COMPLEX MANIFOLDS, ALGANT HOMEWORK

Consign at least one, and preferably not more than 3, of the exercises at least 24 hours before
the exam.

1.1. Let T := C/A be a complex torus and let 7 : C — T be the quotient map. Let g be the
Weierstrass p-function for the lattice A and let gy, g3 € C be such that (p')? = 493 — gop — g3.

(a) Show that the following subset C' C P, an intersection of the two quadrics,
C={(r:y:z:t)eP’: y* = dat — goxz — g32°, 2° =2t}

is a submanifold of P3.
(b) Show that the map

v T — P?, t=7(z) — (p(2): @' (2): 1:p*(2))

for t # 0 and ¥(0) = (0:0:0: 1) is a holomorphic map and that ¢(T") is isomorphic to T
(¢) Show that C' = (T"), hence that
cC=T.

1.2. (a) Let A = (a;j) be an invertible (n+1) x (n+ 1) matrix with complex coefficients. Show
that the map

n

a: P — P, (o:oooixp) — (Yo:-vt:Yn)s yi::Zaijxj
=0

(so a is the map induced by A : C**' — {0} — C"™' — {0}) is a biholomorphic map.
(b) Let A € C, A # 0. Show that

B:P? — P2 (z:y:2) — (u:v:w):= Nz Ny 2),
is a biholomorphic map and that the elliptic curves E, E’ with (affine) equations
y* =42’ — g — g5, v =40’ = Ngou — Ngs,

respectively, are isomorphic.
(c) Show that the curves in P? defined by

2?4yt +22=0 y® =42 — g3

are isomorphic, for any g3 € C, g3 # 0, and that these curves are also isomorphic to the complex
torus C/A where A = {n +mw : n,m € Z, w® = 1, w # 1}. (Hint: substitute * = u + v,
y = u — v in the Fermat equation and use affine coordinates with v = 1).
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1.3. Let E be the elliptic curve in P? defined by the (affine) equation

yi = A2’ —g, (g3 #0).
Let O := (0:1:0) be the neutral element in the group law on FE.

(a) Show that the points Py with affine coordinates (x,y) = (0,+,/—g3) are points of order
three.

(b) Let g3 be chosen in such a way that the map F': C — P?, z — (p(2) : ¢/(2) : 1), where o
is the Weierstrass p-function for the lattice A = {n+mw : n,m € Z, w* =1, w # 1} as
in Exercise 1.2 has image F. Show that

(p(wz) s ¢'(w2) : 1) = (wp(2) : 9'(2) : 1)
for all z € C. Conclude that the image of (1 —w)/3 € C under F'is P, or P_.

1.4. Let T'= C/A be a complex torus and let 0 € T be the neutral element. Let (U, z) be a
complex chart of 7" with 0 € U and 2z(0) = 0, let V :=T — {0} and let gyy :==2: UNV —
C — {0}. Let L be the line bundle on 7" defined by {Uy, V, guv }. The k-fold tensor product of
L is denoted by L®. A global section s of L®* defines two holomorphic functions sy, sy on
U,V respectively such that sy = gyysy on UNV.

(a) Show that L = Ly, the line bundle defined by the codimension one submanifold {0} of 7.
(b) For k € Z we define a vector space by
Vi :={f:T — C: fis meromorphic on T, holomorphic on V" and ordy(f) > —k } .

Show that (T, L®%) = V.
(c) Show that dimT(T, L®*) = 0 if k < 0 and that it is k for K > 0. (Hint: use the elliptic
functions g, ¢’ to show there exists an f € Vj with a pole of order exactly k(> 1) in 0 € T.)

1.5. Let X be a complex manifold and let
00— F — F — F/E — 0

be an exact sequence of vector bundles on X. Let L be a line bundle on X.
Show that there is an sequence of vector bundles

0— FE®L — FQL — (F/E)®@ L — 0.

1.6. Recall that for k € Z we have the line bundle L(k) on P'. In particular, L(0) = P! x C is
the trivial bundle and L(—1) is the tautological bundle, which, by definition, is a subbundle of
L(0)? := L(0) ® L(0) @ P! x C2
(a) Show that there is an exact sequence

0 — L(-1) — L(0)> — L(1) — 0.

(b) Show that the vector bundles L(0)* and L(—1) & L(1) are not isomorphic (Hint: consider
their global sections).
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1.7. Let X be a complex manifold of dimension n with atlas {(U,, z,)} and denote by F,z :

28(Us N Ug) — C™ be the change of coordinates. Then the canonical bundle wx of X has

transition functions g.g := det(*(JF,5)"") = det(JF,z)"".

(a) The canonical bundle is a complex manifold of dimension n + 1, with a surjective map
p:wx — X. Show that for a suitable atlas of wy, the transition functions of wx are

Gag : Cx Zﬁ(Ua N Uﬁ) — C x Cn, (t, u) — (gag(u)t,Fag(u)).

(b) Show that w, the canonical bundle of the complex manifold wy, is the trivial bundle.

(¢) The image of the zero section s : X — wx of the line bundle wx is a smooth, codimension
one, submanifold of wy which we denote by S. Recall that Lg is the line bundle defined
by S on wy.

