

The standard solution to avoid the described situation is to add to the usual set
of local moves (see figure 2.1 A) a set of non-local moves, which attempt to
modify the configuration of many particles at the same time (see figure 2.1 B).
In addition to the standard solution, Montegrappa uses parallel tempering [15]
(which is similar to the simulated tempering [16]): several replicas of the sys-
tem are simulated at the same time, each one at a different temperature, and
a new Monte Carlo move attempts to exchange the configuration of two repli-
cas with similar temperature. This mechanism allows a configuration trapped
in a local minimum to escape, thanks to the exchange with a replica at a higher
temperature. This statistical ensemble is called multicanonical ensemble; with
a technique called multiple histogram [17] it is possible to combine all the data
in an efficient way to obtain thermodynamic averages in a usual canonical en-
semble.
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2.2 Description of the model

In this thesis we consider a coarse-grained model consisting in a polymer made
of N consecutive monomers represented as hard spherical beads of radius RHC.
Each bead represents a region of the chromatin fiber of the size of the resolu-
tion of the 5C experiments, that is ∼ 3 kb.

In our model the bead  can interact with the bead j with an attractive short-
ranged square well potential j (see figure 2.2 A):

j =











∞ if dj < RHC
Bj if RHC < dj < R

0 if dj > R

where dj is the distance between the beads; RHC is the hard-core radius pre-
venting the beads to crossing each other; R is the range of the interaction and
Bj is the interaction energy, that depends on the types of the monomers  and
j. Using square-well potentials makes the Monte Carlo calculations easier and
faster than using smooth short-ranged potential. Note that in this model, if
two beads are closer than the hard-core radius RHC their interaction energy
is infinite. This leads to such a large increase in energy that any associated
conformation is effectively absent from the Boltzmann ensemble of the model
polymer. This implements the basic fact that the chromatin fiber cannot cross
itself.

Consecutive beads are set at a distance λ at the beginning of the simulation
and the Monte Carlo moves do not change these distances. This is a useful
trick to avoid the need of an additional potential to model the covalent bonds,
which would slow down the simulation.

In order to represent bridging interactions along the polymer, we will use two
types of beads: the polymer will be made of p interacting beads placed every k
non interacting beads (see figure 2.2 B). We will refer to the interacting beads
as bridgers. Therefore the interaction energy is

Bj =

¨

−ϵ if  and j are bridgers
0 otherwise

where ϵ > 0 since the interaction between bridgers is always attractive.
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Figure 2.2: Illustration of the model. A) Square-well potential. The inter-
particle potential comprises a hard-core repulsion between all discretization
“beads” of the polymer (whose range is set by the parameter s), and a short-
ranged attraction potential of range a and depth 3u for the homogeneous self-
attraction (acting on all beads) and 3l for the sparse bridging interactions. B)
Distribution of bridgers along the chain. A total of p bridging beads are placed
across p equally spaced regions of length N/p.
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The total energy of the system is the sum over all the two-body interactions

U =
∑

<j

j.

The total energy defines the probabilities for the various configurations to oc-
cur in the equilibrium ensemble, since the Metropolis accept-reject rule reads

P (U → Ub) =min
�

1, e−β(U−Ub)
�

,

leading to the Boltzmann equilibrium distribution

P(U) = Z−1e−βU

where β = 1/kBT and Z is the partition function Z =
∑

 P(U).

2.3 Testing the code: collapse of the homopolymer

As a simple test, in this section we study a polymer in which all monomers
interact with each other with a short ranged square-well potential. This system
is called homopolymer and we expect to find the conventional theta transition:
at high temperature the polymer is in the random coil phase while al low tem-
perature it is in the random globule phase (see figure 2.3).

To show this transition we study the swelling parameter α, that is the ratio
between the radius of gyration of the polymer Rg at a given temperature and
R0 = λ(3/5N)1/2, that is its value at the theta point:

α =
Rg

R0
.

The random globule phase is characterized by having α < 1, while the random
globule phase has α > 1. The temperature at which α = 1 defines the critical
point in the Flory mean-field theory (cite) and it is called theta point. In this
theory the theta point is defined by balancing the excluded volume with the
attraction term in the second virial coefficient.

We simulated homopolymers of various length N, verifying the qualitative pre-
dictions that the theta point shifts towards higher temperature for increasing
N; we also verified that the the radius of gyration in the coil phase is higher for
higher N (see figure 2.4).
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Figure 2.3: Snapshots of the two phases of the homopolymer. The random
globule (on the left) has a gyration radius scaling as Rg ∼ N1/3 and constant
density. The random coil (on the right) has a gyration radius scaling as Rg ∼
N3/5 and low density.

