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Some examples

Before we introduce the exercises, let’s see some examples of derivations in SS(NAT).
We begin by showing that

Fss(var) Op D p

The derivation is immediate, given the rule of O elimination:

1. Prova: Op D p DI
Op Ass
p 0E, 2

Now let’s derive some examples of necessitation of formulae that are valid in
proposition logic:

Fss(var) O® D p)

Fss(vary B(pV ~p)



1. Preva: O(p D p) )|

2. Prova:p D p DI
3. P Ass
4. p R,3
1. Preva: O(pV~p) Ol
2. Prova: pvV~p ~E
3. ~ (pV ~p) Ass
4. Prova: ~ p ~1
5. P Ass
6. pV~p VL, 5
7. ~ (pV~p) R,3
8. pVe~p VI, 4

The last two derivations show how, given a formula ¢ which is derivable in LP(NAT)
without any auxiliary premise, we can prove Oy in SS(NAT). Indeed, since the ru-

les of LP(NAT) are also rules of SS(NAT), we may insert the derivation of ( by the

rules of LP(NAT) in the box of the derivation of Oy by Ol in S5(NAT). Since the set

of formulae derivable in LP(NAT) without any premise coincides with the set va-

lid of formulae in LP(NAT) and the set of formulae derivable in S5(NAT) without

any premise coincides with the set valid of formulae in S5(NAT), an immediate

consequence is that if ¢ is a valid formula in LP, then D¢ is valid in LS5.

Now let’s see an example of a derivation in S5(NAT) by CE:

Fss(var) Op D O(pV ~p)



A

Prova: Op D O(pV ~p)

Op
Prova: O(pV ~p))

p
pV~p

Now let’s prove that if p is necessary, then necessarily p is necessary:

l_

ss(var) Hp O U0p
1. Prova: Op D OOp

2. Op
3. Preva: O0p

4. Op

DI

] |

R,2

Notice that the application of the reiteration rule R at line 4 is permitted, since line
4 is available and formulae of the form Oy can be imported by R in a proof by OI.
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Now let’s prove that if p is possible, then necessarily p is possible:

Fss(vary Op D OOp

Prova: Op D OO

Op
Prova: OOp

Op

oI

Ass
OI

R, 2

Notice that the application of the reiteration rule R at line 4 is permitted, since line
4 is available and formulae of the form < can be imported by R in a proof by OI.

First exercise

Prove the following claims:

ey

a.
b.

Fss(vary O(p 2 ¢) O (Op D Og)
Fss(vary OOp D Op



c. Fssavar) Op D <Op
Fss(var) B(p D Op)
Fss(var) ©Op D <©q
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0ddp = 0Op
OOp =Cp
OOOp = Op
aoop D O0p
OCp D OO0
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Fesvary ©Op =0Op
Fes(vary <Op D 0O0p
COpDop

Op,0(p D Op) Fssvary Op
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Second exercise

1. The following proof contains a mistake. Where is the mistake?

1. ~p P
2. q¢Dp P
3. Prova: ~ Oq ~1
4, Oq Ass
5. Prova: Op OE, 4
6. q Ass
7. qDOp R,2
8. D DE, 6,7
9 ~ Op R, 1