The complex manifold wy has the open covering wy = Up~'U,. We define a line bundle
p*wx on wy by the data {p~'Us, p*gas := gap © D}
Show that the line bundles Lg and p*wy are isomorphic.

1.8. A subsheaf of a sheaf F is a sheaf F’ such that for every open U C X, F'(U) is a subgroup
of F(U), and the restriction maps of the sheaf F” are induced by those of F.

(a) Let F and G be sheaves on X and let o : F — G be a homomorphism of sheaves. Show
that

F'(U) = ker(ay : F(U) = G(U))
defines a subsheaf on X.

(b) Let " be a subsheaf of a sheaf F. Let G be the presheaf defined by G(U) := F(U)/F'(U),
with restriction maps induced by those of F. Show that

Gy & Fu)F! forall ac X .

(c) Let F be a presheaf of abelian groups on a topological space X and let F* be the sheaf
generated by this presheaf.
Show that the natural homomorphism of sheaves 7 : 7 — F* induces an isomorphism
To : Fa — F. on the stalks for all a € X.

1.9. Let X be a topological space and let F be a sheaf of abelian groups on X.
(a) For an open subset U C X and a section s € F(U) define

Supp(s) = {a€U: s, #0},

where s, is the germ of s in the stalk F,. Prove that Supp(s) is a closed subset of U.
(b) Let Z C X be a closed subset. Define I'z(X, F) to be the subgroup of F(X) consisting of
all sections whose support is contained in Z. Show that the presheaf

Ve Tvaz(V, Flv)

is a sheaf.
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1.10. Consider the sheaves Opi(d) on P!, where Op:i(d)(U) are the holomorphic functions on
771 (U) which are homogeneous of degree d and where 7 : C* — {0} — P! is the quotient map.
One can show that the sheaf Op:i(d) is isomorphic to the sheaf of global sections of the line
bundle L(d) on P!. The homogeneous coordinates on P! are (zq : x1) so zg, x1 € Op (1)(P).

(a) Show that
p:0p(d) — Op(d+1),  @u(f) =mzf,  (f€On(d)(U)),

is an injective homomorphism of sheaves.
(b) Describe the stalks of the corresponding quotient sheaf Q := Op1(d+1)/Op:1(d) and conclude
that Q is the skyscraper sheaf, with group C, concentrated in the point p := (0: 1) € PL.
(c) Show that a skyscraper sheaf is a soft sheaf.
(d) Using the long exact cohomology sequence associated to the exact sequence of sheaves on
P
0 — Opi(d) — Op(d+1) — Q — 0,

for d = —1, show that H*(P', O(-1)) = 0.
(e) Show that H'(P', Opi(—2)) # 0 and next that H' (P!, Op:i(d)) # 0 for all d < —2.

1.11. In this exercise we determine the vector space I'(IP", L(d)) of global sections of the line
bundle L(d) on P".

Let Y be the submanifold of P" defined by z, = 0, where (2 : ... : z,) are the homogeneous
coordinates on P". Notice that Y is isomorphic to P!,

(a) Show that {(Uj, f; := zn/2;) }o<j<n are local equations of Y, with the standard open subsets
Ui={2=(20:...:2,) € P": 2; #£0}.

(b) Let s be a global (holomorphic) section of the line bundle L(d) on P"* and let {s; : U; —
C}o<j<n be the local sections defined by s and the standard trivialization of L(d), so each
sj is holomorphic on U; and s;(z) = (z1/2;)%sk(2) on U; N Uy for 0 < j, k < n.

Assume that s(z) = 0 for all z € Y. Show that s = z,t for a global (holomorphic) section

t of L(d —1). (Hint: show that s; = (z,/2;)t; for a holomorphic function ¢; on Uj).

(c) Show that the (restriction) map * is well defined, where

75 F(]P)n,L(d)) — F(Pn_l,L(d)), S = {(Sj : Uj — C}()Sjgn — 8 = {(S]‘ : UJF‘IY — C)}Ogjgn—l

and that the kernel of the linear map * is isomorphic to I'(P™, L(d — 1)).
(d) Let Clxo, ..., z,|q be the complex vector space of homogeneous polynomials of degree d in
n + l-variables. Show that the linear map

J = Jna: Clzo,...,zn]a — T(P", L(d)), Fr— sp:={(F(20/%,.--,2n/%j) : Uy = C)}o<j<n

is well defined.
(e) Consider the case n = 1,80 Y = (1:0) € P! is a point. Thus the line bundle L(d) on
Y 2PV is just Y x C = C and I'(P°, L(d)) = C for all d.
Show that * : T(P!, L(d)) — T'(P°, L(d)) is surjective (hint: consider i*(sr) where F' =
zd).
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Conclude, with induction on d, that j; 4 is an isomorphism for all d > 0 and show that
dim (P!, L(d)) = 0 for d < 0.
(f) Assume that j,_1,4 is an isomorphism for all d > 0 and show that the maps i*
(P, L(d)) — T'(P"!, L(d)) are surjective for all d > 0.
(g) Conclude that j,q: Clzo,...,xs]a — (P, L(d)) is an isomorphism for all n,d > 0 and
that I'(P™, L(d)) = 0 for d < 0.