We set the initial state of all the replicas to a swollen configuration in which
the beads are placed at the correct bond distance; then we perform enough
Monte Carlo sweeps to reach the equilibrium state in all the replicas at differ-
ent temperature. To argue that the results come from a proper equilibration
of the system we use two rules. The first one is typical of the Monte Carlo
simulations: we divide the trajectory in three equal sections, discard the first
one and check the observables on the other two (see figure 2.5). If the thermo-
dynamic averages of the two are compatible then we assume that the system
has reached equilibrium.

Since we use parallel tempering, we need a way to check that none of replicas
is stuck in a metastable configuration. An attempted exchange between two
consecutive replicas is accepted every time the two replicas undergo energy
fluctuations that overlap with each other; this means that if all replicas have
overlapping energy fluctuations they can efficiently diffuse in the configura-
tion space and overcome local metastable minima in the free energy. The way
to ensure this fact is checking the trajectories of internal energy and adjust-
ing the set of temperatures so that each trajectory overlaps with the adjacent
ones (for example, in figure 2.5 the two lowest replicas does not overlap signif-
icantly, and so they are not reliable). This will be our second rule to argue the
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Figure 2.4: Collapse curve of the swelling parameter α as a function of tem-
perature T, plotted for different lengths N of the homopolymer. The tempera-
ture axis is rescaled with the energy ϵ of the homogeneus attractive square-
well potential. Simulations were performed with N = 257, ϵ = 1, R = 1.44, for
5 × 107 Monte Carlo sweeps.

proper equilibration of the system. Since a limited amount of computer cores
are available, it is convenient to choose an uneven distribution of tempera-
tures, closer to each other at low temperatures, where energy fluctuations are
small, and more distant from each other at high temperatures, where thermal
fluctuations favour exchanges.

2.4 Collapse into a single domain

In this section we study a polymer in which only p bridging beads interact,
while the other are non-interacting beads. We set the parameters ϵ and R so
that the polymer collapsed into a single domain. We simulated a polymer of

17



-120

-100

-80

-60

-40

-20

 0

 0⋅10
0

 1⋅10
5

 2⋅10
5

 3⋅10
5

 4⋅10
5

 5⋅10
5

 6⋅10
5

In
te

rn
a

l 
e
n
e

rg
y

Monte Carlo steps

low T

high T

Figure 2.5: Internal energy of the replicas at different temperatures. The
lower temperature replicas (in red) need more time to reach the equilibrium
state than the higher temperature replicas (in yellow). The two lowest repli-
cas does not overlap significantly, so they are not reliable. Simulations were
performed with N = 257, ϵ = 1, R = 1.44, for 5 × 107 Monte Carlo sweeps.

N = 257 beads.

In particular in this section we focus on varying the fraction η = P/N of inter-
acting beads, following the observations in [10]. For η ∼ 1 we expect again
a theta point collapse from a random coil to a random globule, that is a con-
tinuous transition. On the other hand, when η � 1, the system undergoes a
switch-like transition between the rosette state and the coil state, displaying a
more abrupt jump in the collapse curve (figure 2.6). The important observa-
tion is that there is a crossover between this likely first-order and the Flory-like
homopolymer collapse behaviour when η sufficiently large; the smoothing of
the collapse curves due to high η will be relevant in the following section to
interpret the role of disorder.

To argue that this could be a proper first order phase transition we compare
the results for very few bridgers with the theoretical two-state prediction de-
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veloped in [10] (figure 2.7). The comparison is not satisfactory even in the
case p = 3, while in [10] the agreement was good up to p = 4. The reason of
this could be a different choice of the parameters, since we were not able to
explore all the possibilities.
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Figure 2.6: Collapse curve of the swelling parameter α as a function of tem-
perature T, plotted for different concentration of bridging monomers η = p/N.
The case η = 9/257 is a switch-like transition, instead η = 257/257 corre-
sponds to a uniform collapse. Simulation were performed with ϵ = 1, R = 1.44,
for 1 × 108 Monte Carlo sweeps.
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Figure 2.7: Collapse probability to a rosette-like state as a function of the
temperature T, plotted for different number p of bridging monomers. We used
small p to be within the two-state approximation; the collapsed state is chara-
terized by the maximum number of formed bonds between bridgers. Simula-
tion were performed with up to N = 256 monomers, ϵ = 1, R = 1.44, for 3× 107
Monte Carlo sweeps.

2.5 Collapse into multiple domains

The main goal of this section is to reproduce the collapse of the polymer with
bridging interactions into a multiple rosette state. We show that this is a stable
phase of the model using parallel tempering, as described in the subsection
2.3.

We simulated polymers from N = 129 up to N = 1025 beads, keeping constant
the density of bridgers η = p/N. We observed that the polymer with N = 129
monomers collapses into a single domain, while the polymers (N = 256, N =
513 and N = 1025) collapse into a multiple domain state. The number of do-
mains seem to depend linearly on p, as suggested in [10]. The collapse for all
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Figure 2.8: Collapse curves of internal energy for chains of different lenght N.
The vertical axis has been rescaled dividing by N for each curve. In all these
simulation the density of bridgers η = p/N was kept constant to the value 1/16.
The results for N = 1025 are preliminary since the thermalization is reliable for
the collapse at T ∼ 0.47 but not for the lower temperature states. Simulation
were performed with up to N = 1025 monomers, ϵ = 2.4, R = 0.77, for 3 × 109
Monte Carlo sweeps.

values on N happens near a temperature of T ' 0.47.

Intriguingly we observe that the polymer with N = 256 monomers, after the
first collapse at T ' 0.47, displays a second collapse at T ' 0.15 from the two
domain phase to a one domain phase. While the first energy jump displays fea-
tures similar to a first-order phase transition, as suggested in [10], the fusion
of two domains resembles a nucleation-like phenomenon, so we guess that this
could be similar to a second order phase transition.

A similar behaviour is observed for the polymer with N = 513 and N = 1025
monomers: they display a second collapse from the many domains state to a
state with few less domains. We plotted the collapse curves of internal energy
for all the different values of N, rescaling the internal energies with N so that
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we could compare them (figure 2.8). We found that, except for N = 1025, each
curve overlaps with the previous one in correspondence with its second col-
lapse.

The low temperature phases are difficult to sample and for this reason the inter-
nal energy reconstruction is less reliable in the lower temperature, so a proper
discussion on these observation requires much longer and computational-heavier
simulation. Nevertheless we suggest that the real collapse curve of the poly-
mer with N = 513 should display all the nucleation-like transitions observed in
the underlying curves. We expected the polymer with N = 1025 to follow this
behaviour; for this reason we argue that, given the large size of the system,
this simulation is most likely far from equilibrium.

Summing up, we suggest that while increasing the size of the system new
phases become available, and that the system can cross several hierarchical
levels of organization before collapsing into a single domain. This could be
relevant in the interpretation on the sub-TADs, described in the introduction.
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Chapter 3

Disordered bridged
heteropolymer

In this chapter we study the effect of disorder on the multiple domain state of
the heteropolymer with bridging interaction.

In order to give a quantitative definition of the disorder in the model we con-
sider a perturbation of the regular distribution of the bridgers described in [10]:
each bridger is displaced from its position by a random number of beads ex-
tracted with a Gaussian distribution of variance σ; the variance is chosen to
be the same for each monomer. We will consider σ as the parameter that
describes the degree of disorder in the model. If σ = 0 we recover the case
studied in Chapter 2.

The chapter is divided into two parts. In the first one (section 3.1) we argue
with a theoretical approach that the multi domain phase can exist also in the
disordered model. Following [10] we approximate the rosette-like state to a
simple star polymer, so that we can extend the results [18, 13] to estimate the
entropy of a disordered star polymer. These results are based on the blob de-
scription of the star polymer, that consist in a series of concentric shells made
by ƒ blob each, where ƒ is the number of arms (see figure 3.1). We were not
able to use the Gaussian distribution described in the previous paragraph, so
we made an ansatz and developed the calculations for a certain class of power
law distributions. Since the power laws represent a higher degree of disorder
than the Gaussian distributions, we can still qualitatively argue that if the dis-
ordered multiple domain state is possible in the case of power law disorder, it
is also possible for the Gaussian disorder.
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In the second part of this chapter (sections 3.2 to 3.4) we describe the simu-
lation we did, showing that not only the multiple domain state appears in the
disordered model, but also that the Gaussian disorder has the surprising effect
of stabilizing the multiple domain phase.

Figure 3.1: A star polymer is made of ƒ arms attached to a rigid core (not
drawn in the picture.) The blob description of the star polymer consist in a
series of concentric shells made by ƒ blob each.

3.1 Entropy of a disordered star polymer

As said before, we approximate a single rosette-like state with ƒ loops to a star
polymers made of ƒ polymeric strands called arms, which are bound to a rigid
spherical core that does not contribute to the entropy.

We follow [10, 13] to give an estimate of the entropy of a star-shaped polymer
with arms of different length. The calculations are based on the blob model
(see for example [11]) applied to star-shaped polymers [18].

24



The goal of this section is to calculate the total number of blobs Nblob in the
star polymer, since the free energy F is proportional to that number:

βF = Nblob (3.1)

where β = 1/kbT. Given that we consider only excluded volume interactions
between arms, equation 3.1 describes a purely entropic contribution to the free
energy. This term will replace the first term in equation 1.2: if the entropy of
a disordered star polymer is substantially different from the one of the regular
star, then we expect that the multiple rosette state may not be stable any
more. Otherwise, if the entropy disordered star polymer is only a perturbation
of the regular case, we can expect the multiple rosette state to still be an
equilibrium state of the model.

3.1.1 Hypotheses

In the case of a regular star we picture the semidilute region as made of con-
centric spherical shells of thickness ξ(r), each one crossed by ƒ arms (see
figure 3.2). This means that each shell is made of ƒ blobs of dimension ξ(r)
[18].

From these assumptions we can write an expression for ξ: the volume of one
shell, divided by ƒ , must be the volume of a blob; so we can write

r2ξ

ƒ
= ξ3

and then the expression for the blob size ξ:

ξ(r) = ƒ−1/2r (3.2)

To account for the different length of the arms, we consider the number of
arms ƒ as a decreasing function of the radius: ƒ (r). We give an ansatz for this
function:

ƒ (r) = ƒ0
� r

b

�−γ
(3.3)

where b is the radius of the core of the star and γ ≥ 0.
Combining 3.2 and 3.3 we have the equation

ξ(r) = ƒ−1/20 b
� r

b

�1+ γ
2

(3.4)
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Figure 3.2: Representation of the blob model. The core of the star has radius
r2, while the radius of the corona is R; the dashed lines represent the radii of
the shells. In order to account for the radial distribution of the monomers, the
dimension of each blob ξ increases from the centre to the outside.

3.1.2 Positions of the shells

We are interested in the radius of each shell, because we can relate it to the
monomer concentration in the way explained below. Since the tickness of a
shell is ξ(r), we can relate the radii of two consecutive shells with the following
rule:

rm+1 − rm = ξ(rm)

that can be approximated to a simple differential equation

dr(m)

dm
= ξ(r(m))

whose solution, using the expression 3.4, is

r(m) = b
�

1 −
α

2
ƒ−1/20 m

�− 2γ
(3.5)

for γ 6= 0.
If γ = 0, that is the case of the regular star, the solution is exponential:

r(m) = beƒ
−1/2
0 m (3.6)
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3.1.3 Monomer concentration

Since a blob behaves by definition as a swollen polymer, his dimension is re-
lated to the number of monomers g it contains by ξ = gν, where  is the
distance between two consecutive monomers. We set ν = 3/5. Therefore we
invert this relation and we use 3.4 to obtain g(r):

g(r) =
�

ξ(r)



�5/3

=
�

ƒ−1/20

b



�5/3 � r

b

�

5
3 (1+

γ
2 )

(3.7)

Given the number of monomers in one blob g(r), we can calculate the radial
monomer concentration c(r) from the total number of monomers in one shell
ƒg divided by the volume of the shell:

c(r) =
ƒ (r)g(r)

4πr2ξ(r)

Using 3.3, 3.4 and 3.7 it becomes

c(r) =
1

4πr2
1

b
ƒ2/30

�

b



�5/3 � r

b

�

2
3 (1−γ)

(3.8)

3.1.4 Radius of the star polymer

Since we know the total number of monomers Ntot in the star polymer, we can
integrate the concentration to obtain the expression of the radius R of the star
polymer:

Ntot =
∫ R

b

4πr2c(r)dr

= ƒ2/30

�

b



�5/3 ∫ R

b

� r

b

�

2
3 (1−γ) dr

b
=

= ƒ2/30

�

b



�5/3 3

5 − 2γ





�

R

b

�

5−2γ
3

− 1



 (3.9)

Now we observe that we must exclude γ > 5/2, because it corresponds to an
inverse relation R(Ntot) that diverges for a certain finite value of N. So we set
γ < 5/2 and then we invert the relation 3.9 to obtain R(Ntot):

R(Ntot) = b
�

1 +
5 − 2γ

3

�

b

�5/3

ƒ−2/30 Ntot

�

3
5−2γ
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We neglect the term +1 in the parentheses:

R(Ntot) ' b
�

5 − 2γ

3

�

b

�5/3

ƒ−2/30 Ntot

�

3
5−2γ

(3.10)

3.1.5 Number of shells

We evaluate r(S) using 3.5, where S is the total number of shells in the star
polymer; then we compare it to the expression 3.10 for R :

r(S) ≡ R

Now we can finally obtain an expression for S

b
�

1 −
γ

2
ƒ−1/20 S

�− 2γ
=
�

5 − 2γ

3

�

b

�5/3

ƒ−2/30 Ntot

�

3
5−2γ

This leads to

S =
2

γ
ƒ1/20



1 −
�

5 − 2γ

3

�

b

�5/3

ƒ−2/30 Ntot

�− γ
2

3
5−2γ



 (3.11)

We observe that this expression reduces to the one for the regular star [13] in
the limit γ→ 0

S ∼ ƒ1/20 log





�

5

3

�

b

�5/3

ƒ−2/30 Ntot

�− 35


 (3.12)

where we used the limit formula

lim
γ→0

γ − 1

γ
= log

3.1.6 Number of blobs

In order to finally obtain the expression for the number of blobs in the star, we
need to calculate the series

Nbob =
S
∑

m=1

ƒ (rm). (3.13)
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For ƒ (rm) we combine the expression of the scaling of ƒ

ƒ (r) = ƒ0
� r

b

�−γ

and the expression of the radius of the m-th shell

r(m) = b
�

1 −
γ

2
ƒ−1/20 m

�− 2γ
.

We obtain

ƒ (r(m)) = ƒ0
�

1 −
γ

2
ƒ−1/20 m

�2

.

Plugging this last equation into equation 3.13 we find:

Nblob =
S
∑

m=1

ƒ0

�

1 −
γ

2
ƒ−1/20 m

�2

=
S
∑

m=1

ƒ0

�

1 − γƒ−1/20 m +
γ2

4
ƒ−10 m2

�

.

In the end we approximate the series with an integral, so that we obtain:

Nblob ' ƒ0

�

S − γƒ−1/20

S2

2
+
γ2

4
ƒ−10

S3

3

�

(3.14)

Again we observe that in the limit γ→ 0 this expression reduces to the one for
the regular star

Nblob ' (ƒ0)3/2,

since we drop the logarithmic term in equation 3.12. This expression is the one
used to estimate the entropy of a rosette-like state in [10].

It is interesting to note that, at least for small values of γ, the entropy of a
rosette-like state as a function of the number of arms ƒ is not affected by the
disorder in the length of the arms. This fact suggest that is possible for the
multiple domain state to survive as a stable phase even in the model with dis-
ordered distribution of bridgers.
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3.1.7 Discussion on the ansatz

In order to justify the ansatz 3.3 on the scaling of the number of blob per shell,
in this section we show that ƒ (r) can be linked to the distribution p(N) of the
number of monomers in a single arm. In particular we will find that, given a
certain value of the exponent γ, there is a power law distribution p(N) that
produces ƒ (r) = ƒ0(r/b)−γ.

Let’s interpret ƒ (r) as the fraction of arms that reach at least a distance r
from the core; namely ƒ (r) is the probability that one arm arrives at least at
a distance r. This probability is nothing but the cumulative distribution of the
probability p(r) that one arm reaches the distance r:

ƒ (r) = 1 −
∫ r

0
p(r′)dr′.

We can obtain the probability p(r) deriving one time the cumulative distribu-
tion:

p(r) = −
∂

∂r
ƒ (r). (3.15)

Since we are interested in the probability in function of the number of monomers
N we need to change the variable with the relation

p(N)dN = p(r)dr,

that gives

p(N) = p(r)
�

dN

dr

�−1
�

�

�

�

�

r(N)

. (3.16)

To find the relation N(r) we integrate the number g(r) of monomers in one blob:

N(r) =
∫ r

b

g(r′)dr′,

where g(r) = (ƒ (r)−1/2r)1/ν. Furthermore we observe that

dN

dr
= g(r).

Thanks to these relations, the expression 3.16 becomes

p(N) = ƒ ′(r)(ƒ (r)−1/2r)1/ν (3.17)

30



Plugging into the equation 3.17 the ansatz 3.3, we find the expression of the
number of monomers contained in a sphere of radius r

N(r) ∼ r
1
ν (1+

γ
2 )+1

and the expression of the probability that one arm has N monomers

p(N) ∼ r(N)−1−γ−
1
ν (1+

γ
2 ). (3.18)

Using the equation 3.17 into the expression 3.18 we finally obtain the power
law distribution p(N) that corresponds to the ansatz ƒ (r) = ƒ0(r/b)−γ:

p(N) ∼ N
−1− γ

1
ν (1+ γ2 )+1 . (3.19)
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3.2 Collapse into multiple domains

This section describes the results of the simulations of the polymeric model
with disordered distributions of the bridging interactions along the chain. As
stated above, we consider perturbations of the regular distribution studied in
the previous chapter. In particular we consider a displacement of each in-
teracting bead of a random number of positions, extracted with a Gaussian
distribution of variance σ.

This particular choice of the distribution is made to use σ as a parameter of
the phase diagram: we want to identify the range of temperatures in which
the multiple domain phase is stable as a function of the "amount of disorder",
defined as σ.

The simulations are performed at fixed density of bridgers η = p/N. The un-
perturbed distance between bridgers η−1 is the parameter that determines the
actual distribution as a function of σ: for σ < η−1 the displacements are mostly
localized around the regular positions, so we expect a small perturbation of the
behaviour described for the ordered system. On the contrary, when σ > η−1

the distribution of the bridgers tends to the uniform distribution, that is the
highest degree of disorder possible in this model.

The result of our simulations is that the multiple domain phase appears to be
stable up to σ = 2η−1 (see figure 3.3). This means that the polymer collapses
into a multi-rosette state both for small perturbations and almost uniform dis-
tribution. This result agrees with the qualitative prediction proposed in section
3.1: since the disorder does not change the leading term in the entropy of the
rosettes, we expect the collapse to be at least qualitatively the same. Indeed
we find that the collapsed phase for all values of σ exhibits two domains, just
as the model without disorder.

Interestingly, the disorder has the unexpected effect of stabilizing the multiple
domain phase: the range of temperatures in which the multiple domain phase
is stable broadens proportionally to σ. In order to have a clear information on
the critical temperatures, we plotted in figure 3.4 the specific heats relative
to the transitions shown in figure 3.3. As we can see in figure 3.4 there are
two peaks in the specific heat, one for the collapse from coil to two-domain
state (high temperature) and one for the transition from two-domain state to
one-domain state (low temperature). We observed that these peaks shift re-
spectively towards higher temperatures and towards lower temperatures.
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Figure 3.3: Collapse curves of internal energy of a polymer of length N = 257
monomers. Each dashed curve relates to a different value of the variance σ;
i used value of σ up twice the value of the distance between monomers in
the deterministic distribution (solid line). Since the internal energy has proven
to be a self-averaging quantity, only one simulation for each value of σ was
performed (see section 3.2.1). These simulations were performed with N =
257, η = 17/257, R = 0.77, 1.8 · 109 Monte Carlo sweeps.

Additionally we point out that the disorder smoothens the collapse curve of
the higher transition (see figure 3.3); this behaviour is reflected in the specific
heat, since the height of the peak decreases with σ, while it becomes wider.
This could suggest that the transition coil to multiple domain state is no longer
switch-like, but rather continuous.

This behaviour resembles the effect of increasing the density η = p/N in the
ordered model described in section 2.4: the model with high density of inter-
acting beads undergoes a Flory-like transition. While this is trivial for η ' 1
(in this case the model is a homopolymer), we observe that even for η ' 0.5
or less the loops between monomers are most likely too short to produce an
entropic cost sufficient to make the transition switch-like. We suggest that the
effect of the disorder can be imputed to the formation of high density zones
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Figure 3.4: The collapse of the disordered bridged heteropolymer displays
two peaks in correspondence of the transition from coil to the two-domain state
and of the transition from the two-domain state to the single domain one. For
increasing σ the first peak shifts towards higher temperatures, while the sec-
ond one shifts towards lower temperatures. These simulations were performed
with N = 257, η = 17/257, R = 0.77, 1.8 · 109 Monte Carlo sweeps.

that could drastically reduce the entropic cost of forming loops, causing the
collapse to be a second order transition.

3.2.1 Self averaging behaviour

Since the distribution of interactions in the model is stochastic, each realiza-
tion of the system can in principle give rise to different equilibrium states. This
means that the value of a certain observable at equilibrium depends in general
on the index of the replica r. If the value the observable does not depend on
r, the observable is considered self-averaging and it is representative of all the
different replicas.

In a Monte Carlo simulation the physical observables are estimated by the
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Figure 3.5: Four simulations were performed for each of two values of the
variance σ = 7,16, and different realization of the disorder were used in each
run (each realization is coded with a different color). The curves of the different
realizations are in good agreement with each other for both values of σ, so we
conclude that the internal energy is self-averaging. These simulations were
performed with N = 257, η = 17/257, R = 0.77, 1.8 · 109 Monte Carlo sweeps.

statistical sampling; for the sake of concreteness here we consider the simplest
estimator, that is the arithmetic average of a certain observable O:

[O] :=
1

m

∑

m

O (C(m)) (3.20)

where O(C(m)) is the observable calculated on the configuration C at the
Monte Carlo time-step m.

In general [O] depends on r:

[O]r :=
1

m

∑

m

O (Cr(m))

where Cr(m) are the configurations of the replica r as a function of the Monte
Carlo time-step m.

In order to obtain actual informations on the mean behaviour of the replicas
we consider the quantity

〈O〉 :=
1

r

∑

r

[O]r
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that is the arithmetic average on different replicas of the estimated observ-
ables. Now we can ask how much the value of the observable [O]r on a certain
replica is different from the mean behaviour 〈O〉. If the observable measured
on a single replica is comparable with the mean value of all replicas, namely if
[O]r ' 〈O〉, we consider the observable O to be self-averaging. If the observ-
able O is self-averaging, its value [O]r does not actually depend on the replica
index r. Importantly, in this case we can one realization of the stochastic dis-
tribution of interactions as representative of the actual distribution.

As noted in section 2.1, in this thesis we use a more complicated technique to
compute thermodynamic averages than the simple arithmetic average 3.20;
nevertheless we must discuss the self-averaging properties of the results.

We simulated four different realizations of the distribution of interactions de-
scribed in section 3.2, for two different distributions (that is: two values of
σ). The results are shown in figure 3.5: we show that the internal energy is
self-averaging.

3.3 Contact matrices

In this section we present the average contact matrices relative to the simula-
tions described in section 2.5 (regular distribution of bridgers) and section 3.2
(disordered distribution of bridgers) We present simulations performed with the
same number of monomers N = 256, at fixed number of interacting monomers
p = 16.

The contact matrices we present are made by averaging on the Monte Carlo
time the instantaneous contact map of different configurations. This means
that the element (, j) of a contact matrix contains the probability that the dis-
tance dj between the monomer  and the monomer j is less than a threshold
d∗; we set the threshold to be the same value as the range of interaction R:
d∗ = R.

A proper discussion on the contact matrices of this systems would require an
order parameter for the transition from coil to the multiple domain phase; the
order parameter should be an observable able to count the number of domains
in the contact matrices and possibly to identify their borders. Such observable
is absent in the current state of the literature; for this reason we will limit the
discussion in this section only to qualitative observations.
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Figure 3.6: σ = 0. Contact matrix for a polimer made of N = 257 monomers
and p = 16 bridgers distant 16monomers from each other. The system is at the
temperature kT/ϵ = 0.3, at which two domains are visible. These simulations
were performed with N = 257, η = 17/257, R = 0.77, 1.8 · 109 Monte Carlo
sweeps.

At first we consider the average contact matrix for the regular distribution (fig-
ure 3.6 A). Though a slight structure can be intuited, there are no clear borders
nor blocks. In order to interpret the behaviour of the system we need to look
at the instantaneous contact map of different configurations (figure 3.6 B):
we can argue that there are actually configurations with two blocks, but the
borders of these blocks are very changing. Different blocks in the contact ma-
trices correspond to different allocations of the bridgers in the two rosettes of
the polymer (see for example figure 3.7). The configurations appear to change
sufficiently frequently to not produce a stable average configuration in which
two block are actually visible.

Then we consider a single realization of the disordered distribution of bridgers
with σ = 3. It is clear that the average contact matrix shows a two-blocks
structure with well-defined borders (figure 3.8 A); it is also visible a sub-block
in the central region (from monomer 50 to 150), interpretable as a region of
few bridgers that are frequently exchanged between the two rosettes.

We suggest that the difference between these two behaviours could be inter-
preted as a localization phenomenon induced by disorder. The system with a
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Figure 3.7: Typical configuration of the polymer relative to the previous con-
tact matrix. The domain on the left is made of 6 bridgers, the one on the right
is made of 10.

regular distribution of bridgers is invariant under translation along the chain;
this means that, at thermodynamic equilibrium, the different spatial domains
can exchange bridgers and - in this way - translate along the chain. For a two-
domains phase this behaviour should be visible as a frequent reallocation of
the bridger in the rosette, similar to the behaviour observed in figure 3.6 B.
The addition of disorder can break translational symmetry, reducing the possi-
bility of the domains to exchange monomers and move their borders.

The idea is that the disorder can introduce enough inhomogeneities in the sys-
tem to force the domains to remain segregated: we suggest that the border
between two consecutive domains could form in correspondence of a large gap
in the distribution of the bridgers. While this is not clear in figure 3.8, it is more
evident in figure 3.9.

In figure 3.9 we present the average contact matrix for a single realization of
the disordered distribution of bridgers, with σ = 16. We can observe that the
two-blocks structure still has well-defined borders and in particular these bor-
der seem to correspond to the large gaps at the monomer indexes ∼ 25 and
∼ 110 (this is also visible in the typical snapshots of the Monte Carlo trajecto-
ries, in figure 3.9 B).
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However, the effect of localization induced by the disorder appears to be non
self-averaging, because different realizations of the same distribution σ = 16
does not show a clear compartmentalization into two fixed spatial domains;
for example see figure 3.10, in which the reallocation of bridgers typical of the
regular system is still visible.
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Figure 3.8: σ = 3. Contact matrix for a polimer made of N = 257 monomers
and p = 17 bridgers distant 16monomers from each other. The system is at the
temperature kT/ϵ = 0.3, at which two domains are visible. These simulations
were performed with N = 257, η = 17/257, R = 0.77, 1.8 · 109 Monte Carlo
sweeps.
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Figure 3.9: σ = 16, r = 1. Contact matrix for a polimer made of N = 257
monomers and p = 17 bridgers distant 16 monomers from each other. The
system is at the temperature kT/ϵ = 0.3, at which two domains are visible.
These simulations were performed with N = 257, η = 17/257, R = 0.77, 1.8 ·
109 Monte Carlo sweeps.
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Figure 3.10: σ = 16, r = 0. Contact matrix for a polimer made of N = 257
monomers and p = 17 bridgers distant 16 monomers from each other. The
system is at the temperature kT/ϵ = 0.3, at which two domains are visible.
These simulations were performed with N = 257, η = 17/257, R = 0.77, 1.8 ·
109 Monte Carlo sweeps.
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Conclusions

We have used a homopolymer with bridging interaction model to describe the
formation of spatial domains in the chromatin.

We first considered the equi-spaced distribution of bridgers proposed in [10]:
we have proved with parallel tempered Monte Carlo simulations the stability
of the multiple rosette state, excluding the possibility of it being a metastable
feature on the way to the standard random globule. This feature of the model
is a subtancial difference with the class of models that use non-equilibrium
polymeric model to describe the spatial organization of chromatin, such as the
fractal globule model [6]. Proving the equilibration of the model used in this
thesis is important, because some evidences show that the chromatin fiber dif-
fuses rapidly enough on the TADs scale to actually reach equilibrium states [3].

Then we have extended the homopolymer with bridging interaction to a more
realistic case than the regular distribution of interactions, namely we have in-
troduced disorder in the model. We have considered a random perturbation
of the position each bridger by a random number of beads extracted with a
Gaussian distribution. Importantly, we computationally proved that the multi-
ple rosette state is stable both for small amount of disorder and for a uniform
random distribution (in contrast with [19]).

Surprisingly, we have observed that the disorder plays a significant role in the
stabilization of the multiple domain phase: the more the disorder in the sys-
tem, the wider the range of temperatures in which the phase is stable.

Lastly, we point out that the disorder appears to cause a localization-like be-
haviour. The model without disorder is invariant under translations along the
polymer; for this reason the spatial domains are able to travel along the chain.
The addition of the disorder seems to break translational invariance, forcing
the domains to be fixed at a certain position along the polymer.
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Future developments

The polymeric model described in this thesis provides a simple mechanism to
describe the formation of spatial domain: a short-ranged attraction that binds
together distant monomers is sufficient to produce a stable multiple rosette
configuration. Nevertheless this is a minimalist model and there are several
features of the experimental data which still remain unexplained, such as:

1. The rosettes displayed by the bridged heteropolymer all have the same
size, which is clearly not the case in the chromatin data [1]. A question
to be answered is which distribution of the interacting monomers on the
polymer can display spatial domains of different size.

2. The experimental contact matrices are characterized by a power law de-
pendence of the contact probability P as a function of the genomic dis-
tance s: P(s) ∼ s−α (see section 1.1). The model described in this thesis
still has to be tested to reproduce the possible values of α.

Additionally, the phenomenon of localization that we have described in section
3.3 could be a fundamental ingredient to describe the formation of TADs. Ex-
perimental data show contact matrices with well-defined blocks [1], which do
not seem compatible with the idea of rosettes that translate along the chro-
matin fiber. The symmetry breaking effect induced by disorder could be nec-
essary to describe TADs fixed in certain positions on the genome. Addition-
ally, the idea of localization caused by disorder is important in many areas of
physics, among which the notorious Anderson localization ([20], reviewed for
example in [21]). For these reasons it will be interesting to study the local-
ization of spatial domains without the border effects caused by the finite size
of the simulation; a way to do this could be simulating ring polymers. It must
be noted that Monte Carlo simulations do not provide a physical dynamic but
only a statistical sampling of the canonical ensemble. Nevertheless it is still
possible to obtain cinematic informations (such as the characteristic time of
the translation) from a Monte Carlo trajectory by using only local moves, which
can be interpreted as a diffusive dynamic [22].
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